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In this paper we study the problem of finding the value of the parameter ).. for 
which the differential equation. 

~ = f(t,x, 
dt' 

dx, A) 
dt (1) 

has a solution satisfying the boundary conditions 

x( o) = x ' ( o) = o (2) 

where te j?, T) ,x,x',).. are elements of some Banach space E. Sufficient conditions 
for the existence of a unique solution are found as well as an iterative procedure for 
finding the solution (x* (t),A*). 

Assume that the following conditions are satisfied: 

2 

1) The operator f(t,x,y, A ) is continuous with the totality of its arguments 
in Q = { [o,T] ' II X rr~ R, [[y[[~R'' [[}.[[~P} 
and satisfies the Lipschitz condition 

II f(t;x,y,A)-f(t,x,y,~) II~ L II x-xrl +Mil y-y[[ + N II).. 

(3) 

2) There exists a linear bounded and continuously invertible operator B. 
such that in Q the following inequality is satisfied: 

'( 

II J (T-t) { f(t,x,y, A) -f(t,x,y,~) } dt-B( A- X ) II ~ E II A -"X II 
0 

3) The Lipschitz constants and e are such that 

T 2 (LR+M.I{+N p +m) ~ R 
2 

T(LR+MR +Np +m) ~ R, 

If B-'[[ {e P+T (LR+M.I{) +m +If xT[[} ~ P 
2 

(4) 

(5) 

(6) 

(7) 



•• 

where m MAX_[[ f(t,o,o,o)[[, 
o~t~T 

For the solution of problem ( 1 ), (2) wee construct the following two 

sequences. 

;\. n + 1 = X n- B-1 
{ X(T) - XT } 

n 

o,1,2, .... , 

where x~ (t) is continuous in [o,T] , x:,(o) = o 

[[ x',(t)[[~ R, [[ Xo(t)[[ ~ R and II A o II ~ P . 

Theorem 

Let the conditions (3) - (7) be satisfied and let the 

Matrix A 

LJ'2 

2 

LT 

LT' [[B- 1
[[ 

2 

NT' 

2 

MT NT 

MT' II s-l II elf[ s-l II 
2 

(8) 

(9) 

be an a-matrix i.e. the determinants of all principal minors of the matrix (I,- A) are 
positive, where 13 is the unit 3 x 3 matrix (see [~]).The problem (1), (2) has a 
unique solution (x*1(t), A*) which is the limit of the sequences (8), (9) and the 

speed of convergence is given by 

max [[ Xn(t) - x*(t) [[ 

O~t~T 

max [[ x'r,(t) - x""'(t) [[ 

o~t~T 

R 

(10) 

p 
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Proof 

Let E be a space of vector functions 

x(t) 

X(T) = x(t) 

A 

where x(t) is a continuously differentiable abstract function in [o.T] with values in 
E, x' (t) its derivative and A e E - with the following norm. 

max llx(t)ll 

o::St::ST 

max llx'(t)ll 
o::St::ST 

II A II 

Define in E an operator 

t J (t-s)f(s,x(s), x' (s), A ) ds 
a 

G(X(t)) = Ji1 f(s,x (s), x' (s),A) ds 
a 

A - B ·I { X(T) - XT } 

Let X(t) e S, where 

s = { X(t)eE, II X(t) II E ::s 

Then from (4) - (8) we get: 
t 

=: U(X(t)) 

=: V(X(t)) 

=: W (X(t)). 

II U(X(t) II ::S II J (t-s)f(s,x(s), x' (s), 
0 

t 
A) ds - J (t-s)f(s,o,o,o,) 

0 
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ds II + mT' 
2 

,;::; T (LR+MR+N P+m) ,;::; R; 

2 

II V (x(t)) II ,;::; II J t f(s,x(s),x(s), A) ds- 1 tr(s,o,o-ds II +mT, 

0 0 

T(LR+MR+N F +m) ,;::; R'; 

II W(X(t)) II :!:S II B-' II Ul B( A)- ifcT-s) { f(s,x(s), x'(s). A) -f(s,x(s). 

x'(s). o)} ds II 
0 

+ IIJT(T-s) { f(s,x(s), x (s),o)- f(s,o,o,o)} .ds II+ mT' 

0 2 

+ II XT II] ,;::; II B-' II { ef + II XT II + .r (LR + MR ) J ,;::; p 0 

2 

Then it follows that 

R 

II G(X(t)) II E':!:S R 

f 

I.E. G(X(t)) E S. 

Let X(t) and X(t) E S. then it follows from (3) that: 

II U(X(t))-U(X(t)) II ,;::; LT' max II x(t)-x(t) II + MT' max II x' (t) 
2 o:!:St:!:ST 2 o"=St:!:ST 

-i (t) II + NT' II A - X II ; 
2 

( 11) 

11 V(X(t))-V(X(t)) II ,;::; LT, max II x(t--x(t) II + MT max II x(t)-~(t) II 
O:!:St:!:ST o:!:St:!:ST 

+ NT II A - ~ II ; 
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II W(X)(t))-W(X(t)) II ~ II B-' II [ LT1 max II x(t)-x(t) II 
2 o~t~T 

+MT' max 
2 o~t~T 

II x(t)-~(t) II + E II A - ~ II] 

These inequalities lead to: 

II G(X(t))- G(X(t)) II"E ~A II X(t)- X(t) II'E ( 12) 

From ( 11 ), (12) using the generalized principle of contraction mapping [3] , it 
follows that the operator G posseses inS a unique stationary point x*(t) = G(X* 
(t)) and this point is the limit of the successive iterations. 

starting with an arbitrary element X0 (t) e'S: the speed of convergence 1s 

determined by 

II Xn + I(t) - X\t) II I ~ A"(I,-A)-' II Xo(t)-G(X,it)) II E" 

from which (10) follows. This proves the theorem. 

Remarks 1: 

If the R. H. S. of equation (1) can be written in the form 

f(t,x,y, A) = b(t)A ::!=g(t,x,y, A ) and 

II g(t,x,y, A ) -g(t.x, X ) II ~ e (t) II A - x II . 

then we can take 

B = f' (T-t)b(t) dt 
a 

In this case 

E = f' (T-t) 8 (t) dt 
() 

Remarks 2: 

The inequalities (5), (6) (7) can be replaced by the following: 

6 

J 



II t(t,x,y, i\) II ~ r(t) 

J' (T-t)r(t)dt ~ R, 
0 

J' r(t) dt ~ R 
0 

(13) 

II t(t,x,y,O) II ~ p(t) 

II B-l II { r (T -t) p (t) dt +II XT II } ~ (1- E II s-l II) f ( 14) 

a 
Also the condition that the matrix A is an a-matrix can be replaced by the 

assumption that II Ail = cc < 1 ( 15) 
In the last case equation (10) will reduce to 

Example: 

To show that the conditions of the theorem are consistent, we introduce the 
following example. 

Consider the scalar differential equation of the deflection of a contilever of unit 
length under the actipn of a weight ~ at its end. The relevant e4uation is 

x.' (t) = -1 C1+(x Ct)''JI' i\(1-t) 

el 
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where e is the modules of'elasticity and I is the centroidal second moment of the 
cross-section of the lever. It is required to calculate the value of A that will give a 
maximum deflection x 1 at the end point. 

Taking x 1 = 0.05 and el = 10 the problem becomes 

x' (t) = -=-..1 [1+(x' (t))]'12 A (1-t) 
10 

x(o) = x (o) = o and x(1) 0.05 

Here 

E = ( -oo , + oo), T = 1, xT = 0.05 

f(t,x,y, A) = -1 (1+y'l'). (1-t) 

10 

Choosing R = 0.1, R = 0.11 and f = 2, 

Then r(t) = 0.21 (1-t), p(t) = 0 and the inequalities (13) are satisfied 

Taking b (t) = -1 (1-t) then B -1 

10 30 

e (t) o.oo37(1-t) 

E = 0.002 

from which it follows that (14) is satisfied. 

L = 0 , M = 0.08 , N = 0.105 

It can be easily seen that the matrix A has a norm less than unity and at the same 
time it is an a-matrix 

i.e. All the assumptions of the theorem are satisfied. 
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