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Abstract
Tortuosity has a significant impact on flow and transport characteristics of porous

media and plays a major role in many applications such as enhanced oil recovery, con-

taminant transport in aquifers, and fuel cells. Most analytical and theoretical models

for determining tortuosity have been developed for ideal systems with assumptions

that might not be representative of natural porous media. In this paper, geometric

tortuosity was directly determined from three-dimensional (3D) tomography images

of natural unconsolidated sand packs with a wide range of porosity, saturation, grain

size distribution, and morphology. One hundred and thirty natural unconsolidated

sand packs were imaged using 3D monochromatic and pink-beam synchrotron micro-

computed tomography imaging. Geometric tortuosity was directly determined from

the 3D images using the centroids of the connected paths in the flow direction of

the media, and multivariate nonlinear regression analysis was adopted to develop a

simple practical model to predict tortuosity of variably saturated natural unconsoli-

dated porous media. Wetting phase saturation was found to provide a good estimate

of relative tortuosity with an 𝑅2 value of .93, even with a porosity variation between

0.3 and 0.5 of the porous media systems. The proposed regression model was com-

pared to theoretical and analytical models available in the literature and was found to

provide better estimates of geometric tortuosity with an 𝑅2 value of .9 and a RMSE

value of 0.117.

1 INTRODUCTION

Fluid transport in porous media can be encountered in a
wide range of applications, including enhanced oil recov-
ery, groundwater flow, contaminant transport in aquifers,
geological storage of CO2, fuel cells, and batteries. Tortu-

Abbreviations: 2D, two-dimensional; 3D, three-dimensional; CT, X-ray
computed tomography; SMT, synchrotron microcomputed tomography;
SMT-M, monochromatic synchrotron microcomputed tomography; SMT-P,
pink beam synchrotron microcomputed tomography.
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osity of transport paths in the pore space has a profound
impact on the transport and flow characteristics of porous
media. Pore space tortuosity affects electrical conductivity
(Garrouch et al., 2001; Weerts et al., 2001), permeability
(Duda et al., 2011; Vervoort & Cattle, 2003), diffusion (Gao
et al., 2014; Grathwohl, 2012), thermal conductivity (Qin
et al., 2019; Xu et al., 2018), fluid entrapment (Androutsopou-
los & Salmas, 2000; Salmas & Androutsopoulos, 2001), and
acoustics properties (Li & Payandeh, 2016; Zielinski, 2012)
of porous media. Tortuosity has been categorized in the liter-
ature into four main classes: geometric, diffusive, hydraulic,
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and electric. Geometric tortuosity (τ) is defined as the ratio of
the average length of the geometrical paths through the porous
medium to the straight line length across the medium (Clen-
nell, 1997). Diffusive tortuosity (τd) is defined as the square of
the ratio of the average length of a chemical’s diffusive path-
way to the straight line length (Epstein, 1989). Clennell (1997)
defined hydraulic tortuosity (τh) as the square of the ratio of
the flux-weighted average path length for hydraulic flow to
the straight-line length. Electric tortuosity (τe) is defined as
the square of the ratio of the average path length for electrical
flow to the straight line length (Wong, 1999). More informa-
tion about different types of tortuosity are referred to in the
critical review conducted by Ghanbarian, Hunt, Ewing, et al.
(2013).

Whereas many theoretical, analytical, and experimental
approaches have been reported in the literature to model tortu-
osity in porous media, the focus of this study is the geometric
tortuosity. Lanfrey et al. (2010) developed a theoretical tortu-
osity model for a fixed-bed of randomly packed mono-sized
particles:

τ = 1.23

[
(1 − ϕ)4∕3

𝐼2Rϕ

]
(1)

where ϕ is the porosity, and 𝐼R is the roundness shape factor
for a given particle defined as

𝐼R =
3
√

36π𝑉 2
p

𝑆p
(2)

where 𝑉p and 𝑆p are the volume and surface area of the par-
ticle, respectively. By definition, 𝑆p = 1 for spheres and is
less than unity for nonspherical particles. The model is based
on the assumption that the sinuous channels, which represent
the tortuous paths, have a constant proportionality of 0.84
between the cross sectional area and the square of hydraulic
diameter. Pisani (2011) derived a simple expression of tor-
tuosity as a function of porosity by numerical simulation of
diffusion processes in porous media composed of spherical

Core Ideas
∙ Geometric tortuosity was directly determined for

130 natural porous media.
∙ A model was developed to predict saturated and

unsaturated geometric tortuosity.
∙ The proposed model accounts for porosity, satura-

tion, and morphology of particles.

particles as

τ = 1 + 0.64 (1 − ϕ) (3)

Additional analytical tortuosity models from the literature
are presented in Table 1 where these models were derived for
fully saturated or dry porous media systems. Moreover, previ-
ous analytical and theoretical models determine tortuosity for
ideal systems with underlying assumptions that might not be
representative of natural porous material.

Ghanbarian, Hunt, Sahimi, et al. (2013) developed a
geometric tortuosity model applicable to variably saturated
porous media based on percolation theory and finite-size scal-
ing approach:

τ =
⎡⎢⎢⎣
θ − θt +

(
𝐶
/
𝐿s

) 1
ν

1 − θt

⎤⎥⎥⎦
ν−ν𝐷𝑥

(8)

where ν is a scaling component that equals 4/3 in two dimen-
sions (2D) and 0.88 in 3D, 𝐷𝑥 is the fractal dimensionality
of the optimal paths (1.21 in 2D and 1.43 in 3D) or back-
bone cluster (value depends on the percolation model), 𝐶 is
the typical throat length in the porous media, which can be
determined from the pore-throat length distribution mode, 𝐿s
is the system size, θ is the volumetric water content, and θt is
the critical volumetric water content for percolation, which is

T A B L E 1 Additional analytical tortuosity models from the literature

Equation no. Type Model Description Reference
4 Hydraulic τ = ϕ

1−(1−ϕ)
2
3

Idealized granular pore microstructure Du Plessis and Masliyah (1991)

5 Geometric τ = 1
2

[
1 + 1

2

√
1 − ϕ +

√
(
√
1−ϕ−1)2+ 1−ϕ

4

1−
√
1−ϕ

]
Two-dimensional porous media

composed of square particles
Yu and Li (2004)

6 Hydraulic τ =
√

2ϕ

3[1−1.209(1−ϕ)
2
3 ]

+ 1
3

Used a volume averaging concept to
express tortuosity of mono-sized
spherical arrays

Ahmadi et al. (2011)

7 Geometric τ = ( 19
18
)ln(ϕ)∕ln(

8
9 ) Tortuosity of flow paths in Sierpinski

carpet
Li and Yu (2011)
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JARRAR ET AL. 1869

F I G U R E 1 Experimental setup at Beamline 13D, Advanced Photon Source, Argonne National Laboratory. CCD, charge-coupled device

T A B L E 2 Summary of the physical properties of the 130 porous media systems used to determine geometric tortuosity

Sample 𝛟 𝑫𝟓𝟎 𝑰𝐑 𝑰𝐬𝐩𝐡 𝑪𝐮 𝑪𝐜 S

No. of
saturation
levels Image size Image resolution

% μm % voxels μm voxel−1

1 45.8 525 0.77 1.76 1.51 1.08 72.0–100 4 1,920 × 1,920 × 1,200 4.92

2 47.2 426 0.78 1.72 1.33 1.02 83.3–100 6

3 46.6 421 0.78 1.70 1.31 1.03 83.1–100 5

4 43.8 431 0.76 1.63 1.40 1.08 71.4–100 8

5 50.4 368 0.76 1.48 1.39 1.06 67.0–100 9

6 44.3 368 0.78 1.55 1.30 1.01 71.3–100 9

7 45.6 392 0.70 1.31 1.57 1.12 59.4–100 12

8 39.9 411 0.76 1.59 2.05 1.02 43.5–100 10

9 39.5 443 0.76 1.58 2.36 1.10 34.7–100 10

10 39.3 412 0.75 1.57 2.20 1.09 42.0–100 10

11 35.0 626 0.86 1.71 2.76 1.03 74.7–100 4 400 × 400 × 400 11.22

12 34.0 602 0.87 1.70 2.66 1.00 39.8–100 6

13 34.7 608 0.87 1.73 2.66 1.02 31.0–100 15

14 35.2 596 0.88 1.72 1.46 1.11 13.5–100 9

15 33.3 796 0.91 1.72 1.17 0.97 100 1 550 × 550 × 520 11.22

16 35.6 511 0.87 1.64 1.26 0.98 100 1

17 37.2 516 0.69 1.22 1.65 0.98 100 1

18 33.2 539 0.87 1.58 1.37 0.98 100 1

19 30.4 572 0.85 1.50 1.54 0.99 100 1

20 36.5 652 0.89 1.58 1.23 0.99 100 1

21 47.5 959 0.74 1.82 1.36 0.97 100 1

22 48.3 618 0.69 1.29 1.60 0.90 100 1

23 48.9 690 0.55 0.93 2.10 1.02 100 1

24 45.8 673 0.71 1.35 1.82 0.90 100 1

25 48.2 722 0.67 1.24 1.91 1.01 100 1

26 43.5 776 0.74 1.54 1.39 0.96 100 1

27 39.6 712 0.82 1.56 1.31 0.99 100 1

Note. ϕ, porosity; D50, median grain diameter; IR, roundness index; Isph, sphericity index; Cu, uniformity coefficient; Cc, coefficient of curvature; S, degree of saturation.
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1870 JARRAR ET AL.

F I G U R E 2 Histograms of (a) porosity, (b) median grain
diameter (D50), (c) roundness index (IR), (d) sphericity index
(Isph), (e) uniformity coefficient (Cu), (f) coefficient of curvature
(Cc), (g) mean pore radius, and (h) mean throat radius of the 130
systems reported in this study

F I G U R E 3 Image processing steps on a zoomed view of an XY slice of a sample system: (a) raw image, (b) filtered image, (c) binarized sand
image, (d) binarized sand separated image, (e) sand labeled image, (f) binarized nonwetting phase image, (g) three-phase segmented image (gas is
black, water is gray, and sand is white), and (h) histogram of the filtered image. CT, computed tomography
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JARRAR ET AL. 1871

F I G U R E 4 Two-dimensional cross-section and volume rendering snapshots for selected labeled images from (a) Sample 1, (b) Sample 5,
(c) Sample 8, (d) Sample 15, (e) Sample 21, and (f) Sample 27

the minimum water content required for the existence of a
system-spanning cluster of interconnected water-filled pores.
(Ghanbarian, Hunt, Sahimi, et al., 2013) defined the rel-
ative tortuosity (τr) as the ratio of geometrical tortuosity
in an unsaturated (i.e., partially saturated) medium to the
geometrical tortuosity of the same medium at full saturation,

τs:

τr =
τ
τs

=
⎡⎢⎢⎣
θ − θt +

(
𝐶
/
𝐿s

) 1
ν

ϕ − θt +
(
𝐶
/
𝐿s

) 1
ν

⎤⎥⎥⎦
ν−ν𝐷𝑥

(9)
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1872 JARRAR ET AL.

F I G U R E 5 Volume rendering image for a sample system
depicting the three segmented phases; sand is light gray, water is dark
gray, and gas is blue

Tortuosity has been measured experimentally indirectly by
conducting fluid diffusion experiments (Corrochano et al.,
2015; Soukup et al., 2015) and electrical conductivity mea-
surements (Morin et al., 2010). For instance, Iversen and
Jørgensen (1993) determined tracer diffusion coefficients of
SO4

2− and CH4 in different types of sediments including
sandy sediments and fine-grained silt and clay to estimate tor-
tuosity as

τ =
√
1 + 2 (1 − ϕ) (10)

Comiti and Renaud (1989) proposed the following equation
to estimate tortuosity based on permeability measurements for
polyvinyl chloride (PVC) platy particles and glass spheres as

τ = 1 − 𝑝 ln (ϕ) (11)

where 𝑝 is a fitting parameter which depends on the shape of
particles and was reported by Mauret and Renaud (1997) to be
0.49 for the case of spherical particles. Although these exper-
imental methods provide a fair estimate of tortuosity, they fail
to relate the estimated tortuosity to the geometry and topology
of the pore space.

Recent advances in nondestructive imaging techniques
such as X-ray computed tomography (CT) motivated
researchers to investigate the complex pore structure of porous
media. Several algorithms were reported in the literature
to measure geometric tortuosity using 3D volume images.
Such algorithms include medial axis (Al-Raoush & Madhoun,
2017; Takahashi et al., 2009), Dijkstra algorithm (Pardo-

Alonso et al., 2014), random walk simulation (Promentilla
et al., 2016), chessboard distance algorithm (FEI, 2018), and
thin-line skeleton (Rotger et al., 2003). Available commer-
cial software use different algorithms for measuring tortuos-
ity from 3D CT images. For instance, the medial axis algo-
rithm is used in 3DMA software (Jung et al., 2014; Takahashi
et al., 2015) and 3DMA-Rock software (Naveed et al., 2013;
Neethirajan et al., 2008), whereas the chessboard distance
algorithm is used in Avizo software (FEI, 2018). Naveed et al.
(2013) used 3DMA-Rock software to estimate tortuosity of
10 natural porous media specimens with different shapes and
mean particle diameters and reported that geometric tortuos-
ity can be estimated as

τ = 0.19𝑑50 + 1.45 (12)

where 𝑑50 is the mean particle diameter in mm. How-
ever, the main limitation of the model defined by Equa-
tion 12 is the limited number of samples used to generate the
model and the exclusion of the influence of porosity in the
model.

As observed from previous studies, analytical and theoret-
ical models that determine geometric tortuosity were devel-
oped for ideal systems with underlying assumptions that
might not be representative of natural porous media. More-
over, synergies of wetting phase saturation and geometric
characteristics of the natural porous media on geometric tor-
tuosity were not explicitly presented. Therefore, the objective
of this study was to develop a physically realistic model to
predict geometric tortuosity of porous media as a function
of porosity, wetting phase saturation, coefficient of curva-
ture, and roundness of the porous media grains. Additionally,
the proposed model was compared with analytical and the-
oretical models reported in the literature. One hundred and
thirty samples of natural unconsolidated sand packs with a
wide range of porosity, saturation, grain size distribution, and
morphology porous media were imaged using 3D monochro-
matic and pink-beam synchrotron microcomputed tomogra-
phy imaging. Geometric tortuosity was directly determined
from 3D images.

2 MATERIALS AND METHODS

2.1 3D SMT

3D synchrotron microcomputed tomography (SMT) is an
enhancement to industrial CT where a synchrotron radiation
source is used to produce a high-intensity X-ray beam.
Typical SMT imaging uses a monochromator (SMT-M) to
produce a monochromatic x-ray beam with tunable energy
allowing for element-specific imaging and reducing beam
hardening artifacts (Kinney & Nichols, 1992). However,
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JARRAR ET AL. 1873

F I G U R E 6 All possible connected paths in (a) two-dimensional image (flow from top to bottom of the image) where gray color represents
sand particles and black color represents the void space; and (b) three-dimensional image (flow from top to bottom of the image)

F I G U R E 7 Change of relative tortuosity with degree of
saturation for the 130 systems

the use of a monochromator reduces the flux significantly,
transmitting only 0.1% of the beam energy, which increases
data acquisition time and makes it unsuitable for monitoring
dynamic processes (Rivers, 2016). An alternative is the use
of pink beam technique (SMT-P) where the monochromator
is replaced with a grazing mirror and X-ray absorbing

foil. The SMT-P technique can yield an X-ray flux three
orders of magnitude higher than SMT-M, reducing the
data acquisition time to few seconds and makes a favor-
able option for in situ monitoring of dynamic processes
(Jarrar, Alshibli, et al., 2020; Rivers, 2016). In this study,
both SMT-M and SMT-P techniques were used to acquire
3D images of unconsolidated porous media systems at
different degrees of the wetting phase saturation. All scans
were acquired at Beamline 13D of the Advanced Photon
Source (APS), Argonne National Laboratory (ANL), Illinois,
USA.

2.2 Materials and experimental method

The porous media used in this study was silica sand obtained
from two suppliers: US Silica Company and Agsco. An alu-
minum cylindrical cell with an inner diameter of 6.35 mm
(1/4 inch) and a height of 38.1 mm (1.5 inches) was used
for the flow experiments. The flow cell has two ports: an
upper port connected to a DigiFlow pressure-volume actua-
tor (flow pump), and a bottom port connected to a pressure
regulator connected to a CO2 gas source (Figure 1). Sand was
deposited into the partially filled with water cell to achieve an
initial fully saturated state. During experiments, water (wet-
ting phase) was pumped out of the cell through the top port
at a flow rate of 0.01 ml min−1 while injecting CO2 (nonwet-
ting phase) through the bottom port at a constant pressure of
20.7 kPa (3 psi).
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1874 JARRAR ET AL.

T A B L E 3 Results of the nonlinear regression model for geometric
tortuosity

Model: 𝛕 = 𝛟𝛃𝟏𝑺𝛃𝟐𝑪
𝛃𝟑
𝐜 𝑰

𝛃𝟒
𝐑

Coefficient Estimate Standard error p value
β1 −0.35 0.0140 <.01

β2 −0.4 0.0148 <.01

β3 0.5 0.1253 <.01

β4 −0.5 0.0531 <.01

Note. τ, tortuosity; ϕ, porosity; S, water saturation; Cc, coefficient of curvature;
IR, roundness index.

Full 3D tomography scans were acquired continuously
using SMT-P (83 systems) and SMT-M (47 systems). A total
of 130 porous media systems with wide ranges of degree of
saturation (𝑆), porosity (ϕ), roundness (𝐼R), sphericity (𝐼sph),
mean grain diameter (𝑑50), and grain size distribution were
imaged and analyzed in this study (Table 2). The degree of
wetting phase saturation ranged from 13.5 to 100%; porosity
ranged from 0.30 to 0.50; and 𝑑50 ranged from 370 to 960 μm.
Moreover, histograms of porosity, 𝑑50, 𝐼R, 𝐼sph, 𝐶u, 𝐶c, pore
radius, and throat radius of the 130 systems are depicted in
Figure 2. The 3D images had three different sizes: 1,920 ×
1,920 × 1,200 voxels with a spatial resolution of 4.29 μm
voxel−1 (83 datasets), 550 × 550 × 520 voxels with a spatial
resolution of 11.22 μm voxel−1 (13 datasets), and 400 × 400
× 400 voxels with a spatial resolution of 11.22 μm voxel−1

(34 datasets). A total of 27 unique samples of unconsolidated
sand packs, which broadly varies in grain sizes, were orga-
nized in three different physical sizes and correspondingly
different imaging resolutions. To obtain different degrees of
wetting phase saturations, a given sand pack was scanned at
100% saturation and then gradually drained and scanned at
each drainage step for the corresponding degree of saturation.
A 3D image from a scan represent a single “system,” at a spe-
cific saturation level, for a specific sample of unconsolidated
sand pack.

3 RESULTS AND DISCUSSION

3.1 Sand particles segmentation

PerGeos software (FEI, 2019) was used to analyze 3D images
including image enhancement and segmentation. Figure 3
summaries the image processing steps for a zoomed view of
an XY slice of one of the systems. First, a combination of
anisotropic diffusion and median filters were used to reduce
noise in the grayscale SMT images and enhance their con-
trast. The anisotropic diffusion filter compares the value of
each voxel with its six neighboring voxels and diffuses the
voxel if the difference is smaller than the diffusion stop thresh-
old value. The resulting image is a smoothed grayscale image
with sharp particle edges (Figure 3b). The next step is to seg-

F I G U R E 8 Measured geometric tortuosity (τ) from synchrotron
microcomputed tomography (SMT) images vs. predicted geometric τ

estimated from Equation 15

F I G U R E 9 Comparison of the predicted saturated geometric
tortuosity using the model in Equation 15 with analytical and
theoretical models from the literature. SMT, synchrotron
microcomputed tomography

ment the filtered image to separate sand particles from the
surrounding wetting and nonwetting phases (Figure 3c).

Filtered images were binarized using an interactive thresh-
olding module where user-defined values of image inten-
sity ranges were used to binarize the images. The thresh-
olding range was selected based on intensity histograms of
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JARRAR ET AL. 1875

F I G U R E 1 0 Comparison of the predicted relative tortuosity
using the model in Equation 14 with the model proposed by
Ghanbarian, Hunt, Sahimi, et al. (2013). SMT, synchrotron
microcomputed tomography

the images and was verified visually for accuracy before
proceeding with the segmentation (Al-Raoush, 2012; Jarrar,
Al-Raoush, et al., 2020). Then, the Separate Objects mod-
ule in PerGeos software was used to identify individual sand
particles where each particle was assigned a unique numer-
ical label (Figure 3d, e). The Separate Objects module is a
combination of watershed, distance transform, and numerical
reconstruction algorithms that accurately remove small areas
of contact between particles. Figure 4 shows 2D cross-section
and volume rendering snapshots for selected labeled images
where each labeled particle consists of connected voxels occu-
pying a cubical point in 3D space. Labeled sand images were
then used to compute the porosity of a given system as the
ratio of the volume of voids to the total volume. The accu-
racy of the segmentation of the void and solid phases was
verified by comparing porosity values obtained from seg-
mented images with values obtained from direct measurement
of porosity. Columns were initially fully saturated with water
and then carefully packed with sand samples. The weight of
each column before and after packing was recorded to obtain
the volume of void space required to measure porosity of each
sand sample. The volume of each particle was computed as the
summation of all voxels within the particle.

3.2 Segmentation of wetting and
nonwetting phases

Similar to sand particles segmentation, the filtered images
were used to segment the nonwetting phase (CO2) using the

interactive thresholding module. The thresholding range was
selected based on the images histograms and was checked
visually for accuracy. Finally, arithmetic operations were per-
formed on the binarized sand and nonwetting phase images to
yield one segmented image with all three phases of solids,
wetting (water), and nonwetting with each phase having a
distinct value (i.e., solid particles have a value of 3, wetting
phase has a value of 2, and nonwetting phase has a value of 1,
Figure 3g). Figure 5 depicts a volume rendering snapshot
for a sample three-phase segmented image. The three-phase
segmented images were used to compute the degree of satu-
ration as the volume of the wetting phase divided by the total
volume of voids (wetting phase + nonwetting phase) of all
systems.

3.3 Particle morphology and gradation

Two morphology indices were adopted to quantify the mor-
phology of sand particles: roundness (𝐼R), and sphericity
(𝐼sph) indices. Alshibli et al. (2015) proposed a definition of
𝐼sph based on 3D SMT images as

𝐼sph =
𝑉p

𝑉s
(13)

where 𝑉s is the volume of a sphere with a diameter equal to the
shortest length that passes through the centroid of the particle.
In this study, the definition proposed by Lanfrey et al. (2010)
(Equation 2) is used to compute 𝐼R, whereas the definition
proposed by Alshibli et al. (2015) (Equation 13) is used to cal-
culate 𝐼sph. Uniformity coefficient (𝐶u = 𝑑60∕𝑑10), and coef-
ficient of curvature [𝐶c = 𝑑230∕(𝑑10𝑑60)] are used to describe
the grain size distribution of the porous media systems where
𝑑10, 𝑑30, and 𝑑60 are the diameters corresponding to 10, 30,
and 60% finer in the particle-size distribution, respectively.

Longest and shortest diameters measurements needed for
the morphology indices and gradation coefficients were
obtained by calculating the 3D Ferret diameter of all sand par-
ticles. Feret diameter is defined as the distance between two
parallel tangent planes of a particle at a given direction (like
measurements by a caliper). The 3D Feret diameters were cal-
culated for each sand particle with a sampling of 60 angles
regularly spread around the upper part of a unit sphere, which
can determine the maximum (longest) and minimum (short-
est) diameter of each sand particle.

3.4 Geometric tortuosity results

Binarized images, where wetting phase voxels have values of
1 and nonwetting phase and sand voxels have values of 0,
were then used to compute the geometric tortuosity for the
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T A B L E 4 Assumptions and parameters used to predict tortuosity for the models in Figure 9

Equation Assumptions Reference
1 𝐼R was assumed to be the mean value of all experimental systems Lanfrey et al. (2010)

5 No assumptions Yu and Li (2004)

7 No assumptions Li and Yu (2011)

8 θt = 0.1ϕ (per Hunt, 2004) ν = 0.88 (three-dimensional
flow) 𝐷𝑥 = 1.43 (fractal dimensionality of the optimal paths in
three dimension) 𝐶 ≪ 𝐿S ( 𝐶

𝐿S
) = 0

Ghanbarian, Hunt, Sahimi, et al. (2013)

10 No assumptions Iversen and Jørgensen (1993)

11 No assumptions (p = .49) Mauret and Renaud (1997)

Note. IR, roundness index; θt , critical volumetric water content for percolation; ϕ, porosity; v, scaling factor; Dx, fractal dimensionality; C, numerical fitting factor; LS,
system size.

wetting phase using the tortuosity module in PerGeos soft-
ware. The module computes the tortuosity of a path formed by
the centroids on each plane along the z axis of the binarized
3D image by computing the path length through the centroids
divided by the number of planes along the z axis (FEI, 2018).
Figure 6a depicts a sample 2D slice obtained from a 3D image
to visualize the connected paths in the porous media in 2D,
which shows that all tortuous paths were accurately identified
in the direction of flow (top to bottom of the image). Similarly,
Figure 6b shows all connected paths in a sample 3D image
when the direction of flow from top to bottom of the image.

Figure 7 presents the change of relative tortuosity with wet-
ting phase saturation for the 130 sand systems along with the
best power fit (depicted as solid line), which is found to be

τr =
τ
τs

= 𝑆−0.4 (14)

The power function of wetting phase saturation (Equa-
tion 14) provides a good estimate of the relative tortuosity
with an 𝑅2 value of .93 even with the variation of poros-
ity in the sand systems for the porosity range of the natural
unconsolidated porous media systems investigated here. Fur-
thermore, the minimum allowable value of τr according to
Equation 14 is 1.0 and is reached when S = 1.0, which is
in agreement with the definition of τr . The power function
in (Equation 14) uses the form proposed by (Mualem, 1976),
which has an exponent of −0.5; the 130 saturations from the
tomography images revealed that an exponent of −0.4 gives a
better fit for variably saturated unconsolidated porous media.
It is to be noted that removing the data point at lowest satura-
tion in Figure 7 gives an R2 value of .91. Moreover, 10-fold
cross validation was conducted with 80% of the dataset to train
the model and 20% for testing, the test portion of the model
had an average R2 of .92 and RMSE of 0.05.

Multivariate nonlinear regression was used to generate a
model that predicts geometric tortuosity of saturated and
unsaturated porous media using 𝑆, ϕ, 𝐷50, 𝐼sph, 𝐼R, 𝐶u, and
𝐶𝑐 as possible predictors. Regression coefficients were deter-
mined based on the least square fit which minimizes the sum

of the squares of the residuals. The p value was used to assess
the significance of each regression coefficient. A coefficient
with a low p value means that the null hypothesis that the coef-
ficient is equal to zero can be rejected. Only variables with a
p value less than .05 are kept in the model. The regression
yielded the following model:

τ = ϕ−0.35𝑆−0.4

√
𝐶c
𝐼R

(15)

with a RMSE of 0.117 and an 𝑅2 value of .90. Effects of 𝐼sph
and 𝐶u were found to be insignificant based on their p value
and were excluded from the regression model. Table 3 lists
the nonlinear regression coefficients along with their standard
errors and corresponding p values and Figure 8 displays the
measured geometric tortuosity obtained from SMT images
vs. the predicted geometric tortuosity estimated from Equa-
tion 15 along with 1:1 line. 𝐼sph and 𝐶u were excluded from
the regression model because the corresponding p value of
these two predictors was larger than the .05 threshold. In other
words, changing the power coefficient of the two predictors
did not change the response of the model, and therefore, their
effects were negligible.

Although Equation 14 determines the relative geomet-
ric tortuosity as a function of wetting phase saturation,
Equation 15 determines geometric tortuosity as a function of
porosity and sand characteristics. Moreover, 10-fold cross val-
idation was conducted with 80% of the dataset to train the
model and 20% for testing, the test portion of the model had an
average R2 of .89 and RMSE of 0.12. MATLAB software was
used to perform the multivariate nonlinear regression, the 10-
fold cross validation and to determine the fit of the presented
models. The significance of 𝐼R and 𝐶c agree with finding of
(Zhang, 2020), reflecting influence of particle arrangement on
tortuosity.

Figure 9 compares the predicted saturated geometric tor-
tuosity calculated using the model proposed in Equation 15
with analytical, theoretical, and empirical models obtained
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from the literature. Referring to Figure 9, Mauret and Renaud
(1997) and Ghanbarian, Hunt, Sahimi, et al. (2013) models
underestimate the geometric tortuosity values while Iversen
and Jørgensen (1993) and Lanfrey et al. (2010) models overes-
timate tortuosity for the porosity range reported in this study.
It should be noted that for Ghanbarian, Hunt, Sahimi, et al.
(2013) model, θt was approximated to be 0.1ϕ (Hunt, 2004),
and finite-size effect was neglected. Yu and Li (2004) model
overlaps with the proposed statistical fit model (Equation 15)
at porosity value of 0.45 but began to diverge and overestimate
the tortuosity as porosity decreased. Li and Yu (2011) model
shows good agreement with the statistical fit model defined by
Equation 15, but starts to diverge for porosity values less than
0.30. Table 4 lists all the assumptions and parameters used to
plot the predictive tortuosity models on Figure 9, the mean 𝐼R
of the 130 experimental systems is equal to 0.78. Figure 10
presents a comparison of the predicted relative geometric tor-
tuosity using the statistical fit model in Equation 14 with the
model proposed by Ghanbarian, Hunt, Sahimi, et al. (2013)
that was derived based on percolation theory. For Figure 10, θt
was approximated to be 0.1ϕ based on the porosity measure-
ments from the dataset, the finite-size effect was neglected,
and the 3D values of the fractal dimensionality of the optimal
path and the scaling component ν were used (1.43 and 0.88,
respectively). It can be seen from Figure 10 that the model that
was generated based on percolation theory is in good agree-
ment with the statistical fit model (Equation 14) with an 𝑅2

value of .77. The model began to slightly diverge at degrees
of saturation less than 0.25.

4 CONCLUSIONS

Multivariate nonlinear regression fitting was used to propose
a geometric tortuosity model for saturated and unsaturated
porous media based on in situ 3D images of unconsolidated
sand systems. Full 3D tomography images of 130 natural sand
systems with a range of porosity, saturation, grain size dis-
tribution, and morphology were acquired using SMT-M and
dynamic SMT-P imaging techniques. The degree of saturation
of the sand systems ranged from 13.5 to 100%, whereas the
porosity ranged from 0.30 to 0.50. All images were segmented
and analyzed, and the geometric tortuosity of each system was
determined using PerGeos commercial software.

Even with the variation of porosity in the sand systems,
the relative tortuosity can be estimated as a power function
of saturation only with an 𝑅2 value of .93. This is only
true for the porosity range investigated in this study (0.30–
0.50). Multivariate nonlinear regression was used to pro-
pose a model that estimates geometric tortuosity of saturated
and unsaturated porous media with 𝑆, ϕ, 𝐷50, 𝐼sph, 𝐼R, 𝐶u,
and 𝐶c as possible predictors. Effects of 𝐼sph and 𝐶u were
found to be insignificant based on their p value and were

excluded from the regression model. The proposed model
provided a good estimate of geometric tortuosity with an
𝑅2 value of .90 and RMSE value of 0.117. The proposed
model yields better estimates of saturated geometric tortuos-
ity compared with the analytical and theoretical models cur-
rently reported in the literature, which can be attributed to the
fact that these models were developed for ideal systems with
assumptions that might not be representative of natural porous
media.
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