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ABSTRACT 

In this paper we introduce a special system of boundary value problems and give 

a method for solving it. Then we give a detailed application of this method to a 

system of boundary value problems of Hilbert type. 

Let G 1 and G2 be simply connecte'd bou_Eded .E_egions with simple closed 
contours c1 and c2 in the z - plane and let G1 n G2 = (J_). 

The aim is to find two sectionally holomorphic functions 0 1 ( z ) and 0 2 ( z ) 
whose boundr.ry values 0~ ( t ) and 0~ ( t ) satisfy the following conditions: 

F 1 ( 02( t ), 02( t ) ) · · · · · · · · · · · ( 1 ) 

and on c2 

A2 [ 0;( t ), 0;(t)) = F2 [ 0 1( t ), 0 1( t)) · · · · · · · · · · · · ( 2) 

where A1 and A2 are linear with respect to their arguments. 

First we suppose that both of right hand sides of ( 1 ) and ( 2 ) are given, 
then from ( 1 ) and ( 2 ) we obtain 0 1 and 0 2 respectively. 
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Boundary value problems 

Consider that 

dt ............ ··(3) 

where the density function 'f 1 ( t ) E H ( HOlder class ) . 

The boundary values of the function 0 1 ( z ) take the form 

01"< t) = ~,(t) 
2 + 1 dt 21T i 

........... ·( 4) 

0 ~( t) = - ~l( t) 
+ 1 ~1 'f,( t) dt 2 21T i 't-t 

Substituting from ( 4 ) into ( 1 ) , we have 

At [ 'f,( t) 1 f 'f,( t ) fl( t) 
2 + dt,- + 21T i c, 2 2 

+ 1 f 'f ,( t) dt] = F[ 0 2( t ), 0 2( t ) ] · · · · · · · · ( 5 ) 27T i c, 't-t 

and therefore we have the singular integral equation ( 5 ) with respect to the 
unknown function 11( t) for which we can apply Noether's theorems. Under 
certain conditions we obtain 'f1( t) and consequently 0 1 ( z ). 

It is known that the function 0 1 ( z ) can be written in the form 

E 1 [ 0 2( t ), 0;(i}] 
t- z 
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dt,···········(6) 
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Thus, on c2 

1 
21T i 

E1 ( 02(t), 0;(!) ] 
t-t dt .......... ( 7) 

Subtituting from ( 7) into ( 2 ), we have 

E1(02 (t), 0;ffi] 
t-t dt 

E1(02 (t), 0 2(t)] -
----==--==-- dt] ................... ( 8) 

t-t 

Let A2 have properties such that 0 2 ( z) can be obtained from ( 8) and 
assume that whenever z = t, on c1, we define 0

2
( t ). 

Thereby from ( 8 ), we immediately obtain an integral equation with 

respect to 0 2 ( t ). 

By obtaining the solution 0 2( t ) of such integral equation the function 0 1 ( z ) 

follows directly from ( 6 ). Similarly, we find 0 2( z ). 

The method is complete. 

We now give an application of this method: 

Consider the following system of boundary value problems of Hilbert type [ 1 ] . 

and on c2 
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Boundary value problems 

and let the index ae 1 of A1 ( t) be not negative. 

From ( 9 ), we have 

X(z) J 
21Ti c1 

f 1 ( t ) + oc 1 ( t ) 0 2( t ) + oc 2( t ) 0 2( t ) 
x+ ( t) 

dt 
-+ t-z 

+ Pael ( Z ) X( Z ) . • • · • · • • • • • • · · • • • • • • • ( 11 ) 

where X ( z ) is the canonical function of the associated homogeneous 
equation with respect to ( 9 ) and Pac 

1 
( z ) is a polynomial of degree ae 1 

with arbitrary coefficients. 

Whenever z = t , on c2 , then 

f1(t) + oc1(t:) 02(1:) + oc2(t) 02(t) 
x+ (t) 

d"C 
t:-t 

+ p ( t) X( t) ......................... ( 12 ) ac 1 

Thus, the right hand side of ( 10) can be written in the form 

1 ·f 
oc1(t:) 0 2(t:) + oc2(t:) 02(t) dt 

F( t ), 
2 1T i X (t:) t:- t, 

c1 

1 J oc1(t:) 02(t:) + oc2(t:) 02(t) dt 

2 1T i c1 X (t:) t:-T, 

= F 0
2 

• • • • • · · • • · • • • · • • • • • • • • • • · • • • • ( 13) 

From ( 13) the boundary condition ( lU) 

Let the index ae2 of A2( t ) be not negative. Then we have 

y+( t) 
dt 

+ 0
8
e

2
( Z) Y ( Z ) .. · ...... ( 15) 

t-z 

-34-



M.l. MOHAMED 

where y ( z ) is the canonical function of the associated homogeneous equation 
with respect to ( 14) and Qae

2 
with arbitrary coefficients. 

Whenever z = t, on c1, we have 

F02 dt 
y+(t) t-t + Qae2(t) Y (t) · · · · · · · (16) 

and therefore from ( 13) and ( 16 ), we immediately obtain an integral equation 
with respect to 0 2 ( t ). By applying Fredholm's Integral Equation Theory we 
obtain 0 2 ( t) and consequently from ( 11) we find 0 1( z ). Similarly we find 
02( z ). 
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~> ~tJ ~..l:ll ~~ y~ (.).4 --r'l>- i~ (.)"J~ ~~ lh -J 
~..lJ-1 ~I J~ (.).4 illi:J ~~ ~ykll ~ ~ , illi:JI lh j>

. u~ U (.).4 
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