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Abstract

The aim of this paper is to present some coincidence point results for six mappings
satisfying the generalized (1, ¢)-weakly contractive condition in the framework of
partially ordered G-metric spaces. To elucidate our results, we present two examples
together with an application of a system of integral equations.
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1 Introduction and mathematical preliminaries
Let (X, d) be a metric space and f be a self-mapping on X. If x = fx for some x in X, then x is
called a fixed point of f. The set of all fixed points of f is denoted by F(f). If F(f) = {z}, and
for each x( in a complete metric space X, the sequence x,,,1 =f(x,) = f"(x0), n=0,1,2,...,
converges to z, then f is called a Picard operator.

The function ¢ : [0, 00) — [0, 00) is called an altering distance function if ¢ is continuous
and nondecreasing and ¢(¢) = 0 if and only if £ = 0 [1].

A self-mapping f on X is a weak contraction if the following contractive condition holds:

d(fx.fy) < d(x,y) - (d(x,9)),

for all x,y € X, where ¢ is an altering distance function.

The concept of a weakly contractive mapping was introduced by Alber and Guerre-
Delabrere [2] in the setup of Hilbert spaces. Rhoades [3] considered this class of mappings
in the setup of metric spaces and proved that a weakly contractive mapping is a Picard
operator.

Let f and g be two self-mappings on a nonempty set X. If x = fx = gx for some x in X,
then x is called a common fixed point of f and g. Sessa [4] defined the concept of weakly
commutative maps to obtain common fixed point for a pair of maps. Jungck generalized
this idea, first to compatible mappings [5] and then to weakly compatible mappings [6].
There are examples which show that each of these generalizations of commutativity is a
proper extension of the previous definition.
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Zhang and Song [7] introduced the concept of a generalized ¢-weak contractive map-
ping as follows.

Self-mappings f and g on a metric space X are called generalized ¢-weak contractions if
there exists a lower semicontinuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 and ¢(¢) >
0 for all £ > 0 such that for all x,y € X,

d(fx,gy) < N(x,y) - ¢(N(x,9)),

where
N(xy) = maX{d(x,y), d(x,fx),d(y,9), %[d(x,gy) +d(y.fx)] }

Based on the above definition, they proved the following common fixed point result.

Theorem 1.1 [7] Let (X, d) be a complete metric space. If f,g : X — X are generalized ¢-

weak contractive mappings, then there exists a unique point u € X such that u = fu = gu.

For further works in this direction, we refer the reader to [8—20].

Recently, many researchers have focused on different contractive conditions in complete
metric spaces endowed with a partial order and studied fixed point theory in the so-called
bistructural spaces. For more details on fixed point results, its applications, comparison
of different contractive conditions and related results in ordered metric spaces, we refer
the reader to [21-40] and the references mentioned therein.

Mustafa and Sims [41] generalized the concept of a metric, in which to every triplet of
points of an abstract set, a real number is assigned. Based on the notion of generalized met-
ric spaces, Mustafa et al. [42—49] obtained some fixed point theorems for mappings satis-
fying different contractive conditions. Chugh et al. [50] obtained some fixed point results
for maps satisfying property P in G-metric spaces. Saadati et al. [51] studied fixed point of
contractive mappings in partially ordered G-metric spaces. Shatanawi [52] obtained fixed
points of ®-maps in G-metric spaces. For more details, we refer to [21, 53-65].

Very recently, Jleli and Samet [66] and Samet et al. [67] noticed that some fixed point
theorems in the context of a G-metric space can be concluded by some existing results in
the setting of a (quasi-)metric space. In fact, if the contraction condition of the fixed point
theorem on a G-metric space can be reduced to two variables instead of three variables,
then one can construct an equivalent fixed point theorem in the setting of a usual metric
space. More precisely, in [66, 67], the authors noticed that d(x, y) = G(,y,y) forms a quasi-
metric. Therefore, if one can transform the contraction condition of existence results in
a G-metric space in such terms, G(x,y,7), then the related fixed point results become the
known fixed point results in the context of a quasi-metric space.

The following definitions and results will be needed in the sequel.

Definition 1.2 [41] Let X be a nonempty set. Suppose that a mapping G: X x X x X — R*
satisfies:

(Gl) G(x,y,2)=0ifx=y=2z;

(G2) 0<G(x,y,2) forall x,y,z € X, with x # y;

(G3) G(x,x,9) < G(x,9,2z) forall x,y,z € X, with y # z;
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(G4) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables); and
(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X.

Then G is called a G-metric on X and (X, G) is called a G-metric space.

Definition 1.3 [41] A sequence {x,} in a G-metric space X is:
(i) a G-convergent sequence if there is x € X such that for any ¢ > 0, and #y € N, for all
n,m > ngy, G(Xy, %, %) < €.
(i) a G-Cauchy sequence if, for every ¢ > 0, there is a natural number nq such that for
all n,m, [ > ng, G(x,,, %, %) < €.

A G-metric space on X is said to be G-complete if every G-Cauchy sequence in X is
G-convergent in X. It is known that {x,} G-converges to x € X if and only if G(x,,, x,,, x) —
0 asn,m— 00.

Lemma 1.4 [41] Let X be a G-metric space. Then the following are equivalent:
(1) The sequence {x,} is G-convergent to x.
(2) G(xy,%,%) = 0 as n— oo.
(3) G(x,,%,%) = 0 as n — oo.

Lemma 1.5 [68] Let X be a G-metric space. Then the following are equivalent:
The sequence {x,} is G-Cauchy.
For every € > 0, there exists ng € N such that for all n,m > ng, G(x,, X, %) < €; that is,
if G(xy, Xy %) — 0 as n,m — o0.

Definition 1.6 [41] Let (X, G) and (X', G’) be two G-metric spaces. Then a function f :
X — X' is G-continuous at a point x € X if and only if it is G-sequentially continuous at x;
that is, whenever {x,} is G-convergent to x, {f(x,)} is G’-convergent to f(x).

Definition 1.7 A G-metric on X is said to be symmetric if G(x,y,y) = G(y,%,x) for all
x,y€e€X.

Proposition 1.8 Every G-metric on X defines a metric dg on X by

dg(x,y) = Gx,9,9) + Gy, x,%), Vx,y€X. (1.1)
For a symmetric G-metric space, one obtains

dg(x,y) =2G(x,5,9), Vx,yeX. (1.2)
However, if G is not symmetric, then the following inequality holds:

3

5 6@ 0y) <ds(x.y) <3Gry.y), VayeX. (13)
Definition 1.9 A partially ordered G-metric space (X, <, G) is said to have the sequential

limit comparison property if for every nondecreasing sequence (nonincreasing sequence)
{x,} in X, x, — x implies that x,, < x (x < x,,).
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Definition 1.10 Let f and g be two self-maps on a partially ordered set X. A pair (f,g) is
said to be

(i) weakly increasing if fx < gfx and gx < fgx for all x € X [69],

(ii) partially weakly increasing if fx < gfx for all x € X [22].

Let X be a nonempty set and f : X — X be a given mapping. For every x € X, let f !(x) =
{ueX:fu=x}

Definition 1.11 Let (X, <) be a partially ordered set, and let f,g, % : X — X be mappings
such that fX C 41X and gX C hX. The ordered pair (f, g) is said to be: (a) weakly increasing
with respect to / if and only if for all x € X, fx < gy for all y € h~}(fx), and gx < fy for all
y € h'(gx) [34], (b) partially weakly increasing with respect to / if fx < gy for all y € 1~ (fx)
[32].

Remark1.12 Intheabove definition: (i) if f = g, we say that f is weakly increasing (partially
weakly increasing) with respect to 4, (ii) if & = I (the identity mapping on X), then the above
definition reduces to a weakly increasing (partially weakly increasing) mapping (see [34,
40]).

The following is an example of mappings f, g, 1, R, S and T for which all ordered pairs
(f,2), (g, h) and (h,f) are partially weakly increasing with respect to R, S and T but not
weakly increasing with respect to them.

Example 1.13 Let X = [0, 00). We define functions f,g,/,R,S, T : X — X by

x, 0<x<l1, x, 0<x<l1,
f0) = g =] V"
1, 1<x<oq, 1, 1<x<oo,
2, 0 1,
h(x) = x -
1, 1<x<o0,

and

Definition 1.14 [60, 62] Let X be a G-metric space and f,g : X — X. The pair (f,g) is said
to be compatible if and only if limy,_, oo G(fgx,, fexn, gfxn) = 0, whenever {x,} is a sequence
in X such that lim,,_, o0 fx, = lim,_, 5 gx,, = t for some t € X.

Definition 1.15 (see, e.g., [67]) A quasi-metric on a nonempty set X is a mapping p : X x
X — [0, 00) such that (pl) x = y if and only if p(x,y) = 0, (p2) p(x,) < p(x,2) + p(z,y) for all
x,9,z € X. A pair (X, p) is said to be a quasi-metric space.

The study of unique common fixed points of mappings satisfying strict contractive con-
ditions has been at the center of vigorous research activity. The study of common fixed
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point theorems in generalized metric spaces was initiated by Abbas and Rhoades [56] (see
also [21, 53, 54]). Motivated by the work in [8, 13, 16, 17, 22, 32] and [40], we prove some
coincidence point results for nonlinear generalized (v, ¢)-weakly contractive mappings

in partially ordered G-metric spaces.

2 Main results
Let (X, <,G) be an ordered G-metric space, and let f,g,/4,R,S,T : X — X be six self-
mappings. Throughout this paper, unless otherwise stated, for all x,y,z € X, let

M(x,y,z) = max{ G(Tx, Ry, Sz),

G(Tx, fx, fx), G(Ry, g, 2y), G(Sz, hz, hz),

G(Tx, Tx,fx) + G(Ry, Ry, gy) + G(Sz, Sz, hz) }
3 .

Let X be any nonempty set and f,g,/,R,S, T : X — X be six mappings such that f(X) C
R(X), g(X) € S(X) and h(X) C T(X). Let xy be an arbitrary point of X. Choose x; € X such
that fxo = Rx;, x5 € X such that gx; = Sx; and x3 € X such that /x; = Tx3. This can be done
as f(X) € R(X), g(X) € S(X) and A(X) € T(X).

Continuing in this way, we construct a sequence {z,} defined by: z3,.1 = Rx3,41 = fX34,
Z3p42 = SX3p42 = X341, and 23,43 = T3,43 = hxg,,o for all n > 0. The sequence {z,} in X is

said to be a Jungck-type iterative sequence with initial guess x,.

Theorem 2.1 Let (X, <X, G) be a partially ordered G-complete G-metric space. Let f,g,h, R,
S, T : X — X be six mappings such that f(X) C R(X), g(X) € S(X) and h(X) C T(X). Sup-

pose that for every three comparable elements Tx, Ry, Sz € X, we have

v (2G(fx, gy, h2)) < ¥ (M(x,9,2)) — o(M(%,,2)), (2.1)

where ¥, : [0,00) — [0,00) are altering distance functions. Let f, g, h, R, S and T be
continuous, the pairs (f, T), (g,R) and (h,S) be compatible and the pairs (f,g), (g, h) and
(h,f) be partially weakly increasing with respect to R, S and T, respectively. Then the pairs
(f>T), (g, R) and (h,S) have a coincidence point z* in X. Moreover, if Rz*, Sz* and Tz* are
comparable, then z* is a coincidence point of f, g, h, R, Sand T.

Proof Let {z,} be a Jungck-type iterative sequence with initial guess xo in X; that is, 23,41 =
RX3441 = X3, 23042 = SX3p42 = @X3541 ANd 23,43 = T3p3 = MxXz,40 forall m > 0.
As x; € R (fxo), x2 € S (gxy) and &3 € T~ (hx,), and the pairs (f,g), (g, #) and (/,f) are

partially weakly increasing with respect to R, S and T, so we have
Rxy = fxg < gx1 = Sxg < hxy = Ths < fxz = Rxy.
Continuing this process, we obtain Rxs,,1 < Sx3,42 < Tx3,,3 for n> 0.

We will complete the proof in three steps.

Step 1. We will prove that limy_, o, G(zx, Zk+1, Zk+2) = 0.
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Define Gi = G(zk, zk+1,2k+2)- Suppose G, = 0 for some ko. Then zx, = zky41 = Ziy+2- If

ko = 3n, then z3,, = z3,41 = Z3442 8iVeS 23441 = Z3us2 = Z34+3. Indeed,

U (2G (2341, 230425 Z3n43)) = ¥ (2G(fX30, @¥341, HX342) )

< Y (M(%30 X341, X3142) ) — @ (M (X315 X341, X3042))
where
M (X3, X341, X3142)
= max{ G(Tx3n, R¥3141, Sx3142), G(Tx310, fX30, fX30),

G(Rx3n+1’gx3n+l:gx3n+l): G(Sx3n+2r hx3n+2, hx3n+2),

G(Tme Txanfoin) + G(Rx3n+1¢Rx3n+1’gx3n+l) + G(Sx3n+2’5x3n+2; hx3n+2) }
3

= max { G(Z?:m Z3p+15 Z3n+2)> G(ZSm Z3p+15 Z3n+1),

G(Z3n+17 Z3n+2» 23n+2): G(23n+2y Z3n+3»Z23n+3 );

G (231, 231 Z3n41) + G(Z30415 230415 Z3n+2) + G(231425 2351425 Z3043) }
3

0+0+ G(Z3n+2’23n+2: 23n+3) }
3

= max { 0,0, 0, G(23/142> Z31+3» Z3143)>

= G(23142, 231435 Z3143)
= 2G(23n+2723n+2: 23n+3)

= 2G(2Z31+15 231425 Z3n43)-

Thus,

1/f (2G(Zgn+1, Z3n+2» ZSVH—S)) = Kﬁ (2G(z3n+1: 23142 23n+3)) - (G(Z3n+2: Z3n+3» Z3n+3))7
which 1mp11es that ¢(G(23n+2: Z3n+3> ZSn+3)) = 0; that s, Z3n+41 = Z3n+2 = Z3n+3- Slmllarly: if kO =
3n +1, then 23,11 = 23,42 = Z34+3 8iVES 23,42 = 23443 = Z3p4a- Also, if ko = 311 + 2, then z3,,,5 =
Z3n+3 = Z3n+4 implies that 23,3 = 23,44 = 23,45. Consequently, the sequence {zx} becomes

constant for k > k.
Suppose that

Gk = G(2zk, Zk+1, Zk42) > 0 (2.2)
for each k. We now claim that the following inequality holds:
G(Zk+1; Zk+25 Zk+3) =< G(Zkr Zk+1s Zk+2) = M(xk: Kk+1> xk+2) (23)

foreachk=1,2,3,....
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Let k = 3n and for n > 0, G(23+1, 235425 Z3n+3) = G(234, Z3n+1,Z3n42) > 0. Then, as Txz, <
Rx3,41 < Sx342, using (2.1), we obtain that
14 (G(Z3n+1: 23n+2> ZSn+3)) < (2G(Zg,,+1, 23n+2> Z3n+3))
Y (2G(fX3, @311, HX3042))
¥

(M(x3m X3n+1» x3n+2)) - (M(x?)n; X3n+1» x3n+2))x (2.4)

IA

where
M(X315 X341, X3n+2)
=max { G(Tx3, RX341, SX3042),

G( TxBn,fmefon)r G(Rx3n+1rgx3n+lrgx3n+l), G(Sx31142, NX3p142, NX3p142),
G(Tx34, Tx3, fX30) + G(RX3141, RX3141, §¥30n41) + G(SX31425 SX342, HX31142) }

3
= max{ G(235 23141, Z3n+2)5

G (2311 Z3n+1, Z3n+1)> G(Z31415 231425 Z3142) G(Z3042 23043 Z3143)

G (231 231 Z3n41) + G(2Z31415 230415 Z3n+2) + G(231425 231425 Z3043) }
3

< max { G(Z3m Z3n+15 Z3n+2)¢ G(z3n+1: Z3n+2> 23n+3);

2G (235 Z3n+15 Z3n+2) + G(Z30415 23142, Z3143)
3

= G(z3n+1; Z3n+2> Z3n+3)-
Hence, (2.4) implies that
1/f (G(z3n+17 Z3n+2> Z3n+3)) = 1/f (G(Z3n+11 Z3n+25 Z3n+3)) -@ (M(x?)n: X3n+1s x3n+2)),

which is possible only if M(x3,,, X3,1+1, ¥3442) = 0; that is, G(z34, Z34+1, Z3n+2) = 0, a contradic-
tion to (2.2). Hence, G(23,11, Z31+25 23n+3) < G(234, 23141, Z3n+2) and

M(x3m X3n+1» x3n+2) = G(z3n1 Z3n+1s Z3n+2)'

Therefore, (2.3) is proved for k = 3n.
Similarly, it can be shown that

G(z3n+2; Z3n+3> 23n+4) = G(23n+1; Z3n+2> ZBVH—S) = M(x3n+1: X3n+25 x3n+3): (25)

and

G(Z?)n+3: Z3n+4s Z3n+5) = G(ZBn+27 Z3n+3> 23n+4) = M(x3n+2: X3n+3» x3n+4)' (26)
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Hence, {G(zk, zk+1, zk+2)} is a nondecreasing sequence of nonnegative real numbers. There-
fore, there is r > 0 such that

lim G(zk, Zk+1, Zke2) = 7. (2.7)
k—o00

Since
G (215 Zhs2s Zks3) < MKk, Kier1, %ie42) < G2k Zics1, Zhs2)s (2.8)

taking limit as k — oo in (2.8), we obtain
Lim M (xx, Xir1, Xie2) = 7 (2.9)
k— o0

Taking limit as # — oo in (2.4), using (2.7), (2.9) and the continuity of ¢ and ¢, we have
Y (r) < ¥ (r) — o(r) < ¥ (r). Therefore ¢(r) = 0. Hence,

lim G(zk, zks1, 2xs2) = 0, (2.10)
k— o0
from our assumptions about ¢. Also, from Definition 1.2, part (G3), we have
lim G(zx, Zks1, 2k+1) = O, (2.11)
k—o00
and, since G(x,7,y) < 2G(x,x,y) for all x,y € X, we have
lim G(zk, zk, zks1) = O. (2.12)
k—o00
Step II. We now show that {z,} is a G-Cauchy sequence in X. Because of (2.10), it is
sufficient to show that {z3,} is G-Cauchy.
We assume on contrary that there exists ¢ > 0 for which we can find subsequences
{Z3m()} and {z3,k)} of {z3,} such that n(k) > m(k) > k and
G(Z3m(k)» Z3n(k)» Z3n(k)) = &5 (2.13)
and n(k) is the smallest number such that the above statement holds; i.e.,
G(Z3m(k)» Z3n(k)-3 Z3n(k)-3) < €. (2.14)

From the rectangle inequality and (2.14), we have

G(23m(k)» Z3n(k)» Z3n(k))
< G(23m(k)» Z3n(k)-3 Z3n(k)-3) + G(23n(k)-3> Z3n(k)» Z3n(k))
< & + G(Z3u()-3 Z3n(k)» Z3n(k))
< & + G(23n(k)-3) Z3n(k)-2» Z3n(k)-2) + G(Z3n(k)-2> Z3n(k)-1) Z3n(k)-1)

+ G(Z35(k)-15 Z3n(k)» Z3n(k) )+ (2.15)

Page 8 of 23
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Taking limit as kK — oo in (2.15), from (2.11) and (2.13) we obtain that

im G(z3m(k) Z3n(k)» Z3n(k)) = €- (2.16)
k— 00

Using the rectangle inequality, we have

G(Z3m(k)s Z3n(k)+1) Z3n(k)+2)
< G(Z3m(k)» Z3n(k)s Z3nk)) + G(Z3n(k)> Z3n(k)+1> Z3n(k)+2)
< G(Z3m(k) Z3n(k)+1s Z3n(k)+1) + G(Z3n(k)+15 Z3n(k) Z3n(k)) + G(Z3n(k)» Z3n(k)+15 Z3n(k)+2)
< G(Z3m(k)» Z3n(k)+1s Z3n(k)+2) + G(Z3n(k)+1> Z3n(k)+2> Z3n(k)+2) + G(Z3n(k)+1» Z3n(k)s Z3n(k))

+ G(230(k)> Z3n(k)+1» Z3n(k)+2) - (2.17)

Taking limit as kK — oo in (2.17), from (2.16), (2.10), (2.11) and (2.12) we have
kli)rgo G(Z3m(k)s Z3n(k)+1, Z3n(k)+2) = &- (2.18)
Finally,

G(Z3m(k)+1 Z3n(k)+2> Z3n(k)+3)
< G(Z3m(k)+1, Z3m(k)» Z3m(k)) + G(Z3m(k)s Z3n(k)+2> Z3n(k)+3)
< G(23m(k)+1, Z3m(k)» Z3m(k)) + G(Z3m(k)s Z3n(k)» Z3n(k)) + G(Z3n(k) Z3n(k)+25 Z3n(k)+3)
< G(23m(k)+1, Z3m(k)» Z3m(k)) + G(Z3m(k)> Z3n(k)» Z3n(k))

+ G(23n(k), Z3n(K)+15 Z3n(k)+1) + G(Z3(k) 41> Z3n(k)+2> Z3n(k)+3)- (2.19)
Taking limit as k — oo in (2.19) and using (2.16), (2.10), (2.11) and (2.12), we have
kli)nolo G(Z3m(k)+1> Z3n(k)+2> Z3n(k)+3) =< €.
Consider

G(23m(k)» Z3n(k)+1> Z3n(k)+2)
< G(Z3m(k) Z3m(k)+1> Z3m(k)+1) + G(Z3m(k)+1> Z3n(k)+15 Z3n(k)+2)
< G(Z3m(k) Z3m(k)+15 Z3m()+1) + G(Z3m(k)+15 Z3n(k)+3 Z3n(k)+3)
+ G(2Z35(k)+35 Z3n(k)+1> Z3n(k)+2)
< G(Z3m(k)» Z8m(k)+15 Z3m()+1) + G(Z3m(k)+15 Z3n(k)+25 Z3n(k)+3)

+ G(ZBn(k)+1: Z3n(k)+2> Z3n(k)+3)- (220)

Taking limit as kK — oo and using (2.10), (2.11) and (2.12), we have

&= khrgo G(Z3m(k)+l¢ZBn(k)+21z3n(k)+3)'
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Therefore,
lim G(z3m(k)+1: Z3n(k)+2> Z3n(k)+3) =é&. (221)
k— o0

As Thsmk) < RX3u(ys1 < S¥an(k)+2, 50 from (2.1) we have

1/f (G(Z3m(/<)+1: Z3n(k)+25 Z3n(k)+3 ))
= Y (G(fX3m)» 8%3n(0+1 MX3n(k)42))

< U (M3 F3n(0+1 %300 +2) ) — @ (M K3m(1)> X306 115 ¥3m(k)42) ) » (2.22)

where

M(X3m(k)» X3n(k)+1, X3n(k)+2)
= max{ G(Tx3m(k) RX3n(k)+15 S%3n(k)+2)> G(TX31m(k) s fX3m(k) fX3m(k))»

G(RX30(k)+1) 8X3n(k)+15 8¥3n(k)+1)> G(SX30(k)+25 N¥3n(k)+2) BX30(k)+2)5

G(Tx3m(k)> TX3m() s fX3mik)) + GRX3n(k) 415 RX30(k) 415 8X3n(k) +1)
+ G(Sx3p(k)+2> SX3(k)+2 MX3 (k) +2) }
3

= max{ G(23m(k)» Z3n(k)+15 Z3n(0)+2)» G(Z3m(K)s Z3m()+15 Z3m(k)+1)»

G(Z3n(k)+1) Z3n(k)+25 Z3n(k)+2)» G(Z3n(k)+2> Z3n(k)+3» Z3n(k)+3)»

G(Z3m(k)» Z3m(k)» Z3m()+1) + G(Z3n(k)+15 Z3n(k)+1> Z3n(k)+2)

+ G(2Z3(k)+2> Z3n(k)+2> Z31(k)+3) }
3 .

Taking limit as kK — oo and using (2.11), (2.12), (2.18) and (2.21) in (2.22), we have

V() < ¥(e) —ple) < (),

a contradiction. Hence, {z,} is a G-Cauchy sequence.

Step III. We will show that f, g, &, R, S and T have a coincidence point.

Since {z,} is a G-Cauchy sequence in the G-complete G-metric space X, there exists
z* € X such that

lim G(z3541,23n01,2%) = lim G(Rx31, R¥341,2%)
n— 00 n— o0

= lim G(fxgn,fxgn,z*) =0, (2.23)

n—00

lim G (2312, 23ns2,2") = lim G(S¥3n42) k3142, 2")

n—00

= nlggo G(gx3n+1!gx3n+lr Z*) =0, (2.24)
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and

lim G(23143,23043,2%) = lim G(Tx343, T343,2")

n— 00 n— 00
= lim G(hx3us2, hx3pi2,2") = 0. (2.25)
n—0oQ
Hence,
Txs, — 2" and  fx3, —> z° asn— oo. (2.26)
As (f, T) is compatible, so
lim G(fo?)mex?;mexBn) =0. (227)
n—00

Moreover, from lim,,—, oo G(fX3,1, fX34,2*) = 0, lim,,—, oo G(Tk3,, 2%, 2*) = 0, and the continuity
of T and f, we obtain

lim G(fog,,, Tfx3,, Tz*) =0= lim G(]Txg,,, z*,fz*). (2.28)
By the rectangle inequality, we have

G(Tz" fz",fz")
< G(Tz*, Tfxsn, Tfxsu) + G(Tfzn.f2".12)

< G(Tz", Tfxsn, Tfxsn) + G(Tfxzps [T, f T30) + G(FTx30, /2, f2). (2.29)
Taking limit as n — oo in (2.29), we obtain
G(Tz" fz".fz*) < 0,
which implies that fz* = Tz*, that is, z* is a coincidence point of f and T

Similarly, gz* = Rz* and hz* = Sz*. Now, let Rz*, Sz* and Tz* be comparable. By (2.1) we
have

v (G(fz* gz*, hz"))
<y (M(z", 2", 2)) - p(M(z",2",2%)), (2.30)

where
M(z*,z*,z*) = max{ G(Tz*,Rz*,Sz*),

G(Tz" fz".fz"), G(Rz", gz*, g2*), G(Sz*, hz*, hz"),

G(Tz*, Tz, fz*) + G(Rz*, Rz*, gz*) + G(Sz*, Sz*, hz*) }
3

= G(Tz",Rz", Sz*) = G(fz", gz*, hz").

Page 11 of 23
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Hence (2.30) gives
v (G(fz",g2%, hz*)) < ¥ (G(fz",g2", hz*)) - ¢(G(fz*, g2, hz")).
Therefore, fz* = gz* = hz* = Tz* = Rz* = Sz*. O

In the following theorem, the continuity assumption on the mappings f, g, &, R, S and
T is in fact replaced by the sequential limit comparison property of the space, and the
compatibility of the pairs (f, T), (g,R) and (4, S) is in fact replaced by weak compatibility
of the pairs.

Theorem 2.2 Let (X, <X,G) be a partially ordered G-complete G-metric space with the
sequential limit comparison property, let f,g,h,R,S, T : X — X be six mappings such that
f(X) € R(X), g(X) C S(X), and let h(X) C T(X), RX, SX and TX be G-complete subsets
of X. Suppose that for comparable elements Tx, Ry, Sz € X, we have

v (2G(fx, gy, h2)) < ¥ (M(x,9,2)) — o(M(%,7,2)), (2.31)

where r,¢ : [0,00) — [0,00) are altering distance functions. Then the pairs (f,T), (g,R)
and (h,S) have a coincidence point z* in X provided that the pairs (f, T), (g,R) and (h,S)
are weakly compatible and the pairs (f, g), (g, h) and (h,f) are partially weakly increasing
with respect to R, S and T, respectively. Moreover, if Rz*, Sz* and Tz* are comparable, then
z* € X is a coincidence point of f, g, h, R, S and T.

Proof Following the proof of Theorem 2.1, there exists z* € X such that
li ,2k,27) = 0. 2.32
kl)noloG(zkzkz) 0 (2.32)

Since R(X) is G-complete and {z3,,1} € R(X), therefore z* € R(X). Hence, there exists u €
X such that z* = Ru and

lim G(z3441, Z3n+1, R1t) = lim G(R¥3,41, R¥3,.1, Rut) = 0. (2.33)
n— 00

n—00

Similarly, there exists v, w € X such that z* = Sv = Tiw and
lim G(Sx3n+2,5x3,,+2,5v) = lim G(Txgn, Txg,,, TW) =0. (234)
n—0oQ n—0oQ
Now, we prove that w is a coincidence point of f and T'. For this purpose, we show that
fw = gu. Suppose opposite fw # gu. Since Sx3,,5 — z* = Tw = Ru as n — 00, S0 Sx3,2 <

Tw = Ru.

Therefore, from (2.31), we have

1/f (2G(fW,gM7 hx3n+2)) < Iﬁ (M(Wv u, x3n+2)) - ¢(M(W, urx3n+2))¢ (235)
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where
M(w, u, X3442)
= max{ G(Tw, Ru, Sx3y,42), G(Tw, fw, fw),

G(Ru,gu,gbt), G(Sx3n+2v hx3n+2: hx3n+2):

G(Tw, Tw, fw) + G(Ru, Ru, gu) + G(Sx3,42, SX3142, NX31042) }
3 )

Taking limit as #» — oo in (2.35), as G(z*,z%,z*) = 0 and from (G2) and the fact that
G(x,x,9) <2G(x,y,y) , we obtain that

v (2G(fw, gu, %))
<¥ (max{ G(2", fw,fw), G(c", gu, gu), G(z", 2", fw) ; G(z*,z", gu) })
—w(max G2, fw,fw), G(2", gu, gu), G(z", 2", fw) ; G(z*,z*, gu) )

< v (2G(fw,gu,z"))

_(p<max G(Z*’fw’ W)’G(Z*’gu:gu)’ G(Z & ,fW) - G(Z = ’gu) );

3

which implies that fw = z* = gu, a contradiction, so fw = gu. Again from the above inequal-
ity it is easy to see that fiw = z*. So, we have fw = z* = Tw.

As f and T are weakly compatible, we have fz* = fTw = Tfw = Tz*. Thus z* is a coinci-
dence point of f and T

Similarly it can be shown that z* is a coincidence point of the pairs (g, R) and (4, S).

The rest of the proof can be obtained from the same arguments as those in the proof of
Theorem 2.1. g

Remark 2.3 Let (X, G) be a G-metric space. Let f,R,S,T : X — X be mappings. If we
define functions p,q: X x X — [0, 00) in the following way:

P(x»y) = G(Tx,Ry»Sy)

and

q(x,y) = G(Tx, fy,fy)

for all x,y € X, it is easy to see that both mappings p and g do not satisfy the conditions
of Definition 1.15. Hence, Theorem 2.1 and Theorem 2.2 cannot be characterized in the

context of quasi-metric as it is suggested in [66, 67].

Taking T = R = S in Theorem 2.1, we obtain the following result.
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Corollary 2.4 Let (X, <X,G) be a partially ordered G-complete G-metric space, and let
.81 R: X — X be four mappings such that f(X) U g(X) U h(X) € R(X). Suppose that for
every three comparable elements Rx, Ry, Rz € X, we have

W(zG(fx’gy’ hZ)) S I/f(A/I(x’yl Z)) - ‘P(M(x,y, Z)); (2.36)
where
M(x,y,2) = max{ G(Rx, Ry, Rz),

G(Rx, fx, fx), G(Ry, g9, 89), G(Rz, hz, hz),
G(Rx, Rx, fx) + G(Ry, Ry, gy) + G(Rz, Rz, hz) }

3

and ¢ : [0,00) — [0,00) are altering distance functions. Then f, g, h and R have a co-
incidence point in X provided that the pairs (f,g), (g, h) and (h,f) are partially weakly
increasing with respect to R and either

a. f is continuous and the pair (f, R) is compatible, or

b. g is continuous and the pair (g, R) is compatible, or

c. his continuous and the pair (h, R) is compatible.

Taking R =S =T and f = g = h in Theorem 2.1, we obtain the following coincidence
point result.

Corollary 2.5 Let (X, <X, G) bea partially ordered G-complete G-metric space, and letf, R :
X — X be two mappings such that f(X) C R(X). Suppose that for every three comparable
elements Rx, Ry, Rz € X, we have

¥ (2G(fx, fy,/2)) < ¥ (M(x,9,2)) — (M (%7, 2)), (2.37)
where
M(x,y,z) = max { G(Rx, Ry, Rz),

G(Rx, fx, fx), G(Ry, f, ), G(Rz, fz, fz),

G(Rx, Rx, fx) + G(Ry, Ry, fy) + G(Rz, Rz, fz) }
3

and ¥, ¢ : [0,00) — [0, 00) are altering distance functions. Then the pair (f,R) has a coin-
cidence point in X provided that f and R are continuous, the pair (f,R) is compatible and
f is weakly increasing with respect to R.

Example 2.6 Let X = [0,00) and G on X be given by G(x,y,2) = |[x—y| + |y — z| + |[x — 2| for
all x,7,z € X. We define an ordering ‘<’ on X as follows:

x=y < y=<x Vx,yelX.
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Define self-maps f, g, 4, S, T and R on X by
Se=In(vVax2+1+x) = sinh ™' %, Rx = sinh(3x),

gx =sinh™! (g), Sx = sinh(2x),
hx = sinh™ (;ﬁ), Tx = sinh(6x).

To prove that (f,g) are partially weakly increasing with respect to R, let x,y € X be such
that y € Rfx; that is, Ry = fx. By the definition of f and R, we have sinh™! x = sinh 3y and
= w As sinhx > (sinh ' x) for all x > 0, therefore 6x > sinh™!(sinh ! x), or

1 1
fx =sinh™ x > sinh™! <€ sinh™ (sinh™* x)) =sinh™! (E y) = gy.

Therefore, fx < gy. Hence (f,g) is partially weakly increasing with respect to R. Similarly,
one can show that (g, %) and (4,f) are partially weakly increasing with respect to S and 7,
respectively.

Furthermore, fX = TX = gX = SX = hX = RX = [0,00) and the pairs (f, T), (g,R) and
(h,S) are compatible. Indeed, if {x,} is a sequence in X such that for some ¢ € X,
lim,, oo G(t, fy, fx,,) = lim,—, oo G(¢, Tx,,, Tx,) = 0. Therefore, we have

lim fsinh’lx,, - L‘| = lim |sinh6x, — £ = 0.
n— 00

n—00
Continuity of sinh™ and sinh implies that

sinh™ ¢

lim |x, —sinh¢| = lim |x, — =0,
n—00 n—00

. inh1
and the uniqueness of the limit gives that sinh ¢ = S'“hTt, But

sinh™! ¢

sinht = t=0.

So, we have ¢ = 0. Since f and T are continuous, we have
lim G(fIx,,fIx,, Tfx,) =2 lim |fTx, — Tfx,| = 0.
n—0oQ n—0oQ
Define ¥, ¢ : [0,00) — [0,00) as ¥ (¢) = bt and ¢(¢) = (b — 1)t for all ¢ € [0, 00), where 1 <

b<3.
Using the mean value theorem simultaneously for the functions sinh™ and sinh, we have

v (2G(fx, gy, hz)) = 2b(|fx — gyl + |fx — hz| + |gy — hz)

= 2b< sinh™ x — sinh™ (%) sinh™(x) — sinh ! (g) ‘

() ()

+

+
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<2 1|2 | 1|3 | 1|3 27|
—12x -yl + =|3x—z| + =3y -2z
=Ty 6"

|6x — 3y| + |6x — 22| + |3y — 2z])
3

=b(

b
< 3 (| sinh 6x — sinh 3y| + | sinh 3y — sinh 2z| + | sinh 2z — sinh 6x|)
<|Tx - Ry| + |Ry — Sz| + |Sz — Tx|
= G(Tx, Ry, Sz) < M(x,y,z)

= ¥ (M(x.9,2) - 9(M(x,y,2)).

Thus, (2.1) is satisfied for all x,y,z € X. Therefore, all the conditions of Theorem 2.1 are
satisfied. Moreover, 0 is a coincidence point of f, g, 1, R, Sand T.

The following example supports the usability of our results for non-symmetric G-metric
spaces.

Example 2.7 Let X = {0,1,2,3} be endowed with the usual order. Let
A=1{(2,0,0),(0,2,0),(0,0,2)}

and
B={(2,2,0),(2,0,2),(0,2,2)}.

Define G : X> — R* by

if (x,7,2) € A,

if (x,7,2) € B,

if (x,y,2z) € X3~ AUB,
ifx=y==z

G(x,y,2) =

S o N

It is easy to see that (X, G) is a non-symmetric G-metric space.
Also, (X, G) has the sequential limit comparison property. Indeed, for each {x,} in X
such that G(x,,x,x) — 0 for an x € X, there is k € N such that for each n > k, x,, = x.
Define the self-maps f, g, i, R, S and T by

3, R=0123,
2 01 3 2
1 2
’ S:O 31
0 2 1 3

~
I
—
[N«
NI
(el ]

oq
1l
-
o o
N =
NN
N W

01 2 3 01 2 3
h= , T = .
02 0 0 0 2 31
We see that
X CRX =X,

gXCSX =X,
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and
hXCTX=X.

Also, RX, SX and TX are G-complete. The pairs (f, T), (g,R) and (%, S) are weakly com-
patible.

On the other hand, one can easily check that the pairs (f, ), (g, %) and (%, f) are partially
weakly increasing with respect to R, S and 7, respectively.

Define ¥, ¢ : [0,00) — [0,00) by ¥(£) = 3¢ and ¢(2) = 5.

According to the definition of f, g, # and G for each three elements x,y,z € X, we see
that

G(fx, gy, hz) € {0,1,2}.
But

G(Tx, Ry, Sz), G(Tx, fx,fx), G(Ry, gy,gy), G(Sz, hz, hz) € {0,1,2, 6}
and

G(Tx, Tx, fx), G(Ry, Ry, gy), G(Sz, Sz, hz) € {0,1,2, 6}.
Hence, we have

¥ (2G(f gy, h2)) < 6 = M(x,,2) = ¥ (M(x,9,2)) — (M(x,%,2)).

Therefore, all the conditions of Theorem 2.2 are satisfied. Moreover, 0 is a coincidence
pointoff, g, h, R, Sand T.

Let A be the set of all functions u : [0, +00) — [0, +00) satisfying the following condi-
tions:
(I) u isa positive Lebesgue integrable mapping on each compact subset of [0, +00).
(1) Foralle >0, [; u(t)dt>0.

Remark 2.8 Suppose that there exists « € A such that mappings f, g, 4, R, S and T satisfy
the following condition:

¥ (2G(fr.gy,hz)) v (M(x,y,2)) @(M(x,y,2))
/ ,u(t)dtg/ M(t)dt—/ w(t)dt. (2.38)
0 0 0

Then f, g, 1, R, S and T have a coincidence point if the other conditions of Theorem 2.1
are satisfied.
For this, define the function I'(x) = fox u(t)dt. Then (2.38) becomes

I (v (2G(fx, gy, hz))) < T (¥ (M(x,9,2))) = T' (@ (M(x,7,2))).

Take yr; = Toyy and ¢ = Tog. It is easy to verify that y; and ¢, are altering distance func-
tions.
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Taking g =h, T =R =S =1Ix and y = z in Theorems 2.1 and 2.2, we obtain the following
common fixed point result.

Theorem 2.9 Let (X, X, G) be a partially ordered G-complete G-metric space, and let f
and g be two self-mappings on X. Suppose that for every comparable elements x,y € X,

¥ (2G(fx, gv.29)) < ¥ (M(x,,9)) — 0(M(x,5,)), (2.39)
where

M(x,y,y) = maX{G(x, ¥9), Gx, fx, fx), G(y, €9, 89),

G(x,x,fx) + 2G(y, y,2y) }
3 ,

and yr, ¢ : [0,00) — [0,00) are altering distance functions. Then the pair (f,g) has a com-
mon fixed point z in X provided that the pair (f,g) is weakly increasing and either

a. f or g is continuous, or

b. X has the sequential limit comparison property.

Taking f = g in the above, we obtain the following common fixed point result.

Theorem 2.10 Let (X, X, G) be a partially ordered complete G-metric space, and let f be
a self-mapping on X. Suppose that for every comparable elements x,y € X,

¥ (2G(fe, /) < ¥ (Mx.9,9)) - 0(M(x,,9)), (2.40)

where

M(x,y,y) = max { G(x,v,9), G(x, fx, fx), G, f3.17),

G(x,x,fx) + 2G(y,9,/9) }
3

and Y, ¢ : [0,00) — [0, 00) are altering distance functions. Then [ has a fixed point z in X
provided that f is weakly increasing and either

a. f is continuous, or

b. X has the sequential limit comparison property.

3 Existence of a common solution for a system of integral equations
Motivated by the work in [21] and [32], we consider the following system of integral equa-
tions:

b
x(t) = / Ki(t,s,x(s)) ds + k(£),
b
x(t) = / Ky(t,5,(5)) ds + k(¢), (3.1)

b
x(t) = / K3 (t,s,x(s)) ds + k(t),
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where b > a > 0. The aim of this section is to prove the existence of a solution for (3.1)
which belongs to X = C[a, b] (the set of all continuous real-valued functions defined on
[a, b]) as an application of Corollary 2.4.

The considered problem can be reformulated as follows.

Letf,g,h: X — X be defined by

b

Sfx(t) = / Ki(t,s,x(s)) ds,
b

ax(t) = f K, (t,s,x(s)) ds,

and

b
hx(t) = / K (t, s,x(s)) ds

forallx € X and forall ¢ € [a, b]. Obviously, the existence of a solution for (3.1) is equivalent
to the existence of a common fixed point of f, g and 4.
Let

d(u,v) = max |u(t) - V(t)|.
tela,b)
Equip X with the G-metric given by

G(u,v,w) = max{d(u, v),dv,w),d(w, u)}

for all u,v,w € X. Evidently, (X, G) is a complete G-metric space. We endow X with the
partial ordered < given by

x<y <= x() <y

for all £ € [a, b]. It is known that (X, <) has the sequential limit comparison property [37].
Now, we will prove the following result.

Theorem 3.1 Suppose that the following hypotheses hold:
(i) Kq,K,K3:[a,b] x [a,b] x R— Rand k : [a,b] — R are continuous;
(i) Forallt,s € [a,b] and for all x € X, we have

b
K (t, s,x(s)) <K, <t, s,/ K (t, s,x(s)) ds + k(t)),
b
K, (t,s,x(s)) <K3 (t, s,/ K, (t, s,x(s)) ds + k(t)),
and

b
K3 (t, s,x(s)) <K <t, s, / K3 (t, S,x(s)) ds + k(t)).
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(i) Foralls,t € [a,b] and for all x,y € X with x <y, we have

|Ki(t,5,%(5)) = Kj(£,5,5(9)) | < \/p(t, $)In(L + |x(s) - y(s) |2),

where p : [a,b] x [a,b] — [0,00) is a continuous function satisfying

b
1
sup/ﬂ ps,t)ds < 10—

Then system (3.1) has a solution x € X.
Proof From condition (ii), the ordered pairs (f, g), (g, #) and (%, f) are partially weakly in-

creasing.
Now, let x,y € X be such that x > y. From condition (iii), for all £ € [a, ], we have

b 2
alfs0) -0 = 4( [ 1Ki(65.50) - Kale.50) o5
b b
< 4</ 1? ds) (/ |Ki(£,5,x(5)) — Ko (t, 5, %(s)) |2 ds>
b
<4(b- a)( / p(t,5)In(1+ |x(s) - (5)[") dS)
b
<4(b-a) ( / p(t,s)In(1+d(x,y)*) ds)
b
<4 - a)(/ p(t,s) ln(l + G(x,y, 2)2) ds)
=4(b-a)

b
/ p(t,s) a’s) In(1 + G(x,7,2)%)

b
=4(b-a) (/ p(t,s) ds) 1n(l + M(x, y, z)z)

< ln(l + M(x,y, z)2)

=M(x,,2)* - (M(x,9,2)* - In(1 + M(x,5,2)%)).
Hence,
) 2
(2d(fx, )" = (2 sup |fx(t) - gy(0) |)
telab]
< M(x,y,2)* - (M(x,y, 2)? - ln(l + M(x,y, z)z)). (3.2)
Similarly, we can show that

(2d(gy, h2))” = (2 sup lgy(®) - hz(t)|)2

<M(x,y,2)* = (M(x,5,2)* - In(1 + M(x,y,2)*)), (3.3)
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and

(2d(hz,fx))” = (2 sup |hz(®) - fx(t)|>2

tela,b]

< M(x,y,2)* - (M(x,y, 2)? - ln(l +M(x, y, z)z)). (3.4)
Therefore, from (3.2), (3.3) and (3.4), we have

(2G(fx gy, hz))2 = (2 max{d(fx,gy),d(gy, hz),d(hz, x)})2

= max{(2d(fx, gy))’, (2d(gy, h2)), (2d(hz, fx))* )
<M(x,y,2)* = (M(x,5,2)* = In(1 + M(x,9,2)*)).

Putting, ¥ (¢) = t2, ¢(¢) = £2 = In(1 + £2) and R = Ix in Corollary 2.4, there exists x € X, a
common fixed point of f and g and %, which is a solution of (3.1). d
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