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A B S T R A C T

A laminar electrically-conducting flow inside an electrically-insulated rectangular duct in a uniform transverse
magnetic field with both uniform surface temperature and uniform heat flux boundary conditions are considered
numerically. The problem with aspect ratios of the range from 1:10 to 10:1 and Hartmann number M up to 1000
is solved using a highly accurate technique which is spectral method. The flow variables are expanded in terms
of linear combinations of Chebyshev polynomials chosen to satisfy the boundary conditions implicitly. The result-
ing equations are collocated using the Gauss points to produce a system of nonlinear algebraic equations which
is solved iteratively using Gauss elimination. Convergence properties of the numerical method reveals that for
aspect ratio of less than 4 to 1, the flow is well resolved with as small as 29 by 29 Chebyshev polynomials; how-
ever, as the aspect ratio increases to more than 4 to 1, the number of polynomials required for an adequate reso-
lution can be as high as 49 by 49 polynomials. It is found when the magnetic field is turned on, the pressure
drop, in general, increases with the field for different aspect ratios. However, the pressure drop increase will be
slower near the aspect ratio of 10. Also, the heat transfer increases with the field for most of the cases, but for
some cases the field will have adverse effect on the heat transfer, particularly, for constant surface temperature
boundary condition at aspect ratio > 4 and M < 100. On the other hand, this effect will be noticed at aspect
ratio > 4 and M < 10 for uniform wall heat flux boundary condition.

© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)
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1. Introduction

Due to its importance and vast applications (such as MHD pumps,
MHD generators, MHD flow meters, MHD nuclear fusion reactor, MHD
marine propulsion, MHD stirring of molten metal and magnetic-levita-
tion casting, etc.), the magneto-hydrodynamics has become the primary
interests for many researchers since last century.

Sayed-Ahmed [1] has solved numerically the problem of MHD
flow and heat transfer in a rectangular duct with constant wall heat
flux axially and constant wall temperature peripherally. He examined
the effect of the Hall term and the variable viscosity on the velocity
and temperature fields.

Smolentsev [2,3] studied experimentally laminar heat transfer in
MHD-flow in a rectangular duct with large aspect ratio, 10:1, for the
case of one-sided heating with the heat flux applied to one of the side
walls. He has found experimentally and numerically that the correlation
of the fully-developed temperature distribution in the channel cross-
section with the magnetic field occurs in a certain range only at rela-
tively small Hartmann numbers. As the Hartmann number increases
within that range the temperature at the channel centerline decreases.

Sai [4] has examined analytically the effects of suction or injection
on an incompressible laminar flow in a rectangular duct with non-
conducting walls in the presence of an imposed transverse magnetic
field. He used the solutions for the velocity and magnetic field to
obtain the current density and electric field strength.

Verardi [5] has presented, using finite element method, the full
solution of a three-dimensional steady magnetohydrodynamic flow
with moderately high Hartmann numbers and interaction parame-
ters. An incompressible, viscous and electrically conducting liquid-
metal is considered. Results are presented for Hartmann numbers in
the range 102�103.

Kumamaru [6] has preformed three-dimensional numerical calcula-
tions on liquid-metal magnetohydrodynamic flow through a rectangu-
lar channel in the inlet region of the applied magnetic field, including a
region upstream the magnetic field section. Along the flow axis (i.e. the
channel axis), the pressure decreases slightly as normal non- MHD
flow, increases once, thereafter decreases sharply and finally decreases
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Nomenclature

a Rectangle width [m]
B0 Uniform magnetic flux [T]
b Rectangle length [m]
Dh Hydraulic diameter [m]
f Friction factor
H Dimensionless induced axial magnetic field, Hz/

[Vm(smf)1/2]
Hz Induced axial magnetic field [A/m]
H* Normalized induced axial magnetic field, H/g
hc Heat-transfer coefficient [w/m2¢°C]
k Thermal conductivity of fluid [w/m¢°C]
M Hartmann number, B0Dh(s/mf)1/2

Nu Nusselt number, hcDh /k
p Fluid pressure [N/m2]
q Surface heat flux [W/m2]
Re Reynolds number, VmDh /n
r Aspect ratio, a/b
Ts Surface temperature [°C]
T Temperature [°C]
Vm Mean axial velocity [m/s]
Vz Axial fluid velocity [m/s]
w Dimensionless axial velocity, Vz/Vm

w* Negative normalized axial velocity, w/g
x x-coordinate [m]
x* Dimensionless x-coordinate, x/a
y y-coordinate [m]
y* Dimensionless y-coordinate, y/a
z Axial coordinate [m]

Greek Letters
g Non-dimensional pressure gradient, [(@p/@z)(Dh

2)]/
Vmmf

r2 Laplacian in dimensionless rectangular coordinate
u Dimensionless temperature, (T � Ts)/(Dhq/k)
um Mean dimensionless temperature defined in Eq. (10)
mf Dynamic viscosity of fluid [N¢s/m2]
n Kinematic viscosity of fluid, m2/s
r Density of fluid [kg/m3]
s Electrical conductivity of fluid [A/V¢m]

Subscripts
c Refers to convection
f Refers to friction
h Refers to hydraulic
m Refers to mean
z Refers to component in z-direction
s Refers to surface
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as fully-developed MHD flow. The sharp decrease in the pressure,
resulting in a large pressure drop, in the inlet region is due to increase
in the induced electric current in this region comparing with that in
the fully-developed region. In the inlet region, the flow velocity distri-
bution changes from a parabolic profile of a laminar non-MHD flow to
a flat profile of a fully developed MHD flow.

Nesliturk [7] used a stabilized finite element with the residual-free
bubble (RFB) functions to solve the resulting governing equations from
MHD flow in a rectangular duct for the case when the flow is driven
by the current produced by electrodes, placed one in each of the walls
of the duct where the applied magnetic field is perpendicular. He
assumed flow is steady, laminar and the fluid is incompressible, viscous
and electrically conducting. He depicted the changes in direction and
intensity with respect to the values of wall inductance in terms of level
curves for both the velocity and the induced magnetic field.

Bozkaya [8] derived a fundamental solution for the coupled con-
vection-diffusion type equations. He employed the boundary element
method (BEM) application then, established with this fundamental
solution, for solving the coupled equations of steady MHD duct flow
in the presence of an external oblique magnetic field. Then he solved
MHD duct flow problems with the most general form of wall conduc-
tivities and for large values of Hartmann number. The results, he
obtained, for velocity and induced magnetic field is visualized in
terms of graphics for values of Hartmann number M = < 300.

Using highly accurate numerical method (i.e. spectral method), Al-
Khawaja and Selmi [9] have solved the magneto-fluid-mechanic square
problem with heat transfer. The modified Navier-Stokes and the non-
linear energy equations were solved to get the pressure drop and Nus-
selt problem for low and very high Hartmann number M (= 1000).

For circular cross-section with uniform surface heat flux, the MHD
problem of free-and-forced convection flow was solved numerically
using the modified third-accurate-upwind scheme developed by Al-
Khawaja and Agarwal [10] to stabilize the solution resulted from
highly non-linear equations. The solutions were so interesting since
the velocity profiles have a shape of valleys and hills and it varies
with Hartmann number. Also, the appearance of the temperature
contours looks like fish-mouth shape.

Li, Sutevski, Smolentsev, and Abdou [11] have studied the same prob-
lem numerically and experimentally but under non-uniform transverse
magnetic field. They have found that the pressure distributions, in the
duct cross sections for two different sections of the liquid metal flow at
the entry to and at the exit from the magnet, are different. Also, MHD
flow of liquid metal through a right angled isosceles triangular duct has
been studied by Sarma and Deka [12] numerically. They have solved for
the velocity, induced magnetic field and temperature distributions using
9-point stencil centered finite difference method for different values of
Hartmann number, Magnetic Reynold number and Prandtl number.

In recent years, there are quite numbers of papers which have been
published on MHD flows inside a duct with and without heat transfer.
For examples, high-resolution direct numerical simulations were con-
ducted by Dmitry Krasnov, Oleg Zikanov and Thomas Boeck [13] to
analyze turbulent states of flow of an electrically conducting fluid in a
duct of square cross-section with electrically insulating walls and
imposed transverse magnetic field. The Reynolds number of the flow is
105 and the Hartmann number varies from 0 to 400. It was found that
there is a broad range of Hartmann numbers in which the flow is nei-
ther laminar nor fully turbulent, but has laminar core, Hartmann
boundary layers and turbulent zones near the walls parallel to the mag-
netic field. Also, MHD flow equations in a rectangular duct in the pres-
ence of transverse external oblique magnetic field were solved by
Ibrahim Çelik [14] using Chebyshev polynomial method. Numerical sol-
utions of velocity and induced magnetic field were obtained for steady-
state, fully developed, incompressible flow for a conducting fluid inside
the duct. The results for velocity and induced magnetic field were visu-
alized in terms of graphics for values of Hartmann numbers. Later, the
mixed convection in a downward flow in a vertical duct with strong
transverse magnetic field was studied numerically by Xuan Zhang and
Oleg Zikanov [15] and it was found that the flow is steady-state or
oscillating depending on the strengths of the heating and magnetic
field. Moreover, C. N. Kim [16] studied a numerical analysis of three-
dimensional liquid MHD flows in a square duct with an FCI in a non-
uniform magnetic field. Detailed information on flow velocity, Lorentz
force, pressure, current and electric potential of MHD duct flows for dif-
ferent Hartmann numbers was predicted. Additionally, the steady, lami-
nar, fully developed MHD flow of an incompressible, electrically
conducting fluid with temperature dependent viscosity was investi-
gated by Elif Ebren Kaya and M€unevver Tezer-Sezgin [17] in a rectan-
gular duct together with its heat transfer. Although the induced
magnetic field is neglected due to the small Reynolds number, the Hall



Fig. 2. Computed Nusselt number versus aspect ratio for different resolution for
M = 1000 with the case of constant wall temperature.

Fig. 3. computed Nusselt number versus aspect ratio for different resolution for
M = 1000 with the case of constant wall heat flux.
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effect, viscous and Joule dissipations are taken into consideration. The
momentum and the energy equations were solved iteratively. It was
observed that as Hartmann number is increasing, the velocity magni-
tude drops which is a well-known property of the MHD duct flow and
increasing viscosity parameter reduces both the flow and the tempera-
ture magnitudes whereas the increase in the Hall parameter accelerates
the flow and increases the fluid temperature. Likewise, the 2D transient
MHD flow in a rectangular duct in terms of the velocity of the fluid and
the induced magnetic field by using the radial basis function (RBF)
approximation was simulated by M€unevver TEZER-SEZG_IN and Merve
G€URB€UZ [18]. It was shown that, as Hartmann number increases, the
fluid becomes stagnant at the center of the duct, the flow is flattened
and boundary layers are developed on the Hartmann and side walls.
Stable solutions were obtained with RBF by using quite large time
increment and suitable relaxation parameters on the expense of explicit
Euler time-integration scheme used.

MHD flows with different geometries have been studied by many
researchers recently. For examples, Sultan Z. Alamri [19] has investi-
gated the effects of mass transfer on MHD second grade fluid towards
stretching cylinder. It was noted that the velocity increases with
increasing values of fluid parameter whereas it declines for the case
of magnetic field. Finally, it was demonstrated numerically by Z H.
Khan [20] for flow with heat transfer in a trapezoidal cavity that the
imposed magnetic field, thermal buoyancy, porous medium perme-
ability and the length of the heating element play a crucial role in the
enhancement of dimensionless average heat transfer rate.

In the present work, the spectral method solutions of a variable
aspect ratio rectangular duct flow in a uniform transverse magnetic field
with uniform surface temperature and uniform surface heat flux thermal
boundary conditions have been studied. The range of the aspect ratio
used is from 0.1 to 10 while the range of Hartmann number M is taken
from 0 (no magnetic field) to 1000 (very high magnetic field). It was
noticed the pressure drop, in general, increases with the field for differ-
ent aspect ratios. However, the pressure drop increase will be slower
when the aspect ratio becomes high. Also, the heat transfer increases
with the magnetic field for most of the cases, but for some cases the field
will have adverse effect on the heat transfer, particularly, for constant
surface temperature boundary condition at aspect ratio > 4 and
M < 100. On the other hand, this effect will be noticed at aspect
ratio> 4 andM< 10 for uniform wall heat flux boundary condition.

2. Basic Equations

The modified Navier-Stokes equations which include the effect of
the magnetic field body force were derived and discussed in
Fig. 1. Problem geometry which shows the transverse magnetic field along a rectangu-
lar duct flow.
references [9,10]. Also, the energy equation was shown in these refer-
ences. Here, the simplified dimensionless basic equations of heated
MFM flow in rectangular coordinates (shown in Fig. 1), for steady,
incompressible, fully-developed flow, are derived and given as
Fig. 4. Dimensionless axial velocity profiles across the duct (at the mid-point of the
side along y direction) in the direction of the magnetic field for different aspect ratios
atM = 0.



Fig. 5. Dimensionless axial velocity profiles across the duct (at the mid-point of the
side along y direction) in the direction of the magnetic field for different aspect ratios
atM = 20.

Fig. 6. Dimensionless axial velocity profiles across the duct (at the mid-point of the
side along y direction) in the direction of the magnetic field for different aspect ratios
atM = 200.
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following:

r 2w��1
2
ðr þ 1ÞM @H�

@x�
¼ 1 ð1Þ

r 2H��1
2
ðr þ 1ÞM @w�

@x�
¼ 0 ð2Þ
Fig. 7. 3-D mesh of the dimensionless axial veloci
r 2u þ ðr þ 1Þ2Nuwu ¼ 0 ð3Þ
and

r 2u�2ðr þ 1Þw ¼ 0 ð4Þ
ty profiles atM = 0 for different aspect ratios.



Fig. 8. 3-D mesh of the dimensionless axial velocity profiles atM = 20 for different aspect ratios.
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Where the negative dimensionless pressure gradient g is related
tow* by

g ¼ 1=r
R1=r
0

R1
0
w�dx�dy�

ð5Þ

Equations (1) and (2) represent the axial momentum and induc-
tion, respectively, whereas (3) and (4) represent the energy equations
for uniform surface temperature and uniform heat flux boundary
conditions, respectively. Cleary, one can notice the aspect ratio r = a/b
enters all governing equations and makes them to represent the gen-
eral rectangular cross section. If r is equal to unity, the special case of
square cross section will be obtained and the simplified equations for
this case are given in reference [9].

From the force balance one can show that fRe = �8g/(r+1)2 while
from Nu definition, one can also show that Nu = �2/[um(r+1)]. Where
the mean dimensionless temperature is given by

um ¼

R1=r
0

R1
0
uwdx�dy�

R1=r
0

R1
0
wdx�dy�

ð6Þ

Definitions of other dimensionless variables are described in the
notation section. The boundary conditions are w*= 0 (from no-slip
condition), H*= 0 (from electrically insulated surface), and u = 0.
3. Numerical Method

The flow variables can be approximated by the following expansion
functions made of linear combinations of Chebyshev polynomials

w� ¼
XNx�1

m¼0

XNy�1

n¼0

Cw
mnX

w
mð~xÞYw

n ð~yÞ ð7Þ

H� ¼
XNx�1

m¼0

XNy�1

n¼0

CH
mnX

H
mð~xÞYH

n ð~yÞ ð8Þ

u ¼
XNx�1

m¼0

XNy�1

n¼0

CumnX
u
mð~xÞYun ð~yÞ ð9Þ

where

~x ¼ 2x��1; . . . ~y ¼ 2ry��1

are algebraic mappings that transform the cross-section of the duct
into the domain of Chebyshev polynomials, ð~x; ~yÞ2 ½�1;1� � ½�1;1�;
Xw
m , X

H
m, X

u
m, Y

w
n , YH

n , and Yun are linear combinations of Chebyshev poly-
nomials, chosen to satisfy the boundary conditions implicitly,

Xw
mð~xÞ ¼ Xu

mð~xÞ ¼ Tkmþ2ð~xÞ�Tkmð~xÞ ð10Þ

XH
mð~xÞ ¼ Tkðmþ1Þþ1ð~xÞ�Tkðmþ1Þ�1ð~xÞ ð11Þ



Fig. 9. 3-D mesh of the dimensionless axial velocity profiles atM = 200 for different aspect ratios.
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Yw
n ð~yÞ ¼ Yun ð~yÞ ¼ Tknþ2ð~yÞ�Tknð~yÞ ð12Þ

YH
n ð~yÞ ¼ Tknþ2ð~yÞ�Tknð~yÞ ð13Þ

Here k can take on the values of either 1 or 2. If k = 2, symmetry is
exploited, that is even Chebyshev polynomials are selected forw*and
u in both the x, y directions; while even polynomials are selected for
H*in the y direction and odd ones are chosen in the x direction. This
reduces computational time as the computational domain is reduced
Fig. 10. Dimensionless temperature contours are shown in color bands for r = 0.1 and di
to one quadrant; ð~x; ~yÞ2 ½0;1� � ½0;1�. If i = 1, no symmetry is
exploited and the solution is sought on the whole domain.

The spectral solution presented here is divided into two parts.
First Eqs. (1) and (2) are solved simultaneously using the first two
expansions, Eqs. (7) and (8), and then the energy equation, Eq. (3) or
(4) depending on the problem considered, is solved as a second part
using the third expansion, Eq. (9).

First, Eqs. (7) and (8) are substituted into the first two of the gov-
erning equations, Eqs. (1) and (2), and the resulting equations are
fferent Hartmann numbers with uniform surface temperature boundary condition.



Fig. 11. Dimensionless temperature contours are shown in color bands for r = 0.5 and different Hartmann numbers with uniform surface temperature boundary condition.
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satisfied at the Gauss points:

~xi; ~yj
� �

¼ cos
ð2iþ 1Þp
2Nx k

; cos
ð2jþ 1Þp
2Ny k

� �
ð14Þ

where i = 0,1,2,. . ., Nx -1 and j = 0,1,2,. . ., Ny -1. The resulting system of
algebraic equations is written symbolically as

fðC;MÞ ¼ 0 ð15Þ
Where C is a vector of size N = 2NxNycontaining the expansion

coefficients Cw
mn and CH

mn and f is a vector-valued function also of size
N that contains the discrete form of Eqs. (1) and (2). Equation (15)
represents a linear system of algebraic equations and is solved by
Gauss elimination to yield the coefficients Cw

mn and CH
mn from which

the velocity w*and normalized magnetic field H*are computed
through Eqs. (7) and (8).

Second, Eq. (3) is solved iteratively while Eq. (4) is solved
directly. For Eq. (3), once w*is known, g can be computed from
Eq. (5); however, um and consequently Nu cannot be computed
from Eq. (6) alone. As a result, a guessed value for Nu is first
assumed and then Eq. (3) is solved by substituting the expansion,
Eq. (9), into Eq. (3) and the resulting equation is satisfied at the
collocation points, Eq. (14). This yields a system of N algebraic
equations that is solved for the approximate coefficients of u, i.e.
Cumn . Once an approximation to u is obtained, a more accurate value
of Nu can be obtained from Eq. (6) and another approximation to u
is sought again by solving Eq. (3) using the new value of Nu. This
process is repeated till successive approximations become within a
small relative error from each other. For Eq. (4), no iteration is
required as it does not contain Nu and therefore by simply substi-
tuting the expansion for u, Eq. (9), into the energy equation, Eq. (4)
and applying the collocation scheme defined by Eq. (14) a linear
algebraic system is obtained that is solved for the expansion coeffi-
cients of u. Figures 2 and 3 show the computed Nusselt number ver-
sus the aspect ratio for different resolution for M = 1000 with the
case of constant wall temperature and uniform wall heat flux,
respectively. The figures indicate that with aspect ratios of up to 4 a
resolution of 29 £ 29 is acceptable for M = 1000 while for aspect
ratio beyond 4 a higher resolution is required, i.e. 49 £ 49. The solu-
tions that have been worked out here have been computed with a
resolution of 49 £ 49 in order to achieve adequate accuracy of the
numerical solutions even for M < 1000.

4. Results and Discussion

The special case of square cross section was solved numerically
[9,21,22]. The fluid mechanics part as well the heat transfer one
either with uniform surface temperature or uniform surface heat flux
were considered and compared with circular cross section case. In
this paper, a more general case is investigated, i.e. a rectangular cross
section with different aspect ratios. Very interesting results, which
will be discussed later, are obtained. The aspect ratio is varied from
0.1 to 10 while Hartmann number M is varied from 0 (no magnetic
field) to 1000 (very high magnetic field).

The geometry of this problem is shown in Fig. 1. The magnetic
field is directed vertically in the negative x direction while the flow is
directed in the positive z direction.

As a first test, the dimensionless axial velocity w along the mag-
netic field direction is plotted, at the midpoint with y direction. Fig. 4
shows the velocity for M = 0 (that is conventional flow) versus x* for
different aspect ratios. As expected, the square duct will have a



Fig. 12. Dimensionless temperature contours are shown in color bands for r = 1 (i.e. square) and different Hartmann numbers with uniform surface temperature boundary
condition.
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velocity profile parabolic shape whereas it will be disturbed for other
aspect ratios, particularly for r = 10. At this ratio, the profile will be
mostly flat along the duct with x direction and it will have steep gra-
dient near the surfaces. This is also true for r = 0.1 along the duct with
y direction (shown later in 3-D plot, Fig. 7). The reason of this behav-
ior is that when r = 10, for example, the length in x direction will be
larger by 10 times than that for y direction. Thus, the viscous effect in
y direction will be smaller than that for the other direction. This will
make the profile in x direction flatter while the other will be round.
For other aspect ratios (0.1 < r < 10), the viscous effect on the profile
shape will be in between.

Those profiles will be disturbed completely when the magnetic
field is turned on. Due to Hartmann effect, all the profiles will be flat-
tened along the magnetic field. However, the profile corresponds to
r = 10, is less flattened and its value becomes the highest due to the
fact that the short length in the y direction is exposed slightly by the
magnetic field. This is shown in Figs. 5 and 6 for low Hartmann num-
ber (M = 20) and high Hartmann number (M = 200), respectively. The
well-known flattening of the profiles is more noticeable for high
Hartmann number and the thin Hartmann boundary layer is formed
for all aspect ratios except for r = 10 where the profile will be some-
how round over most of the cross section of the duct for the same
reason mentioned above.
The 3-D plots of the velocity profiles describe clearly what was
mentioned above. Figs. 7, 8, and 9 show 3-D mesh of the dimen-
sionless velocity profiles for M = 0, M = 20, and M = 200, respec-
tively with different aspect ratios. Out of those profiles, the
profiles with r = 0.1 and 10 for different Hartmann number values
have an interesting behavior. For M = 0, the profile, as discussed
above, will be almost uniform along y for r = 0.1 and along x for
r = 10. However, this uniformity for the latter case will be upset
for M = 20 and M = 200, as shown in Figs. 8 and 9, but for the for-
mer case the profiles will form a shape of parallelepiped, particu-
larly, for high Hartmann number. This is because the longer side is
affected by the magnetic field. The case of r = 1 (i.e. square cross
section) was solved in references [9,21,22] and explained how the
profile parallel to the field is flattened while the normal one will
be more round since the effect of the pondromotive force is less
on that direction.

Also, the heat transfer is affected as well by the aspect ratio and
Hartmann number. This will be shown as dimensionless temperature
contours with varying in color. There are two groups of these figures
depending on the thermal boundary condition. The first group will
be for constant surface temperature while the second one will be for
uniform surface heat flux. For first group, Fig. 10 shows the contours
for r = 0.1 with different M. One can notice that as M gets higher, the



Fig. 13. Dimensionless temperature contours are shown in color bands for r = 2 and different Hartmann numbers with uniform surface temperature boundary condition.
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uniformity of the temperature distribution across the cross section
will be more obvious. This is again due the fact that the longer side is
exposed to the magnetic field and thus the flow will be more affected
by the field. Of course, at M = 200, the strong Hartmann effect also
Fig. 14. Dimensionless temperature contours are shown in color bands for r = 10 and
different Hartmann numbers with uniform surface temperature boundary condition.
will affect the temperature distribution and make it more uniform. It
will be very similar for r = 0.5 and r = 1, shown in Figs. 11 and 12.
However, for r = 2 and r = 10, the behavior will start to reverse as
shown in Figs. 13 and 14 and this is because the shorter side is
exposed to the field and makes the duct less influenced by the field
while the viscous effect will be dominant along x axis, particularly,
for r = 10.

The second group which illustrates the dimensionless tempera-
ture contours for constant surface heat flux is shown in Figs. 15, 16,
17 and 18 for r = 0.1, 0.5, 2, and 10, respectively. For all cases, the uni-
formity of the contours of this group is more obvious from their coun-
terparts of the first group. As before, the magnetic field effect is to
increase the regularity of the temperature distribution over the cross
section, particularly for r = 0.1 and 0.5, but for r = 2 and 10, the field
will not affect the homogeneity of the temperature distribution even
for high Hartmann number (M = 200). In contrast to the constant sur-
face temperature case, the reversal behavior with M is not noticed
here. This is because the temperature distribution is more homoge-
nous (higher Nusselt number) in the case of constant surface heat
flux.

The velocity profiles and temperature contours discussed above
will give some explanation of the friction behavior and heat transfer
variation of the flow. The friction factor behavior is explained in
Fig. 19 in which the parameter fRe is plotted against r for different
values of Hartmann number. As M increases, the symmetry of the
plot about r = 1 and at M = 0 will be disturbed. The lowest friction is
depicted at r = 1 and M = 0. Thus, for conventional flow, the square
shape will have the lowest pressure drop relative to other general



Fig. 15. Dimensionless temperature contours are shown in color bands for r = 0.1 and different Hartmann numbers with uniform surface heat flux boundary condition.

Fig. 16. Dimensionless temperature contours are shown in color bands for r = 0.5 and different Hartmann numbers with uniform surface heat flux boundary condition.
rectangular shapes. From previous studies [9�11,21], for square and
circular ducts, it was shown that the effect of the magnetic field is to
increase the pressure drop in the flow. Fig. 19 shows this reality for
any cross-sectional shape except for low M and high r. The curves for
M = 0 and 10 and for r > 8 will coincide but for higher Hartmann
numbers, the pressure drop will be lower at r = 10 from that at r = 0.1
since the short side of r = 10 is exposed to magnetic field, in contrast
to that one for r = 0.1 where the long side is exposed to the field.
Thus, the influence of the field on the former case is less and this is
shown in Fig. 19.

The effect of r and M on the heat transfer is illustrated in Figs. 20
and 21 for both thermal boundary conditions; uniform surface
temperature and constant surface heat flux, respectively. As the case
for the pressure drop, the Nusselt number is plotted versus the aspect
ratio for different Hartmann numbers. Again, from the previous work
[9,10,21] for square and circular duct, it was proved that the magnetic
field will increase the Nusselt number since the temperature distri-
bution will be more homogeneous over the cross section of the duct.
However, in general, it will not be true for aspect ratios larger than 4
and at Hartmann number less than 100, as shown in Fig. 20, but even-
tually the Nusselt number will be inversely proportional to Hartmann
number in that region, for the same reason discussed above when the
reversal behavior is occurred on the temperature distribution for
constant surface temperature. In the case of uniform surface heat



Fig. 18. Dimensionless temperature contours are shown in color bands for r = 10 and
different Hartmann numbers with uniform surface heat flux boundary condition.

Fig. 17. Dimensionless temperature contours are shown in color bands for r = 2 and different Hartmann numbers with uniform surface heat flux boundary condition.

Fig. 19. Friction factor as a function of r for different Hartmann numbers.
flux, this behavior will be noticed only at r > 4 and M < 10 since in
this case the temperature distribution more uniform than the former
one. Also, we can notice from Figs. 20 and 21 that the symmetry from
M = 0 about r = 1 is destroyed due to the effect of the magnetic field.
5. Conclusion

It is very interesting to notice that the pressure drop and heat
transfer are affected by the magnetic field and as well as aspect ratios.
For r = 10 and M = 0, it was shown that the velocity profile along x
direction is flatter than y direction due the viscous effects. However,
when the field is turned on, the profile will be flattened but with less
effect along y direction, whereas the profile will be mostly affected
for high M and at r = 0.1. Without the field, the pressure drop will be



Fig. 21. Nusselt number as a function of r for different Hartmann numbers with uni-
form surface heat flux boundary condition.

Fig. 20. Nusselt number as a function of r for different Hartmann numbers with uni-
form surface temperature boundary condition.
the lowest, but as M increases, the friction factor will increase as
expected, except for lowM and high r.

In general, the uniformity of the temperature distribution over the
cross section with M will increase from r = 0.1 to 1 for both thermal
boundary conditions (constant surface temperature and uniform
heat flux), but after 2 the reversal effect will take place, particularly
for constant surface temperature boundary condition. Also, the rever-
sal behavior for Nu is seen here. For r > 4 and M < 100, Nu decreases
for uniform surface temperature boundary condition, but this reverse
will be less noticeable for constant wall heat flux boundary condition
at r > 4 andM < 10.

As future work, one can modify the problem to include a
non-uniform magnetic field along the duct or be positioned in
different angles for fully developed and/or developing flow
steady and unsteady flow conditions. The addition of turbulent
fluctuations is also interesting. Dealing with turbulence is not
easy task because it requires a special turbulence modeling. In
order to predict turbulent flows by numerical solutions to Nav-
ier-Stokes equations, it becomes necessary to make closing
assumptions about the apparent turbulent stress and heat flux
quantities. It is important to remember that turbulence models
must be verified by comparing predictions with experimental
measurements.
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