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ABSTRACT

Mathematical model-based analysis has proven its potential as a critical tool in the battle against COVID-
19 by enabling better understanding of the disease transmission dynamics, deeper analysis of the cost-
effectiveness of various scenarios, and more accurate forecast of the trends with and without interven-
tions. However, due to the outpouring of information and disparity between reported mathematical mod-
els, there exists a need for a more concise and unified discussion pertaining to the mathematical mod-
eling of COVID-19 to overcome related skepticism. Towards this goal, this paper presents a review of
mathematical model-based scenario analysis and interventions for COVID-19 with the main objectives
of (1) including a brief overview of the existing reviews on mathematical models, (2) providing an in-
tegrated framework to unify models, (3) investigating various mitigation strategies and model parame-
ters that reflect the effect of interventions, (4) discussing different mathematical models used to conduct

scenario-based analysis, and (5) surveying active control methods used to combat COVID-19.

© 2021 The Authors. Published by Elsevier B.V.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

COVID-19 infection that started in December 2019 has spread
over wide geographic areas. Until now there is a sustained trans-
mission in several countries across the globe. The experience of
epidemiologists and scientists in dealing with past pandemics such
as Spanish flu, zika virus, cholera, HIV, ebola, etc. has helped the
government to quickly take control measures including border clo-
sures, lockdown, isolation of infected patients, and frequent dis-
infection of contaminated surfaces, to face this unprecedented so-
cial, economic, and health emergency. To accelerate the mitigation
process, several state-of-the-art technologies, including (1) next-
generation gene sequencing to identify the pathogen, (2) artificial
intelligence-based algorithms to classify infected or noninfected
cases, (3) mathematical model-based analysis to characterize dis-
ease transmission dynamics, and (4) big-data techniques to track
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the mobility of the population or to identify transmission hotspots
have been used [47,55,89,123,126,134]. In particular, mathematical
models are used to characterize various phases of disease trans-
mission in a population and to optimize expenditure related to in-
terventions and hospital facility management.

Traditional and social media has also done their part in rais-
ing awareness and supporting people worldwide with the neces-
sary information and guidelines from policymakers [29,133]. Me-
dia has advocated the importance of bringing down Rj, the basic
reproduction number below 1, and discussed the forecast, results,
and implications of research and model-based studies related to
COVID-19. The extend of transmission and the threat posed by this
virus can be assessed based on the reproduction number Ry, with
Rg close to 2.5 up to 60% of the world population (4.68 billion)
can get infected [92]. With various interventions in place, the ef-
fective reproduction number (Re) in different parts of the world is
0.88-1.25 bringing down the global confirmed cases and deaths as
of February 2021 to 109 and 2.39 million, respectively [1-3]. How-
ever, with Re, close to 1.25, up to 16.67% of the world population
(1.3 billion) can get infected. This implies that we are yet to hit a
stable endemic period and nowhere close to complete containment
which is necessary to restore social freedom and economic recov-
ery. Even though initially, this virus was thought of as respiratory
pneumonia, now it is clear that it can additionally affect other or-
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gans such as the brain, kidney, and heart [54]. Moreover, an exten-
sive infection is unaffordable due to limited hospital capacity and
the threat of associated mortalities. Hence, continued social dis-
tancing, limited interactions/gatherings, isolation of infected, and
rapid deployment of vaccines are warranted across the globe until
containment is achieved [34,92].

Coming to the epidemiological factors that lead to the COVID-
19 pandemic, as reported in Li et al. [71], using SEIR-model-based
analysis it is estimated that 86% of infections that happened in
China before Jan 23, 2020, were undocumented. Even though the
percentage of unreported cases were reduced by implementing
rapid and random testing strategies, a significant proportion of in-
fected have gone undetected. Living one year with the pandemic,
it is clear that the hidden asymptomatic patients are the main
culprits that overthrow the containment efforts taken by various
countries and the reason behind re-emergence of the disease once
restrictions are lifted [38,59]. Cluster busting approach has sub-
stantiated the occurrence of asymptomatic and presymptomatic
disease transmission [38]. Another relevant disease statistics is that
superspreaders who constitute 10-20% of the total population are
responsible for most (80%) of the transmission in a society [38]. In-
dividuals with considerable viral load (viral shed) and/or increased
contact rate are included in the superspreaders category [17]. Iden-
tifying unreported infections or hidden asymptomatic transmission
nodes is quite important as it facilitates the effective implemen-
tation of containment strategies. Evidently, spreading awareness
about the disease and mass testing has played a critical role in the
containment of the disease or in approaching a stable endemic re-
gion in some countries such as Singapore, Australia, New Zealand,
and Qatar [15,74,108,122]. As reflected in the values of Ry and R,
intervention response data from various countries show that re-
strictions such as lockdown, border closures, social distancing, and
decisions to lift/relax restrictions have a significant impact on the
progression of the epidemic [125].

Mathematical models have been extensively used during the
past and present pandemics to have a closer look at the dis-
ease spreading dynamics and to foresee when and at what cost
the disease will be contained [88,90,110,132]. In general, model-
ing approaches include deterministic models, stochastic models,
and their combinations which are built and validated using pop-
ulation data in a region or metapopulation data with inter-region
mobility details. Few models have analyzed the virus/carrier dy-
namics inside the human body [32,36,49,65,70,101] and some have
investigated the effect of preventive vaccine and the use of sup-
porting curative drugs if any [24,42,67,91]. Mathematical model-
ing is one of the important tools in our arsenal against COVID-
19 and it is indeed important to consolidate existing research in
this area and point out challenges and research gaps. Hence, in
Section 2 of this paper, we discuss existing reviews on mathe-
matical modeling of COVID-19 to enable better positioning of the
value added by this review. Next in Section 3, we present a gen-
eral model and highlight the parameters affected by various inter-
ventions. Section 4 presents scenario-specific models and discusses
critical assessments based on such models. In Section 5, we discuss
the use of control-theoretic methods to derive active intervention
protocols to mitigate COVID-19 followed by discussions and con-
clusions in Sections 6 and 7.

2. Existing relevant reviews

Most of the existing papers present a review on the impor-
tant epidemiological features such as transmissibility, series inter-
val, disease severity, case fatality, and types of intervention strate-
gies [23,38,63,68,72,83,85,97,130]. The general outcomes expected
out of mathematical model-based analysis are to (1) know the ex-
pected number of cases within a time frame, (2) evaluate out-
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comes of possible interventions, (3) know conditions for the ex-
istence of disease-free equilibrium, (4) derive control inputs when
the resources are limited, and (5) know the optimal time frame to
achieve a cost-effective outcome. In the case of an ongoing pan-
demic, often there will be a lack of data for model building and
validation. Depending upon the important population parameters
that affect the epidemics, there can be very complex models. How-
ever, fitting such complex models with available data may be dif-
ficult. On the other hand, using a simpler model will compromise
accuracy. Hence, there will be a trade-off between data availability
and the complexity/accuracy of the model. Deterministic compart-
mental models are the most widely used mathematical models for
investigating the dynamics of epidemics. Logistic models have also
been used [51,75,123].

Table 1 summarises the existing reviews on mathematical mod-
eling of COVID-19. In [89], based on the review of 61 articles,
the authors point out that SEIR and SIR models are the most
widely used for prediction and CNN-based deep learning meth-
ods are the most used method for classification of X-ray and CT-
scans related to COVID-19 diagnosis. A comprehensive review of
various deterministic and stochastic modeling approach highlight-
ing the assumptions involved in building the models are provided
in Tang et al. [123]. Lessons learned and conclusions derived in
terms of various epidemiological, virological, and clinical charac-
teristics are listed in Fang et al. [38]. A similar analysis using ele-
mentary SIR and SEIR models to evaluate epidemiological features
(asymptomatic infections, herd immunity) and intervention strate-
gies are reported in Wang et al. [130] and Lin et al. [72]. In [85],
authors highlight the importance of mathematical modeling and
also point out that considerable methodological issues arise in esti-
mating even simple epidemiological quantities. Moreover, it is im-
portant to understand the extent of asymptomatic spread and du-
ration of immunity after infection, and also to adapt models ac-
cording to the context [84,85,114].

In [75], the exponential increase of disease transmission is
estimated using simple SIR, SEIR, and logistic models. Specifi-
cally, a review of various multi-compartment models in estimat-
ing the initial exponential growth rate and Ry is discussed. The
SIR model provides a good fit to the initial exponential growth
rate even though it ignores subpopulations in various epidemio-
logical status. The logistic and Richards models give robust esti-
mates when fitting windows up to the epidemic peak are used
[75]. In [16], the SIR model based on the data from ECDC (Euro-
pean Centre for Disease Prevention and Control) for countries in-
cluding Italy, Germany, Spain, UK is discussed. Model parameter
estimation and intervention strategies are also explained for this
SIR model. Evidence-based cost-effective analysis is summarised in
Juneau et al. [56].

Identifying the importance of mathematical models, in Chen
et al. [31] four challenges and non-uniformity or disparity in math-
ematical models are pointed out. Similarly, applications, poten-
tials and limitation of mathematical model-based studies are high-
lighted in Wang [129]. In [129], fixed transmission rates, modeling
limited to human-to-human, ignoring a decrease in transmission
due to an increase in compliance are pointed out as a limitation. In
[120], limitations of prediction models, and the importance of in-
telligent computing on symptom-based identification and analysis
of COVID-19 is reviewed. However, as shown in later parts of this
review, many models have incorporated time-varying transmission
rates, environmental transmission, and compliance of people in the
model.

As shown in Table 1 some of the existing reviews point out the
discrepancy and inconsistencies in models as a challenge that hin-
ders their effective utilization in decision-making [31,129]. Specific
issues that are pointed out are inconsistency in the definition of
terms and inadequate incorporation of social and individual be-
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Table 1
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Existing reviews on mathematical modeling of COVID-19; CFR-case fatality ratio, Al-artificial intelligence.

Ref.

Model

Remark/conclusion

Mohamadou et al. [89]

Tang et al. [123]

Fang et al. [38]

Wang et al. [130]

Lin et al. [72]
Meehan [85]
Ma [75]

Shah et al. [114]

McBryde et al. [84]
Barwolff [16]

General models

SIR and SEIR, and
general

General models

SIR and SEIR

SEIR
SEIR

SIR, SEIR, Logistic,

and Richards
General models

General models
SIR

Overview of mathematical models, Al-based methods, and data sets pertaining to COVID-19. SEIR
and SIR most used models.

Nationwide macromechanistic and community level micromodels are discussed highlighting the
properties of the model, assumptions involved, and a comparison with stochastic/statistical
approach based analysis is provided.

Consolidated epidemiological, virological, and clinical facts. Estimated that 10-20% of infected
population is responsible for 80% of transmission. Longer-range exposure/transmission can occur in
closed and poorly-ventilated spaces.

Evaluated epidemiological features: CFR = 4.5-5.1%, Ry = 2.2-3.11, and discussed effects of herd
immunity and interventions. More model-based studies are needed.

Evaluated epidemiological features: CFR = 2.9%, Ry = 3.77, R = 1.88, and 1, =5.9.

General discussion on CFR and Ry. Points out that mean t;, = 3.6-7.4 days, and there exists
methodological difficulty in estimating parameters of even very simple models.

Compared applicability of four models to estimate initial growth rate and Ry. SIR model provides
good estimate of growth rate.

Critical review, pointed out that the influence of lockdown and adherence to social distancing
should be modeled for specific countries.

There is a need to adapt epidemiological models and economic models to assist policy makers.
Analysed lockdown and social distancing strategies. SIR model is insufficient to analyze all kinds of

interventions.

Juneau et al. [56] General models

Evidence-based cost-effective analysis is done. Contact tracing and case isolation are the most

cost-effective intervention.

Chen et al. [31] General models

Points out the non-uniformity or disparity in mathematical models and inadequate inclusion of

social and individual behavior.

Wang [129] General models

Discuss applications, limitations, and potentials of models.

haviors that influence the overall dynamics. In fact, even though
there exist many mathematical models that already address the
research gaps pointed out in Chen et al. [31] and Wang [129],
all such models are not discussed in any review. Moreover, there
does not exist any review that talks about various realistic scenar-
ios related to COVID-19 under one heading. Hence, in this paper,
(1) we define a general model and a set of common notations to
unify compartmental models of COVID-19, (2) consolidate values
of important epidemiological parameters, (3) discuss armaments
for anti-epidemic battle and point out model parameters that are
altered/affected by each intervention, (4) highlight importance of
scenario-based studies using 12 mathematical models that incor-
porate specific compartments relevant to each scenario, and (5)
review literature that use control theoretic approaches to derive
active control solution for mitigating COVID-19. We also provide
unified model equations (consistent notations) of all the 12 mod-
els (Scenarios A to L) discussed in this paper in a supplementary
file. The integrated framework discussed allows easy classification
of various populations, identification of parameters that influence
the dynamics of each population, and comparison of existing com-
partmental models in the literature.

3. A generalized mathematical model for epidemic analysis

In this section, a general model that can be used to derive com-
partmental model equations for all the 11 scenario-based models
that are discussed in later parts of this section is presented. More-
over, the range of values of important time-constants involved,
inter-compartmental transmission rates, and specific model param-
eters that reflect the changes due to various interventions are dis-
cussed.

Model equations for a general model with n compartments as
shown in Fig. 1 are given by:

Xi(t)=— > ki(t, T, xm (), u(t))x;(t)
J:}#jn
+ ) ki T xm (0, u(0)x;(6) — ko (€, T, Xm (£), u(£))xi(t)
J:}#]n
+p(t, T, xn(t),ut)), i=1,...,n (1)

where x;(t),i=1,...,n, is the population in the i-th compartment,
kij(-) denotes the inter-compartmental transition rates that mod-
els the population outflow from the ith compartment to jth com-
partment, p(t, T,Xm(t), u(t)) is the import of cases from other re-
gions or from another subpopulation with different epidemic char-
acteristics, t is the time delay if any in inter-compartmental tran-
sitions, and u(t) models the influence of control intervention on
inter-compartmental transition rate(s).

In (1), except for the import of cases (p(t, T, xm(t), u(t))), all
outward arrows corresponds to the term

= Y kit T xm (). u(0)xi(t)
j=1,...n,
i#]
and inward arrows corresponds to the term

Z kji(t, T, xm (t), u(t))x;(t),
j=1...n,
i#j

where x;(t) and x;(t) are the compartments from which the ar-
rows originate, and x;,(t) is any other compartmental dynamics
that influences the rate constant. It is apparent that an inter-
compartmental transition rate can be influenced by the dynamics
in a compartment which is not at the anterior or posterior end of
the arrow. For instance, considering the simple SEIR model (n = 4)
in Fig. 2, the transition of the susceptibles to the exposed compart-
ment can be modeled as $(t) = —B(t)S(t), where B(t) = Bol(t). As
shown in Fig. 1 there can be removal (ko(t, T, xm(t), u(t))) from
certain or all compartments due to natural or COVID-19 related
death. In most models, birth and natural death are assumed to
be at the same rate and hence only direct death due to COVID-
19 and indirect natural death due to hospital saturation are in-
cluded. Note that indirect natural death due to hospital satura-
tion can be reduced by implementing various COVID-19 mitigation
measures, hence kqy(t, T, xn(t), u(t)) can be modeled in terms of
u(t). Here, x;(t) can be a compartment that accommodates hospi-
talized (H(t)) or/and severely infected (Is(t)) patients.

Fig. 2 is a susceptible-exposed-infected-recovered (SEIR) model
with the time constants and transmission rates pertaining to
COVID-19. The incubation period is the time after exposure to the
virus until symptom onset. The average incubation period is 5 to
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p(t, T, xp, (1), u(t))
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knl(t! T, xm (t)! u(t))

k12 (t! T, Xm (t), u(t))

x1(t) x2(t)

koy (] X (2), u(t))

ko(t, 7, % (1), u(t)) ko(t, T, X (), u(t))

Fig. 1. Schematic diagram representing the general model given by (1).
gion/subpopulation.

Incubation period T;,
5.48-6.11 days

Susceptible Exposed/ Latent T; !

2 days

i Symptom |
: onset—p |

In this

—

xn(t)

k(n—l)n(t‘ T, Xm (t), U.(t))

>

X(n-1)(0)

<
i

ky (n-1) (t, 7, xm (8), u(t))

ko (t, T, X (8), u (1)) ko(t, T, xpm (1), u(1))

figure, the dark inward arrow denote the import of population from other re-

Diagnosis
i

Infectious T
3-5 days

>

time ——p

B(®) y(®)

[ 1]
J

\ 4

A(t)

Isolation/hospitalization
period 7o /Ty,
| 8.29-24.85 days

Fig. 2. Simple SEIR (susceptible-exposed-infected-recovered) model with time constants and inter-compartmental transmission rates [4,39,72,73].

6 days (up to 14 days), hence quarantine period is set as 1 to 2
weeks [4,39]. Similar to other viral infections, coronavirus is be-
lieved to weaken the interferon-dependent immune response ini-
tially, and hence symptoms are exhibited only after the latent pe-
riod. The latent period (exposed period) is the duration for which
an individual is exposed to a virus but not infectious yet [73]. As
per the SEIR model-based analysis done in Liu et al. [73], Peng
et al. [99], 1/7; = 12 h~! which implies 7, ~ 2 days. Serial interval
and the average time between symptom onset to diagnosis is es-
timated to be 5.06 and 5.82 days, respectively [39]. The infectious
time duration, which was estimated to be 7; =9.94 (3.9 — 13.5) in
initial studies [72], was later reduced to 7; = 3-5 days [38]. Before
the onset of symptoms, for around 1 to 2 days, the patients are
most contagious. The delay between symptom onset and diagno-
sis may vary from 4 to 7 days and if not diagnosed and isolated
within the infectious period, the transmission to others is high and
on an average 39.04% (18.38-64.56%) of total transmission is esti-
mated to be the presymptomatic transmission, as the chances of
diagnosis are much less during the presymptomatic period, unless
included in randomly tested group. Based on 17 studies that in-
clude 2304 patients, the asymptomatic transmission is estimated
to be 5.58-14.18% [38,39].

The SEIR model with four compartments shown in Fig. 2 or its
modified version are the most widely used compartmental model.

Additional compartments are added to depict disease transmis-
sion dynamics of specific subpopulations (e.g. frontliners, children,
etc.) or epidemiological status (infected, quarantined, etc.). Simi-
lar to Fig. 1 and model described by (1), the model equations for
all the 12 models discussed in the coming sections of this paper
can be easily written with respect to the transition rates marked
in respective model diagrams. For instance, with respect to (1),
the equation for second compartment in Fig. 2, can be written as
Xy (t) = —ko3 (£)x2(t) + k12 (£)x1 (t), where x1 (¢) = S(t), x2(t) = E(t),
ka3 (t) = y (t), and kp2(t) = B(¢).

3.1. Armaments for anti-epidemic battle and associated model
parameters

From the past experiences in dealing with earlier epidemics, the
world looked at mathematical modeling as a reliable tool that can
provide causal insights about the disease transmission dynamics.
Model-based studies that analyzed disease-free equilibrium have
concluded in the early March 2020 itself that unless vigorous con-
trol measures are taken, the world will see an extensive spread of
COVID-19 [18,109,128]. It is quite apparent that vigorous and rapid
strategic efforts were in place to curb the infection and mortalities
related to COVID-19. The timelines of observatory procedures, dis-
ease diagnosis/testing, and clinical assistance are key factors that
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Vi BY Y 3 L to the

end of

pandemic

Fig. 3. Model parameters that are affected by various interventions are given in
parenthesis. Border closure, lockdown, social distancing, hygiene habits, testing,
contact tracing, and isolation reduce the exposure rate § and infection rate y. Hy-
giene habits increase the protection rate «. Reverse quarantine of elderly and chron-
ically ill population, compliance with regulations, and vaccination also increase pro-
tection rate «. Hospitalization and use of supportive medicines increase recovery
rate A. All the interventions together contribute to the journey towards the con-
tainment of the epidemics.

decide the overall outcome of pandemic containment efforts. The
difference in the value of Ry (2.5) and Re (1.25) indicates the im-
portance of various interventions in reducing the otherwise disas-
trous health, social, and economic impacts of COVID-19. Pharma-
ceutical interventions (PHI) including testing, isolation in hospitals,
use of supportive drugs and critical care; and nonpharmaceutical
interventions (NPIs) such as border closure, lockdown, contact trac-
ing, home quarantine, restricted social interactions, and hygiene
awareness campaigns are used worldwide.

The presence of hidden transmission nodes (asymptomatic pa-
tients) is the evident challenge that overturned and nullified the
containment efforts. Mass testing strategies and early isolation play
a critical role in identifying unreported infections due to mild or
no symptoms. The test-trace-isolate strategy is the most effective
NPI [38,68]. In the case of the primary or first identified infected
person in a community, often isolation starts after the onset of
symptoms, whereas for a person already in isolation due to con-
tact with the primary infected person may start showing symp-
toms during the period of isolation which significantly reduces sec-
ondary transmissions (Fig. 2). In a study, it is pointed out that, 1-
day reduction in the delay to isolate/quarantine an infected can
substantially decrease total infection and mortality (by 68-80%).
This points out the need to quickly isolate/quarantine infected in-
dividuals by implementing mass and random testing [116].

Apart from the exposure rate, §, infection rate, y, and recovery
rate, A, marked in Fig. 2, some models use protection rate, «, to
model the transition of an individual to a protected compartment
due to reverse quarantine. Fig. 3 shows the model parameters that
accommodate the influence of various PHIs and NPIs. Compared to
all other interventions, cluster busting via intense and rapid con-
tact tracing and isolation is the most cost-effective approach to re-
duce disease transmission throughout the timeline of a pandemic
[68]. Notably, this approach is most cost-effective during the ini-
tial period or when implemented in an area where infections are
not widespread. As the disease transmission progresses, the clus-
ters become substantially wide and pose practical difficulty in ef-
fective implementation. In a model, the possibility of re-infection
reflects as a decrease in the protection rate & and an increase in
the exposure rate 8. A time dependent loss of immunity can be
modeled by incorporating a delay term in the movement of the
population from the recovered compartment to the susceptible or
infected compartment. An increase in infection due to social gath-
ering or due to import of cases from other regions are modeled as
a step-wise increase in 8 or y.

4. Scenarios

In this section, we discuss mathematical models that can be
used for scenario-based analysis at the community-level or nation-
wide. Table 2, 3 and 4 summarize the parameter notations used in
this paper and Table 5 presents the mathematical models that rep-
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Fig. 4. Model 1: Mathematical model of COVID-19 that describes the mobility
of individuals from severely infected region to mildly infected one. N(0)pp = 8 x
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Fig. 5. Model 2: Mathematical model of COVID-19 to study the transmission
of COVID-19 for 5 regions in China. ﬂi(t):ﬁo,-%, i=1,..., 5, for Mainland,
Hubei province, Wuhan, Beijing, and Shanghai, respectively, N;(0) = 1340 x 10,
N> (0) = 45 x 108, N3(0) = 14 x 108, N4(0) = 22 x 108, Ns(0) = 24 x 105, E,(0) =
696, E»(0) =592, E3(0) =318, E4(0) =27, Es(0) =18, L(0) =652, L(0) =515,
5(0) =389, I4(0) =19, Is(0) =23, Bpi=1.0 (1/day), i=1,2.3.5 Pos=0.99
(1/day), 7, = % =2 (days) for the 5 regions, 7q;=6;", i=1,2,3,4,5, §;' =66
(days), 85" =7.2 (days), 85" = 7.4 (days), 8;' = 5.7 (days), 85! = 5.6 (days), o; =
0.172 (1/day), o, = 0.133 (1/day), a3 = 0.085 (1/day), a4 = 0.175 (1/day), o5 =
0.183 (1/day), and Ry = B x §~' x (1 — )T, where T is the number of days [99].

resent various scenarios. Even though there are several variations
of SIR and SEIR models, policy makers are looking for mathemati-
cal models that can be used to derive decisions pertaining to real
time scenarios. Particularly, the influence of

 regional dynamics, inter-regional movement of infected cases,

and import and export of cases,

differential disease severity, recovery rates of detected and hos-

pitalized cases,

differential disease transmission among hospital staffs, other

frontliners, the general public, white/blue collar workers, etc.,

influence of concentration of virus on various surfaces,

constraints including hospital saturation, availability of a vac-

cine, cost of interventions,

school closing/opening influence of other hot spots,

detected and undetected cases, and

« compliance of people, reverse quarantine of elderly/chronically
ill, and protection by vaccination,

on the overall disease transmission dynamics are the scenarios dis-
cussed in this paper. In the following subsections, we discuss the
models listed in Table 5. Figs. 4-15 show the models that are used
for various scenario based-analysis. Model equations pertaining to



R. Padmanabhan, H.S. Abed, N. Meskin et al. Computer Methods and Programs in Biomedicine 209 (2021) 106301

Table 2
Variable notations used for various subpopulations categorized according to epidemiological status .
Variable Description
S(t) Susceptible population
Sc(t) Complaint/educated susceptible
Se(t), Sg(t) Frontliners and general population
P(t) Protected population
V(t) Vaccinated population
E(t) Exposed population
I(t) Infected population
Iam (t), Ls (t) Asymptomatic population which later move to mildly or severely infected compartments
Im (t), I (t) Mildly and severely infected population
Ie(t), Ig(t) Infected frontliners or general public
L (t), La () Infected asymptomatic undetected and detected cases
Iy (t), I4(t) Infected symptomatic undetected and detected cases
C(t) Virus concentration in the environment
Q(t) Quarantined population
H(t) Population isolated or moved to hospital
R(t) Recovered population
D(t) Dead population
Ap(t) Information matrix
X(t) Cumulative incidence
Z(t) Mean-zero stochastic drift
W(t) Workplace mobility
T1(t) Regression coefficient
Table 3
Parameter notations.
Parameter Description
B Exposure/transmission rate
By Rate at which uninfected cells gets infected with virus
y Infection rate or force of infection
8,8, Quarantine rate, quarantine rate for asymptomatic cases
o Insusceptible/protection rate
€ Test rate
v, Yq Hospitalization rate, hospitalization rate after quarantine
A A, A Recovery rate, recovery rate from ICU, from hospital isolation
" COVID-19 related death rate
w Natural death rate
o Reinfection or loss of immunity
w Mobility rate
d Rate of virus decay in the environment
P Import of cases
r Recruitment rate
v Sc¢ to S transition rate
s S to Sc transition due to dissemination of disease information
& Transition rate between Is and Is
e Behavioral change, inflection point?, or association rate
ab,f, f,0 Proportion of one population that transit to other
y' Asymptomatic but infectious to symptomatic infected
m Modification parameter that changes the transmission/infection rate
Me, Mg, My, Modification factors for exposed, quarantined, and hospitalized individuals
m,, ms Modification factor for asymptomatic and symptomatic cases
Mac, Msc Modification factor for contained asymptomatic and symptomatic cases
p Proportion of mild infections
Ro Basic reproduction number
d Virus decay rate
Cso The concentration of virus on a surface/environment that is related to 50% of possibility for an
individual to get infected
B Transmission from contaminated surface to human
Yo Threshold of infectivity that induce behavioral change in a population
Vvar Vs Viral shedding rate of asymptomatic and symptomatic patients to the environment
y' Rate transfer of asymptomatic to the symptomatic/sick class
Aa, As Recovery rate for asymptomatic and symptomatic cases
Xaus Au Recovery rate for undetected asymptomatic and symptomatic cases
Probability at which contact causes infection
Yaus Yad» Yus Yd» Infection rate of asymptomatic-undetected, asymptomatic-detected, symptomatic-undetected,

symptomatic-detected,

these models can be written using the generalized form proposed 4.1. Scenario: inter-regional disease transmission
in (1) with respect to the general model in Fig. 1. The initial condi-

tions and model parameter values (units) are also given in Figs. 4- Mathematical models can be used to analyze nationwide or
15. See supplementary file for model equations of all the models community level disease transmission and to study the influence
discussed in this paper. of the inter-regional movement of cases on the overall disease
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Table 4
Parameter notations, cont'd.
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Parameter Parameter description

Tin» T» Tas Tsy Tin Tgy Th

Mean incubation, latency, asymptomatic, symptomatic, infectious, quarantine, and hospital

stay time

X Number of newborns in a population

ke Sensitivity coefficient

r Amount of allocated resources

Ma, s, n Death rate of asymptomatic, symptomatic, and hospitalized patients

17 Rate of vaccination

®o Information-based vaccination rate

1-¢ Maximum vaccination coverage due to information

n Relative susceptibility of vaccinated

Q Reduced susceptibility due to previous infection

A Inverse of time delay related to information

Ac Information coverage

Qo Relative susceptibility of recovered

No Relative susceptibility of vaccinated

M Michaelis-Menten parameter related to information-based vaccination

K Exponential rate of increase in disease transmission

K Saturation in disease transmission

u Intervention

§ Q to S transition rate

Ty Rate of release of infectious viral particles

s Reduction in susceptibility due to vaccination/immunization

Ay Ag Diagnosis/detection rate of asymptomatic and symptomatic patients

Auu, Agq Rate of symptom onset in asymptomatic undetected and asymptomatic detected patients

As, Ags Rate at which symptomatic infected individuals who are undetected and detected move to
severely ill category

x Population density

w Proportion of elderly population

Table 5
Mathematical models that discuss real time scenarios.

Model no. Features Scenario(s) [ref]

1. Fig. 4 Extended SIR model for 2 regions. Accounted for mobility and Resource constraint, duration of restriction, and influence of human mobility
limited resource availability. across regions [50].

2. Fig. 5 Parameters for 5 regions. Protection by NPI intervention [99].

3. Fig. 6 Conducted intervention analysis. Differential disease severity, indirect death due to saturated hospitals [34].

4. Fig. 7 Parameters from previous findings. Conducted sensitivity analysis. Differential dynamics of frontliners and general public, import of cases [22].

5. Fig. 8 Estimated parameters and validated model using data. Conducted Influence of viral shed on surfaces and educated /compliant population,
equilibrium point analysis. reinfection, rate of asymptomatic to symptomatic [59].

6. Fig. 9 Investigated positivity and well posedness of problem. Contained, noncontained, quarantine, and intensive care compartments.

Model for social behavior of complaint population [64].

7. Fig. 10 Used Pontryagins minimum principle to derive optimal NPI Influence of public health education, quarantine, and hospitalization [76].
interventions.

8. Fig. 11 Parameter estimated and investigated lockdown implementation and  Age and social interaction data at home, work, and school [41].
relaxing scenario in NJ.

9. Fig. 12 Accounted for delay. Influence of school re-opening delay [62].

10. Fig. 13 Modified SIR model with detected and undetected case delineation Influence of mass testing [43].
to re-estimate CFR. Re-estimated model parameters according to 6
stages of interventions.

11. Fig. 14 Influence of media coverage. Protection of subpopulation by vaccination [24].

12 Fig. 15 Virus dynamics. Can be used to analyze virus dynamics under drug/vaccine administration

[49].

transmission trend. Such investigations are imperative to make
decisions pertaining to lockdowns, border closures, and suspen-
sion of international travel. In [50], an extended SIR model is
used to model inter-regional movement between region A and B.
Fig. 4 shows the model discussed in Hu et al. [50]. As shown in
Fig. 4, w is used to model the mobility rate, and as w increases
the reproduction number of region B (Ryg) increases. Also, note
that the influence of lockdown in regions A and B on the respec-
tive infection rates are modeled in y;(t). Similarly, in Kucharski
et al. [65], international travel from Wuhan is modeled using a
stochastic transmission model. According to the inter-region mo-
bility based analysis, it is concluded that the travel control is
effective in bringing down Ry from 2.35 (95% CI 1.15-4.77) on
Jan 23 to 1.05 (0.41-2.39) that is 1 week after imposing travel
restriction.

4.2. Scenario: protected subpopulation

Another scenario of interest is to know the impact of imple-
menting reverse quarantine (protecting from infection) of the el-
derly population or people with chronic illness. In this case, an ad-
ditional compartment (P(t)) can be added to model the dynamics
of the protected subpopulation as shown in Fig. 5. Based on the
analysis using the seven compartment model depicted in Fig. 5,
and the epidemic data from 5 regions in China (Mainland, Hubei
province, Wuhan, Beijing, and Shanghai), it is shown that the aver-
age contact rate is significantly different in different regions [99].
This study also reveals a positive correlation between infection rate
() and mean quarantine period (§-1) and a negative correlation
between y and protection rate (¢) thus highlighting the impor-
tance of increased self-protection, disinfection, and early quaran-
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Fig. 6. Model 3: Mathematical model of COVID-19 that accounts for disease sever-
ity and hospital saturation, where N(0) = 67 x 10°, I(0) = 120, S(0) = N(0) — I(0) =
66.99 x 108, Ino = plo, Lo = (1—p)lo, Em(0) =E(0) = Lim(0) = 1s(0) = Rm(0) =
Rs(0) =D(0) =0, Ry=25, up=0, if I(t) <H, puy=py if @) =H pn=
Mmin» if I (t) <H, M = Mmax if I (t) = H, Mmin = 8.82x 1073 (1/daY)v Hmax = 2I‘Lminv

=0238 (1/day), Ta = 1, A = &5 (1/day), A, = 45 (1/day), p=.9, m=0.2, uy =
103, p =2, and H = 12000. Z?:] pXi(t) into D(t) denotes that the population that
move out of the other 9 compartments due to hospital saturation are added to the
death compartment [34]. Control intervention u(t) is assumed to alter S(t), where

B@®) = (1 =u®)(BoUam () +1as(©)) + BoUm () + mIs (1)), o =224 x 10-°.
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ﬁl th
By(t)
Sg :
£:(0) f
1
Bi(t) v 5
Se E [ If J{Hf HRr

T RO\
phv

ay

a2

Fig. 7. Model 4: Mathematical model of COVID-19 that models differential dis-
ease transmission in frontliners and general public, B; (t) = B1o L10] Ba(t) = B ,'\',(E;

N(t)*
Bo = RO;(Sg(0)+Eg(2:;;I;(z(()()]lgf(fé(;rrff(o)+11(0))' i=1,2, Roy =25, Roy =10, 7yp = 14 days,
S¢(0) = 100,000, S¢(0) = 1000, E¢(0) = 100, I;(0) = 10, Eg(0) =I¢(0) =0, H;(0) =

Ri(0)=0, ¢; =0—0.9, y; = 10/14, §; = 0.01/14, p; = 0.1, y; = 0.03/14, &; = 0.1/30,
Ani = 0.98/14, A; = 0.96/14, and un; = 0.02/14, i = 1,2 [22].

tine [99]. In [99], this model is used for forecasting the disease
transmission in 5 regions in China and control intervention is not
modeled.

4.3. Scenario: differential disease severity and ICU saturation

An important concern related to COVID-19 is the overwhelm-
ing of hospitals due to severely infected patients which results in
direct and indirect deaths related to COVID-19 [94]. Policymakers
estimated the threshold of infection above which the hospitals be-
come saturated with the help of mathematical models such as that
shown in Fig. 6. The increase in mortality due to hospital satu-
ration is accounted for by including hospital capacity H and the
death due to hospital saturation w; in the model, where uj = wp,
if I(t) >H, Mﬁ =0, if I(t) <H, and @ = ppn, if () <H, p=
Mmax if Is(t) > H (Fig. 6), which implies that, the death increases
whenever the number of severely infected cases goes beyond the
hospital capacity H. Such a model can be used to derive active con-
trol intervention that keeps the value of Is(t) below H. This model
also accounts for the import of infected cases to a country at a rate
of p per day [34].
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Fig. 8. Model 5: Mathematical model of COVID-19 with reinfection, com-
pliant subpopulation, and viral concentration on contaminated surfaces [59].
N(0) =59.2 x 10%, N(t) = S(t) +Sc(t) + L, +1(t) + R(t), A =0.0499 (1/day), A, =
0.0749 (1/day), 6 = 05999 I = u’'N(0) = 2113.44 (persons/day), ¢ = 0.6499
(intensity/day), e(y) = y W,,, b=0.6337, 0 =2.74 x 105 (1/day), a = 0.6503, f =
0.8669, f’'=0.1499, y’=0.2499 (1/day), ya =0.1019 (pathogens/person/day),
s = 0.4315 (pathogens/person/day), d = 0.7525 (1/day), ;= 0.11 (1/day), ' =
3.57 x 107 (1/day), and Cso = 2091775 (pathogens). Control intervention uj(t)
(effect of social distancing) and u,(t) (effect of disinfecting the environ-

ment) are assumed to alter y (t), where y(t) = (1 —u (£)) B (H2H20RO) 4 (1 -

U2 () Ben (s )» B =0.27 (contacts/day), By = 0.00101 (contacts/day), uy (t) =

0 — 1% and uy(t) = 2.663 (1.1 - 3) [59].

Fig. 9. Model 6: Mathematical model of COVID-19 that accounts for social behavior
of compliant subpopulation. N(0) = 3, 000, 282, S(0) = 3 x 10, S.(0) = 200, E(0) =
40, E.(0) =40, I,(0) =2, and the initial condition for all other compartments is
0, Ry=<1, § =1/7 (1/day), A = 0.0714 (1/day)), A’ = 0.0714 (1/day), ¥ = 0.002
(17day), = 0.02 (1/day), ' =1/(365 x 50) (1/day), o = 0.2 (1/day), T = 100
(1/day), ¢ =1 (1/day), v = 0.1 (1/day), 0 = 1/7 (1/day), ys = 0.86834 (1/day), a =
0.8683, and b = 0.4. Control interventions u (t) (effect of quarantine) and u, (t) (ef-
fect of isolation) are assumed to alter f; (t) = ’3"(’“%::’;‘;‘f:?:{;’;’;&;'j’;ﬂl’;r;)ﬁs;g"“ ©)
Ba(t) = Lolache O mele bt 0) - g, — 03531 (1/day), where mq =03 x 7/3,
my = 0.425 x 7/3, ms = 0.425 x 7/3, mye = 0.225 x 7/4, mgc =0.3 x 7/3, and my, =
0.57 x 7/4 [64].

4.4. Scenario: differential disease transmission among frontliners and
general public

The interaction rate of hospital staff, workers in supermarkets,
and police is considerably higher compared to the general public.
To analyze the influence of such differential disease transmission
in the overall dynamics, in Buhat et al. [22], the dynamics of front-
liners and the general public are modeled separately.

As shown in Fig. 7, the mean protection level (¢;, i = 1, 2), pos-
sibility of reinfection (oj, i = 1, 2), import of cases (p;, i = 1,2) and
hospitalization rate (§;, i =1,2) of public and frontliners are ac-
counted for in this model. Using model-based analysis, it is con-
cluded that protecting frontliners is important to make sure that
they are available for the treatment of the general public, how-
ever, protecting them alone does not flatten the curve [22]. Simi-
lar to the model shown in Fig. 6, the model in Fig. 7 can be used
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Fig. 10. Model 7: Mathematical model of COVID-19 that accounts for the influence
of public health education, quarantine and hospitalization. S(0) = 12 x 10, E(0) =
1565, Q(0) =800, I(0) =695, H(0) = 326, and R(0) = 200, A = 0.03521 (1/day),
Ap = 0.04255 (1/day), @ =0.0079 (1/day), u, =0.0068 (1/day), n' =0.000034
(1/day), I' = 600 (1/day), 6’ =0.07143 (1/day), ¥ = 0.1327 (1/day), q = 0.1259
(1/day), Ry = 1.51 when the exposed population is not quarantined, while Ry =
0.76 when all of them are on quarantine, and Ry =2.5 when the infected in-
dividuals are not quarantined or isolated. Control intervention u(t) is assumed
to alter B(t), where B(t) = (1 7u(r))f’o““’“”EE‘”,;(;";Q“”’"h”“)>, Bo = 0.25 (1/day),

u(t) =[0,1], me = 0.3, and my, = mq = 0.1, [76].
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Fig. 11. Model 8: Mathematical model of COVID-19 that accounts for age-wise in-
teraction rates. The parameters are estimated for 9 age groups such as 0-9, 10-
19, 20-29, 30-39, 40-49, 50-59, 60-69, 70-79, and > 80, for i =1,2...,9, respec-
tively, Bi(t) = ¢ X0, AGL DAL + ¢TI, AG DAL, =1 =5 1,= =4, .=
& =10, 7y = ;- =104 (days). N' = 12%, N' = 13%,i =2, ..., 5, N® = 14%, N’ = 12%,
N8 =7% N°=4% a' =11.1%, d =12.1%, i=2, ...,5, a® =17.5%, a' =28.7%, i=
7,8,9, ¥ =18.2%, 2 =55% V> =6.8% ¥i=13.9% i=4,5 ¥°®=251% ¢i=
51.2%, i=7,8, ¥ =61.7% pui =02% i=1,3, u2 =0% ui =09% i=4,5, us =
3.6%, wh=149% i=7,8, u) =32.8% pu'=01% i=1.3, u?>=0% pu =04%, i=
4,5 u® =1.4% u'=59%i=7,8, and u° = 12.9% [41].
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Fig. 12. Model 9: Mathematical model of COVID—]Q’ that model how school opening
delay will affect the pandemic, ;(t) = Y ;_; » /SOij%v where By;j = (077919712 377157321 )
Boij = (355a: Soams ) BY = (122 soee) represent transmission matrices for Data
1, Data 2, and Data 3, respectively, &;(t) = £oi(1 —e~°%®), e =0.001, {o; = 1.8138
(1/day), &o2 = 1.69 (1/day), and o3 = 2.121 (1/day), for Data 1, Data 2, and Data
3, respectively, m = 0.02, A = 1/14 (1/day), § = 1/4 (1/day), and y = 1/4.1 (1/day)
[62].

to evaluate the threshold of hospital saturation and the impact of
import of infected cases. In [22], parameter sensitivity analysis is
conducted to study the influence of various model parameters on
disease transmission while control intervention is not modeled ex-
plicitly. However, this model does not quantify how far the infec-
tion of frontliners, especially medical staff, affects the services pro-
vided in a hospital.
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4.5. Scenario: impact of viral shedding and reinfection

The scenarios that can be analyzed using Model 5 depicted in
Fig. 8 include the impact of viral shedding to the surrounding,
compliance rate of public, and reinfection on the disease trans-
mission. In [59], the influence of educated people S¢(t), who com-
ply with the regulations, and the disease transmission dynamics
with respect to the concentration of viral particles C(t) on contam-
inated surfaces or environment is incorporated. Transmission from
human to human (8) and contaminated surface to human (f8,) are
accounted for in the model shown in Fig. 8. To assess the influ-
ence of social distancing and disinfection of surrounding contam-
inated surface, the model given in Fig. 8 is modified to a mixed-
delay model with incubation delay and additional quarantine com-
partments [59]. See supplementary file for model equations for
Fig. 8 and modified model equations with incubation delay and
additional quarantine compartments. Using the model-based anal-
ysis, it is shown that, if there is a possibility of reinfection (i.e.
no permanent immunity for recovered), then there exists a back-
ward bifurcation (co-existence of endemic and disease-free equi-
libria) at Ry = 1 [131]. However, if the recovered patients achieve
permanent immunity, then there is no backward bifurcation and
disease-free equilibria is globally asymptotically stable for Ry < 1.
It is also noted that if there is permanent immunity, (i.e. with re-
infection rate, 0 = 0) then reducing Ry < 1 is enough to contain
the disease, however for o # 0 (no permanent immunity) reducing
Ro below the threshold (Ry < 1) is not enough to contain the dis-
ease. The model-based intervention analysis also points to the im-
portance of reducing the transmission of disease via asymptomatic
but infectious subpopulation at least by 30% and via symptomatic
patients at least by 50% for controlling disease spread.

4.6. Scenario: social behavior of compliant subpopulation

The positivity and well-posedness of the mathematical model of
COVID-19 that is given in Fig. 9 are investigated in Kouakep et al.
[64]. It can be seen from Fig. 9, that the contribution of quarantine
(home) and isolation (hospitalised in ICUs) measures on the over-
all disease transmission is modeled using uq(t) and u,(t), where
uq(t) = 0 denotes perfect quarantine (infeasible), u; (t) = 1 denotes
least effective quarantine, u,(t) = 0 denotes perfect isolation, and
uy (t) = 0.8 denotes least effective isolation. The model-based anal-
ysis accurately predicted that the infection peaks by June 2020 in
Cameroon if necessary preventive and containment measures are
not taken. This model also studies the impact of possible reinfec-
tion in the community. Similarly, in Victor [128], using a modi-
fied SEIQRS model that accounts for reinfection, it is shown that
the disease-free equilibrium does not satisfy conditions for local or
global asymptotic stability. This implies that with possible cases of
reinfection and in the absence of a protective vaccine, it is hard to
get rid of the virus from this world. At the time of the study re-
ported in Kouakep et al. [64], the significance of re-infection was
yet to be known. Later on many scientific studies remarked that
reinfection is insignificant (0.01% (0.01-0.02%)) [5,6]. This is not to
say that re-infection does not exist [37,44,95]. Even though less
in proportion, there are some notable reports of reinfection that
points out more severe disease in case of re-infection compared to
the first infection [52].

4.7. Scenario: influence of public health education, quarantine, and
hospitalization

In [76], a mathematical model of COVID-19 that accounts for
the influence of public health education, quarantine, and hospi-
talization is discussed. The model is well-posed and based on the
Pontryagins minimum principle, it is concluded that the NPI gives
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Fig. 13. Model 10: Mathematical model of COVID-19 that accounts for undetected, detected, symptomatic, asymptomatic, and severely ill cases, where, yay = Vauolau (t), Yad =
Yadokad (£), Ya = Yuolu(t), ¥a = Vaols(t), S(0) =1 —Iou(0) = L,g(0) = [4(0) — 4(0) = I(0) — R(0) — D(0), o (0) =200/(60 x 10°), I,4(0) = 20/(60 x 10°), I,(0) = 1/(60 x 10%),
13(0) = 2/(60 x 10°), I;(0) = R(0) = D(0) = 0. Parameter values are estimated for 6 different stages of interventions. On Day 1, Y,y = 0.57, Yado = Yao = 0.011, Yo = 0.456,
Ayg = 0171, Ayy = Agq = 0.125, Loy = X3 = 0.034, Ag =0.371, Ag = Ay = As = Ay = 0.017, Ay = 0.027, i = 0.01, and Ry = 2.38. After Day 4, with hand washing and so-
cial distancing measures, Yo = 0.422, Vaq0 = Va0 = 0.0057, yyo = 0.285, and R. = 1.66. After Day 12, with screening limited to individuals with symptoms, A,q = 0.143
and R. = 1.8. After Day 22, with incomplete lockdown, Y.y = 0.36, Vaq0 = Va0 = 0.005, yyo = 0.2, Ayy = Agq = 0.034, A,y =0.08, As =0.008, Ay =0.015, A, =0.017,
and Re = 1.6. After Day 28, with complete lockdown A, = 0.21, y0 = 0.11, and R. = 0.99. After Day 38, with mass testing campaigns, A,q = 0.2, Ay = Agq = 0.025,
Aa=As= Ay =0.02, A = 0.01, and R. = 0.85 [43].

(1) model. Model-based analysis reveals that the disease transmission
reduces by half (Ry = 1.51 to 0.76) when all the exposed individ-
uals are quarantined and an infected individual can infect three
B 1 other individuals (Ry = 2.5) if not isolated or quarantined. More-

i over, the simulation results show that even though three interven-
tions together (public health education, quarantine, and hospital-
ization (isolation)) perform better than one or two interventions,
@(t) it is not enough to bring down the cases to zero [76].

.

%4

4.8. Scenario: age-wise interaction

n(®) Several studies investigated the significance of population het-
erogeneity and discrimination in age-wise interaction in COVID-19

Fig. 14. Model 11: Mathematical model of COVID-19 that ts fi tec- R . o
& oce athematiea’ mocet 0 at accoun’s or protec transmission [13,20,41,78,102]. In [20], using an SEIR model, it is

tion of a subpopulation by vaccination, S(t) = Bol(t), (t) = QBol(t), ¢(t) =

Q0+ Py (O, G, (©) = (1= @0 — 91) M0 A(6) = Ad(Ad () — Aw(D)), 7(E) = showp that as the proportipn of infected indivic!uals in groups with
noBol(t), Bo =1.07 (1/person/days) A = 0.278 (1/days), A= (0.00833,00), M = the highest contact rates is greater than that in groups with low
500, 1 -1 =0.99, 17 = 0.15, and €29 = 0.2 [24]. Control intervention u(t) =¢(t),  contact rates, population heterogeneity can have a significant im-

where ¢(t) is the vaccination rate. pact on the population-wide infection or vaccination rate required

to curtail the spread [13,20,78].

In [41], a seven compartmental model of COVID-19 for various
age groups is discussed. As shown in Fig. 11, 7 set of equations
can be written for each of the 9 age groups (S;, E;, Ly, L, Ri, Hi,
D;, i=1,...,9) based on the parameters given in Fig. 11, where
A(i, j) denotes the number of contacts between age group j and
i and N'(t) is the population size in each age group in New Jer-
Fig. 15. Model 12: Mathematical model of COVID-19 that accounts for virus sey. The main feature of this model is the use of social interaction
dynamics in a host. Ues(0) =4 x 108 (cells), Ieus(0) =0 (cells), and C(0) = .

031 (copies/ml), A(6) = BuC(D), fy =471 10°  (ml/(copies.days)), r —3.07 data at home, work, and schpol to qugntlfy the mean Fontact rates
(((copies/ml)/days)/cells)), ¢; = 1.07 (1/days), and ¢, = 2.4 (1/days) [49]. of each age group. Control intervention is not explicitly modeled
in Forgoston and Thorne [41], instead empirically derived contact
information is used to study the effect of lockdown and school re-

the best results when implemented within 100 days of the dis- opening in New Jersey. Based on the study, it is pointed out that
ease outbreak and multiple interventions are imperative to re- the oldest age group constitutes the smallest proportion of the to-
duce disease spread. Zero infection was not attained even with tal population and hence contributes to the smallest number of in-
the combined implementation of three interventions. The con- fected cases. However, the maximum death (32.8% of hospitalized)
trol intervention u(t) marked in Fig. 10 models the public health is associated with the oldest age group.

education. Note that the infection, recovery, or death of non- Using the model depicted in Fig. 11, it is pointed out that, rig-

quarantined/nonhospitalized cases are also accounted for in this orous testing, contact tracing, and isolation of infected are imper-
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ative to reduce disease transmission and thereby ease lockdowns.
Similar to the results in Fang et al. [38], Lahiri et al. [68], it is high-
lighted in Forgoston and Thorne [41] that early lockdown can re-
duce overall death only if rigorous testing, contact tracing, and iso-
lation are carried out while easing lockdowns, otherwise the over-
all death will increase due to second waves. A study that used a
model that accounts for age-wise interaction and heterogeneities
in population models suggest that herd immunity can be achieved
with a population-wide infection rate of 40%. This is considerably
lower (earlier 60%) than previous estimates [20]. The model dis-
cussed in Fig. 11 can be extended by adding a vaccinated popula-
tion compartment to investigate the effect of age-wise homogene-
ity/heterogeneity in vaccine efficacy in the overall control of the
disease.

4.9. Scenario: impact of closing/re-opening of schools and colleges

Compliance of the population with policies and restrictions im-
posed by the epidemic control authorities is very important for
the containment of an epidemic. However, children in the age of
5-15 are less likely to comply with the rules and thus risking
self-protection when at school. Even though susceptibility of in-
dividuals less than 20 years old is half of the adults [25,87,102],
the fact that if infected, clinical symptoms are manifested only in
21% of children increase the overall disease transmission as hid-
den/unidentified infected children can act as carriers [33]. More-
over, many recent studies point out the emerging clinical spec-
trum of COVID-19 in children, suggesting significant (19.40-36.80%)
hospitalization of infected children and a small proportion has de-
veloped severe complications including encephalopathies, inflam-
matory CNS (central nervous system), ischemic stroke, and other
neurological complications [19,30,54,60,98,104]. In case of earlier
pandemics (influenza, 2009) also it was reported that school clo-
sure has reduced transmission among children by 86% (44%99%)
[14,53,62]. Thus, school closure is one common mitigation strategy
implemented against COVID-19 in most countries. However, loss of
school days is a concern and some studies suggest that school clo-
sure for 4-12 weeks can affect GDP in UK and US by 0.15 to 0.3%
[45,69,110].

In [62], a modified SEIR model is used to investigate the impact
of school closure over a period of time as a NPI mitigation strategy
against COVID-19 spread. This study considered two age groups
namely children (0 — 19) and adults (> 20). The compartments S,
i=1,2 shown in Fig. 12 model the sub-population with behav-
ioral changes due to awareness/education about the disease, where
i=1,2 correspond to children and adults, respectively. In Fig. 12,
5i(t) = £oi(1 —e¢&4®), e is a scaling parameter that models the
increased movement of people from S;(t) — S.;(t) due to the in-
creased awareness/behavioral change. Also note that as the number
of people isolated, quarantined, or working from home increases,
the movement into the complaint compartment (S.;(t)) increases.
Using a transmission matrix f;;, i = j =1, 2, the disease transmis-
sion among children (i =1, j = 1), among adults (i = 2, j = 2), and
inter-group transmission (i=1, j =2 and i = 2, j = 1) are modeled.
Control intervention is not explicitly modeled in Kim et al. [62],
instead empirically derived information is used to study the ef-
fect of school reopening in Korea. The impact of delayed school
re-opening is studied by estimating the transmission matrix using
three sets of data, namely Data 1 (February 16 to March 2), Data 2
(February 16, to March 9), and Data 3 (February 16 to March 22).
For all the three data set, it can be seen from the value of 8;; given
in Fig. 12 that the intra-group transmission is more than inter-
group transmission (B;j;—j > Bijij). Simulation studies are con-
ducted with the assumption that the school re-opening can result
in 10 and 30 times increase in the disease transmission and it is
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concluded that school closure or delayed (1-month delay) reopen-
ing can reduce up to 60 and 255 cases, respectively.

Similar results are reported in Karatayev et al. [58], Kim et al.
[62], Phillips et al. [100]. In [100], the outbreak size and student-
days lost due to school closure in Ontario childcare centers and
primary schools are studied. Based on the study, it is proposed
that for childcare and primary school, reopening safety can be en-
hanced by switching to lower student ratios. In another study, re-
ported in Kim et al. [62], data from Korean-CDC is used to model
children and adult groups. Assuming the transmission rate be-
tween children groups would be increasing many folds after the
schools open, in Korea, approximately additional 60 cases are ex-
pected to occur from March 2, to March 9, and approximately ad-
ditional 100 children cases are expected from March 9, to March
23. After 3 weeks, i.e. by March 23, the number of expected cases
for children is 28.4 for 7 days and 33.6 for 14 days. After 3 weeks,
the possibility for massive transmission between groups is less and
within-group transmission is more due to increased compliance to
rules [62]. In [102], projections suggest that premature and sud-
den lifting of interventions could lead to an earlier secondary peak,
which could be flattened by relaxing the interventions gradually. In
general, the guidelines for school re-opening include disinfecting
(o increases, B and y decreases), screening (8 and y decreases),
ventilation (y decreases), no sharing and interaction (8 and y de-
creases), wearing mask/gloves (« increases, 8 and y decreases).
See Fig. 3 for model parameters that are affected by various in-
terventions.

4.10. Scenario: influence of mass testing

In [43], the proportion of population which remain undetected,
detected, symptomatic, asymptomatic, and severely ill are modeled
based on the population data of Italy. Fig. 13 shows the schematic
diagram of the modified SIR model discussed in Giordano et al.
[43]. As a proportion (34%) of total cases go undetected, the total
number of cases are often underestimated [43]. Note that in this
model, Yauo0 > Yuo, account for the fact that, even though unde-
tected, susceptible population are more likely to avoid direct con-
tacts with those who are showing some symptoms relevant to an
ongoing pandemic. Similarly, ¥au0, Yuo > Yado- Ydo as detected cases
are more likely to be under quarantine/isolation. In [43], as shown
in Fig. 13, parameters are estimated for 6 different stages of in-
terventions. It can be seen that after Day 4, the values of infec-
tion rates Y,qo, ¥do» Yauo, and o have reduced due to the social
distancing measures and epidemic awareness. Similarly, after Day
38 the detection rate of asymptomatic patients have increased due
to mass testing campaigns (A,q). To better understand the epi-
demic behavior under various control interventions, the 8 com-
partmental system shown in Fig. 13 is divided into three subsys-
tems such x; (t) = S(t), x5 (t) = [lau(t), lhq (£), lu (). Ia (©), Is ()], and
x3(t) = [R(t),D(t)], where [ ] denote matrix transpose. Model-
based analysis, reveals that R(t) and D(t) monotonically increases
as epidemic progresses and only when Iy (t) + ILq(t) + I (t) +
I4(t) + Is(t) = 0, (that is when total known and unknown infected
are zero), S(t), R(t), and D(t) are at equilibrium. Specifically, as
the control measures directly depend on the number of infected
cases, X, (t) = Fx,(t) + Bu(t) is defined where F € R5%5, B e R5*1,
and u(t) e R, u(t) = (Yaulau(t) + Vaalag (€) + Yulu(t) + vala (£))S(8).
Model-based analysis points out that necessary social-distancing
measures should be implemented early, and lockdown measures
can be relaxed only after making sure that mass testing and quar-
antining efforts are in place. This paper also points out the mis-
conception of case fatality rate due to undetected cases (actual
CFR=9.8%, earlier estimate of CFR=13%) which highlight the im-
portance of diagnostic campaigns.
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4.11. Scenario: vaccination

During the beginning of the pandemic even when it was not
certain whether a vaccine can be developed or not, many math-
ematical model-based analysis published motivating results high-
lighting that even a moderately effective vaccine can have a sig-
nificant impact in reducing the transmission rate [34,78,91,91,92].
Presently, the world is breathing a sigh of relief as the question
on the possibility of vaccine and efficacy of the vaccine is already
answered with the development of as many as 3 vaccines (with
> 80% efficacy) [26,77]. However, we need to wait to know the as-
sured period of protection with the use of vaccines and the pres-
ence of any side effects in the long run [35].

In [24], an SIR model with vaccination compartment is used
for studying vaccination impact. In Fig. 14, A represents the me-
dia coverage that leads to dissemination of information and the
number of infections reported by the public health system. All
this information influences the vaccination decision of the popu-
lation. A Michaelis-Menten form of equation is used to represent
the saturation in ¢, (t), where @4 () denotes the information-
based vaccination rate, M = 500 is used to model a 96.4% vacci-
nation coverage when the information index Ay (t) = 0.07. Simi-
larly, in Mukandavire et al. [91], an SEIR model is used to study
vaccination where the vaccination coverage, V. follows the relation
Ve > (1 =1/Rg)/s, where Ry = 2.95 (2.83-3.33) and s is the reduc-
tion in susceptibility due to immunization [91].

As confirmed cases of reinfection are reported, everyone is curi-
ous to know how long the duration of the acquired immunity due
to infection or vaccination stays. In [5], out of 133,266 laboratory-
confirmed COVID-19 cases, 0.18% were tested again 45 days after
the first positive swab. Out of the 0.18%, (i.e. 54 cases), 1 person
was hospitalized with a relatively mild infection. Based on this
data, the risk of reinfection is 0.01% (0.01-0.02%) and the inci-
dence rate of reinfection is 0.36 (0.28-0.47) per 10,000 person-
weeks suggesting a strong protective immunity at least for a few
months after primary infection [5]. In general, the concerns and
challenges related to vaccination include (i) safety of vaccine and
severity of side effects if any, (ii) efficacy of the vaccine, (iii) cost
of vaccine and distribution, (iv) duration of protection, (v) vaccine
hesitancy, and (vi) prioritizing vaccine distribution [13,81]. Along
with the elderly and severely sick, individuals with high social in-
teraction (frontliners) should also be on the priority vaccination
list.

4.12. Virus dynamics

While most of the mathematical models that are in the liter-
ature related to COVID-19 focus on the disease transmission dy-
namics in a population, few literature report models that account
for the clinical/biological aspects of the virus [49]. This is primar-
ily due to the fact that virological models are more relevant when
preventive (prophylactic) vaccines or curative drugs are available.

Fig. 15 shows the schematic of an ODE model used to repre-
sent the virus dynamics in a host, where U5 (t) is the uninfected
susceptible (target for the virus) cells, C(t) is the concentration of
virus, By is the rate at which uninfected cells gets infected, ry is
the rate at which infected cells release infectious viral particles,
and ¢;, i=1,2 are the clearance rates of infected cells and viral
particles, respectively [49]. This model can be extended further by
adding immune response dynamics and drug-specific (control in-
tervention) dynamics.

4.13. Cumulative model

Even though mechanistic epidemic models allow better analy-
sis of the influence of parameters and the response to control in-
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terventions such as scenarios like the cost of isolation alone, vacci-
nation alone, or mixed, etc., phenomenological models (cumulative
models) are useful for the prediction of global trends [51,75]. Lo-
gistic and Richard’s models are cumulative epidemic models that
are predicated on the assumption of uniformity of population. Lo-
gistic model represents the initial exponential increase in disease
transmission followed by saturation as given by
X(t ))

X(t) = KX(t)(] _ 2

K )

where X(t) is the cumulative incidence, x is the exponential in-
crease in K = lim;_, X (t). Richards model is a modified logistic
model (power law) such as
X (t))n

X(t) = KX(t)(l _&0

K (3)

where n is the steepness of the curve.

Another set of cumulative models that are used to study COVID-
19 disease transmission characteristics are the functional data anal-
ysis (FDA) models which are statistical models [28,66,118]. Unlike
other statistical models that rely on sample data points, FDA mod-
els are built on the shape of disease transmission curve (time dy-
namics) and are used to figure out latent information if any in the
whole set of data. For instance, the FDA model discussed in Carroll
et al. [28] is given by

X(t) =Io(t) + M (OX () + o (t)x + T3 (D
+ T (OW(t — T) + Z(t), (4)

where X (t) is the cumulative number of cases, W (t — ) denotes
delayed reduction in workplace mobility, Z(t) accounts for error
(mean-zero stochastic drift), I;(t), i=0,..., 4 are the time vary-
ing regression coefficients, » is the population density, and @ is
the proportion of elderly population (age > 65). FDA models were
used to (1) identify dominant incidence curves, (2) enable easy
classification/clustering of a data set, and (3) analyze reasons be-
hind differential COVID-mitigation outcome reported in different
countries despite the deployment of similar NPIs [28,66,118]. With
respect to the general model (1) and Fig. 1, the model (2)-(4) cor-
responds to a single compartment model (X (t) = x; (t)) which rep-
resents the cumulative number of cases or the infected population
(I(t)) whose dynamics is influenced by various time varying factors
such as, disease transmission rate, population density, workplace
mobility, etc. For instance, (2) can be written as X (t) = r(t)X(t),

where r(t) = K(l - %t)) Note that compared to the determinis-

tic compartmental models, FDA models additionally accommodate
stochasticity involved in epidemic dynamics.

5. Active control of pharmaceutical and nonpharmaceutical
interventions

The use of optimal, model predictive, sliding mode, adap-
tive, and fuzzy logic-based controllers have been studied for epi-
demic control and vaccination deployment of earlier pandemics
[7-10,113,115,127]. Testing various control interventions are straight
forward application of mathematical models [119]. Given that there
exists a vast set of possible interventions and combinations of in-
terventions, it is desirable to figure out the reliable combination of
interventions and control strategies. It is quite obvious that single-
interventions such as implementing >99% border closing, or trac-
ing >70% contact tracing or significantly limiting the contact time
of health care professionals (<9 hours) with an infected person,
etc., are infeasible in a current socio-economic setting [48,103,116].

Cost-effectiveness of various intervention strategies is also a
subject of study [56,112]. It should be noted that “effectiveness”
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Table 6
Control theoretic approaches used for COVID-19.
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Model [ref] Control method Remark

Modified SEIR model [34] Optimal control

Model accounted for differential disease severity. Optimal control solution derived under the

objective of minimizing hospital saturation and COVID-19 related death. The optimal
solution suggests to progressively increase the control until the fourth month (maximum
control) of the epidemics and then steadily decrease the control until vaccine deployment.

Modified SIR model [50] Optimal control

Accounted for limited resource availability and economic cost associated with restricted

inter-regional mobility. The optimal control policy that combines early detection/testing and
lockdown methods in each region is obtained. Intensive mitigation strategies, with higher
daily resource usage and shorter duration, are suggested for effective control of disease in
the under-resourced regions.

Modified SEIR model [135] Optimal control

Imposing constant control in the range of 90% to 100%. NPIs for control include staying

home, hygiene habits, sanitization, and quick detection.

Modified SIR and SEIR
model [12]
Modified SIR model [27]

Optimal control

Model predictive control

Closed-loop control considering delay in loop. A closed-form solution for active optimal
intervention is derived.
Optimal use of NPIs in post lockdown period for a multi-region scenario with hospital

saturation constraint

Modified SEIR[93] Sliding mode control

Closed-loop constrained control. A day by day reduction in the contact rate is suggested to

constraint the severely infected so as not to cross ICU capacity.

and “cost-effectiveness” of intervention have disparate implica-
tions, lockdown is a very effective intervention but not at all cost-
effective. Based on 62 evidence-based research studied in Juneau
et al. [56], it is concluded that

o Contact tracing, protecting frontliners and vulnerable popula-
tion, and isolation of infected are the most cost-effective inter-
ventions,

o Home quarantine, school/workplace closures are effective but
costly, and

« Interventions are more effective when adopted early and imple-
mented in combinations.

Table 6 summarizes the control-theoretic approaches that are
used to mitigate COVID-19. In [34], a modified SEIR model-
based optimal control strategy to deploy strict public-health mea-
sures until the availability of a vaccine is discussed. The de-
rived optimal solution is more effective compared to constant-
strict control measures and cyclic control measures. In Fig. 6, in
Djidjou-Demasse et al. [34], B(t) = (1 - u(t))(,Bo(Iam(t) + Ls(t)) +
Bo(Im (t) +m15(t))), where u(t) accounts for NPIs in range [0,1].
The derived optimal solution is more effective compared to
constant-strict control measures and cyclic control measures.

In [50], an extended SIR model that considers mobility from
highly infected to mildly infected region, limited resource avail-
ability, and economic burden associated with limiting cross-region
mobility is studied. As mentioned in Fig. 4, the relation y;(t) =
yo(1 — u;(£))2S;()I;(t), i = A, B, is used to account for the influence
of early detection/testing and lockdown methods in region A and
B, where u;(t) represents combination of lockdown and quarantine.
This study reveals that optimal policy depends on the time dura-
tion of the restriction, resource availability, and human mobility
across regions. Intensive mitigation strategies, with higher daily re-
source usage and shorter duration, are suggested for effective con-
trol of disease in the under-resourced regions [50].

In [135], a modified SEIR model is used to derive optimal con-
trol solution with respect to four NPIs. Specifically, the control in-
puts u;(t), i=1,...,4, represent stay home, hygiene habits (face
mask and hand wash), quick case detection by PCR test, and use
of sanitizers to disinfect contaminated surfaces, respectively. The
modified SEIR model included compartments for asymptomatic
infected, quarantined, and hospitalized. Two additional compart-
ments that model the food items or other kinds of stuff that hu-
mans use/consume in a day to day life and contaminated food
items or other stuffs due to interaction with asymptomatic in-
fected, symptomatic infected, or hospitalized population are also
incorporated. The Hamiltonian and Lagrangian approach is used
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to derive optimal control law that minimizes the number of in-
fected and the density of contamination of the surfaces. The op-
timal control law suggested a constant control of u;(t) =1 and
Uy (t) = u3(t) = uy(t) =0.9 to bring down the number of infec-
tions. Similar optimal control solutions are reported in Kantner and
Koprucki [57], Khatua et al. [61], Mandal et al. [80], Tsay et al.
[124].

A few literature items report mitigation protocols for COVID-19
by explicitly accounting for time delay involved in disease trans-
mission dynamics in the model [12,32,79,106]. In [12], incubation
and testing delays are taken into consideration while deriving an
optimal control solution to bound the total number of infections,
hospitalizations, and COVID-19 related death, at national and state
levels. The fractured landscape of the US is considered to illustrate
the use of optimal control methods at the state and nation lev-
els. As a delay of 10 days is estimated in the observed data and
the delayed active control intervention u(t) =U(S(t —1),I(t — 7))
is used in Ames et al. [12]. The model predictive control method
is used in Carli et al. [27] to derive effective control solution for
the management of COVID-19 in multiple regions in Italy. Instead
of a country-wide approach, the epidemiological data and hospital
facilities available in each region are used to solve the problem of
minimal use of NPIs in a post lockdown period.

Robust closed-loop control technique such as sliding mode con-
trol are also used to investigate mitigation strategies for COVID-
19 [93,109]. In [93], a sliding mode-based reference conditioning
method is used to derive control law for NPIs towards confining
the spread of the pandemic. Specifically, a day by day reduction
in the contact rate is suggested to constraint the severely infected
so as not to cross ICU capacity. A restriction level index (RLI) is
defined in terms of the time duration of restriction and control
input (NPI) to quantify and compare various intervention scenar-
ios. Similarly, in Rohith and Devika [109], an adaptive sliding mode
control is used to derive control solutions for the containment of
COVID-19.

6. Discussion

This pandemic has taught us how important it is to prevent an
epidemic than taking it lightly at the beginning and facing the con-
sequence thereafter. There exist many successful containment sto-
ries of outbreaks that happened earlier and did not get global me-
dia attention just due to the fact that the outbreak did not lead to
a pandemic [11,82,111,117,121]. As human behavior is the key fac-
tor that decides whether an outbreak will be contained or lead
to a pandemic, it is important to create awareness about the ef-
fective containment strategies. As the frequency of pandemics is
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increasing, observing a world epidemic awareness day or week to
campaign the importance of awareness and preparedness among
the public may help the generations to come. Awareness gen-
erally allows a community to restore their freedom by choosing
the solutions for a problem than focusing on the restrictions that
limit them. Hence, the successful containment of earlier epidemics
should be analyzed further and should be showcased as examples
to instill the importance of preparedness and early strategic con-
tainment efforts [11,82,111,117,121].

Epidemic modeling involves uniformity assumptions leading to
aggregate modeling with uniform compartments. There can be ho-
mogenous or heterogeneous interaction of the population in the
infected compartment with that of the susceptible compartments.
As shown in the previous sections, adding additional compart-
ments to account for social and behavioral aspects address the het-
erogenous interaction issue to a certain extent [31,129]. Network-
based models are also desirable as they allow the analysis of sce-
narios such as what happens when a node or a link is removed,
or to determine removing which node or link in a network allows
optimal and cost-effective containment [101].

Existing model-based analysis unanimously suggests that math-
ematical models are critical tools in facilitating epidemic control
and hence, need to be adapted and improved with model pa-
rameters that specifically account for social contact, human mo-
bility, economic impact, molecular/genetic aspects of the disease,
etc. [38,84]. For instance, the development of a cross-scale model
that includes population dynamics, pathogen dynamics in the host,
viral shedding, social behavior, and environmental spread is desir-
able. Studies also highlight that disease transmission rates highly
depends on population behavior, and not on population size. In-
corporation of time lag involved in testing reporting, information
on pathogen load which can be quantified by qRT-PCR (quantified
RT-PCR) to discriminate between super spreaders and others are
also desirable [31,129]. There can be two kinds of spreaders based
on public interaction/individual behavior and based on viral load.

Extensive digital technologies have been utilized in the fight
against COVID-19 for case identification, contact tracing, and for
various intervention-response evaluations [21]. For instance, in
Qatar, along with infrared temperature scanners, a mobile app is
used to screen every incoming visitors to the supermarkets, banks,
and other public and private organizations. Thus limiting entry
to such places only to non-exposed individuals. The existence of
completely digitized population data and health data before the
pandemic has enabled Qatar to quickly integrate COVID-19 testing
and reporting via the public health system and link the test re-
sults to each individual’s mobile phone. This facilitates the practi-
cal implementation and successful deployment of appropriate pub-
lic health response against disease spread. Apart from the use of
control strategies for deriving active intervention protocols, artifi-
cial intelligence, and digital methods are used worldwide in many
application such as symptom detectors, X-ray image analysis, Al-
based intelligent robot assistance for sanitizing, lifting or trans-
porting infected peoples, lockdown patrol, human activity or inter-
action detection, hospital triage, blood-sample collection, to name
some [40,46,86,105,107]|. However, Al-based techniques for deriv-
ing effective control measures for mitigating the spread is scarce
[96]. In [96], a Q-learning-based model-free closed-loop controller
that accounts for cost and hospital saturation constraints related to
COVID-19 mitigation is discussed.

Challenges pertaining to mathematical model-based research
include translation and implementation of the mathematically mo-
tivated decision in practice to curtail the spread of COVID-19 or
any future pandemic. It is important to conduct post-pandemic
validation of mathematical models to re-validate the reliability
scale of the models and to increase the confidence of the pub-
lic, policymakers, and government on mathematical models. Com-
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pared to other areas that rely on the model-based study, such
as robotics, aeronautics, drug administration, etc., the main chal-
lenge in modeling an emerging pandemic is the limited data and
knowledge about the transmission parameters and the time scales
of intervention-response curves. Conducting post-pandemic model
re-validation and analysis is essential to set protocols for tackling
future pandemics. Some of the questions that are yet to be an-
swered are: Why the disease severity is widely different age-wise
and countrywide? What is the duration of protection expected
from vaccines? Can a vaccine developed for the SARS-COV virus
can ward off other virus variants effectively? Is there any differ-
ence in vaccine efficacy in different age groups? [38,102,123].

7. Conclusion

A concise and unified review of various mathematical models
that can be used for scenario-specific analysis and decision making
is presented in this paper. Challenges involved and scope for future
work in the area of mathematical modeling are also discussed. In
general, the positive changes that happened in the health care net-
work and public health response departments should be analyzed
and all favorable adaptation that happened as a response to the
COVID-19 pandemic should be reinforced towards developing a re-
silient health care system and prepared public capable of facing
future pandemics.
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