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A. A. DARWISH

Department of Mathematics, Faculty of Science
Qatar University, Qatar

SYslall o o lat) criall Ul Ll DLl e
et et SMulee ol 530 Ll

B335 C\.‘:ﬂ‘ s ol

g5 o LLalisll ¥ uladl po llstd Loalal) Uuad) daal yo a il fin i o3
Yool ciill olly g il o3 LS Wais oz GUS Uy ol Juigd pypid

-

Key Words: Direct problem, Scattering data, Parseval’s equation, Discontinuous coefficients

ABSTRACT:

A system of Sturm-Liouiville differential equations of order n with a density matrix function is considered. The
direct problem of the considered system is studied and hence the scattering data of the problem is obtained.

INTRODUCTION

We consider the system of Sturm-Liouivile differential
equations of order n

¥+ QRy=Rp(x)y,

and the boundary condition

0<x,,%9) ey

y(0)=0, ?)

where Q(x) is a self adjoint matrix function of order n with real
elements

The condition
JQx)dx < o ®)
0

is assumed to hold throughout in this paper. Also, the matrix
function p(x) has the form

ap<x<ap
ap<X<eo, @)

2

_J %n,

p(x)—{ Eq
where

o, >0,a0 =0, a, ¢an+1,n=1,m—l,am #1 and o, are
the diagonal elements of a matrix of order nxn such that they
do not coincide with the identity matrix E,.

Denote by W, an L,(0,00:p(x)) the set of the matrix functions
p(x) and the set of all vector functions

f(x) = {f1(x), fp(x),....f(x)} with
respectively.

elements in

L2(0,5)

In L, (0,00;p(x)) we introduce the scalar product

(£,8)= ] 3.£;(0F;(x)dx
0j=1

and consider that (1)-(2) arise in L,(0,00;p(x)).




Systems with discontinuous coefficients

The problem (1)-(2) was investigated earlier in the scalar
form in the papers [1.8] when p(x)=E, and for the case n=1 this
problem has been discussed in the works [2,4,5,7]. So, this
paper is aimed to extend those previous results.

It is well known [4] that the collection of quantities
{S(k),—t‘?‘,,Mn,n =1—,_r;} is called the scattering data of the

system (1)-(2), where S(k) is the scattering matrix function and
M, are nonnegative matrices of order n whose ranks coincide

with the multiplicity of the eigenvalues —T,21 ‘of the problem

(1)-(2). This article is aimed to study the direct problem and
hence to obtain the scattering data of the problem (1)-(2).

NOTATIONS
Throughout this paper we use the following notations:

B E, is the unit matrix in n-dimensional Euclidean
space.

B F denotes the transposed matrix of F.
F* is the adjoint matrix of F.

]
B F denotes the differentiation with respect to k.
]

"Q(x)u is the Euclidean norm of Q.

1. SOLUTION OF SYSTEM (1) AND ITS SCATTERING
FUNCTION

We shall mainly use the basic solutions that have been in
[8,91.

Every n vector solution Y(x,A) of (1) can be written in the
form of a quadratic matrix of order n which satisfies the
equation

-Y"+Q(x)Y = Ap(x)Y, 0< x < oo )

It is evident that the columns of any matrix solution of
equation (5) are solutions of equation (1). Thus, we consider
the matrix differential equation (5) with the boundary condition

Y(0)=0 (6)
instead of (1)-(2).
Denote by

k=A? =p+itandO<argk< =
and o(x) = [JQ(Jdt ; 5, (x) = [ fQ()]dt.
X X

Let us denote by ¢,(x,k) the matrix solutions of the canonical
equation (5) as x €[a,_;a,)

These solutions satisfy the following conditions

Pndp 1 k= En, "’n(an—l,k) =0
. ©)
¢ona,_y =0 Vo, 1K) =Ep,

As already known [1,4], these solutions can be represented
in the form

x ®
op(x.k)=coska,(x-a, )+ ] Ap(x,D)coskay (t-a, p)dt
2p-1
in k i X in K .
\I’n(X,k)=Sm a, (x an-l)a;1+ j'Bn(x,t)sm ay (t an_l)(xgldt;
k a1
where
1 2x-ap, )
Ap(x)== | qOdt ,—A, (1) |t=a,, =0,
: 2 ot
n-1
and
1 2%~a5
B, (x,x)= 5 [a(thdt ,B,(2x-a,jap)=0;
Ap-

Lemma 1: If the condition (3) is satisfied, then for x=a, and
720 equation (1) has a solution F(x,k) that can be represented
in the form

F(x,k) = exp(ikx) E,, + TK(x,t)exp(ikt)dt, 9

where the kernel K(x,t) satisfies the inequality

1 x+t
IK(x, t)f < —2—0( > )exp(G; (X))
and the condifion K(x, x) =% Jq(t)dt.
X

Moreover, if q(x) is differentiable, then K(x,t)is twice
differentiable and satisfies both the equation

3 2K(x,) 9 *K(x,1)

= q(x)K(x,1)
ax? at?
and the condition lim 250V _ 9K
x+t—eo  OX X+t—roo t

The solution F(x,k) is an analytic function of k in the upper
half plane T > 0 and is continuous on the real line. This solution
has the following asymptotic behaviour

F(x,k) = exp(ikx)[Ey +o(D], F'x (x,k) = (ik) exp (ixk) [Ey + o(D)]
asx—ooforallt20, k#0.

Also,
F(x,k) = exp(ikx)[E, +O(Tl(-)], F'x (x,k) = (ik) exp (ixk) [E +0(—11;-)]
as|k| — e and for all T 2 0.

Next, if we continue the solution F(x,k) of the equation (1) to
the interval [a, ) a,) thus we find the following asymptotic form
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exp(ika, )| cos ka, (x—a,_, )+—1sin ka_(x-a, ) |E, +O(l):|,a,,_\5x<a,,
F = ap " k (1 0
(x,k)=

e:xp(ikx)[lin +0(%)] 2, SX<pe

)
First we introduce the concept of the Wronskian of a pair of

solutions of system (1). Denote by W[¢,,y,] the Wronskian of
two matrix solutions @,(x,k) and y,(x,k) such that

W0, Wa]= 0, (VA (6, K) - (%, )Y, (x,K).

The following property can be easily shown:

Lemma 2: The Wronskian of two matrix solutions of (1) does
depend on x.

Next, since the matrix solutions F(x,k) and F(x;-k) are
linearly independent as t=0, thus, we have

¢n (x,k) = F(x,k) C; (k) + F(x,-k)C5 (k),

where C,(k) and C,(k) are matrices of order n, which we have
to find. For this purpose, we have

F(ap1 k) Ci(k)+F(ap.1,-k)Co(k)=E, ,

and

F'(ap1 k) Ci(K)}+F (an.1,-k)Ca(k)=0 .

Multiplying the first equality from the left by l;'(an_l’—k) and

the second equality by ;(an_l’—k) we obtain

1 ~l 1 ~|
C1 (k) = -EF (an_ly - k) and Cz(k) = —ZEF (an_l,k).
Thus
Pu(x, k)= E%':F(x,—k) i:’(an_l k) - F(‘x,k)l;(an_] ,—k):l

1

Since

@q(ap_1,k)=0 , it yields

F(ay1-k)F(a n-1-K)=F(a,_,k)F(a n—-1—K).
LetdetF(a,,k) =0as t=0,k # 0

_)
Thus, we find a vector v # 0 such that

N * %
F'(anvl,k) v 20 and vF' (an-l’k) =0

Evidently,
F (x,k)F (x, k)= F "' (x, K)F(x,k) = 2ik E ..
_)*

Multiplying this equality from the left by v and from the right

N
by Vv , we have

*[ * * > -
V| F(x,K)F (x,k) - F'(x,K)F(x,k) | v = v 2ikE, v.
Setting x=a,.; we get

- -

- -
v*v =0. Then, if F'(a, 1.k) v=0wefind v=0
which leads to a contradiction.

Thus for all x > a,; and T =0, k # O the matrix function
F’(x,k) is non singular.

Hence

0, (x,k) = Z—:k—[F(x,—k) —F(x,K)S(K)]F (a,_, k),
where an
S(K) = F (a1, - K)F @y T

is called the scattering matrix of equation (5) with the initial
conditions (7).

Hence:

Theorem 1: The identity

2O R _ Bx,—k) - S0OF(x, k), (12)
F'(a,_1.k)
where
S(k) =F(a,_;,~K)I[F'(ap ~k17L (13)
is valid for all real k = 0.

The scattering matrix S(k) satisfies the following properties:

() Sk) Sk) = S(k)S(k)=E,,
(i) S(k) =  SK).

Here, taking into account formulas (8), (9) (10) and (11) we
can prove that:

Theorem 2: For large real k, |k|— oo the following asymptotic
form holds

S(K) = So (k) + 0(%), (14)

where

S, (k) =exp (—2ikap)lsin ko (a, —a, )

1

+io, cos ko (ap —ap )lsin ko (ay —a, ) (15)

1
—io; cos ko, (a, —ap )]+O(E)
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2. THE DISCRETE SPECTRUM AND PARSEVALS
EQUATION

We consider the signal boundary value problem arising
from the canonical equation (5) with the conditions (3), (4) and

(6).

Theorem 3: The necessary and sufficient conditions that A= 0
be an eigenvalue of the problem (5)-(6) are
A=k*1> 0, det F'(a, k)= 0.

They are countable in number and its limit points can be on the
real axis.

This theorem can be proved via [1,5].

Theorem 4: All the singular points of the matrix [13’(,,.1,k)]'l are
all simple.

Proof: By differentiating the equation

-F(x,k)+q(x)F(x,k)=k’ p(x)F(x,k) (16)
with respect to k, and taking the Hermitian conjugates of the
matrices, we have
LF (01 ®F (x,K) = 2kpOOF () + K2 Fx k) a7

Multiplying (16) from the left by F'(x,k) and (17) from the
right by F(x,k) and subtracting, we obtain

F" (x, OF" (x,k) - [F‘* (x, k)]" F(x,k) =2k F" (x, k)F(x, k).

Since the elements of F’(x,k) and F(x,k) lie in Ly(0, so,p(x))
thus it yields

F' (x, KF(x,k) —{F‘*(x,k)] F(x,k)=2k | F (L pOF kd  (18)
X
Suppose that the point kg =itp,75 > 0 be a zero of

_9
"~ detF(a,_;,kg). Then there exists a non zero vector v such

N
that F'(a,.k) v =0 (19)

...)
Multiplying (18) on the right by v*and letting x goes to a, i,
we get

- - o1, -
v*F* (ay_1.K)F (a,_1,k) v—v*[F' (an_l’k)]'F(an_l,k) v
(20)

- -
=2k Jv*F*(tk)p*(O)F(t,k) v dt.

anq

‘From the behaviour of F(x,k); F*(x,k) and using the meanvalue
theorem, we have

- . ; -
vi[F (ants O] TF @pp, k) v
. 5. 5 1)
=-2k [F*(,k)v*¥Ip (OF(t k) vdt=£0
an)

- A
Suppose that v not only satisfies (19) but also the relation ™

- -
F(ap_g,.kg)w+F(a,_1,ko) v =0. (22)
Here, along the Hermitian conjugate and multiplying on the

-
right by IF (a;_1, ko) v, we have

- - - . ' -

W [F *a 1, @1, K) v+ V[P (30,0 a1, K) v = 0
(23)

In view of [1] and the Wronskian of F(x,k);F*(x,k) we have

[F‘* (2, ,k)]IF(an_l,k) = [F"*(ap_1, )] TF (a1, k) = 0
Then by (19), we have

=1 . Y, -

w¥[B (@1, 0| F (@, k) v =0

Therefore (23) takes the form

—* N o, -
v [F* @1, 0] F (g, 0 v =0
which contradicts (21). Hence it follows from equations (19)

H
and (22) that v=0and this completes the proof of the
theorem.

Lemma 3: When 1 >0, the matrix function

FoGKF ! (ap, le, (LK),  t<x
Ry (1,1 = | FORF ™ @or 010, (1K)

Qo (x.k)Il(-'"l (a-1,k) F(t, k), t>x
is the kernel resolvent of the problem (5)-(6).

Proof: We can find Greens function of the problem (5)-(6) by
using the method of variation of parameters and thus the
resolvent is in the form (24).

Lemma 4: Suppose that the vestor function f(t) is finite and has
a continuous derivative in L;(0,00;p(x)) and satisfies the
boundary condition (6). Then

-f(x)

R (x,Hp(Of (Hdt =
0

where g(t) = -f" (t) + Q(Of(t).

+L R (x D,
ko

Moreover, if T> 0 and !k| — oo, then

w o 25
[Ry (x, DP(DF(1)dt = f(zx) +o(%) (25)
0 k k

Proof: Using formula (24) we get
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TR (x, Op(OE (D)t = P! (ap-1, {F(x, k)

an-

X 1 - 1 -
LI [—k—2(P' (t.k) +k—2Q(t) o(t, k)]f(t)dt}

+(x, g)of{-klz F"(x, k) +-k1—2Q(t) Kt k)}f(t)dt}.

Integrating this identity by parts, and taking into account
Riemman-Lebsegue theorem, it yields that

J Ry (x,t)g(t)dt = o(1). Hence (25) follows directly.
an-1
The following lemma is well-known:
Lemma 5: l_{k2 = REZ.
With the help of these lemmas we can prove the following
theorem: '
Theorem 5: The following Parsevals equation is valid:
1 = m
— | ux,ku*(t,k)dk+ 3, u(x.it u*(tit,)
275 a, n=1 (26)
=8(x~p~ (VE,,

where
u(x, k) = F(x,—k) - S(k)F(x, k)

and

u(x,ity) =M, F(x,i1,),N=1,m

such that M;, M, ....., M, ¥are non negative matrices.

Proaof: Suppose that f(x) satisfies the conditions of lemma 4.
Thus (25) holds. Integrating both sides of (25) with respect to k

over the semi-circle {k:|k| =r,r>0} in the upper-half plane

k>0. It is evident that the integral [R (x,t)p(t)f(t)dt is an
[

analytical function except the zeros of det F'(a,_,, k).

Hence, upon using [3], we find that

f(x)=% [k j[Rk+i0(x,k)—Rk_iO(x,k)]p(t)f(t)dtdk

18y

n=1 a,_,

m - 27
+ Y Re s[2k Ry (x, t)p(t)f(t)dtjl
k=it,

Next, let us compute the first quantity in the right-hand side of

equation (27). By lemma 5 it follows that Ry_io = Rk+i0-

Then, we can compute Ry,;o and thus Ry at once. Therefore,
using (24) we obtain

@4 (x,K)2ikeo}, (t,-k)
WKW (-k)

Ritio (X, ) —Ry_jo(x,t) =

where W(k) = det F(a k)

n-1°

Thus, taking into account (12) we have

u(x,k)u” t,-k),
Ricnio (0 = Ry (x, 1 = =20 (=)

ﬁ“l"(—’;’k) = F(x,~k) - S(k)F(x, k).

where u(x,k)=

Hence

% Tk | [Rk+io(x, k) = Rg_jo (x, K) p(t)f(t)dtdk
2p-1 Ap—] . . (28)
=—21; fdk Ju(x,k)u*(t~k)p(f(t)dt.

Ap-1 Ay

Now we compute the second quantity on the right-hand side
side of (27). From (24) we have

Res [k TRk(x,t)p(t)f(t)dt] =

k=l1:n gy

=2 tn[F(x,i TP J9(ti T )p(Of (bt 29)

an-1

+0(%,i 7,) [1Pa F(L,i ‘tn)p(t)f(t)dt:l

where P, is the residue of F~! (apq.k)atk=i1,.

Since F’(a,.;,k) is an analytical function for T > 0 and
Fl(a,_;,k) ‘has a simple poles at i T, , then the following
relation is valid

F(a,_1.k) = F(ag_p, i 1)+ Flap_y i ty)(k —i T)+...

and

- P
Flay, . ky=—2—4pO4 . (30)

From (30) and the relation
F(ap_1,k)F "ay1,k) = F 2y, K)F (251, k) = E,
it yields that

_F@uy, 0P,

, +F(ap_1, k)P, +F(a,_, PO +....
k-it,

En

Hence
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F(as1,k) Py =P,F(ap1,k) =0 and
F(an—l’k) Pn +F(an_1,k) P:O) = PnF(an-—lyk) (31)

+POF@, ,,x)=E,.

Let H, be the operator of orthogonal projection onto P,. It is
easy to show that [3] the ranks of H, and P, are the same and
that H,P,=P,, From (18), we have

F (x,itn)F(x,irn)—[F*(x,irn)] F(x,i1,)
= -2k [FX(t,i T, )p(t)F(L,i T, )dt
X
Thus, we have for x =a,; that

F (ap_1,ity) = [F*(ap_1,i10)] F@ap-1,i Tp)

o . . . (32)
=-2it, [F*,it,)p(F(t,ity)dt=-2iT,A,.

ap-1
Clearly, A, is a positive definite matrix. Multiplying
equation (32) on the left by P: and on the right by H, and
taking into account that F'(a,_y,it,) H, =0tohave
PaF" (ap_,i To)IF(ay i To)H, =21 T,PpAH,.  (33)

Since the matrix function F(x,it,) H, and @ (x,i 7,) are the
solutions of the same equation, thus we have

F(x,i T )H, = @(x,i T4)F(ap_1,i T)Hp. (34)
It follows from (31) and (33) that
P.F (a,_.ity) IF@,y,i1)H,
- O g i ;
_[En—Pn F (a,,_l,n.-,,)]F(a,,_l,nn)H,,.
=F(a,y,ity)H, - PrOF" (ayy,ity)F(ag_q,it,)H,
=F(a,_,iTy)H,.
Therefore, equation (33) takes the form
Fa,_1,iTy)H, =2iT,PaA H,.
Now, from (34) we have
F(x,it,)H, =o(x,it,)F(a,_;.iT,)H,
=2i1, ¢(x,iT,)P A H,
. . * (35)
=2iT, ¢(x,i 1P [H,A H, +E, —H, ]
=2i1t, ¢(x,i1,)P,D,,
where
D,=HAH,+E, -H,.
Clearly, D,H, =H D/, and D, are positive definite matrices.

Thus, there exists a matrix M,21 = HnD;l = Hanl which is

nonnegative and its rank is the same rank as H, ie. the
multiplicity of the zeros of det F’(a,.;1.k).

Muitipiying both sides of (35) on the left by D',;l to have
F(x,iT,)M2 =2i7,0(x,iT,)P,. We multiply both sides of

this formula on the right by f’(t,i T,) togive

2i 1, 0(x,i T5)I Pa F(t,i Ty) = F(x,i T)M2F*(4,i T,).

Thus it follows from (29) that

k=it, a,,

Res [21( TRk (x, t)p(t)f(t)dt]
(36)
= F(x,it,)M2 [F (t,i1,)p(Of(t)dt.

ap.1

Hence, by (28) and (36) we conclude that

f(x)=_1._ Tdk]" u(x, k)u*(t,—k)p(t)f (t)dt
ag.; )

+F(x,it,)M2 TF" (Li 1,)p(D) (D)t

Ap-)

Then multiplying both sides of the last formula by f(x)p(x) and
integrating from a,; to o to obtain Parsevals equation (26) and
the theorem is proved.

The collection of quantities {S(k),iTp,Mp,n=1m} is
called the scattering data of the problem (1)-(2).

REFERENCES

{11 Agranovich, Z.S.,and V.A Marchenko.,1963.
The inverse scattering theory, Eng. Tran. Gordon
and Breach, New York.

[2] Gasymov, M.G. 1977. Forward and inverse
problem spectral analysis for one class equation
with discontinuous coefficient, Proceeding of the
international conference for non classical
methods in geophysics. Novosibirk, USSR.

(3] Gasymov, M.G. 1968.The inverse scattering
problem for a system of Dirac equation of order
2n, Trans. Moscow Math. Soc. 19.

(4] Marchenko V. A. 1986. Sturm-Liouville
operators and applications, Birkhauser Verlag
Basel.

51 Pashaev R. T. 1979. Uniquness theorem inverse
problem and spectral theory for one system of
differential  equations with  discontinuous
coefficient. Dok. Akad. Nauk. SSR. 35 No. 10.




A. A. DARWISH

[6] Titchmarsh E. C, 1961. Some eigenfunction
expansion formulae, Proc. London. Math. Soc.,
3, 159 -168.

[71 Darwish A.A. 1993. The inverse scattering
problem for a singular boundary value problem.
Newzealand Journal of Mathematics. 22, 1-20.

Received: 22 May, 1995

(8]

9]

Gelfand N.M.and B.M. Levitan, 1951. On the
determination of differential equation by the
spectral function. Izv. Akad. Nauk. SSSR, Scr
Math. 15, 309 -360.

Levitan B. M.,and M.G. Gasymov , 1964.
Determina-tion of a differential equation from
two spectra. Uspeki. Mat. Nauk, 19, 3 -63.






