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ABSTRACT 

In this paper we prove a theorem concerning a relation between the summability methods IR,pn'~lk and IR,unlk , k :2: 1 , 

which generalizes a result of Bor [2]. 

1. INTRODUCTION 

.. 
LetL0 .. be an infinite series with partial sums sn. Let CJBn 

I 

and 11 B denote the nth Cesaro mean of order o (0 >- 1) of 
n .. 

the sequences {sn} and {nan} respectively. The series L,a, 
I 

is said to be summable IC, Olk , k :2: 1 if 

110 k 
""',k-tla& -a& I < oo £...J . n n-1 
n•l 

CIO k 

or equivalently L"-1111!1 < oo 
n•l 

Let {p n} be a sequence of real or complex numbers with 

pn = Po + P 1 + ··· + Pn • P_J = P-1 = 0 · 

7 

.. 
The series L,a, is said to be summable IN, Pnl , if 

where 

I oo 

~),.- tn-1!< 00 

n-1 
CIO 

t,. = P,.-1 LPn-vS~. 
n•l 

We write p = {Pnl and 

(t_l = 0) . 

{ 
Pn+l Pn+2 } 

M= p:pn>0&--~--~l,n=0,1, ... 
Pn Pn+l. 

(1) 

It is known that for p EM, (1) holds if and only if (Das [3]) 

"" 1 I n I L nP. LPn-vvav < 00 

11=1 II ,_1 

Definition 1 (Sulaiman [4]). For p E M, we say that 

L ~is summable IN, Pnlk, k :2: 1 , if 

CIO 1 II I l
k 

L--k LPn-vvav <ex> 
n=lnP,. ""'' 
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In the special case in which Pn = A/-1 , r > - 1, where 

A 11r is the coefficient of x'' in the power series expansion of 

(I - xrr-l for lxl < I ,IN, Pnlk summabi1ity reduces toiC,rlk 

summability see [3] . 

The series "an is said to be summable IR p I £... , 11 k 

respectively IN p I k > 1 • (Bor [2] & [1]) if. 
, n k' -

., '"(P)t-t 
'Lnk-tjr,- Tn-l < oo respectively L -1!. JT,- T,,.l <ex>. 
,..1 ""' Pn 

where 
GO 

T, = P,-ILPvsv 
.... o 

In the special case when p 11 = 1 for all values of n (resp. 

k = 1), then IRP,Ik summability is the same as IC,rlk (resp. 

IRP,I) summability. 

Let { q,} , { u,} be sequences of numbers and denote with 

Qn = qo + q 1 + ··· + q, . q -I = Q_ 1 = 0 

VII = llo + l/1 + ... + u, ' u_l = u_l = 0 

Rn = Poq, + P lqn-1 + ·· + Pnqo 

11 /,, = .1;1 -.1;1+ 1 , for any sequence { fn} . 

Here we give the following new definition. 

Definition 2. Let { p
11

} , { q
11

} be sequences of positive 

"' 
real constants such that q E M. We say theis :La, is 

I 

summablc 1Rp,,q11 lk, k ~I, if. 

"' 11 np, " lk 
L-~ Lpv-lqn-vav <OO 
n=I11 " n-1 v-1 

Clearly, 1Rp11 llk and IR ,1, Pnlk are equivalent to 

IRPnlk and IN.qnlk respectively . This follows as I~ 
summahle IRp,llk, iff. 

., 

fnk-ll~±p a lk <oo 
n=I P,P,_I v-1 v-1 v 

Ill ~a" summah!eiR,p,lk• Since 0:::; Qn:::; Qn+l then 

then Qn+l = 0 (Q) 
., 

Therefor :La. summahle IR ,1, qnlk , iff 
I 
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iff 

iff La,summablejN,P,, lk 

2. MAIN RESULT 

We prove the following: 

THEORMl.: 

Let {Pn), {q11 ) and {u11 } be sequences of positive real 

numbers such that q = { q
11

} , and assume q E M , 

{nl-llk P11 I p11R11
_1} nonincreasing for q

11 
7:- c. Let T

11 

denote the (N,u11) - mean of the series Ia
11 

• Let { E 
11

} be a 

sequence of constants. If : 

.. 
l:nk-llelJL1Tn-.j" < oo, 
... t 

and 

then the series I~ is summahle IR P,Anlk , K ~ 1. 

In [5], we proved that if q E M, then for 0 < r:::; 1 , 
GO 

L q,n-v-1 = O(v-'). 
, • .,.In Q,_l 

Proof of the Theorem : 

Denote: 

Since 

then 

" 
cjl,. = L pv-lqn-vav Ev. 

v-J 

" v " 
Tn = u;1

L"vLa, =U;1L(U, -Uv_l)av. 
v-0 r-o v-0 

u, " 
-!>.. T..-t = U U LUv-lav · 

" n-1 v-1 

By means of the Abel's transformation, one gets : 
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n 

~ .. = LUv-lav(Pv-lqn-vU;~l Ev) ..... 
n-1 v 

= L(LU,_1a,)~v(P.,_ 1q,_p,;:!1 Ev)+ 

+(i:.U,_ 1a,)P,_1q0U;~1 e, = ~{-U.,_lUv ~r.-•}{ 
r•l val Uv 

{ pv-l~vqn-vU;~l Ev} + pv-lqn-v-l U UvU Ev 
v-1 v 

- Pvqn-v-lu;• E. +P.qn-v-lu;• ~ Ev}-

- P,_1q0U,u;1 e, ~T,_ 1 

n-1 U 
=:L{-Pv-l~n-v_v Ey ~T..-1 

val llv 

- P.,_lqn-v-l Ev ~T..-1- Pvqn-v-l U.,._l 
Uv 

X Ev ~T.-1 + Pvqn-v-l Uv-l ~ Ev ~J;,_.}
uv 

= ~ .... +~ ... 2 +~ ... 3 +~ ... 4 +~ ... ~ , <..)~<-... ~ 
n-1 U 

~n.l = L -Pv-l~vqn-v _v Ev ~T.-1 
v•l Uv 
n-1 

elln,2 = L -Pv-lqn-v-l Ev ~T..-1 
val 

n-1 U 
elln,3 = L -pvqn-v-l ~ Ev ~T.-1 

val llv 

n-1 U 
elln,4 = LPvqn--v-l ~~ Ev ~Tv-1 

.... uv 

~" ~ = -P,_lqo U, e, ~T,-1 . u, 

In order to prove the theorem, it is sufficient, by 

Minkowski's inequality, to show that. 

f,-•l~ell .. ,,jt < oo, r = 1,2,3,4,5 . 
,_1 P,R,_1 

Applying Holder's inequality, 

9 
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3. APPLICATIONS 

Throughout the rest of the paper, we may assume that {p n}, 

{ qn}, and { un} are sequences of positive real constants such 

that pn' Qn 'and un are all tends to 00. 

THEOREM 2 (Bor [2]) : A necessary condition that L<X
0 

is 

summable IR,pnlk , whenever it is summable IR,unlk , k ;;:: 1 

is : 

(2) 

If 

(3) 

then (2) is also sufficient. 

Proof : Necessity. This follows on the lines of [2] as 

for E 11 = I and q
11 
= 1, 

np,. ' p,.U,. llT. 
P.R ,.,:s =p 11-t· 

" 11-l ,.u,. 
Sufficiency . Follows from theorem by putting 

E 11 =1&q
11
=l, 

THEOREM 3 : Sufficient conditions that L<1n is summable 

IR,pnlk, whenever it is summable IN, u
11
lk' k;;:: 1, are (2), 

·(3) & nu,
1 
= 0 (U

11
). 

Proof : Follows from theorem 1 by putting E 
11 

= 1 & q
11 

= 1. 

THEOREM 4 : Sufficient conditions that L<1n is summable 

IN, Pnlk , whenever it is summable IN, unlk' k ;;:: 1, are. 

Proof: Follows from theorem 1 by putting E
11 

= 1 & q
11 

= 1, 

and making use of lemma 1 . 

COROLLARY 1 : Sufficient conditions that L<1n is 

summable IRPnlk, whenever it is summable IC,1 k' k;;:: 1, 
are (3) & npn = O(P n>· 

Proof : Follows from theorem 3 by putting un = 1. 

REMARK : If Pn = O(npn), then IR,Ptzlk ~ j.N,p,.jt 

COROLLARY 2 : Sufficient conditions that L<1n is 

summable IN, Pnlk, whenever it is summable IC,1Ik, k;;:: 1, 
is. 

10 

Proof: 
.. k-1 .. 

L n k p,. =oo> L ~=o<_.!_>= 
n=v P,. P,._1 n=v P,P rr-1 Pv 

{ 

pk-1 } { vk-1 P.. k-t} -o v -o v - y- pk . 
v v 

The proof follows from corollary 2 and the remark. 

THEOREM 5 (Bor [1]) : If (4) is satisfied, then the series 

L<1n is IN, Pnlk , if and only if it is I C, Ilk , k ;;:: 1 . 

Proof : Follows from theorem 4 with qn = 1 , and 

corollary 2. 
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