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Abstract: The solutions for many real life problems may be obtained by interpreting the given problem
mathematically in the form f (x) = x. One such example is that of the famous Borsuk–Ulam theorem
in which, using some fixed point argument, it can be guaranteed that at any given time we can find two
diametrically opposite places in a planet with same temperature. Thus, the correlation of symmetry
is inherent in the study of fixed point theory. In this article, some new results concerning coincidence
and a common fixed point for an Aϕ-contraction and a generalized φ-type weak contraction are
established. We prove our results for set valued maps without using continuity of the corresponding
maps and completeness of the relevant space. Our results generalize and extend several existing
results. Some new examples are given to demonstrate the generality and non-triviality of our results.

Keywords: common fixed point; Aϕ-contraction; generalized φ-type weak contraction; common
property (EA)

1. Introduction

The Banach fixed point theorem is considered the most versatile work in fixed point theory.
The study of similar results in nonlinear contraction maps was initiated by Boyd and Wong [1].

Fixed points for set valued mappings play a fundamental role in nonlinear analysis. Fixed points
of multivalued operators are also important for studies in set valued analysis. First, results in this
direction were given by Markin [2] and Nadler [3].

Nadler [3] defined the notion of set valued contraction and proved that a set valued contraction
has a fixed point if the concerned metric space is complete. Afterwards, many generalizations of
Nadler’s result were obtained in various directions. In this context, the reference of set valued and
multivalued contraction carried out by Assad and Kirk [4] can be estimated. They proved a result for
set valued maps defined on a complete metric space by considering another assumption that the space
is metrically convex.

There have been enormous developments in the area of existence and uniqueness of fixed point
for multi valued and set valued mappings in various directions—see [5–16]. Some references that have
been instrumental for the current work are [17–27].

Another important direction of extensions of the Banach Contraction Principle concerns the
coincidence points and common fixed point of pair of maps that satisfy contractive type conditions.
By introducing weakly commuting maps, Sessa [28] established some results in connection with
common fixed points of non commuting generalized contraction maps. Another concept called weak
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commutativity was generalized by Jungck [29] with the help of compatible maps. Furthermore, by
using weak compatibility, he weakened the notion of compatibility. However, Jachymski and his
co-author(s) [30–32] have proved that not all generalizations in this respect were meaningful; some of
the contractive conditions even turn out to be equivalent.

Aamri and El Moutawakil [33] introduced a property (EA) in connection with self maps that
include the class of non-compatible maps. The property (EA) was extended to a hybrid pair of single
and multivalued maps by Kamran [34]. After that, Li et al. [35] defined a property called common
property (EA) for a hybrid similar pair of maps. By introducing generalized φ-weak contraction,
Zhang and Song [36] proved some results that are related to common fixed points for two single valued
maps. With the help of common property (EA), in this paper, we newly establish some common fixed
point results for Aϕ-contraction and generalized φ-type weak contraction maps. These contractions
are new additions to the existing literature for set valued maps filling up the research gap between
single valued and set valued contractions in the present context.

After the Introduction part, this paper is divided into four sections: (a) Preliminaries: here we
recall the definitions and existing results that are essential for our work; (b) Main Results: in this
section, we introduce Aϕ-contraction and generalized φ-type weak contraction for set valued maps
and prove our new results; (c) Discussion: here, we discuss the results and how they can be interpreted
from the perspective of previous studies and of the working hypotheses. Future research directions
have also been highlighted (d) Conclusions: in this section, we discuss how the existing knowledge is
enriched as a result of our current work.

2. Preliminaries

Below, we list some important definitions and results, which are necessary for our main results.
The symbols Q, Q′ and R+ denote respectively the set of rational numbers, irrationals numbers and
non-negative real numbers. In addition, throughout the paper, we use the notation f x instead of f (x)
when no confusion arises.

Definition 1. Ref. [37] Consider the set of functions Φ = {ϕ|ϕ : [0, ∞)→ [0, ∞)} that satisfies the assertions
given below:

1. u1 ≤ u2 implies ϕ(u1) ≤ ϕ(u2);
2. ϕn(u)→ 0 as n→ ∞ for each u > 0;
3. ∑ ϕn(u) converges for each u > 0.

The function ϕ is said to be a comparison function if (1) and (2) are satisfied. A strong comparison
function is one for which (3) also holds true.

Remark 1. Ref. [37] Every strong comparison function is a comparison function.

Remark 2. Ref. [37] For a comparison function ϕ : [0, ∞) → [0, ∞), we get ϕ(u0) < u0, for each u0 > 0,
ϕ(0) = 0 and ϕ is right continuous at 0.

Definition 2. Ref. [38] Suppose A is the collection of functions α : R3
+ → R+ which satisfies the conditions

given below:

1. α is continuous on R3
+ (with respect to the usual metric).

2. if u0 ≤ α(u0, v0, v0) or u0 ≤ α(v0, u0, v0) or u0 ≤ α(v0, v0, u0) for all u0, v0, then u0 ≤ kv0 for some
k ∈ [0, 1).

Definition 3. Ref. [38] Suppose R is a self map on a metric space (X, d). The map R is called an A-contraction if

d(Ra0, Rb0) ≤ α(d(a0, b0), d(a0, Ra0), d(b0, Rb0))
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for each a0, b0 ∈ X and some α ∈ A.

The definition of generalized φ-weak contraction that is given below was introduced by Zhang
and Song [36].

Definition 4. Two self maps S, R on (X, d) are called generalized ϕ-weak contractions if there exists a map
ϕ : R+ → R+ with ϕ(0) = 0 and ϕ(u) > 0 for each u > 0 satisfying

d(Re0, S f0) ≤ N(e0, f0)− ϕ(N(e0, f0)); for each e0, f0 ∈ X,

where
N(e0, f0) = max{d(e0, f0), d(e0, Re0), d( f0, S f0),

1
2
(d(e0, S f0) + d( f0, Re0))}.

The following theorem was also established for two single valued generalized
φ-weak contractions.

Theorem 1. Ref. [36] Consider the two self maps S, R on (X, d) satisfying

d(Ra0, Sb0) ≤ N(a0, b0)− φ(N(a0, b0)), for each a0, b0 ∈ X,

where φ : R+ → R+ is a lower semi continuous function with φ(0) = 0 and φ(u) > 0 for all u > 0. Then, R
and S have a unique common fixed point.

By WB(X), we denote the set of all nonempty closed and bounded subsets of X. We define

H(E0, F0) = max{ sup
v0∈F0

D(v0, E0), sup
u0∈E0

D(u0, F0)}, E0, F0 ∈WB(X),

where D(u0, F0) = inf
v∈F0

d(u0, v). Then, (WB(X), H) forms a metric space and H is called Hausdorff

metric generated by d.

Definition 5. Consider the self map r on X and R : X →WB(X).
1. z0 ∈ X is called a fixed point of r if z0 = rz0 and a fixed point of R if z0 ∈ Rz0.
2. If rz0 ∈ Rz0, then z0 ∈ X is called a coincidence point of r and R. Let C(r, R) denote the collection of

all coincidence points of r and R.
3. If z0 = rz0 ∈ Rz0, then z0 ∈ X is called a common fixed point of r and R.

Definition 6. Ref. [33] Consider the maps r, s : X → X. If there exists a sequence {xk} in X such that
lim
k→∞

rxk = lim
k→∞

sxk = l ∈ X, then the maps are said to have the property (EA).

Definition 7. Ref. [34] A self map r on X and a map R : X →WB(X) have the property (EA) if there exists
a sequence {xk} in X such that lim

k→∞
rxk = l ∈ P = lim

k→∞
Rxk for l ∈ X and P ∈WB(X).

Definition 8. Ref. [34] Consider the set-valued map R : X → WB(X). A self map r on X is said to be
R-weakly commuting at l ∈ X if rr(l) ∈ Rr(l).

3. Main Results

In this section, we first introduce some definitions that are essential for establishing our
main results.

Definition 9. Let Aϕ be the collection of all functions α : R3
+ → R+ satisfying the assertions given below:
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1. The function α is continuous on R3
+ (with respect to the usual metric).

2. There exists a strong comparison function ϕ such that, for each u0, v0 ∈ R+ for which u0 ≤ α(u0, v0, v0)

or u0 ≤ α(v0, u0, v0) or u0 ≤ α(v0, v0, u0), the inequality u0 ≤ ϕ(v0) holds.

Remark 3. By specializing ϕ(u) = ku as 0 < k < 1 for all u > 0, we get the Definition 2.

Definition 10. (1) Consider four self maps r, s, R, S on the metric space (X, d). The pair of mappings (r, R)
and (s, S) have the common property (EA) if two sequences {xk} and {yk} exist in X such that

lim
k→∞

Syk = lim
k→∞

Rxk = lim
k→∞

rxk = lim
k→∞

syk = l ∈ X.

(2) Consider the self maps r, s on X and R, S : X → WB(X). The maps pair (r, R) and (s, S) have the
common property (EA) if two sequences {xk} and {yk} exist in X such that

lim
k→∞

Rxk = P, lim
k→∞

Syk = Q, lim
k→∞

rxk = lim
k→∞

syk = d ∈ P ∩Q, for d ∈ X and P, Q ∈WB(X).

Example 1. Suppose X = R is endowed with the usual metric. The self maps r, s on X and R, S : X →WB(X)

are defined by r(x) = x
5 , s(x) = 2− x

4 and Rx = [0, x
5 ], Sx = [1, 3+ x

2 ] for each x ∈ X. Consider the sequences
{xk} and {yk}, where xk = 5 + 1

k and yk = 4 + 1
k . Clearly, lim

k→∞
Rxk = [0, 1] = P, lim

k→∞
Syk = [1, 5] = Q,

lim
k→∞

rxk = lim
k→∞

syk = 1 ∈ P ∩Q. Therefore, (r, R) and (s, S) have the common property (EA).

Theorem 2. Let r, s be two self maps on a metric space (X, d) and R, S : X →WB(X) be two set valued maps
such that

A. (r, R) and (s, S) have the common property (EA);
B. There exists some α ∈ Aϕ such that, for each x0, y0 ∈ X,

H(Rx0, Sy0) ≤ α(d(rx0, sy0), D(rx0, Rx0), D(sy0, Sy0)). (1)

Let rX and sX be closed subsets of X. Then,
(a) r and R possess a coincidence point;
(b) s and S possess a coincidence point;
(c) r and R possess a common fixed point if, for any l ∈ C(r, R), r is R-weakly commuting at l and

rr(l) = r(l);
(d) s and S possess a common fixed point if, for any l ∈ C(s, S), s is S-weakly commuting at l and

ss(l) = s(l);
(e) r, s, R and S possess a common fixed point when (c) and (d) hold.

Proof. (a), (b) By virtue of (A), (r, R) and (s, S) have the common property (EA). Thus, two sequences
{xk}, {yk} exist in X such that

lim
k→∞

Rxk = P, lim
k→∞

Syk = Q, for P, Q ∈WB(X),

lim
k→∞

rxk = lim
k→∞

syk = c ∈ P ∩Q, for c ∈ X.

Since rX and sX are closed subsets of X, we have lim
k→∞

rxk = rl and lim
k→∞

syk = se, for some l, e ∈ X.

Thus, we have rl = c and se = c. We claim that rl ∈ Rl and se ∈ Se.
Now, from (1), we have

H(Rxk, Se) ≤ α(d(rxk, se), D(rxk, Rxk), D(se, Se)).
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Taking k→ ∞, we get
H(P, Se) ≤ α(0, 0, D(se, Se)).

Because se = c belongs to P, from the definition of Hausdorff metric, we get

D(se, Se) ≤ H(P, Se)

≤ α(0, 0, D(se, Se))

i.e., D(se, Se) ≤ α(0, 0, D(se, Se)).

By (2) of Definition 9, we get
D(se, Se) ≤ ϕ(0) = 0.

Since Se is closed, this implies that se ∈ Se. Again by Equation (1), we have

H(Rl, Syk) ≤ α(d(rl, syk), D(rl, Rl), D(syk, Syk)).

Invoking the same procedure as above, we obtain that rl ∈ Rl. Hence, r and R share a coincidence
point l. In addition, s and S contain a coincidence point e.

(c) Since l ∈ C(r, R), from the condition in (c), we have rr(l) = r(l). This gives rc = c. Again, r is
R—weakly commuting at l—thus rr(l) ∈ Rr(l). This implies rc ∈ Rc. i.e., c = rc ∈ Rc. Hence, c is a
common fixed point of r and R. Using a similar argument, we can prove (d). In addition, (c) and (d)
together give (e).

If r = s in the above theorem, it gives the following corollary.

Corollary 1. Suppose r is a self map on (X, d) and R; S : X →WB(X) are two set valued maps such that
A. (r, R) and (r, S) have the common property (EA);
B. There exist some α ∈ Aϕ such that, for each x0, y0 ∈ X

H(Rx0, Sy0) ≤ α(d(rx0, ry0), D(rx0, Rx0), D(ry0, Sy0)).

If rX is a closed subset of X, then
(a) r, R and S possess a coincidence point;
(b) r, R and S possess a common fixed point provided that r is both R weakly commuting and S weakly

commuting at l and rr(l) = r(l) for l ∈ C(r, R).

Corollary 2. Suppose r, s, R and S are four self maps on (X, d) such that
A. (r, R) and (s, S) have the common property (EA);
B. There exist some α ∈ Aϕ such that, for each x0, y0 ∈ X

d(Rx0, Sy0) ≤ α(d(rx0, sy0), d(rx0, Rx0), d(sy0, Sy0)).

If rX and sX are closed subsets of X, then
(a) r and R possess a coincidence point;
(b) s and S possess a coincidence point;
(c) r and R possess a common fixed point if r is a R-weakly commuting map at l and rr(l) = r(l) for

l ∈ C(r, R);
(d) s and S possess a common fixed point when s is a S-weakly commuting map at l and ss(l) = s(l) for

l ∈ C(s, S);
(e) r, s, R and S possess a common fixed point when both (c) and (d) hold.

Dropping the assumption that “both pairs (r, R) and (s, S) are weakly commuting” in the above
result, we prove the next result.
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Theorem 3. Suppose that r, s are two self maps on (X, d) and R, S : X → WB(X) are two set valued maps
such that

1. (r, R) and (s, S) have the common property (EA);
2. there exist some α ∈ Aϕ such that, for each x0, y0 ∈ X,

H(Rx0, Sy0) ≤ α(d(rx0, sy0), D(rx0, Rx0), D(sy0, Sy0)),

3. rr(l0) = r(l0) for l0 ∈ C(r, R) and ss(l0) = s(l0) for l0 ∈ C(s, S).

If rX and sX are closed subsets of X, then r, s, R and S possess a common fixed point.

Proof. By virtue of (1), (r, R) and (s, S) fulfill the common property (EA). Thus, two sequences {xk},
{yk} exist in X such that

lim
k→∞

Rxk = P, lim
k→∞

Syk = Q, for P, Q ∈WB(X)

lim
k→∞

rxk = lim
k→∞

syk = c0 ∈ P ∩Q, for c0 ∈ X.

Since rX and sX are closed subsets of X, we have lim
k→∞

rxk = rl0 and lim
k→∞

syk = se, for some

l0, e ∈ X. Thus, we have rl0 = c0 and se = c0. Using the similar process as in Theorem 2 and from
assumption (2), we have rl0 ∈ Rl0 and se ∈ Se.

As l0 ∈ C(r, R), thus, from (3), we have rr(l0) = r(l0). Thus, c0 = r(l0) = rr(l0) = rc0. In
addition, rr(l0) ∈ Rl0. This implies rc0 ∈ Rl0. Now, using the definition of the Pompeiu–Hausdorff
metric, we get

D(rc0, Rc0) ≤ H(Rl0, Rc0)

≤ α(d(rl0, rc0), D(rl0, Rl0)D(rc0, Rc0))

= α(d(c0, c0), D(c0, Rl0), D(rc0, Rc0))

= α(0, 0, D(rc0, Rc0)),

which implies by (ii) of Definition 9 that

D(rc0, Rc0) ≤ ϕ(0) = 0.

Since Rc0 is closed, this implies that rc0 ∈ Rc0. Hence, c0 = rc0 ∈ Rc0.
Similarly, from ss(e) = s(e), for e ∈ C(s, S), we obtain c0 = sc0 ∈ Sc0. Hence, c0 is a common

fixed point of r, s, R and S.

Corollary 3. Suppose r is a self map on (X, d) and R, S : X →WB(X) are two set valued maps such that

1. (r, R) and (s, S) have the common property (EA);
2. there exist some α ∈ Aϕ such that for each x0, y0 ∈ X

H(Rx0, Sy0) ≤ α(d(rx0, ry0), D(rx0, Rx0), D(ry0, Sy0)),

3. rr(l0) = r(l0) for l0 ∈ C(r, R).

If rX is a closed subset of X, then r, s, R and S possess a common fixed point.

Corollary 4. Suppose r, s, R and S are four self maps on (X, d) such that

1. (r, R) and (s, S) have the common property (EA);
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2. there exist some α ∈ Aϕ such that for each x0, y0 ∈ X

d(Rx0, Sy0) ≤ α(d(rx0, sy0), d(rx0, Rx0), d(sy0, Sy0)),

3. rr(l0) = r(l0) for l0 ∈ C(r, R) and ss(l0) = s(l0) for l0 ∈ C(s, S).

If rX and sX are closed subsets of X, then r, s, R and S possess a common fixed point.

Below, we give an example to show that the common property (EA) is necessary for the existence
of a common fixed point.

Example 2. Suppose X = [0, 1]. Define the self maps r, s on X and R, S : X →WB(X) as

rx =
x + 1

6
, Rx = [0,

x
11

],

sx =
1
2

and Sx = [0,
x

12
].

In addition, define the metric d as

d(x0, y0) =


0, if x0 = y0,
max{x2

0, y2
0}, if x0, y0 ∈ [0, 1/3],

max{x0, y0}, otherwise.

In addition, so the Hausdorff metric is defined as

H(P, Q) =


maxx0∈P,y0∈Q{x2

0, y2
0}, if P, Q ⊆ [0, 1

3 ],

maxx0∈P,y0∈Q{x0, y0}, if P or Q (or both) 6⊆ [0, 1
3 ],

0, if P = Q.

One can see that, for any sequences xk, yk ∈ X, if lim
k→∞

rxk = lim
k→∞

syk = lim
k→∞

1
2

=
1
2

, then

lim
k→∞

d(rxk,
1
2
) = 0. However, d(rxk, 1

2 ) = max{rxk, 1
2} = 1

2 , which implies that lim
k→∞

d(rxk,
1
2
) =

1
2

.

Thus, (r, R) and (s, S) do not have the common property (EA).
Now, for each x0, y0 ∈ [0, 1], we have

H(Rx0, Sy0) ≤ max{ x0

11
,

y0

12
} , d(rx0, sy0) =

1
2

,

D(rx0, Rx0) =
1 + x0

6
and D(sy0, Sy0) =

1
2

,

which yields that

max{ x0

11
,

y0

12
} ≤ 1 + x0

6
≤ α(

1
2

,
1 + x0

6
,

1
2
),

where α(x0, y0, z0) = max{ 2x0
3 , 2y0

3 , 2z0
3 } and ϕ(t) = 2t

3 . Thus,

H(Rx0, Sy0) ≤ α(d(rx0, sy0), D(rx0, Rx0), D(sy0, Sy0)).

Hence, condition (2) of Theorem 3 is satisfied. However, the mappings r, s, R and S do not have a common
fixed point because the pairs of mappings (r, R) and (s, S) do not have the common property (EA).

Theorem 4. Suppose r, s are two self maps on (X, d) and R, S : X → WB(X) are two set valued maps
such that
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1. (r, R) and (s, S) have the common property (EA);
2. for each x0, y0 ∈ X with x0 6= y0,

H(Rx0, Sy0) ≤ M(x0, y0)− φ(M(x0, y0)), (2)

where φ : R+ → R+ is a nondecreasing function with 0 < φ(u) < u, for each u ∈ (0, ∞) and ϕ(0) = 0,
and M(x0, y0) = max{d(rx0, sy0), D(rx0, Rx0), D(sy0, Sy0), 1

2 (D(rx0, Sy0) + D(sy0, Rx0))}.
3. rr(l0) = r(l0) for l0 ∈ C(r, R) and ss(l0) = s(l0) for l0 ∈ C(s, S).

If rX and sX are closed subsets of X, then r, s, R and S possess a common fixed point.

Proof. By virtue of (1), (r, R) and (s, S) have the common property (EA). Thus, two sequences {xk},
{yk} exist in X such that for c0 ∈ X, P0, Q0 ∈WB(X)

lim
k→∞

Rxk = P0 , lim
k→∞

Syk = Q0,

lim
k→∞

rxk = lim
k→∞

syk = c0 ∈ P0 ∩Q0.

Since rX and sX are closed subsets of X, we have lim
k→∞

rxk = rl0 and lim
k→∞

syk = se0, for some

l0, e0 ∈ X. Thus, we have rl0 = c0 and se0 = c0. Now, we claim that rl0 ∈ Rl0 and se0 ∈ Se0.
From inequality (2), we have

H(Rxk, Se0) ≤ M(xk, e0)− φ(M(xk, e0))

= max{d(rxk, se0), D(rxk, Rxk), D(se0, Se0),
1
2
(D(xk, Se0) + D(se0, Rxk))}

− φ[max{d(rxk, se0), D(rxk, Rxk), D(se0, Se0),
1
2
(D(rxk, Se0) + D(se0, Rxk))}].

Taking the upper limits as k→ ∞, we get

H(P0, Se0) ≤ max{d(c0, se0), D(c0, P0), D(se0, Se0),
1
2
(D(c0, Se0) + D(se0, P0))}

− φ[max{d(c0, se0), D(c0, P0), D(se0, Se0),
1
2
(D(c0, Se0) + D(se0, P0))}]. (3)

Since se = c ∈ P, inequality (3) implies

H(P0, Se0) ≤ D(se0, Se0)− φ(D(se0, Se0)).

Now, using the definition of Hausdorff metric, we get

D(se0, Se0) ≤ H(P0, Se0)

≤ D(se0, Se0)− φ(D(se0, Se0)),

which implies that φ(D(se0, Se0)) = 0, by the property of the function φ and obtain D(se0, Se0) = 0.
Since Se0 is closed, this implies that se0 ∈ Se0, hence e0 ∈ C(s, S).

Again by (2), we have

H(Rl0, Syk) ≤ M(l0, yk)− φ(M(l0, yk)).

Employing a similar procedure as above, we obtain rl0 ∈ Rl0. As l0 ∈ C(r, R), so from assumption
(3), we have rr(l0) = rl0. Thus, c0 = rl0 = rr(l0) = rc0. In addition, rr(l0) ∈ Rl0. This implies
rc0 ∈ Rl0.
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Now, by the definition of Hausdorff metric, we get

D(rc0, Rc0) ≤ H(Rl0, Rc0) (4)

≤ M(l0, c0)− φ(M(l0, c0)),

where

M(l0, c0) = max
{

d(rl0, rc0), D(rl0, Rl0), D(rc0, Rc0),
1
2

(
D(rl0, Rc0) + D(rc0, Rl0)

)}
= D(rc0, Rc0).

Thus, inequality (4) implies

D(rc0, Rc0) ≤ D(rc0, Rc0)− φ(D(rc0, Rc0)),

which implies φ(D(rc0, Rc0)) ≤ 0. This gives φ(D(rc0, Rc0)) = 0; by the property of the function φ,
we get D(rc0, Rc0) = 0. Hence, rc0 ∈ Rc0. Thus, c0 = rc0 ∈ Rc0.

Similarly, from ss(e0) = s(e0), for e0 ∈ C(s, S), we obtain c0 = sc0 ∈ Sc0. Hence, c0 is a common
fixed point of r, s, R and S.

Corollary 5. Consider a self map r on (X, d) and two set valued maps R, S : X →WB(X) such that

1. (r, R) and (s, S) have the common property (EA);
2. for each a0, b0 ∈ X with a0 6= b0,

H(Ra0, Sb0) ≤ J(a0, b0)− φ(J(a0, b0)),

where φ : [0, ∞) → [0, ∞) is a nondecreasing function with 0 < φ(u) < u, for all u ∈ (0, ∞) and
φ(0) = 0,

J(a0, b0) = max
{

d(ra0, rb0), D(ra0, Ra0), D(rb0, Sb0),
1
2

(
D(ra0, Sb0) + D(rb0, Ra0)

)}
.

3. rr(l0) = r(l0) for l0 ∈ C(r, R).

Then, r, R and S possess a common fixed point provided rX a closed subsets of X.

An example is given below to demonstrate our results.

Example 3. Suppose X = [0, 1] is endowed with the usual metric. Define the self maps r, s on X and
R, S : X →WB(X) as

rx =

{
x2 + x

2 , x ∈ [0, 1
4 ]

2x+1
4 , x ∈ ( 1

4 , 1],

sx =
[x] + 1

2
, 0 ≤ x ≤ 1,

Rx =

{
[0, 2x], x ∈ [0, 1

4 ]

[0, 2x+3
8 ], x ∈ ( 1

4 , 1],

and

Sx =

{
[0, [x]+1

4 ], x ∈ [0, 1
4 ]

[0, 1
2 ], x ∈ ( 1

4 , 1].

(r, R) and (s, S) have the common property (EA) for the sequences xk =
k+2
2k , yk =

1
k , k = 1, 2, 3 . . .
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For each x, y ∈ [0, 1
4 ] with x 6= y,

H(Rx, Sy) =
1
2

∣∣∣∣4x− [y] + 1
2

∣∣∣∣ ,

d(rx, sy) =
∣∣∣x2 + x

2 −
[y]+1

2

∣∣∣ , D(rx, Rx) =
∣∣x2 − 3x

2

∣∣ , D(sy, Sy) =
∣∣∣ [y]+1

4

∣∣∣,
and

1
2

[
D(rx, Sy) + D(sy, Rx)

]
=

1
2

[ ∣∣∣∣x2 +
x
2
− [y] + 1

4

∣∣∣∣+ ∣∣∣∣ [y] + 1
2
− 2x

∣∣∣∣
]

.

For each x, y /∈ [0, 1
4 ] with x 6= y

H(Rx, S(y)) =
1
2

∣∣∣∣ x2 − 1
4

∣∣∣∣ ,

d(rx, sy) =
∣∣∣ 2x+1

4 − [y]+1
2

∣∣∣ , D(rx, Rx) = 1
2

∣∣∣ x
2 −

1
4

∣∣∣ ,D(sy, Sy) =
∣∣∣ [y]+1

2 − 1
2

∣∣∣ = [y]
2 ,

and
1
2

[
D(rx, Sy) + D(s(y), Rx)

]
=

1
2

[ ∣∣∣∣ x2 − 1
4

∣∣∣∣+ ∣∣∣∣ [y] + 1
2
− 2x + 3

8

∣∣∣∣
]

.

For each x ∈ [0, 1
4 ], y /∈ [0, 1

4 ]

H(Rx, Sy) =
1
2
|4x− 1| ,

d(rx, sy) =
∣∣∣x2 + x

2 −
[y]+1

2

∣∣∣ , D(rx, Rx) =
∣∣x2 − 3x

2

∣∣ , D(sy, Sy) =
∣∣∣ [y]+1

2 − 1
2

∣∣∣ = [y]
2 ,

and
1
2

[
D(rx, Sy) + D(sy, Rx)

]
=

1
2

[ ∣∣∣∣x2 +
x
2
− 1

2

∣∣∣∣+ ∣∣∣∣ [y] + 1
2
− 2x

∣∣∣∣
]

.

For each x /∈ [0, 1
4 ], y ∈ [0, 1

4 ],

H(R(x, Sy)) =
1
2

∣∣∣∣2x + 3
4
− [y] + 1

2

∣∣∣∣ ,

d(rx, sy) =
∣∣∣ 2x+1

4 − [y]+1
2

∣∣∣ , D(rx, Rx) = 1
2

∣∣∣ 2x−1
4

∣∣∣ , D(sy, Sy) =
∣∣∣ [y]+1

2 − [y]+1
4

∣∣∣ = [y]+1
4 ,

and
1
2

[
D(rx, Sy) + D(sy, Rx)

]
=

1
2

[ ∣∣∣∣2x + 1
4
− [y] + 1

4

∣∣∣∣+ ∣∣∣∣ [y] + 1
2
− 2x + 3

8

∣∣∣∣
]

.

In all the cases, assumption (2) holds for the function φ(t) = t
7 . In addition, rr( 1

2 ) = r( 1
2 ) for 1

2 ∈ C(r, R)
and ss( 1

2 ) = s( 1
2 ) for 1

2 ∈ C(s, S). Hence, all conditions of Theorem 4 are satisfied. Thus, we conclude that
r, s, R and S possess a common fixed point 1

2 .

4. Discussion

Common fixed point results for single valued maps have been mainly used to solve nonlinear
integral equations. However, in recent times, the study of fixed point for set valued maps have
gone beyond mere generalization of the single valued case. Such studies have also been applied
to prove the existence of equilibria in the context of game theory. Similar generalizations of such
contractions for the mappings of the type R : WB(X) → WB(X) would be a special topic for future
study. Another direction of future work would be to apply our results in the solution of set valued
fractional differential equations.
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5. Conclusions

We proved some interesting results dealing with common fixed point for Aϕ-contraction and
generalized φ-type weak contraction without using the continuity of any map. Our results are unified
and extended forms of some existing results in literature. The proofs also give us schemes regarding
how to find the desired common fixed point of such maps.
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