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ABSTRACT

According to the charactcrization of MS-algebras from the subvaricty K, by mcan of the triple construction, we
characterize the homomorphisms and the subalgebras of the MS-algebras. Also, we solve the “Fill-in” problem for the

associated triplcs.
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INTRODUCTION A De Morgan algebra ( L;v, A, °, 0, 1) is an algcbra
. ) of type (2, 2, 1, 0, 0) such that (L; v, A, 0, 1) is a bound-
Blyth and Varlet introduced MS-algebras which are o . . ) )
i cd distributive lattice and ° is a unary opcration satis-
algcbras of type (2, 2, 1, 0, 0) abstracting dc Morgan and . . .
fying the identitics :
Stone algebras (sce [2] and [3]. In [1] and (4] they con-
sidered a certain subvaricty K, of MS-algebras whosc x =x° and (x Vv y)°=x°A y°.
members may be thought of as algcbras abstracting . o
. As a dircct consequence of the definition, we have,
klecene and Stone algebras. Each member of K, contains
. ) forallx,y e L,(x A y) = x°v y°,00=1, 1°
two simpler substructures, onc being a klcene algebra . .
o . . . = 0 and the assignment x — x° satisfies
and the other a distributive lattice with unit. They de-
. X <yilfandonlyif x° 2y°.
veloped the “Chen-Gratzer” style construction thcorem

for the members of K, utilizing mecthods similar to those

employed by Katrinak [6] and [7] .

The purpose of this note is to study the propertics of
the triple dealing with the homomorphisms and the sub-
algebras of MS-algcbras from K,. The last part dcals
with fill-in theorems, giving sulficient conditions in or-
der that (K, D, ?) can be filled in to make a triple.

A Klecne algebra (K;v, A, ©, 0, 1) is a De Morgan
algebra on which for every x,y, x> A x < yvy°
holds. An MS-algcbra is an algebra (L;v, A, °, 0, 1) of
type (2, 2, 1, 0, 0) such that ( L;v, A, 0, 1) is a bounded
distributive lattice and x — x° is a unary operation and

the following identitics are satisfied :
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(I x £ x°,
@) (xAy)=x"vy,
(3) 1° = 0.

The class of all MS-algebras forms a varicty. The
subvaricty K, is defined by the additional two identities :
4 x A x°= x°° A X°,
(5) (x Ax*)Vvyvy =y Vv y.
For any L¢ K,, we have
(6) x = x°° A x°(xvV x°),forevery x € L,
(7) L*°={x¢e L :x=x°} isaKlcene
algcbra, ,
Q) L"={xeL:x<x°)={zelL:z=x
A x°}is anidcal of L and
9) LY={xeL:x2x°)=(zel:z=x
v x° }is a filter of L.

For a € L°°, denote d, = ava®°e L',

LetLeK,.L" is a filter of L and hence L' is a dis-
tributive lattice with the largest element 1. F (L), the lat-
tice of all filters of LY, is distributive. The map ¢ (L) :
L°° — F (1Y) defincd in the following way .
ad(L)={xeL:x 2x° =[a° ﬂ LV,a e L°°

is a polarization, that is ¢ (L) is a (0,1) - homo-
morphism such that a ¢ (L) = LY for every ag L°°Y and a
¢ (L) is a principal filter of LY for every a € L °°*. The
tripte [ L°°, LY, ¢ (L) 1, which we call bricfly the triple
associated with L, uniquely determincs the algebra L.
A K, -triple (triple) is (K, D, ¢ ), where

i K = (K;v,A,°%0,1)is aKlcene algebra,

(ii) Dis a distributive latticc with 1 and

(iii) ¢ : K — F(D) s a polarization .

A K, - triple constructs an MS - algebra from K,
(See [1] and [5] such that L°° is isomorphic with K, LY is
isomorphic with D and the diagram .

Lo @) > F (L")
v F (X)
> F (D
K o (D)

is commutative. ( y, % are isomorphisms of L°° and K
and of LY and D, respectively and F (x) stands for the
isomorphism of F (L") and F (D) induced by ).

The constructing MS-algebra L is described by

L={(a¢Ux)),aeK xyea$}C Kx F,(D)

where vy is a modal operator on D with

Imy=(zeD:[z) =a¢ forsomea € KA},

" Let (a,2°U [x)),(b,b° ¢ U [y)) ¢ L. Then we

have
(10) @, a° ¢ U [x))a(b,b° ¢ U [y))

= (anb, (anb) o U [xay)),
a1 @ a°oU [x)) v (b,b° 0 U [y))

= (avb (avb)y¢UTt)),t eD,
(12) (a,a° ¢ U [x)) <(b,b°> ¢ U [y))ifand
onlyifa £ banda®° ¢ U [x) D b° ¢ U [y),
(13) (0.D)<(a,a° ¢ U [x))< (1,[1))and
(14) (@,a° ¢ U [x)) =(a°,a ¢).

MAIN RESULTS
L. Homomorphisms Of Ms-algebras FromK,

Lel L, L, ¢ K, and h be a homomorphism of L into
L,, that h is a latticc homomorphism which preserves 0,

1,°

Definition 1
Let (K,D; ¢ )and (K, D, ¢, ) be K, - triples (trip-

les). A homomorphism of the triple (K, D, ¢ ) into ( Kl,
D, ¢, )isapair (f,g), where f is a homomorphism of
K into K|, g is a homomorphism of D into D, such that
foreverya € k:

(15) d,g = dy

(16) a¢ g & af¢,
holds.
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Lemma 1
Leta,beKand x,y,teD. Lety, Y, be modal
operators on D and D, , respectively. Then
i aoNly) =[(t)andy yead implics
af¢o, N [yg) =1[1g)andygy,eaf¢,
() (a2oUlxnNeeoUly) =@vbyeoU )
and ty € (avb)°¢ implies
(Caf)» ¢, Ulxg)) N (o0 ¢, Ulyg)
= (avb)°fo, Ulig)andigy, € (avb)°f¢,.

Proof

(i) Leta¢ N [y)=[t)thent = x;Vyx, €ad
andx; geadg & af¢,.
Iftyeaf ¢; N [yg) thent; = x;8 vyg
=(xvy)g=tgand af¢; N [yg) & [tg).
Also,af¢; N [yg) =2 adgN yg)
= (a0 N [y)) g=[t)g=[1g)and yye a ¢

yev, € af¢y,

) ((afye, U [xg)) N ((ope; U (yg))
= (@D°9; N ((bhyo, ULy U (xg) N

((bD°%; U [yg)))

= ((af)°0; N ®0°¢) U (@nee, N fyg)) U
(xg) N (bH°e) U (x) N [ye)
=(avb)yre, Uy.

implies

and

((aD°o; N ye) U (Ixg) N ®0H°e) Ulxvy)g)
=[ye) U ye) Ulxvygl
= [(HLAapAaK VY g = [tg),

where

@)°¢; N [yg) = [4,2) an(bN°¢; N [x8) = [1,8)
by(i)and t = y A b A (X VYy). N

Now, since ty € (a v b)°0,tyge (avb)yog
C(avb)foand(lg)Y,=tyg € (av b)f¢,
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Theorem 1

Let L and L} be MS-algebras from K, , (K, D, ¢) and
(K4, Dy, ¢y) be the associated triples, respectively. Let h
be a homomorphism of L into I; and hg, hp the
restrictions of h to K and D, respectively. Then (hg, bp)
is a homomorphism of the triples. Conversely, every ho-
momorphism ( f, g ) of triples uniquely determines a ho-
momorphism hof L into L; with bg = f, hy = gby
the following rule :
xh = x°°fA (xvx°)gforall x £ L.
(In other words, homomorphisms of MS-algebras from

K, are the same as homomorphisms of triples).

Proof

To prove the first statcment we have to verify (15)
and (16) with g = hp and f = hy. Evidently,
d,, = ah v(ah)° = (a v a®)h = d, h,
[ih :x € [2®) N D}
C {y:y el[@)) D} =ah¢.

aoh={xh:xeadp) =

Conversely, let (15) and (16) hold. We represent the
clements of L and L, as in Construction Theorem that is
L={(aa0¢UX):aeKxeD, xye a%},
where v is a modal operator on D withImy= {z €D :
[z) = a¢ forsome a € KA} and
Li={(b,b°¢; Uly):b e Kpy e Dyyy € 0%y},
where v, is a modal operator on D, with
Imy,={ze D, : [2) = a¢; forsomea & K}}.

Then the definition of h reads :

(a,2°0 U [xph=(f, () ¢; U [xg)), xg 1, € (ah)° 0y
We show thath is well defined. Let

(2,20 Ux) = 0,0°¢ Uly))

Then a = banda®¢ U {x) =b°¢ U [y).
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Hence,x 2x;Ayandy 2 y,”x for some x,,y; €2°¢.
Since g is a homomorphism and (16) holds, then we
have xg 2 x;gA yg and yg 2 y, gA Xg
i g € () ¢ .

(ah° ¢, U [xg) = @D ¢, U [yg).

with x; g, So we obtain

Thus, (a,2°¢ U [x))h=(b,b°¢ U [y))h. There-
fore, h is a map of L into L, . Obviously, hy = f and
hp = g. To prove that h is a homomrphism, we have to
verify the following three formulac :

a7 (@a°¢ U [x))a 0b°¢ U [y))h
= @2°¢0 U [x)ha(bb¢ U [yh;
(18) ((a,2°¢0 U [x))v b,°¢ U [y))h
=@a°¢ U x)hv (bb°¢ U (y)h:
(19) (2,2°¢0 U [x))°h = ((a,2°¢ U [x))h°.
(17) ((a,2°0 Ux))A®,b°0 Uly))h
=(@ab, @abrd U [xay))h
= ((anb)f, ((aab)N°¢; U [(x A y)2))
= (af, @0)° ¢; U [xg)) » f, 00° ¢; U lyg))
= @a°¢ U [x))ha®b ¢ Uly)h
(18) ((3,2°¢ U [x))v(b,b°¢ U [y))h
=(@vb@vb)e U/ [ty
= ((avb)f (Cavb)Doo, Upg))
= ((a v b)f, (@)o¢, Uxg))
N o U fyg))
by lemma 1 (ii)
= (af, a0)° ¢, U [xg)) v (of, 0 ¢, U [yg))
=@2°¢0 Ux)hv®dbde Uy)h
(19) (a,a° ¢ U {x))h = (a%a¢)h = (a°faf ¢;)
= @ @r¢, U [xg))
= ((a,2°0 U [x)h)y.
Thus, h is a homomrphism of L into L,. It is easy to

see the uniqueness of h withhg = f andhpy = g.

II. Subalgebras of MS - Algebras from K,
According to the characterization of MS-algebras in

K, by means of the triple (K, D, ¢ ), we characterize the

subalgcbras and solve the “Fill-in” problem for their as-

sociated triples.

Theorem 2

Let L; be a subalgebra of an MS-algebra L from K,,
then L°°; = L; [} L°°is a subalgebraof L°°and LY =
L, N LYis a sublattice of L" containing 1. The triple as-
sociated with L; is (L,°°, L,", ¢,), where ¢, is given by

ap,=a¢ M L% fora e L,°°.

Proof

Letx,y € Ly°° clearly x Vv y, x A y are elements
in L;°®, L;°° is a sublattice of L°°. Since L, is bounded
and the bounds 0,1 are squclette elcments, then
0,1 eL*®and1°= 0
also(xvy)® = x°Ay°
andx AXx°S y v y®forevery x,y € L,°°.

Thus L,°° is a subalgebra of L°° .

Since LY is a sublattice of L containing 1, thenL,¥ =

L, N LVis a sublatticc of L' containing 1.

Now, we define ¢, : L;°° = F(L,") by ap, = a
N LY a & L;°°, we show that ¢, is a polarization
00; =00 NLY=11), 1¢, =1¢ ALY = L,Y and
(avb)g;=(avbdb)o NLY=
=(ap Ubp) N LY =@ N LYHYUwpoN LY

= a¢; U bo;,
(aab)p;=(aab)oNLY=(@¢ NbH ALY
(ad N LyY) N (b N LY)
a¢, N bo;, ab e L
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which means that ¢, is a (0,1} - homomorphism of L,°°

intoF(L,").

Foralla € L;°Y,a = a; v a,°,3, € L;° we
have ap; = (a; v 2,°) ¢, = (a; v 3,°)¢ NLY
=[d,;) N LY=L,Y (¢isapolarization)

For all a € L,°°A, a ¢, is a principal filter of F (L,").

Then (L;°°, L,Y, ¢, ) is the K,-triple associated with L.

Theorem 3
Let L & K,, L;°° be a subalgebra of L°°, L, a sub-
lattice of LY containing 1. We can fill - in (L,°°, L,%, 7)
such that it will bccome the triple associated with a sub-
algebra of L iff
(1) ap, Ua®¢; =LY for a ¢ L

(2) ava® ¢ LY for a €& L;°°.

Proof
If (L,°°, L,", ¢,) is the triple associated with a sub-
algebra L, of L, then a¢, = a¢; M L,". Hence
(ap; Ua’p,) =@o N LYY U(ap N LY)
=(ap U a%)NL,Y
=LYALY=L".

Now, let a € L;°° then ava® ¢ L, 1 LY = L;"
Conversely, assume (1) and (2). LetK=L°°,D = L'
and ¢ = ¢ (L). Represent the clements of L as in the
Construction Thecorem, that is,

L={(@a% Uifx)):a e K,x e D, xye 2%
and vy is a modal opcrator on D }

Ly = {(a20 Ux)):a eK, xeDp,xy ¢
a°¢ and v, is the restriction of Yto D, .

We show that L, is a subalgcbra of L. It is clcar that O
= (0D) and 1 (1,{1) ) belong to L; and if
(a2 Ulx))e L,

((a,2°0 U[x)))° = (a%a¢) ¢ L,.
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Now, let (a,2°0 U [x)), (b,b°¢ U [y ))be elements
of L;. We have
(a,2° U [x))A(b,b% U[y))
=aanb(aab)o U [xay))eL,and
(xAy) Y = (xAy) YE (anb) o,
(a,2°0 U [x))v(b,b°¢U [y)) = (avb (%
Uix)) N (v°o ULy
= (avb, (avb)° ¢ U [1)) e L,
where
(a° Ulx)) N (b°% U [y)) = ((2% U [x))
N bo)U((a U x))Niy))
= (220 Nb9) U x) Nb°¢) U (ao Niy)) U
[xvy)
=(avbroeUm) U Uixvy)
=(avbXo Uyat, a(xvy))
=(avb)oUIt)teD, tyye(avb)o.
Since b9 N [x) =[t;) = [x vV x;), X; € b°¢ and
a0 Nly)=1[y)=I[yvy )y € 2° (by Lemma
1,01]),
thenty,t, € Dy andso t = Al A (X VYy) €D,
Also, we have .
(a,2°0 U[x)) < (a,2% U [x))° =(a,2%0),
((a,2°% U [x)) A 0,5% U [y)))
=(anb,(anb)d U[x Ay))y
=((aab), (anb)¢)
=(a°vb,ad A bd)
= (a°,a¢) v (b°,bd)
= (a,2°0 U [x))° v (b,b° U [y)).

and

(a,2° U [x)) A (a,2° U [x))
= (3,20 Ux)) A (2°,29)
=(ana, (a°va)¢o UTlx))
= (a,a°¢)A(a’,ad)(Sincc(a’°va)p =D)
= (a,2°0 U[x))° A (a,2° U [x)).
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Similarly ,
(XAx)v(yvy)=yvy V x,yel,.
Thus L, is a subalgcbra of L. We show that L,°° ~
andL;" ~ D,.
L°= {a,a%) aekK,;}
LY={(@a¢UI[x)):aeK"}

K,

Define y : K, > L, byay= (a,2°9), ae K
and x :D, > LY by xx = (d, d°¢ U[x)),
deK,".

By easy computations, we can prove that y and %
are isomorphisms. Hence we can fill-in ( K, Dy, ?7) by
o, = q)Ll = ¢, N D, such that it will become the

triple associated with a subalgcbra of L.

III. Fill-in Theorems ( Fill-in problems )

Fill - in problems are statements containing the
answer to the question : for a given klcene algebra K, a
distributive lattice D with 1, when docs there exist a ¢

such that (K, D, ¢ )is a K2 - triple ?

Theorem 4

( K, D, ?) can always be filled in to make it a K, -
triple if K is a Kleene algebra and D a distributive lattice
with 1, provided IKI > 1 .IfIKI = 1thenIDI = 1.

Proof

Take an arbitrary prime ideal P of K. Definc

¢ : K—>F(D)
xp = D forr x ¢ P
x¢ = [1) for x ¢ P

It is easy to check that ¢ is a polarization .

Consider the fill-in problem given by the following

diagram
(K ,D, ¢)
| )
(K, D,,?)
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where f and g are onto homomorphisms. We can

formulate

Theorem 5

Let (K, D, {)bcagiven Kz-triple, (K,.,D,, 7)a
defective triple and a pair of onto homomorphisms f :
K —K;and g : D — D,. Thereexists a ¢, making
(K, . Dy, ¢, ) aK,-triple, and (f, g ) a homomorphism of
(K,D,¢) and (K, Dy, 0, )iff (ad) g [1) for all

a ¢ of!.

Proof

Assume that (K, D, ¢ ) and (K,, D, ¢, ) be K, -
triples with a pair of onto homomorphisms f : K — K,
and g:D — D, , ([, g) is a homomorphism of the two
triplcs.
Then a¢gg & af¢,.Let a € Of! thenaf = 0 and
(ap)g & (ah) 0, = 09, = [1), but 1) is the smallest
clement of F (D)), then (ag) g = [1) V a € Of!.
[1) V a & Of'. Define ¢, :
adg, where b = af, a € K,

Conversely, let (ad) g
K, > F (D) as b,
that is (af) ¢, = (ad)g.
defined map. Let af = bf, a,b ¢ k, then (af)° = (bf)°,

We have to show that ¢, is a well

apg = (xg : x € a9} = {xg : x € [a°) N D}
={y:y=xg e [a)°) N D,)
={y:ye[(bD) ND)
={xg:xeb)ND} = bog.

and ¢, isa well defined map .

Since f is a Kleenc homomorphism of K onto K,

then 04, =(00) ¢,
F (Dl). Also, 1 o,

0 ¢g = (1) which is the zero of
(1f) ¢, is a {0,1) - map. Now, let

X,y € K, thenaf = x, bf = y forsome a,beK.
(xvy)o, =(af vbf)o,= (avDb)f¢,
= (a v b)og

= (aoUbs)g
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= a¢9g Ubog
= (af)o, U (bf)¢,
= x¢, U yo,
and
(xAy) 0, =(afabf)¢, = (alabl) ¢,
= (a Ab)og
= a¢g 1 bog
= (af)¢, N (br)¢,
= x6; N y¢;,
then ¢, is a lattice homomorphism.
Also, forallx € K,Y,x = af,then x = x; V x,°,
x; = af
)(q)]=(XIVX1°)q>1=(alfv(alf)")q)1
= (a,va°)l¢,
=(ava’)og
=Dg = D1
and for all xsK'l\ X =X A%°%, xp = af

X0 = (X, A%°) 0 = (a, [ A(a)°)0,
(a,~ 2,°)[0,
(a, A a,°)dg(since a, A a° e K*)

[d)g=1[dg),d ¢D

and x¢, is a principal filter in F (D,), for all x & K.
Hence ¢, is a polarization and (K, , D, , ¢, )is a K, -
triple, we have to show that ( f, g ) is a triplc homo-
morphism. By definition

agg=afo, and
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[ava®)g = ([ava®) 1 D)g
[(ava®)f) N Dg

[af v (af)°) N D,
[af v (af)°)

[dyf)

complcting the required proof .

[d,g)=1d,)8
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