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ABSTRACT

The problem of the propagation of the elastic-plastic wave in the half-space occupied by
and elastic-plastic medium has been studied. Treatments were carried out under the
Assumption of perpendicular load, on the boundary, which propagates with a constant
speed D.

The assumption further involved that displacements were in the direction of the load,
whereas the lateral displacements were neglected.

The method of quadratic error was used throughout the solution of the wave equation.
the theoretical calculations of space-dependent stress were displayed with respect to the
distance from the half-space boundary.
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Introduction

Among various authors, Rakmatulin [1], Shapiro [2] and Sokolovskii [3] have studied
the problem of elastic-plastic wave propagation in the half-space.

The three-dimensional problem of elastic wave propagation has been solved by Fawze
El-Dewik [4]. The problem has been studied when an instantaneous constant load acts on
the boundary of the elastic half-space. The load is taken to act perpendicular to the
boundary and the lateral displacements were neglected. A similar study of this problem
was carried in the case where the load is time-dependent [5].

The two-dimensional problem was treated under the assumption that the propagation
load acts perpendicular to the boundary [6], and the solution was obtained by taking
into account the verticle displacements, whereas the lateral displacements were neglected.

Nevertheless, this problem was recently solved [7] taking into consideration the lateral
displacements as well as the verticle ones,

In the present work, the two-dimensional problem of elastic-plastic wave propagation
has been studied, whereas the boundary load moves with a constant velocity.

1. Basic Equation and its Solution

Let the semi elastic-plastic material occupy the domain Z>0, - ee<x,y<e0 in the
cartesian coordinates.

Assume that a load exists perpendicular on the boundary of the half-space and we
assume that this load propagates with a constant speed D. if we neglect the lateral dis-
placement then, the vertical displacement W satisfies the wave equation:

°W *W _ 9*W
P a(e) [‘a"x'z' + 'a'};z‘ ) a.n
where a is the velocity of the longitudinal wave which is a function of intensity deforma-

tion e.
The initial condition is

)
W(x, y,0) = = W(x,y,0) = 0 (1.2)

And the boundary conditions are

(%XV) = £(x,t) 0< IxI<Dt

y y=0

<%"—V> =0 IxI> Dt (13)
y y=0 .
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The solution of the problem in this case may be written in the form

C.Ddkdr ...
w = - -
ovaz(t -7 —(x—§)? —y* .10

where 8- is the region bounded by

=t —-\’(x ) +y? (2.2)

T =+Dr (2.3)
Consequently, one can prove that the expression (2.1) satisfies the wave equation (1.1)
and then we get

(%!-V> = —[IC(x,t) 2.4
y y=0
Therefore, the expression (2.1) takes the form i
d
_[[. -- .E.(.E’.T). qg - .T ......... (2.5)

M Qfa’(t—1)* — (x— 1) —y?
Using (2.2) and (2.3), then the bounds of the integration in (2.5) will be the following

W=——%fdrf . GEndE

“or 22t 7 —(x —§)? —y?

Ty Dt
1 C(E,T) dg
=1 4
H'[ T'/\/a -1 —(x—§)? —y?

™ &
1 CE,r) di
L[4

“[ TfVa’(t—r)Z—(x oy

where ¢, Ty,7,£1, and £, are defined from the equations

a?(t—1)’ — (x—¥? = y*, & = —Dr,,
a?(t—m)* — (x—§)? = y*,£ = —Dr,,
a?(t—rm) = y?,

&
&

x-\a’(t—7)> —y*  and
x +\a%(t —7)* —y?.




We shall discuss the probiem when
£©) = bo +bl§+b2§‘2

Then we have

_1 (Vzbl — byx) f ..... 2.(.". -8)dgdr —
O/t -1 —(x ) —y?
o ff oo , 26

o f—n? - (x5 -y

Y . S—
O s e O

To DT

- Yb. _ L Ax o9 _
T———t f s

1 DT .
Ny f --.-%(z...f.).(is_ ';3%"“]

To X ’a +y \/a (t

:II

f =B SO
b v BN O R R CR U
Where 7, may be obtained by solving (2.2) and the straight line £ = 0

Thus o = at -_/x_2+_}/2
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Also 7, - may bé obtained by solving (2.2) and the two straight lines £ = tDr

Thus 7, = (f'_l:bv) [— (Dx—at)iJ(Dx—at)2 - (1 -Dy@t* —x* —y?) ]

See figure (1).

I:.'bg
Fig. 1.
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Differentiating (2.7) with respect to x and y respectively we get

%V;’ Ill—(bo —byx +b2x2){[co D) L0t X e 97_0]

+___;___ [s oo @-DA)(T) DDy a2 —D?)t—D(x—Dt) ] ~

S T B v
—%[1 an (t—'r(,)+ﬂ--'r(,)2 X’ +y —1—log
X {2 \/;2@ —11)* — (x-Dry)* -y %'X‘l—z\/;lz(t—’r)2 —x* -y %7);(9 -

t+/t2 — x +y |]} ——‘(%bl —b,x) X
-2D

- (;2"’__‘]52‘) l:/c:z -D? Nt—7y )2 — 2D(x—Dt)(t—r, )—(X—Dt)2 _ y2 _

2,2
(t—10) + [(t—ro)* - 52_y_ -

]-za,%_x;_gg [ (8 D?)(t-7,)-DODY)_
(a*-D%)

Ja?(x — Dt)? +(a% — D?)y?

- ‘/{ai2 —D?)t? —2D(x—Dt)—(x—Dt)? —y{l - za)—( [ log

x+y

—log |t+ [t — ——r

_gpt .. @2-D)t-Dx-DY ] } % {[l/z(x—D'ro) (1o —y*(xDro)?

\/az(x —Dt)? +(a2-D?)y?

—x/az(t—'ro)z—yz—xz] %T" — (@ (t—10)?—y?) cos™ oo X .. ) %IE _
[a2(1—ro) —y? 0%

] - x—Dr or

T A DL R Ter. ve. e

a*(t—70)* -y’

—%(t—ro)/(t—ro) —x2—y? —t/t —y?x® + % 2 (sin™! -0

2 2 2 2
_sm-lt.J_)s.f.x. +§>5-.+_Y._).[ -1 .a.(t:fq).._sml at]
a /x +y X +y2
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—[/(a2 “D?)? —2D(x—Dt) t—(x—Dt)* —y2] (a;zil)_(]’)‘;)m)> R [y2 i?(x—ll))’t;

—sin! ..(.a- T.]).z.).(fﬁl.).tp.(z(:l?t) sin~! ng.Tl.).z .) E :"_])_(_X_—:]_)E)_ - - (2 8)
/@ (x—DtY +y>(a® -D?) /22 (x-Dt)* +y* (a2 —D?)
ow _ 1 x—Dr or X 91¢
=— = —=(bp—b; +b,x?) {cost -l .at—cost eooaotaoon- -
oy Il 1o al(tor,)i—y? Y 22 (1—1, )2 —y? oy

[at—r1)-yly y*(1-D*) + (x-Dt)’

. [Sm-l fat=rs)=y] /U -D*)-DG-DY] - [By- [Dy + (:-D0)? _
a

(at-y),/ y*(1-D?) — (x-Dt)?

1 (@t=y) [y(1-D?)-D(x-D1)] — [Dy +(x-Dp)]? ]

[a(t—r1) +y]V y?(1-D*)+(x-Dt)* *

o1 [s o la(t=ry)+y] [y(1-D?) +D(x-D)] + [Dy—(x-D1)]’
2a

(at+y)V y*(1-D?) + (x-Dt)? [att-—r1)- Ve

a-t @ry) [y(1-D?) + D(x-D1)] +[Dy—(x—Dt)]’] [sin-l a(t—r,)y—y> —x>

2 2
—v2_ eV +vE
—sin™! ---?EX-Y.-.X._..] [sin‘l a(t—7,) y x?

(at—y)/ [a(t—ry) +y] VX2 +y?
BRI A5 4. S0 | QER DR, P /;(t_n)z_(x_mx)z_yz o
(at+y) Vx? +y? I 1 dy
o AT o 0o, | gg @DINT) DM
/ (t=7o)* —x*—y "By \/—I?Taf [sm DY T oD
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Va?(x-Dt)? +(a%-D?)y?

—sin™! (a® -D*)t-D(x_Dr) ] - f [log (t -—1‘0)4\‘/ (t—70)* — --25; y:

—log t + /t? _xz;yz]} { ¥(x—Dryp) f(t—fro)z—y (x—Dro)?. _a:r?

-1

+ X\/arz(t——'ro)2 —yr—x? . by % [a%(t—70)* —~y?] cos

+ > (@%(t—19)*—y?)cos! -..oT0... .. e
[22 (t—r0)? —y* dy
+ %% (t—1,)>—y*)cos™! ii..-C.o.... .a:r.l +
/ a2 (t—r, )2 T oy
+2y(‘r,cos' ----- R - — TOCOS ...3(:-.]?1:0...__ _

v at(t—1,)* —y?

The numerical values for QW and Z—)XV were calculated for the different values of x.

oy ox

The plots of %—‘3’] and %!Z are represented in figures (2) & (3).
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Fig. (2)
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The Propagation of Elastic-plastic Wave in the Half-space:

In this case it we take into consideration Prantel’s diagram, then the elastic-plastic wave
propagation may be illustrated as shown in figure (4). The region W, is the elastic medium
and the surface A BC B A is the discontinuous deformation interface. If the lateral dis-
placements were neglected, then the vertical displacement W in the plastic medium satis-
fies the wave equation (1.1) with the boundary conditions (1.3) where

W=W, +W,

(3.1)

and Wy & W, represent the vertical displacements in the elastic and plastic regions respec-

tively. (see tigure (4) ).
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Suppose that the boundary condition for plastic region is
oW,
dy y=0

Then the boundary condition for the elastic region will be
oW, e_e
o = E€—€
oy y=0
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and the solution of the problem may be written in the form

W, = J) ... Cy(§,m)dédr , (3.4)

A e

&

w, o= J) e C( r)dgdr , (3.5)

o, ,j a(t—)* —(x—£)* -y

where C; .C, and &, are unknown functions to be determined from the following relations

<%& + %—"V—’) = -0C, —NC, = & G0
y y y:O
(a_%) - NG mee D
oy
y=0
] = < . oo
‘ "TABCBA

where £ is the limit value of the deformation between the elastic and plastic regions and
£; is the insensitive deformation.
In the present case §; is reduced to the following form

6 @

"~ 2
e =2 /(é‘i)
3 y\Py

Then the relation (3.8) takes the form:

2 2
T T R
ABCBA

The relations (3.6), (3.7) and (3.10) are sufficient to determine C,, C; and &.
Using Taylor’s expansion, , € (¢§) may take the form

£2(8) = bo +byE+b, 8 (3.11)

Where by, b; and b, are unknown constants to be determined by using the method of
quadratic error.

Let ¢; differ from €; by an infinitesimal quantity.

i.e. el = € —e(bo,bl,bz) (3.12)
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t
Then e?= [ (e —¢) dr
o]
Using (3.9) we get:

2 2 2
2 = /[%/aaly‘ +% alx‘ —es] dr, (3.14)
0

Where (%‘Z—’ and %lyl are obtained in (2.8) and (2.9) by replacing a with a (e). Making

3
this error minimum, its first derivative with respect to by, b; and b, must be equal to

Zero. %
de de de
Th : — = — = — =
us 3b, 0, ab, 0, 3b; 0 (3.15)
solving the above conditional relations (3.15) with respect to bg, by, b, we get:
bo = 1.08 GS'

€
b, = +0.29 -3
1 029at

= €s
b2 0.52 (—aT)-2
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