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ABSTRACT

This paper presents a solution algorithm for solving the transportation
problem having fuzzy parameters in the constraints. A parametric study is
carried out for this problem. Some basic stability notions are defined and
characterized for the problem of concern. These notions are the set of feasible
parameters. the solvability set and the stability set of the first kind. Finally. an
lustrative numerical example is given to clarifv the theory and the solution
algorithm.
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1. INTRODUCTION

Transportation problems are generally concerned with the distribution of certam
product from several sources to numerous locations at minimum cost. Suppose
there are m warchouses where a commodity is stocked. and » markets where it is

nceded. Let the supply available in the warchouses be a,,a,,..,a,and the

demands at the markets be b,,b,,.... b, The unit cost of shipping from warehouse

i to market ; 1s $¢,. (If a particular warchouse cannot supply a certain market. we
set the appropriate ¢, at +x). The objective is to minimize the total cost of

transportation trom all the warchouses to all the markets.
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The application of the general transportation problem (GTP) is not limited to
transporting commodities between sources and destinations. The generalized
transportation problem was first posed by Ferguson and Dantzig [7] in a paper
discussing the allocation of aircraft to routes (see also {10,11,13]). Many papers are
introduced for solving such problems. For example Charnes and Cooper [5],
Garvin [8] and Hadley [9]. A dual method for solving GTP was presented by Balas
[1] and an operator theory of parametric programming for GTP was presented by
Balachandran and Thompson [2-4].

This paper is organized as follows: In section 2, some basic definitions on fuzzy
set theory are introduced. In section 3, we formulate the GTP having the supply
available in the warehouses a; as fuzzy parameters (FGTP). Section 4 is devoted to
a parametric study on the FGTP. In section 5, we propose a solution algorithm to
solve the problem of concern. In section 6, an illustrative numerical example is
given to clarify the theory and the solution algorithm. Finally, section 7 contains
the conclusions.

2. FUZZY CONCEPTS

L. A. Zadeh advanced the fuzzy theory at the university of California in
1965. The theory proposes a mathematical technique for dealing with
imprecise concepts and problems that have many possible solutions.

The concept of fuzzy mathematical programming on a general level was first
proposed by Tanaka et al (1974) in the framework of the fuzzy decision of Bellman
and Zadeh [14]. Now, we present some necessary definitions [6].

Definition 1

A real fuzzy number a is a fuzzy subset of the real line R with membership
function W satisfies the following conditions:

(1) Wu; is a continuous mapping from R to the closed interval {0,1].
() Kz (@) =0V a& (<o, ayl.

(3) U; is strictly increasing and continuous on [a;, a].

@D u;(@=1 Vae[a,a.

(5) WU; (a) is strictly decreasing and continuous on [as, a,].

®)u; (x) =0 YV a € [ay, +o0).
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where ay, a;, a3 and a, are real numbers, and the fuzzy number is denoted by
a = [ai, @, a3, a4].
Definition 2

The fuzzy number a = [ay, ay, as, a4] is a trapezoidal number, denoted by [a;,
@y, a3, ag), its membership function W is given by (see Fig.1):

0, a< a,
2
a-a
1- 2 a <a<a ,
a-a 1 2
12
us(a)=41, aZSaSa3,
2
a-a
1- 3 a <a<a ,
a -a 3 4
4 3
0, otherwise
nyz(a) A
-__1 _______________ : :
] 1
[} i
] I
[} ]
[} 1
| [}
[} [}
i l » 4
0 a a as as
Fig.1 Membership function of a fuzzy number a .
Definition 3

The a-level set of the fuzzy number d is defined as the ordinary set L, (a) for

which the degree of their membership function exceeds the level ac[0,1]:
L,(a)={acR | u;(a)=0}.
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3. PROBLEM FORMULATION

The problem of consideration is the following fuzzy general transportation
problem (FGTP): -

(FGTP): Min Z-= iicijxij

i=1 j=1

Subject tos
inj <a, i=1,2,..m (supply restriction at
j=1
warehouse 1)
inj 2D, j=12,..,n (demand requirement at
i=1
market j)
x; 20 V pairs (i, j).

where @;,i=1,2,...,m represent fuzzy parameters involved in the constraints

with their membership functions are W . For a certain degree o together with the
2

concept of o-level set of the fuzzy numbers therefore problem (FGTP) can be
understood as the following nonfuzzy general transportation problem (P;):

(P;): Min Z= iicijxij

i=1 j=1
Subject to

n
Y x; <a, i=1,2,..,m
i=1

inijj j=12,...n
i=1

a,€ L,(a,) i=1,2,...,m,
x;=0 V pairs (i, j)

where L, (a,)are the o-level set of the fuzzy numbers @,. The above problem can
be written in the following equivalent form:

(P,) Min Z=izn:cijxij

i=1 j=1
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Subject to

n
inj <a, i=1,2,...m
j=1

Dx;2b;,  j=12,..n
i=1

W<a <H) i=1,2,.,m
x;20 V pairs (i, j)

It should be noted that the constraint (a, € L,(d,)) has been replaced by the

constraint hi0 <a,<H iO ,i=1,2,...,mwhere hio and H iO are lower and upper
bounds on a; and they are constants.

4. A PARAMETRIC STUDY ON PROBLEM (P,)

The parametric study of the problem (P,) where hl.0 and H 10 ,1=12,...,m are

assumed to be parameters rather than constants can be understood as follows:
Let X(h, H) denotes the decision space of problem (Ps), defined by:

X(h H) = {(x;, a,)e R"™ | a,=> x,20, Y'x,-b,20, H,—a, 20, a,~h, >0,
j= i=1

x, >0, i=1,2,.,m j=12 ., n}

ij
Some Basic Stability Botions for the Parametric Problem

In what follows we give the definitions of some basic notions for the parametric
problem. These notions are the set of feasible parameters, the solvability set, and
the stability set of the first kind (see [12]).

The Set of Feasible Parameters
The set of feasible parameters of the parametric problem, which is denoted by

U, is defined by:
U= {(h Hye R*"|X(h, H) = §}.
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The Solvability Set

The solvability set of the parametric problem, which is denoted by V, is defined
by:
V={(h H)e U I problem (P3) has a-optimal solutions}.

The Stability Set of the First Kind
;, a;)of

parametric problem. The stability set of the first kind of parametric problem which
is denoted by

S (x;,a,.* ) is defined by:
S (xj.a,)= {(h H) € V| (x},a]), i=1,2,...,m; j=1,2,..,n is a-optimal

solution of parametric problem]}.

Suppose that k°, H" € V with a corresponding (-optimal solution (x

Utilization of the" Kﬁhn-Tucker Conditions Corresponding To
Parametric Problem

The Lagrange function of parametric problem can be written as follows:

L= Zz CiXy + A (a, —Zn:xg)+nk(zn:xij-bj)+pk22 x; +
j=1 j=t

i=l j=1 i=l j=1

D Ofa,—h )+ > B(H-a,), k=12 .. nm
i=1 i=1

then, the Kuhn-Tucker necessary optimality conditions corresponding to the
parametric problem at the solution (x;,a:), j=L2,..,ni=1,2,...,m will
take the form:

)
oL _ 3 de,x, Y 1 i=1 0y
i=1

k
axij i=l j=I axij a.xij i i=] j=]
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5 a[ai— xlj)
L _a, /40, -B, =0, i=1,2,

da, ! da.

11 11

v M

n
a -y x;20  i=12..m
j=1

m

>x;-b,20  j=12..,n
i=1

H,-a 20, a,-h. 20, i=12,.,m

r

x;20 V pairs (i, j)
}»i(ai-inj)zo i=12,...m
=1

(Y x;-b,)=0  j=1L2..n
i=1

Bi(H, -a)=0, 0,a -h)=0, i=12,.,m
Pex;=0 V pairs (i, ) , k=1,2,...mn
BiMohis 0 px <0, i=12,...m; j=12 ..n k=12 .. ,mn

where all the relations of the above system are evaluated at (x;. ,ai* )and 6,, B, M
*

Pw Ay are the Kuhn-Tucker multipliers. The set T(x;,

and H for which the Kuhn-Tucker necessary optimality conditions corresponding

;.,ai* ). Clearly, this set can be considered

a;) is the set of parameters h

to parametric problem are utilized at (x
as a subset from the set S(x; ,a:), ie. T (X a:) c S(xfj ,a?) .

ij?

S. SOLUTION ALGORITHM

In this section, we describe a solution algorithm for solving the (FGTP). In this
algorithm, we will use the Vogel’s Approximation Method (VAM) define a penalty
for each row and column. This penalty is the absolute difference between the
smallest and the next smallest cost in a given row or column. Next, the row or
column with the largest penalty is identified and the variable that has the smallest
cost in that row or column is selected as the next basic variable.
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Step 1 Determine the points (a;, a,, as, as) for the fuzzy number in the formulation
problem (FGTP).

Step 2 Convert the problem (p;) in the form of the problem (p,).
Step 3 Formulate the problem (p,) in the parametric form of parametric problem.

Step 4 Apply VAM to get the basic feasible solution.

6. AN ILLUSTRATIVE EXAMPLE

Consider a transportation problem with three warehouses and four markets. The
market demands are b, = 4, b, = 3, b; = 4, by = 4. The warehouse capacities are

given as fuzzy numbers as follows: 51 =(1,2,5,7), 52 =(3,7,8,9),

53 = (1,3,5,6) . The following table gives the unit cost of shipping:

M, M, M, M,
Wi 2 2 2 1
W2 10 8 5 4
W; 7 6 6 8
The transportation table is given by
Xy 2 X1z 2 X132 X141 Wi
X321 10 X2 8 X723 5 x244 W2
X31 7 X132 6 X33 6 X34 8 W3
Demands 4 3 4 4
with o0 = 0.36 and applying definition of membership function, we get
1.2<a,£6.6, 3.8<a,<8.38, 14<a;<8.8

The nonfuzzy problem can be written as follows:

Min Z= 2% + 2x1p + 2x13 + X14 + 10xp; + 8xp0 + SXZ3 + 4xp, + Tx31 + 6)C32 +
6)633 + 8X34
Subject to
aj - X11 - X2 - X3 - X142 0,
Ay - X1 - Xy - X3 - X242 0,
A3 -X31 - X3 - X33 - X34 2 0,
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X1+ X1 +X31 2 4,

X2+ Xpp + X322 3,

X13 + X3 + X33 2 4,

X1a+ Xpg + X34 2 4,

1.2<a,£6.6, 3.8<a,£8.8, 14 <a; <88,
X115 X125 X13, X145 X215 X22, X235 X245 X315 X32, X33, X34 2 0.

So we can get the following results:

* * * * * * * * * *
X=3, x,=0, x5 =0, x;, =0, x; =0, xp, =0, x3=3, Xy =4, X3 =1, X,

=3, x; =1, x; = 0 with the o-optimal parameters a, = 3, a, =17, a; =35.
The parametric form of the above problem is stated as follows:

- Min Z= 2)C11 + 2)C12 + 2X13 + X4+ IO.X21 + 8.X22 + S)Cz:; + 4XQ4 + 7X31 + 6.X32 +
6X33 + 8X34
Subject to
ay - Xy -Xi2-X13-x142 0,
@y - X1 - Xpp - Xp3 - X4 2 0,
as - X3p - X3y - X33 - X34 2 0,
X11 + X21 + X31 2 4,
X12 + X220 + X392 2> 3,
X13 + X3 + X33 > 4,
X14 + X4 + X34 > 4,
Hl-a120, H2—a220, H3-a320, a; -h120,a2-h220,a3-h320,
X11> X125 X13, X14, X215 X225 X23, X245 X31, X325 X33, X34 2 0.

The Kuhn-Tucker necessary optimality conditions corresponding to the above
parametric problem will have the form:

Pr+Mi-Ai=-2, pPr+Me-A=-2, pP3+M-A3=-2, Pa+MNa-Ag=-1,
Ps+Ms-As=-10, pe+MNe-As=-8, pP7+M7-A;=-5, Ps + Mg - Ag = -4,
Pot+Mo-Ao=-7, Pro+Nw-ro=-6 Pi+Nu-A1=-6, Pr+Nn-Az=-8,
}\.1+91-I31:O, }\2+62-Bz=0, }\.3+93-B3:0,
M(ar-x11-x2-X13-%10) =0, Ay (@2 -Xp1 - X - X3- X24) = 0,

Az (a3 -x31 - X30-x33-X34) =0, My (g + X1 + 231 -4) =0, M2 (X2 + X2 + X32-3) =
0,

N3 (X3 + X3 +x33-4)=0, N4 (X1a + X24 + X34 -4) =0,
Bl (Hy-a) =0, B2 (Hy-ay) =0, f’3 (Hs-a3) =0,
01 (a1 - h) =0, 0, (az- hy) =0, 03 (as - h3) =0,
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P1X11 = PoX12 = P3X13 = PaXia = PsXa1 = PeXzz = PrX23 = PsXoa = PeX31 = ProX32 = P11X33

= Pioxzs = 0.
ar-x11-Xx12-X13-x13 20, @y-Xxp -Xp2-Xp3-%420, @3-X31-X3p- X33 - %3420,
X1+ X1 +x31 24, X+ Xn+x3223,  Xpt+Xpntxp24, XatXutxu2

4,

H-a.20, H-a,>20, H;-a;20, a-h 20, a-h=20, a-h=20,

X115 X125 X13, X14> X21, X225 X23, X245 X315 X325 X33, X34 2 0.

P, P2, P3 Pats P5» Por P75 P Pos P10s Pits P12s Aty Az, Az, Mgy As, Ag, Az, Agy Ao, Ao, At
A2, M1, N2 M3, N N5 Ne> N7 Nss Mo, N1o» N1z Mizs 01, 62, 03, Br, B, B3 < 0.
Where all relations of the above system are evaluated at the solution (x; ,a)=
(3,0,0,0,0,0,3,4,1,3,1,0,3,7,5). From this system, it can be shown that:
PI=Pr=Ps=Po=Pro=Pu=Pr=M=A=A3=A=As=As=A7=Ag = o = Lo
=AML =An =M= =N =Ns=Ns=N12=0, p2=p3=-2, ps=-1, ps = -10, pg = -
8, M =-2,M=-5"Ns=-4MNo=-7,Nio=-6, N1 =-6, 8; =By, 6, = B2, 63 = P.

The stability se of the first kind of problem P3 is given by

S(x, a,-*)={h1, hy, hs, H 1, Hy, Hy € R | hy=H, =3, h=H, =7, hy= H; =5}.

ij?
The set of feasible parameters is expressed as follows:

U= {hy, hy, hs, Hy, Hy, Hy€ R® | H, > hy - 0.2, Hy > hy - 6.6, Hy > hy - 7.4).

7. CONCLUSIONS

In this paper, we have proposed a solution algorithm for solving the generalized
transportation problem with fuzzy parameters in the constraints. Some basic
stability notions for the problem of concern have been defined. These notions are
the set of feasible parameters, the solvability set and the stability set of the first
kind. A parametric study has been carried out for this problem. An illustrative
example has been given to clarify the theory and the solution algorithm.

REFERENCES

Balas E., (1966), The dual method for the generalized transportation
problem, Management Science, 12, 555-5568.

174




10.

11.

12.

A Parametric Study On Transportation Problem Under Fuzzy Environment

Balachandran V. and Thompson G.L., (1975), An operator theory of
parametric programming for the generalized transportation problem: I basic
theory, Nav. Res. Log. Quart., 22, 79-100

Balachandran V. and Thompson G.L., (1975), An operator theory of
parametric programming for the generalized transportation problem: II Rim,
cost and bound operators, Nav. Res. Log. Quart., 22, 101-125.

Balachandran V. and Thompson G.L., (1975), An operator theory of
parametric programming for the generalized transportation problem: III
weight operators, Nav. Res. Log. Quart., 22, 297-315.

Charnes A. and Cooper W.W,, (1961), Management models and
industrial applications of linear programming, vols. I and II, Wiley, New
York.

Dubois D. and Prade H., (1980), Fuzzy sets and systems, theory and
applications,
Academic press, New York.

Ferguson A.R. and Dantzig G.B., (1956), The allocations of aircraft
to routes — An example of linear programming under uncertain demand,
Management Science, 3, 45-73.

Garvin W.W., (1960), Introduction to linear programming, McGraw-
Hill, New York.

Hadley G., (1962), Linear programming, Addison-Wesley, reading,
mass.

Hughes J.B., (1987), A multiobjective cutting stock problem with
stochastic demand in the Aluminum industry, Presented at the second
workshop on mathematics in industry, ICTP, Trieste, Italy.

Ignizio J. P. and Cavalier T. M., (1994), Linear programming,
Prentice-Hell, Englewood Cliffs, NJ.

Osman M. S. A., (1977), Qualitative analysis of basic notions in
parametric convex programming, II (parameters in the objective function),
Aplikace Mathematiky, 22, 333-348.

175




Saad and Abass

13. Stroup J. S. and Wollmer R. D., (1992), A fuel management model
for the airline industry, Journal of Operations Research Society of America,
40, 229-237.

14. Zadeh L. and Bellman R., (1970), Decision making in a fuzzy

environment, Management Science, 17, 141-164.

176




