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ABSTRACT

This paper presents a solution algorithm for solving the job-shop scheduling
problem involving fuzzy parameters in the constraints. [t is considered that
the processing times are those tuzzy parameters and the maximum
completion time is required to be minimized. The concept of O - level set
together with the definition of the fuzzy number and its membership function
are introduced. An illustrative numerical example is given to clanfyv the
theorv and the solution algorithm.
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1. INTRODUCTION

The job-shop scheduling problem refers to most problems found i a typical
tactory environment where different operations must be carried out to complete a
Job. A number of jobs are processing at any one time on a number ot machmes. A
schedule must be derived which aims to complete all jobs as quickly as possible on
the given production plant.

In classical job-shop scheduling problem (JSSP). n jobs are processed to be
completed on m unrelated machines. Each job requires processing on each machine
exactly once. For ecach job. technology constraints specifv a complete. distinct
routing which is fixed and known n advance
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The processing times are sequence-independent, fixed and known in advance.
Each machine is continuously available from time zero, and the operations are
processed with preemption. The objective is to minimize the maximum completion
time (makespan).

The job-shop scheduling problem is strongly NP-hard i.e., the time required to
compute an optimal schedule increases exponentially with the size of the problem
and the solution procedures are based on enumeration or on heuristics [2]. For this
problem, theoretical results have begun for the two-machines case and in a special
three-machines case by S. M. Johnson and R. Bellman in 1954. The analytical
results, for example, simple criterion can be obtained by using heuristic methods or
dynamic programming type procedures.

A lot of work that deal with the job-shop scheduling problem assume that all the
time parameters e.g., processing times are known exactly [2,3,5,6,7,8,9,10]. When
the data of the job-shop scheduling problem are imprecise, vague or uncertain, then
these data can be only estimated within uncertainty. This uncertainty may be
represented by fuzzy numbers and so reduce the errors of imprecision. The main
objective of this paper is the implementation of the fuzzy concepts to job-shop
scheduling problems rather than the use of the method in obtaining the optimal
solution of such problems.

This paper is organized as follows: In Section 2, some basic notations on fuzzy
set theory are introduced. In Section 3, we formulate the job-shop scheduling
problem involving fuzzy parameters in the constraints. A solution algorithm to
solve the problem of concern is suggested and presented in Section 4. In Section 5,
a numerical example is given to clarify the theory and the solution algorithm.
Finally, the paper is concluded in Section 6

2. FUZZY CONCEPTS

L. A Zadeh advanced the fuzzy theory at the University of California in 1965.
The theory proposes a mathematical technique for dealing with imprecise concepts
and problems that have many possible solutions. The concept of fuzzy
mathematical programming on a general level was first proposed by Tanaka et al
(1974) in the framework of the fuzzy decision of Bellman and Zadeh [11]. Now,
we introduce some necessary definitions and the reader is referred to [1, 4].
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Definition 1.

Let X be a nonempty set. A fuzzy set F in X is characterized by its membership
function Wp: X — [0, 1].

Definition 2.

A real fuzzy number a is a fuzzy subset from the real line R with membership

function W _ satisfies the following conditions:

a

(1) p_ is a continuous mapping from R to the closed interval [0, 1],
@ u_x)=0  Vxe (-, a],

(3) K. (x) is strictly increasing and continuous on [ a;, az],
a

@Hu x=1 V xe[ ay, a3l,

(5) U_ (x) is strictly decreasing and continuous on [ as, a4], ,

a

©) U_ (x)=0 V x€[ ay, +o<).

where aj;, a;, as, a5 are real numbers and the fuzzy number a is denoted by

a =[aay a3 a4].

Figure 1. illustrates the graph of a possible shape of a membership function of a

fuzzy number a .
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Fig.1. Membership function of a fuzzy number a .
Definition 3.

The o level set of the fuzzy number a is defined as the ordinary set L, (a) for

which the degree of their membership function exceeds the level ae [0, 1]:

L, (5):{ae R

w_(a)= oc}.
a
It is clear that the level sets have the following property:

a1 < 0 if and only if L, (;1) oL, (a).

3. JOB-SHOP SCHEDULING PROBLEM HAVING FUZZY
PARAMETERS

In The Constraints (JSSP)

Applegate and Cook in [3] give a formula of the job-shop scheduling problem
which has n jobs on m machines. A job has to be processed on each one of the m
machines. The route of a job has to follow is predetermined and fixed. The routes
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of the different jobs are not necessarily the same. The objective is to minimize the
makespan. In this formulation P;; denotes the processing times of job j on machine i
and the variable Y; denotes the starting time of this operation. The set N denotes
the set of all operations (i, j) corresponding to the nodes in the directed graph. The
set A denotes the set of all precedence (routing) constraints (i, j) < (k, j) that require
job j to be processed on machine i before it is processed on machine k, i.e.
operations (i, j) precedes operation (k, j). The following mathematical program
minimizes the makespan.

Min  Coup (1.a)
-.subject-to

Yy - Y 2 Py, Vip<kje A (1.b)

Coax—Y;2Py, V(4 j)eN (1.c)

Y- Yi2Py, or Yir- Y 2Py, V (i, 1), (1,)); 1= 1, 2,..m 1.d)

Y;=20 V(i jeN (1.e)

In the above problem (1.a)-(1.e), the constraints (1.e) represent the fact that
same ordering must be exist among the operations of different jobs and processed
on the same machines.

Now, let us go back to problem (1.a)-(1.e). In this model we will consider that
processing times are fuzzy parameters and Z denotes the maximum completion
time, then this problem can be rewritten as a job-shop ‘scheduling problem

involving fuzzy parameters in the constraints (JSSP)_in the following form.
P

(JSSP)_: Min f2)=2, 2.2)
P
subject to
Yy-Y;> Py, VG j)<kieA @.b)
Z-Y;> Py, V(.jeN 2.0)
Yi-Yi2 Pi, or Ye-Yy2 Py, VG0, G i) i= 1, 2,m; 2.d)
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Y;=0 Vv (i,j)e N (2.e)
where l;ij

and P, represent fuzzy parameters involved in the constraints where
their membership functions are [l _ and W _ , respectively.
: Pij Pir

For a certain degree ac[0, 1] and by introducing the concept of o-level set of

then problem (JSSP)_ (2.a)-(2.e) can be
p

the fuzzy numbers P, and P

ir *

understood as the following nonfuzzy problem:

(JSSP) : Min (Z)=Z (3.2)
Y
subject to
Yi-Y;2P  VAp<kieA (3.b)
Z - Yij 2 Pij, A4 (1, _])E N (3C)
Yij - Yir 2 Pira or Y'lr - Yij > Pijs \v/ (l, I'), (1,]), i= 1, 2,1’11 (3d)
P,eL,(P,) and P, €L, (P,) (G.e)
Y;;=20 V{4, )peN (3.9

where L, (P;) and L, (P:.I) are the o-level sets of the fuzzy numbers P; and

P, , respectively.

Problem (JSSP), (3.a)-(3.f) above can be written as follows:

(ISSP), :Min f(Z)=Z, (4.2)
subject to
Yy - Y 2Py, Vijp<k e A (4.b)
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Z-Y;2P;, V(ijeN (4.c)
Yij - Yir = Pib or Yir - Yij 2> Pij, A4 (1, 1'), (1, _]), 1= 1, 2,m (4d)
© © (o ©

h,<P,<H; ,h, <P <H, V(,1,Gj;i=12.m (4.)
Y;=0 V(@4,j)e N 4.9

) ©0) (0) 0)
where hij,Hij and h, Hi are lower and upper bounds on Py and Py,

iy

respectively.

It should be noted that the constraints (3.¢) have been replaced by the equivalent
constraints (4.e). The presence of the either-or-constraints posses a difficulty since
the model is no longer in the linear programming format. This difficulty is treated
by introducing the binary variables x;;;; defined by

&)

{0 if operation (i, r) precedes operation (i, j),
Xijir =

hif operation (i, j) precedes operation (i, r),

For M sufficiently large, the either-or- constraints become equivalent to the two
simultaneous constraints:

M xijir + (Y5 - Yir ) 2 Py, (6.2)
and

M (1-xi0) + (Yie - Y35 ) 2Py, Vi, j, 1. (6.b)

4. SOLUTION ALGORITHM

In what follows, we describe a solution algorithm for solving problem (JSSP)_
P

(2.2)-(2.¢) in finite steps. The proposed algorithm consists of two main phases. In

Phase A, problem (JSSp)_ can be converted into its equivalent nonfuzzy version.
p
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In Phase B, where problem (JSSp)_ becomes in its nonfuzzy form, a heuristic rule
P

is suggested to prefer between the different operations to be scheduled. The first

phase of the solution algorithm can be summarized as follows:

Phase A
Step 0. Seto=0=0.
Step 1. Determine the points (a;, a,, as, a4) for each fuzzy parameter in problem

(JSSp)_ with the corresponding membership function of these fuzzy parameters.
P

Step 2. Convert the problem (JSSp)_ (2.2)-(2.e) in the nonfuzzy version (JSSp)_
P P

(3.a)-(3.1).

Step 3.  Read the values of n and m.

Before we go further, we arrange the different operations according to its
precedence relations. The steps of Phase B of the proposed algorithm can be
described as follows:

Phase B

Step 4.  Put the operations that have no predecessors in column I, operations that
have directly by those in column I are replaced in column II, operations that are
immediately preceded by those in column II are replaced in column III, etc.

Step 5. On the Gantt chart, shift the operations to the left as far as
possible from the first column without violating precedence

constraints.

Step 6. Solve the resulting problem using any available integer linear
programming software package.

Step7. Seta = (c+ step) €[0, 1] and go to step 1.

Step 8. Repeat the above procedure until the interval [0, 1] is fully
exhausted. Then, stop.
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5. ANILLUSTRATIVE EXAMPLE

Consider the 3x2 job-shop scheduling problem (3 machines and 2 jobs). The
precedence structure is given as follows:

Job 1: mymsm, and Job 2: mymms;.

Table (1) below contains the fuzzy parameters which are characterized by the
following fuzzy numbers.

P, =(24,57) P, =(0,3,4,7)

P, =(3,4,57) P, =(15,7, 10)

P, =(0,3,5,6) P, =(1,6,7.9)
Table (1).

Assume that the membership function corresponding to the fuzzy numbers is in
the form:

(0, a<a,,
a—a
1._( ! )2> al <a< a2,
a, —a,
u_(a)=141, a, <a<a,,
a
a—a
1-(——3-)%, a, <a<a,,
a, —a,
0, aza,,

where ;1 corresponds to each P~n and P:r in the (JSSP)_. Let o = 0.36, then we

P
get:

24< P66, 065 Pp< 64, 32< P;; £6.6,
28< P94, 0.6< P;< 58, 2< Py < 8.6.
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The nonfuzzy (JSSP), can be written as follows:
(JSSP),: Min f(Z)=2Z,
subject to
Yor- Y 2Py Yio-Yp2Pyp  Yi-Y3; 2Py
Z-Yyp 2Py Z-Y3 2Py Z-Y32Py
MXi+Y1-Yp 2P, MA-Xin) + Y- Y 2Py
M X+ Y- Y0 2Py, M (1-Xj120) + Yorr- Y21 2Py

MXs1m+ Y3- Y32 Ps,, M (1-X5132) + Ya- Y3 2Py

24<P;;£6.6, 06<P;;<64, 32<P,;<6.6,
28< P»p<94, 06<P;<58 2<Pyp< 86

Y, Yiz, You, Yoo, Y31, Y32 20,
X2 20, X222 20, X513, 20,
I1-Xi12 20,1 -Xo120 20,1 -X55,20.

For M = 100, we have the following results:

@, Yl*l’ YI*Z’ Yz*l’ Yz*z’ Y3*1 ’ Y;2’ Xfl,m X21,22’ X§1,32) =
10,0,5.8,6.4,2.4,5.7, 6.6, 1, 0, 1) with the o-optimal parameters:

(PP, Py, P, Py Py ) = (2.5,0.8, 3.6, 4, 0.9, 3.4).

6. CONCLUSION

In this paper we suggested a solution algorithm, described in finite steps, for
solving the job-shop scheduling problem with fuzzy parameters in the constraints.
We have considered that the processing times are those fuzzy parameters and it is
required that the maximum completion time has to be minimized. However, there
are many open points for future research in the area of the job shop scheduling
problems. Some of these points are follows:
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(iii)

@iv)

v)
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A procedure is needed to solve the cyclic job-shop scheduling problem with
different jobs,

A procedure is needed to solve the cyclic job-shop scheduling problem with
fuzzy parameters,

A procedure is needed to solve the cyclic job-shop scheduling problem with
random parameters,

A procedure is needed to solve the early and tardy job-shop scheduling
problem with fuzzy and with random parameters.

An algorithm is needed to solve multiple-objectives job-shop scheduling
problems involving fuzzy parameters and others involving random parameters.

REFERENCES

. Abass, S. A., 2000. Recent approaches for treating job-shop scheduling

problems with multiple objective optimization (MOJSSP®). Ph. D. Thesis,
University of Tanta, Egypt.

. Almeida, M. and Centeno, M., 1998. A composite heuristic for the single-

machine early/tardy job scheduling problem. Comp. Oper. Res., 25, (7/8),
pp-625-635.

. Applegate, D. and Cook, w., 1991. A computational study of the job-shop

scheduling problem. ORSA J. of Computing, 3, pp. 149-156.

. Dubois, D. and Prade, H., 1980. Fuzzy sets and systems, theory and

applications. New York: Academic Press.

. Hall, N. G. and Posner, M. E., 1991. Earliness-tardiness scheduling problems,

I: weighted deviation of completion times about a common due date.
Operations Research, 39, pp. 836-846.

. Hall, N.G., Kubiak, W. and Sethi, S. P., 1991. Earliness-tardiness scheduling

problems, II: deviation of completion times about a restrictive common due
date. Operations Research, 39, pp. 847-856.

. Kahlbacher, H. G., 1993. Scheduling with monotonous earliness and tardiness

penalties. European J. of Operation Research, 64, pp. 258-277.
221




Saad, Sharif and Abass

8. Lann, A. and Mosheior, G., 1996. Single machine scheduling to minimize the
number of early and trady jobs. Computers Oper. Res, Vol. 23, No. 8, pp. 769-
781.

9. Lawler, E. L., Lenstra, J. K, Rinnooy, A. H. and Shmoys, D. B., 1993.
Sequencing and scheduling: algorithm and complexity, A handbook on

operations Research.

10. Moore, J. M. 1968. An n job one machine sequencing algorithm for
minimizing the number of trady jobs. Management science, 15, pp. 102-109.

11. Zadeh, L. and Bellman, R., 1970. Decision making in a fuzzy environment.
Management Science, 17, pp. 141-164.

222




