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Abstract

In this paper, bandwidth acquisition and allocation problem of a telecommunications Bandwidth Broker
(BB) is analyzed under uncertain end-user capacity requests and pay-per-byte (volume) based pricing
policy. Furthermore, related objective function coefficients such as revenue and costs are modeled as
fuzzy numbers in order to cope with vague market conditions. By integrating fuzzy mathematical pro-
gramming and two-stage stochastic programming techniques, deterministic equivalent of single objective
profit maximization problem of BB is obtained solved to optimality. In addition, infrastructure related
performance measures such as delay and jitter amounts in the network are modelled via stochastic param-
eters that obey some known probability distributions. Two performance statistics namely fuzzy Expected
Value of Perfect Information (EVPI) and fuzzy Value of Stochastic Solution (VSS) are defined to demon-
strate the efficiency of proposed methodology compared to deterministic approach. In addition, several
secondary performance measures such as expected capacity utilization, expected demand fulfilment ratio
and capacity loss are calculated under different problem settings. In conclusion, numerical experiments
showed that fuzzy stochastic method provides more profit depending upon problem size in compression
with deterministic strategy.

Keywords: Telecommunications market, bandwidth broker, fuzzy stochastic mathematical programming,
fuzzy VSS and EVPI

1. Introduction and Motivations

During the last decades with the increasing usages

of internet and other communication tools, telecom-

munications networks have become a very complex

environment. It is possible to classify decision mak-

ing problems that are encountered in telecommuni-

cation environment into three different levels such

as technological, network and enterprise1,2. Fig-
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ure 1 depicts telecommunication problem topolo-

gies. The technological level deals with design of

different elements of telecommunication networks

such as routers and switches2, packet scheduling and

buffer management problems. Network level prob-

lems concentrate on design and planning of differ-

ent kinds of telecom networks which may differ by

size and by technology involved. Several decisions

such as capacity expansion decision of links and al-

location of servers are dynamic in nature and con-

sist of several time periods. At the enterprise level

telecom firms are considered as an actor in a market

where they interact with other actors such as indus-

trial companies and customers; thus this level can

be classified as integration at the highest level. De-

termination of pricing policies, capacity provider se-

lection and resource allocation, and selection of ser-

vice types that telecom firm will offer to the market

are examples of some basic decisions taken at this

level2,3.

Fig. 1. Telecommunications’ problems topology 1.

The problem studied in this research falls into the

enterprise level category. At this level, it is assumed

that telecommunications market consists of three

important main players, which are customers or end-

users who use network capacity to accomplish their

tasks, backbone network providers (BP) and inter-

mediaries or bandwidth brokers (BB). Whereas BPs

own the network infrastructure, BBs do not have

their own network facilities and in order to provide

the service BBs have to lease the necessary network

capacity from BPs or other bandwidth brokers. Con-

sequently, BBs have to decide how much capacity to

acquire and the BPs decide the price to charge for

the network capacity 3.

Due to the introduction of new technologies and

services such as GPRS in GSM or ‘video on de-

mand’ for digital subscriber lines, which have led

to increase in the end-customer demands 4. Figure 2†

depicts the progress of number of broadband users in

Turkish telecom market. Hence, with the increasing

number of end-customers, number of internet ser-

vice providers (ISP) has increased in the market as

well, which led to higher completion among ISPs.

Fig. 2. Number of Broadband Internet Subscribers in Turkey.

In Figure 3‡, market shares of Turkish IPSs in the

recent years are presented. It can be concluded from

recent data that even though market leader TTNet

(only backbone in the market) keeps its position, its

share decreases steadily. On the other hand, shares

† Retrieved from http://eng.btk.gov.tr/kutuphane_ve_veribankasi/pazar_verileri/2013_Q1_ECM_MarketData.pdf

on 14/02/2014.
‡ Retrieved from http://webrazzi.com/2014/03/24/ulkemizdeki-internet-servis-saglayicilarin-pazar-paylari\

\-webrazzi-pro/ on 24/10/2014.
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of BBs such as Superonline and Doğan Diğital in-

crease in total. Therefore, modeling and solution

strategies are needed for BBs in order to stay com-

petitive in emerging markets, which is one of the

motivations of this study.

Fig. 3. Progress of ISPs’ market shares in Turkey.

We consider BB’s profit maximization problem

in an environment in which the firm can lease net-

work capacity at competitive prices from different

BPs with different quality of service (QoS). In or-

der to gain profit, a BB has to first acquire (lease)

the capacity (bandwidth) from BPs then lease band-

width to end-users. After leasing decision, the BB

has to allocate leased bandwidth into acquired ca-

pacities by meeting QoS requirements of each cus-

tomer. Figure 4 depicts relationships and interac-

tions between each players in the modeled telecom-

munications market.

The solution of the proposed model provide es-

sential strategic planning information to the decision

makers of BB such as how much bandwidth for how

long should be leased from each BP, which service

providers should be chosen by considering QoS lev-

els, after realization of customers’ demands which

customer’s bandwidth request should be accepted

and which of them should be rejected. In addition,

solution provides information about how accepted

bandwidth demands should be allocated into leased

capacity by considering quality of service parame-

ters such as delay and jitter.

Fig. 4. The modelled market structure.

Like all real world phenomena, telecommunica-

tion network are affected by uncertainties. Uncer-

tainties in telecommunications may arise from either

environmental or internal reasons. In either case, ne-

glecting uncertainties in the modelling stage may re-

sult in inaccurate and inefficient solutions1. Hence,

we model and solve bandwidth acquisition and al-

location problem of a telecommunications BB by

taking into account uncertainties arising due to mar-

ket and infrastructure conditions and by integrating

fuzzy and stochastic programming methodologies.

In the remaining of this section, brief back-

ground information about pricing policies and QoS

parameters in telecommunications are provided

which are required to build up BB’s profit maximiza-

tion model. Afterwards contributions and unique-

ness of this study are emphasized.

There exist several pricing policies to model ca-

pacity acquisitions between BB and BPs as well as

BB and end-users. Two widely used classes of pric-

ing policies are static pricing and dynamic pricing.

In the static pricing schemes, prices are fixed and

are not depended on the system’s state. On the

other hand, in dynamic pricing schemes, the ser-

vice provider sets prices to the consumers based on
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the value; i.e., the amount of data, the transmission

rate and Quality of Service (QoS) that the customers

consider to the lease. Dynamic schemes models are

believed to be more powerful and flexible than static

pricing strategies and have been used in many ar-

eas of industry in addition to telecom (see rf.5,6,7),

such as retailing, manufacturing, airlines, and e-

business8,9. To illustrate, well-known all-you-can-
send (or flat rate) pricing policy is a static scheme in

which the customer leases bandwidth at a fixed price

for a fixed contract period10,11. On the contrary, the

pay-per-byte or volume based pricing scheme is a

dynamic scheme due to the fact that total usage cost

is calculated as a function of data transmitted with-

out any loss which highly depends on the network

conditions such as instantaneous congestion during

data transmission12,13. A brief summary of past re-

searches on internet pricing and dynamic pricing

models can be found in 14. In this research, the pay-
per-byte scheme is integrated into profit maximiza-

tion objective of BB to model both acquisition costs

occurring during capacity purchases from BPs and

capacity selling revenues obtained during bandwidth

leasing to end-users. Applying volume based pric-

ing scheme during both capacity buying and selling

stages can be considered as one of the uniqueness of

proposed model.

Serving numerous users with highly-diverse con-

tents under limited resource capacity is a chal-

lenging issue15. Therefore, end-users with differ-

ent requirements are classified into different service

classes by capacity providers. For each class a par-

ticular QoS is assigned, which defines group of ser-

vice measures representing the terms of user agree-

ment of the service is assigned. Several metrics

are defined in literature to measure QoS. Figure 5

presents a comprehensive taxonomy created by Ma-

lik et al.16. Common QoS metrics used during ser-

vice provisioning are delay, packet loss, jitter, re-

sponse time, reliability, and availability. Delay is

measured as travel time of data packet from source

to destination across the network structure17,18,19.

The delays of scheduling from data packet to data

packet may lead to buffered packet delay because of

altering delays in transmission. This phenomenon

is known as jitter20. The packet losses occur due to

buffer overflow and indicates data dropped or dam-

aged 1. OoS requirements are usually application-

specific. Certain applications such as voice confer-

encing are delay and jitter sensitive. For example,

for VoIP applications round-trip delay must be in

the range of to 200–300 ms, and jitter has to be

less than 50ms so that playback at the receiver re-

mains smooth21. In general, interactive applications,

such as web browsing, video conferencing and live

streaming are delay and jitter sensitive. On the con-

trary, Email, file sharing and remote login are not af-

fected by jitters in the network traffic16. In addition,

routine operations usually performed by firms such

as bulk file transfer are concerned more with average

packet loss rate. In this study, we will only focus on

the QoS parameters of delay, jitter, and packet loss

rate. In conclusion, BBs and all ISPs must support

multiple QoS strategies to support different applica-

tions. However, without a appropriate pricing strat-

egy, any QoS based scheme would be useless. Thus,

BB has to identify suitable price for each end-user

class and then allocate necessary network resources

to meet all service agreements.

Fig. 5. Classification of QoS metrics 16.

The proposed research contributes the existing

literature in both managerial and theoretical per-

spectives as follows: (a) BB’s point of view mod-

eling approach rather than provider or firm side

modeling, which dominates the current telecommu-

nications literature. (b) Taking into account mar-
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ket related uncertainties such as profit and cost

terms via fuzzy methodology and handling infras-

tructure related unknowns such as QoS parameters

by stochastic programming techniques. (b) Inte-

gration fuzzy and stochastic techniques for solving

managerial (macro) level telecommunication prob-

lem rather than network infrastructure (micro) level

such as routing and network topology design prob-

lems. (d) From algorithmic point of view, develop-

ment of two new metrics fuzzy expected value of

perfect information and fuzzy value of stochastic so-

lution in order to measure efficiency of methodology

compared to deterministic approaches.

The rest of the paper is organized as follows:

Section 2 presents brief literature survey about

non-deterministic methodologies that are applied to

telecommunication network problems both on man-

agerial and infrastructure levels. Section 3 provides

background information about fuzzy and stochastic

programming then discusses how these two method-

ologies are integrated in order to solve BB’s profit

maximization problem. In this section, the pro-

posed model with probabilistic QoS constraints is

discussed. In Section 4, algorithms for main perfor-

mance statistics are provided. In addition, an exten-

sive computational study with sensitivity analysis is

given in order to demonstrate the efficiency of sug-

gested method in comparison with deterministic ap-

proaches. Finally, Section 5 summarizes important

results and describes future goals respectively.

2. Related Works

Stochastic and fuzzy methods have been applied to

telecommunications problem for decades in order to

find optimal or near optimal solutions under uncer-

tainty. Hence, there exists huge amount of publi-

cation in the current literature. Related literature is

divided into subsections to classify methods devel-

oped to solve different level of telecommunication

problems. The first part of literature review lists

article related to supplier selection and demand al-

location not only in telecom networks but also in

supply chain literature. In the following part, ar-

ticles related to the fuzzy based routing algorithms

in the networks are presented. The remaining parts

are devoted to modeling of QoS parameters under

uncertainty and forecasting of demand with fuzzy

based methodologies. Besides, detailed discussions

and review papers about fuzzy logic applications in

telecommunications can be found in refs. 22,23,24.

The first stream of the literature survey concen-

trates on provider (supplier) selections and order

(demand) allocation articles encountered in telecom-

munications and the supply chain. Turan et al. 25

investigate a stochastic optimization problem that

a telecommunications intermediary faces when ac-

quiring network capacity from a market. The prob-

lem is modeled as a two-stage stochastic integer

programming under all-you-can send pricing policy.

On the other hand, QoS parameters are assumed to

be deterministic and modeled via crisp constraints.

Finally, optimal behavior of intermediary analyzed

under different problem settings such as changing

demand distribution type and variance of the de-

mand distribution of end-users. In studies 26 and
3 QoS parameters (delay and jitter) are modeled as

random variables, in which end-users and interme-

diaries are considered as decision makers, respec-

tively. On the other hand, delay and jitter amounts

guaranteed by network providers and maximum de-

lay jitter levels tolerable for end-users are modeled

as fuzzy numbers from telecom firm’s point of view

in 27. An outsourcing provider selection problem

for a telecommunication company under vague in-

formation is studied by Uygun et al. 28. Their in-

tegrated method uses Fuzzy Analytic Network Pro-

cess (FANP) technique in combination with Deci-

sion Making Trial and Evaluation Laboratory (DE-

MATEL) technique. In proposed method as a first

step, DEMATEL method is used in to put forward

the interrelationship among the main criteria (com-

petence of the company in field projects, experience

of the company, etc.), and then local weights of the

sub-criteria (credibility, total capital, etc.) and sub-

subcriteria (GSM backgroud of managers, employee

number in different units’ etc.) are calculated by

Fuzzy ANP approach on the basis of cause-effect

relationships that are exposed through DEMATEL

method. In addition, Fu et al. 29 also come up

with fuzzy DEMATEL based method to evaluate

telecommunications system providers. They intro-
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duce a fuzzy (grey)-based DEMATEL approach that

involves the identification of GSDPs, understanding

their interrelationship utilizing “fuzzy” data input

from management, transforming the fuzzy data into

crisp data, completing a series of DEMATEL steps,

and eventually arriving at a final prominence–causal

relationship diagram with associated analysis. An-

other interesting outsourcing problem in ISP mar-

ket analyzed by fuzzy multi-criteria method is pre-

sented in 30. They use an interactive group decision-

making methodology to select/rank IS providers un-

der multiple criteria. The proposed group decision

making approach heavily depends on fuzzy TOPSIS

approach. They list seven criteria for IS provider se-

lection such as price, product quality, on-time deliv-

ery, technological capability, quality of relationship

with ISP, professionalism of salesperson, respon-

siveness to customer needs. Onut et al. 31 present

an integrated FANP and fuzzy TOPSIS (FTOPSIS)

methodology to evaluate and select the most suitable

suppliers for a telecommunication company in GSM

sector. They use triangular fuzzy numbers in all pair-

wise comparison matrices, which is different from

the conventional FANP method. In the mentioned

study, criteria (cost, references, quality of the prod-

uct, delivery time, institutionality, execution time)

weights are inserted to the FTOPSIS methodology

to rank the suppliers for selection.

In addition to telecommunications, Provider

(vendor) selection and demand allocation prob-

lems under uncertainty especially under presence of

vague information are studied extensively in the sup-

ply chain literature and several solution algorithms

are proposed. Therefore, in this section of litera-

ture review a brief survey about fuzzy mathematical

programming applications in other application do-

mains rather than telecom is provided. Kabak et al.
32 propose a possibilistic linear programming (PLP)

model for supply chain networking decision. In

the investigated model not only problem parameters

such as demands and cost terms but also decision

variables such as production amounts are assumed

to be fuzzy numbers. As a solution methodology,

the PLP model is converted to an LP model by using

mathematical operations defined for fuzzy numbers.

Mula et al. 33 investigate a material requirements

planning problem in an industrial environment un-

der lack of knowledge in data and existent fuzzi-

ness jointly in the processes of production planning.

Their model considers fuzzy constraints related to

the total costs, the market demand and the available

capacity of the productive resources and fuzzy coef-

ficients for the costs due to the backlog of demand

and for the required capacity. There also exists vast

amount literature about multi-objective fuzzy opti-

mization for supplier selection and demand alloca-

tion problems in diverse areas such as 34,35,36.

Another application of fuzzy logic in telecom-

munications is designing and configuring large net-

works. Douligeris 37 suggests using hybrid sys-

tems integrating expert systems and neural networks

methods rather than classical hard decision methods

for network design. Author presents an integrated

fuzzy expert system, machine learning, and neu-

ral networks approach to evaluate computer network

design. After designing stage, efficient routing deci-

sion and algorithms are needed. In this stage, a lot

of critical routing factors should be taken into con-

siderations such as reliability and availability. Fuzzy

routing algorithms are commonly used alleviate aris-

ing difficulties in routing. To illustrate, Wang 38

claim that a fuzzy-based routing scheme based on

reputation, bandwidth and distance can improve the

throughput of network. The task of routing data is

also investigated by Ortiz et al. 39, in which fuzzy

logic is utilized to perform role assignment during

route establishment and maintenance. Number of

hops to the base station, and the remaining node en-

ergy are considered as input variables and modeled

as fuzzy number. At the implantation of algorithm,

they use Mamdani-based fuzzy rules.

During routing decisions, QoS constraints have

to be taken into account. Thus, routing algorithms

used should avoid unexpected delays that result in

QoS fluctuations. Fernandez et al. 40 develop fuzzy

control method to provide QoS guarantees in a Diff-

Serv telecom network. Their methodology applies a

genetic algorithm to traffic statistics to obtain fuzzy

controller parameters. Afterwards, fuzzy controller

parameters are optimized by a genetic algorithm

in order to produce an improvement in QoS met-

rics such as delay and jitter for time-sensitive traf-
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fic. There are also some studies in which QoS pa-

rameters are modeled as fuzzy number. For exam-

ple, Mansouri et al. 41 propose a combined QoS

and Quality of Experience (QoE) evaluation system

by utilizing the combination of fuzzy inference sys-

tems and fuzzy evidence (Dempster–Shafer) theory.

They define fuzzy trapezoidal membership func-

tions, which are estimated by interviewing with net-

working experts, for each QoS metric such as re-

sponse time, availability, jitter and bandwidth. An-

other research study proposed by Chen et al. 42 also

models QoS parameters as trapezoidal fuzzy num-

ber. However, other source of uncertainties regard-

ing bandwidth requests or prices are not included in

their model.

One of the vital inputs of network traffic man-

agement, infrastructure optimization and planning

in telecommunications is forecasting the data (de-

mand) traffic. Decision makers of BPs and BBs

can predict demand by making use of the histori-

cal data. In addition to commonly used statistical

forecasting techniques, computational intelligence-

based approaches have pervaded recent literature. In

this direction, Mastorocostas and Hilas 43 propose a

modified Takagi–Sugeno–Kang fuzzy neural system

in order to forecast the outgoing call volume of a

University Campus with more than 6000 employees

and 70,000 students. They also include performance

comparison of proposed methodology with season-

ally adjusted linear extrapolation methods, exponen-

tial smoothing methods and the SARIMA method.

Another fuzzy neural network based data volume

forecasting method in telecommunications is sug-

gested in 44. It is claimed that mentioned method

perform forecasting without requiring prior knowl-

edge of the exact order of the time-series due to

the consequent parts of the fuzzy rules being small

block-diagonal recurrent neural networks with inter-

nal feedback. After successful forecasting of end-

users demand, BBs as well as BPs have to look for

solutions to keep their customers satisfied and thus

loyal with the company. As a solution to this is-

sue, Keropyan and Gil-Lafuente 45 present a fuzzy

based Hungarian method that allow assigning dif-

ferent loyalty programs to customers with different

characteristics in order to provide a model that helps

decision makers deciding what kind of customer

loyalty programs they should offer to their clients

from different segments. Hanafizadeh and Mirza-

zadeh 46 also study market segmentation problem of

a telecommunication company. They present a tech-

nique which integrates Fuzzy Delphi method and

self-organizing maps (SOM) to cluster customers

according to their various characteristic variables

such as demographics, socio-economic factors, and

geographic location.

A recent fuzzy c-means based segmentation

(clustering) algorithm for telecommunication data

is developed in 47. Country level telecommunica-

tions issues analysed by fuzzy methods are inves-

tigated in 48,49. To illustrate, Stula et al. 48 de-

velop a Fuzzy cognitive map (FCM)that is a qual-

itative modelling and behavior simulation method

predicts Internet spreading rate in different coun-

tries. Another example can be found in 49, in which

data envelopment analysis (DEA) and fuzzy data en-

velopment analysis (FDEA) are integrated for effi-

ciency assessment of wireless communication sec-

tors. The proposed algorithm uses indicators as cel-

lular cost of a 3-min local call, cellular connection

charge, and mobile communication revenue as input

for efficiency assessment and optimization. Finally,

fuzzy models regarding to ranking of the strategic

actions of mobile cellular telecommunication using

a fuzzy quality function deployment (QFD) method

is suggested by Khademi-Zare et al. 50. They model

QFD input parameters such as customer attributes

(delivery time, sim card price etc.) and strategic

actions (traffic measurement, information technol-

ogy etc.)as fuzzy triangular numbers to overcome

ill-defined judgments on inputs.

In conclusion, even though there exist several re-

search articles related to application of fuzzy and

stochastic programming in the telecommunications

as well as other areas, there is almost no study that

combines both methodologies neither at lower level

(routing and design) nor at upper level (provider

selection) communication networks areas. Thus,

the proposed study can extend the use of fuzzy

and stochastic programming in backbone selection

and demand allocation under volume based pricing

scheme.
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3. Fuzzy stochastic linear programming model

A fuzzy linear programming (FLP) model can be

written as in Eq.(1) by using definition and notations

introduced by 51.

Maximize: < c̃,x >F=
n

∑
i=1

c̃ixi,

Subject to: Ax � b, x � 0, (1)

where <> operator denoting the scalar multiplica-

tion of vectors. c̃ = (c̃1, c̃2, . . . , c̃n) represents array

of fuzzy numbers. A is a matrix with dimensions

m×n and b ∈ Rm is a vector.

We assume that all fuzzy numbers used in the

mathematical model have triangular membership

function. In other words, any objective function co-

efficient can be redefined as c̃i = (cL
i ,c

M
i ,cU

i ). The

linear multi-objective programming equivalent of

model (1) is given in Eq.(2).

Maximize: (< cL,x >, < cM,x >, < cU ,x >)T ,

Subject to: Ax � b, x � 0, (2)

Following is the single objective counterpart of the

model (2):

Maximize < w, c̃,x >= (w1 < cL,x >+

w2 < cM,x >+w3 < cU ,x >),

Subject to: Ax � b, x � 0, (3)

In model (3), w is defined as w = (w1,w2,w3) �
0. Model turns into parametric linear programming

problem, if w is chosen as w1 +w2 +w3 = 1 and set

to w3−w1 = ε . Here, ε , has to be altered between

-1 and 1 51. All of the sets, parameters and decision

variables used in mathematical formulation are pre-

sented in Table 1. The objective function of volume

based pricing policy with fuzzy coefficients is pre-

sented in Eq. (4). Fuzzy revenues and fuzzy oppor-

tunity costs depend on scenarios therefore, the ex-

pected values for these terms have to be calculated.

The fuzzy expected costs/revenues are obtained after

mentioned terms are multiplied by realization proba-

bility of each scenarios ps and summed all over pos-

sible scenario set. The problem of BB is to maxi-

mize fuzzy expected profit under volume based pric-

ing scheme. New model is a fuzzy stochastic lin-

ear programming model (FSLP) with fuzzy objec-

tive parameters.

Table 1. Mathematical model notations.

Index Sets

I Set of telecommunications BPs

Ω Set of scenarios that may occur

Js Set of end-users under scenario s
(s ∈Ω)

Parameters

d js Amount of bandwidth request for

j.end-user under scenario s
ϑ̃ js Fuzzy revenue earned by meeting

j.end-user’s demand under scenario s
υ̃ js Fuzzy opportunity cost for not meeting

j.end-user’s demand under scenario s
ps Realization probability of scenario s
αi Capacity loss ratio for BP i (αi ∈ [0,1])
c̃i Fuzzy unit bandwidth cost for leasing

capacity from BP i
Ui Maximum amount of bandwidth

that can be leased from BP i
Φi,Ψi Random variables to denote delay and

jitter distribution of BP i, respectively

μδ
i ,σ

δ
i Mean and standard deviation values

corresponding to delay random variable

of BP i, respectively

μρ
i ,σ

ρ
i Mean and standard deviation values

corresponding to jitter random variable

of BP i, respectively

Θδ
js,Θ

ρ
js Minimum required service level

probabilities for delay and jitter

measures in order to fulfill j.end-user

demand under scenario s, respectively

δ js,ρ js Maximum tolerable delay and jitter

amounts for end-user j under scenario s,

respectively

π Minimum required demand fulfillment ratio

Πϑ js ,Πυ js Membership functions for revenue and

opportunity, respectively

Πci Membership functions for leasing costs

Decision

variables

βi Amount of bandwidth leased from BP i
yi js The Proportion of bandwidth demand

of j.end-user allocated into BP i under

scenario s
y js Total proportion of bandwidth demand

of j.end-user meet under scenario s
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Maximize ∑
s∈Ω

∑
j∈Js

psϑ̃ jsy js︸ ︷︷ ︸
expected fuzzy revenue

−
fuzzy leasing cost︷ ︸︸ ︷

∑
i∈I

βic̃i −

∑
s∈Ω

∑
j∈Js

psυ̃ js(1− y js)︸ ︷︷ ︸
expexcted fuzzy oppurtunity cost

(4)

Eq.(5) explains how function Ξ is evaluated in terms

of problem parameters.

Ξ
(
w1,{ϑ L,cL,υL})= w1

(
∑
s∈Ω

∑
j∈Js

psϑ L
jsy js−

∑
i∈I

βicL
i −∑

s∈Ω
∑
j∈Js

psυL
js (1− y js)

)
(5)

After applying the methodology suggested by 51 on

objective function of BB in Eq. (4), transformed lin-

ear objective equation is showed in Eq.(6). Where

unit revenues
(

ϑ̃ js = (ϑ L
js,ϑ M

js ,ϑU
js)
)

and unit costs(
υ̃ js = (υL

js,υM
js ,υU

js)
)

and
(
c̃i = (cL

i ,c
M
i ,cU

i )
)

are

modeled as triangular fuzzy number (TFN). In com-

putational experiments, different w values are se-

lected and run to provide useful statics to decision

makers of BB.

Maximize Ξ
(
w1,{ϑ L,cL,υL})+

Ξ
(
w2,{ϑ M,cM,υM})+Ξ

(
w3,{ϑU ,cU ,υU})

Eqs.(6-15) presents FSLP model constraints. Con-

straint set (6) guarantees that it is not possible to al-

locate total customer demand that is more than the

purchased capacity from corresponding BP under

each scenario. Total capacity allocated to a partic-

ular backbone has to smaller than or equal to the ac-

quired bandwidth from corresponding supplier mi-

nus capacity losses. Eq.(7) ensures that amount of

bandwidth purchased from any BP can not be more

than BPs’ capacity that is sold at the market.

∑
j∈Js

yi jsd js � (1−αi)βi, ∀i ∈ I ∀s ∈Ω (6)

βi �Ui, ∀i ∈ I (7)

Eq.(8) guarantees that bandwidth request of any

end-user under any scenario can only be assigned to

a purchased capacity that satisfies delay requirement

of user above some predefined probability.

P{yi js(Φi−δ js)� 0}� Θδ
js,∀s ∈Ω,∀i ∈ I,∀ j ∈ Js

(8)

Similarly, Eq.(9) ensures that bandwidth demand

of any end-user under any scenario can only be

allocated to a particular purchased capacity that

meets jitter requirement of customer above prede-

fined probability.

P{yi js(Ψi−ρ js)� 0}� Θρ
js,∀s ∈Ω,∀i ∈ I,∀ j ∈ Js

(9)

It is generally assumed that QoS parameters are dis-

tributed normally. Based on this assumption, de-

terministic counter parts of Eqs.(8) and (9) can be

rewritten as in Eqs.(10) and (11), respectively. ΓΘδ
js

and ΓΘρ
js

denote quartile function values for standard

normal distribution.

yi js

(
δ js−μδ

i

σδ
i
−ΓΘδ

js

)
� 0 ∀s ∈Ω,∀ j ∈ Js,∀i ∈ I

(10)

Both inequalities are in linear form, so FSLP of

BB can be solved via traditional linear programming

texhniques such as simplex algorithm.

yi js

(
ρ js−μρ

i

σρ
i
−ΓΘρ

js

)
� 0 ∀s ∈Ω,∀ j ∈ Js,∀i ∈ I

(11)

Eq.(12) is used for ensuring the minimum demand

satisfaction level met under each scenario consid-

ered. Eq. (13) ensures that total amount of allocated

(satisfied) bandwidth portion of each end-user can

not be more than their requests under all scenarios.

The constraint set (14) guarantees that total amount

of satisfied bandwidth demand of a customer has to

be equal to sum of allocated bandwidth portions of

that demand into BPs.

∑
j∈Js

y jsd js−π ∑
j∈Js

d js � 0,∀s ∈Ω (12)

∑
i∈I

yi js � 1, ∀s ∈Ω,∀ j ∈ Js (13)

y js = ∑
i∈I

yi js, ∀s ∈Ω, ∀ j ∈ Js (14)

βi,yi js,y js � 0,∀s ∈Ω,∀ j ∈ Js,∀i ∈ I (15)
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4. Computational Experiments

For computational study, three different types of

problem setting with changing number of BPs (|I|),
end-users (|J|) and scenarios (|S|) are chosen. Five

different and independent problem instances are

generated for each type of problem setting as in 52.

For example, problem set I15J50S10 in Table 2 in-

dicates a problem type in which there exists 15 BPs,

50 end-users at market and there exist 10 possible

future bandwidth demand scenarios that may occur.

All of the generated problem sets are tested

by using different w1,w2,w3 values. Chang-

ing values of (w1,w2,w3) are chosen from set

{(1,0,0) ,(0,1,0) ,(0,0,1)} in order to find the most

pessimistic, the most expected and the most opti-

mistic values of net profit.

Each end-user’s demand d js is generated from

normal distribution. However, to prevent negative

bandwidth demand generation from normal distri-

bution, truncation procedure is applied. The real-

ization probabilities of each scenario are generated

from uniform distribution between [0,1] afterwards

these probabilities are normalized.

The capacity acquisition and allocation prob-

lem of BB that is modeled in previous section pro-

vides so-called here-and-now solution, and the en-

tire FSLP model named as recourse problem (RP)

model. The optimal objective function value of RP

(Eq.(6)) is denoted as z̃RP and it represents optimal

fuzzy expected net profit (ẼNP). The most opti-

mistic value (ENPU ), the most expected (ENPM)

and the most pessimistic (ENPL) values of ẼNP
can be calculated by setting (w1,w2,w3) parame-

ters appropriately. In addition, objective function

components of FSLP such as fuzzy expected total

revenue (ẼT R), fuzzy capacity leasing cost (C̃LC)

and fuzzy expected opportunity cost (ẼRC) occur-

ring due to unmeet bandwidth requests can be calcu-

lated in same manner. It should be noted that below

equality among these quantities has to be hold.

ẼNP = ẼT R�C̃LC� ẼRC (16)

Where� indicates subtraction operation between 3-

tuples which is defined as in Eq.(17).

ENPL = ET RL−CLCL−ERCL

ENPM = ET RM−CLCM−ERCM (17)

ENPU = ET RU −CLCU −ERCU

Table 2 summaries the averaged results under each

problem setting for RP model. The increasing num-

ber of end-users |J| in the market leads to sharp in-

creasing in fuzzy ENP value under every problem

setting.

Table 2. Optimal fuzzy ENP, ETR, CLC and ERC values for
RP problem.

ENP
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 7513.08 7705.28 7911.53

I30J100S50 15517.57 16044.32 16569.62

I50J100S100 16473.62 17226.41 17987.00

ETR
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 12070.14 13435.21 14772.72

I30J100S50 24108.80 26806.95 29491.57

I50J100S100 24154.19 26863.02 29566.19

CLC
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 4533.05 5702.69 6825.55

I30J100S50 8558.61 10719.46 12865.38

I50J100S100 7656.27 9604.02 11537.30

ERC
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 24.00 27.23 35.63

I30J100S50 32.61 43.16 56.55

I50J100S100 24.29 32.57 41.88

When the most optimistic and pessimistic values of

ENP is compared, 5.30%, 6.78% and 9.19% dif-

ferences are observed for problems sets I15J50S10,

I30J100S50 and I50J100S100, respectively. There-

fore, it can be concluded that increasing uncer-

tainty via number of scenarios, end-users and back-

bones causes larger gaps between optimistic and

pessimistic values of ENP. On the other hand, the

percentage gap between optimistic and pessimistic

values remain unchanged for ETR and CLC statis-

tics namely the gaps stay around 22.3% and 50%

for ETR and CLC, respectively. The gap for ERC
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increases from 48% to 72% when problem type

changed from I15J50S10 to I50J100S100.

Table 3 presents averaged secondary perfor-

mance statistics such as fuzzy total capacity bought

(TCB), fuzzy capacity loss (CL), fuzzy expected

capacity utilization percentage (ECUP) and fuzzy

number of selected backbone providers (NSS) for

RP model. For a given value of w, statistics ECUP

and CL can be evaluated as follows:

ECUP(w) =
∑s∈Ω ∑ j∈Js psy(w) js d js

∑i∈I β (w)i
(18)

CL(w) = ∑
i∈I

αiβ (w)i (19)

The natural consequence of increasing number of

end-users in the market is the more bandwidth ac-

quisition from BPs for BB. CL statistic and TCB

are positively correlated which means that higher

amount of capacity purchase causes increase in the

amount of total capacity loss.

Table 3. Optimal fuzzy TCB, CL, ECUP and NSS values for
RP problem.

TCB
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 489.90 489.86 487.87

I30J100S50 982.48 981.71 980.63

I50J100S100 981.47 980.87 979.76

CL
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 39.44 39.48 39.30

I30J100S50 82.18 82.26 82.29

I50J100S100 80.22 80.34 80.34

ECUP
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 91.11 91.11 91.24

I30J100S50 90.93 90.89 90.85

I50J100S100 91.17 91.13 91.13

NSS
(w1,w2,w3) (w1,w2,w3) (w1,w2,w3)

Problem Set (1,0,0) (0,1,0) (0,0,1)

I15J50S10 6.8 6.8 6.8

I30J100S50 13.4 13.2 13.4

I50J100S100 12.8 13 13

When the entire problem instances investigated, it

can be seen that the acquired capacity is utilized

around 90% (ECUP statistic). Interestingly, there is

no obvious relationship between the changing value

of w and CL, NSS and ECUP measures.

Another important statistics needed for decision

makers of BP is the expected demand fulfillment ra-

tio (EDFR), which provides information about the

ratio of the satisfied bandwidth requests to total

bandwidth requests of end-users. The higher value

is needed to establish long term relationship with

clients. Low EDFR may cause to diminishment

in ENP values due to the decreasing capacity re-

quests. Figure 6 depicts the averaged fuzzy EDFR

for each problem type. EDFR statistic fluctuates be-

tween 98.6% and 99.5% and it is effected by w val-

ues. Moreover, it is observed that EDFR is relatively

higher for the test instances in which total amount of

bandwidth request is excessive.

Fig. 6. The effect of altering values of w on EDFR statistic for

RP model.

4.1. Fuzzy Expected Value of Perfect
Information (ẼV PI) and Fuzzy Value of
Stochastic Solution (Ṽ SS)

In order to test applicability of proposed model, two

new models which are called as WS and EEV have

to set up and solved. WS model defines wait-and-

see solution of the model and its optimal objective

function value is z̃WS. The expected value of perfect
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information (EVPI) measures the maximum amount

that a decision maker is willing to pay in order to

know the value of a random variable before making

his/her decision 53. In this paper, fuzzy EVPI is cal-

culated as following,

ẼVPI = z̃WS� z̃RP

� does not indicate fuzzy subracation operation, due

to the fact that decision maker of BB may choose

same w values while solving both RP and WS mod-

els 52. The suggested fuzzy EVPI algorithm is pre-

sented in Figure 7.

for s = 1, . . . , |Ω|
Fix (w1,w2,w3) = (1,0,0)
Solve Eqs. (5-15)

Save zL
s

Fix (w1,w2,w3) = (0,1,0)
Solve Eqs. (5-15)

Save zM
s

Fix (w1,w2,w3) = (0,0,1)
Solve Eqs. (5-15)

Save zU
s

end for
Calculate and Assign zWS

L ← ∑|Ω|s=1 pszL
s

zWS
M ← ∑|Ω|s=1 pszM

s

zWS
U ← ∑|Ω|s=1 pszU

s
z̃WS = (zWS

L ,zWS
M ,zWS

U )

Calculate and Assign EVPIL← zWS
L − zRP

L
EVPIM ← zWS

M − zRP
M

EVPIU ← zWS
U − zRP

U

Fig. 7. The proposed ẼVPI algorithm.

Just solving RP and WS models do not provide

too much information to decision makers. Thus, BB

has to measure the increase in fuzzy ENP obtained

by solving the FSLP instead of the expected value

problem (EV) that is attained by replacing all ran-

dom variables by their expected values 54. EEV

is calculated by the expected objective value ob-

tained while using the optimal solution of the de-

terministic problem EV. The Value of Stochastic So-

lution (VSS) measure combines RP and EEV and

compares the here-and-now and expected value ap-

proaches 53. The simpler version of FSLP is for-

mulated between Eq.(20) and Eq.(28). EV model

essentially tries to maximize fuzzy profit rather than

expectation of it by not taking into account random-

ness arising in market and infrastructure. In EV

model, none of the parameters depends on future

scenarios that may occur.

Maximize

⎧⎪⎪⎪⎨⎪⎪⎪⎩
w1

(
∑ j∈J ϑ L

j y j−∑i∈I βicL
i −∑ j∈J υL

j (1− y j)
)
+

w2

(
∑ j∈J ϑ M

j y j−∑i∈I βicM
i −∑ j∈J υM

j (1− y j)
)
+

w3

(
∑ j∈J ϑU

j y j−∑i∈I βicU
i −∑ j∈J υU

j (1− y j)
)
(20)

Subject to: ∑
j∈J

yi jd j � (1−αi)βi, ∀i ∈ I (21)

βi �Ui, ∀i ∈ I (22)

yi j

(
δ j−μδ

i

σδ
i
−ΓΘδ

j

)
� 0 ∀ j ∈ J,∀i ∈ I(23)

yi j

(
ρ j−μρ

i

σρ
i
−ΓΘρ

j

)
� 0 ∀ j ∈ J,∀i ∈ I(24)

∑
j∈J

y jd j−π ∑
j∈J

d j � 0, (25)

∑
i∈I

yi j � 1, ∀ j ∈ J (26)

y j = ∑
i∈I

yi j, ∀ j ∈ J (27)

βi,yi j,y j � 0,∀ j ∈ J,∀i ∈ I (28)

The bandwidth acquisition amounts from each BP(
β EV

i

)
at optimal solution of EV under different

w values are used as input for EEV model rather

than decision variables. The optimal fuzzy objec-

tive value of EEV model is denoted as z̃EEV . The

difference between z̃RP and z̃EEV is called as value of

fuzzy stochastic solution(VSS) which is also a fuzzy

number and calculated as Ṽ SS = z̃RP� z̃EEV . Eq. 29

shows detailed calculation for Ṽ SS. Here, again �
does not indicate fuzzy subtraction operation, due to

the fact that decision maker of BB may choose same

w values while solving both RP and EEV models
52. Fuzzy VSS measures the cost of ignoring un-

certainty while making a decision 1. The proposed

fuzzy VSS algorithm is presented in Figure 8.

Ṽ SS =
(
V SSL,V SSM,V SSU)=(

zRP
L − zEEV

L ,zRP
M − zEEV

M ,zRP
U − zEEV

U
)
(29)

Table 4 summarizes results gathered from running

fuzzy VSS and fuzzy EVPI algorithms for each

problem set on RP, EEV and WS models. All of the

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

238



H.H. Turan et al. / Stochastic Capacity Acquisition and Allocation Model

results are presented in TFN format. Problem set

I15J50S10 3 does not have a feasible solution when

optimal solution of EV
(

β EV
i,L ,β EV

i,M ,β EV
i,U

)
is used in

RP model, which is indicated via ****. This sit-

uation occurs due to the fact that optimal amount

of bandwidth acquired in EV model may not sat-

isfy minimum required demand fulfillment ratio in

RP problem (see Eq.(12)). As problem size gets

larger, Ṽ SS value increases due to the increasing un-

certainty added by increasing number of scenarios,

end-users and BPs. In addition, Ṽ SS values always

greater than zero (� 0) which implies the fact that

solving RP model rather than EEV model leads to

more profit in fuzzy sense. In other words, ignoring

uncertainty in the bandwidth demand and treating

BB’s problem as deterministic model result in profit

loss. It should be also noted that for all of the test

instances solved optimally Ṽ SS � ẼV PI inequality

holds.

Table 4. Fuzzy VSS and EVPI values for each problem set.

Problem Set ṼSS ẼVPI

I15J50S10 0 (134.37, 168.39, 208.35) (55.72, 59.61, 63.32)

I15J50S10 1 (512.87, 663.86, 814.63) (164.48, 174.91, 186.66)

I15J50S10 2 ((951.67, 1068.25, 1183.52) (100.94, 118.40, 139.06)

I15J50S10 3 (***, ***, ***) (520.52, 607.66, 692.04)

I15J50S10 4 (1499.31, 1673.50, 1850.60) (207.18, 253.38, 294.84)

Average (776.96, 903.76, 1033.48) (209.77, 242.79, 275.18)

Problem Set ṼSS ẼVPI

I30J100S50 0 (1394.51, 1755.50, 2116.63) (276.13, 327.98, 371.44)

I30J100S50 1 (1221.35, 1542.25, 1854.57) (247.08, 295.03, 344.69)

I30J100S50 2 (927.40, 1190.52, 1452.70) (420.09, 492.81, 556.95)

I30J100S50 3 (2431.03, 3051.87, 3690.88) (646.67, 763.28, 872.95)

I30J100S50 4 (1827.09, 2297.66, 2777.53) (560.96, 674.12, 786.42)

Average (1560.28, 1967.56, 2378.46) (430.19, 510.64, 586.49)

Problem Set ṼSS ẼVPI

I50J100S100 0 (1728.44, 2150.82, 2599.03) (357.88, 433.65, 506.07)

I50J100S100 1 (2243.64, 2834.07, 3421.93) (469.44, 559.06, 643.20)

I50J100S100 2 (1817.50, 2306.58, 2790.38) (509.34, 602.77, 694.18)

I50J100S100 3 (1190.82, 1504.82, 1799.91) (325.80, 395.06, 460.78)

I50J100S100 4 (1996.56, 2496.65, 2997.80) (217.10, 253.60, 293.26)

Average (1795.39, 2258.59, 2721.81) (375.91, 448.83, 519.50)

By using data presented in Table 4, the improvement

ratios attained by RP model over EEV model can be

calculated. In the same manner, the improvement

ratios that can be achieved by knowing the future

bandwidth demands and prices may also be calcu-

lated from presented data. Besides, decision maker

of BB may set up a lower threshold ratio based on

his experiences to determine which model to solve

(RP or EEV).

for j = 1, . . . , |J|
Calculate and Assign
ϑ̃ j← ∑⊕s∈Ω ps⊗ ϑ̃ js
υ̃ j← ∑⊕s∈Ω ps⊗ υ̃ js
d j← ∑s∈Ω psd js
δ j← ∑s∈Ω psδ js
ρ j← ∑s∈Ω psρ js

Θδ
j ← ∑s∈Ω psΘδ

js
Θρ

j ← ∑s∈Ω psΘ
ρ
js

end for
Fix (w1,w2,w3) = (1,0,0) in Eq.(20)

Solve Eqs. (20-28)

Save β EV
i,L

Fix (w1,w2,w3) = (1,0,0) in Eq.(5)

Assign and Fix βi← β EV
i,L in Eqs.(6,7,15)

Solve RP problem in Eq.(5-15)

Optimal solution zEEV
L

Fix (w1,w2,w3) = (0,1,0) in Eq.(20)

Solve Eqs.(20-28)

Save β EV
i,M

Fix (w1,w2,w3) = (0,1,0) in Eq.(5)

Assign and Fix βi← β EV
i,M in Eqs.(6,7,15)

Solve RP problem in Eqs.(5-15)

Optimal solution zEEV
M

Fix (w1,w2,w3) = (0,0,1) in Eq.(20)

Solve Eqs.(20-28)

Save β EV
i,U

Fix (w1,w2,w3) = (0,0,1) in Eq.(5)

Assign and Fix βi← β EV
i,U in Eqs.(6,7,15)

Solve RP problem in Eq.(5-15)

Optimal solution zEEV
U

Calculate and Assign VSSL← zRP
L − zEEV

L
VSSM ← zRP

M − zEEV
M

VSSU ← zRP
U − zEEV

U

Fig. 8. The proposed ṼSS algorithm.

For mentioned reasons two new statistics are defined

as follows:

ζ̃ = Ṽ SS
 z̃EEV =

(
V SSL

zEEV
L

,
V SSM

zEEV
M

,
V SSU

zEEV
U

)
(30)

ξ̃ = ẼV PI
 z̃RP =

(
EV PIL

zRP
L

,
EV PIM

zRP
M

,
EV PIU

zRP
U

)
(31)

ζ̃ measures the advantage of fuzzy stochastic ap-

proach (RP) over deterministic approach (RP), and

ξ̃ measures how much more profit can be obtained
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by knowing the future bandwidth demands, prices

and market conditions in advance. Table 5 presents

calculated ζ̃ and ξ̃ values.

Table 5. Calculated ζ̃ and ξ̃ values for each problem instances.

Problem Set ζ̃ ξ̃
I15J50S10 0 (0.018, 0.022, 0.026) (0.007, 0.008, 0.008)

I15J50S10 1 (0.076, 0.098, 0.119) (0.023, 0.023, 0.024)

I15J50S10 2 (0.142, 0.157, 0.172) (0.013, 0.015, 0.017)

I15J50S10 3 (**** , ****, **** ) (0.069, 0.078, 0.087)

I15J50S10 4 (0.253, 0.284, 0.315) (0.028, 0.033, 0.038)

Average (0.115, 0.133, 0.150) (0.028, 0.032, 0.035)

Problem Set ζ̃ ξ̃
I30J100S50 0 (0.089, 0.109, 0.128) (0.016, 0.018, 0.020)

I30J100S50 1 (0.087, 0.108, 0.129) (0.016, 0.019, 0.021)

I30J100S50 2 (0.065, 0.082, 0.098) (0.027, 0.031, 0.034)

I30J100S50 3 (0.201, 0.259, 0.323) (0.045, 0.051, 0.058)

I30J100S50 4 (0.134, 0.168, 0.203) (0.036, 0.042, 0.048)

Average (0.112, 0.140, 0.168) (0.028, 0.032, 0.035)

Problem Set ζ̃ ξ̃
I50J100S100 0 (0.125, 0.155, 0.186) (0.023, 0.027, 0.030)

I50J100S100 1 (0.160, 0.200, 0.239) (0.029, 0.033, 0.036)

I50J100S100 2 (0.123, 0.153, 0.181) (0.031, 0.035, 0.038)

I50J100S100 3 (0.076, 0.092, 0.107) (0.019, 0.022, 0.025)

I50J100S100 4 (0.133, 0.163, 0.191) (0.013, 0.014, 0.016)

Average (0.122, 0.151, 0.178) (0.023, 0.026, 0.029)

One of the most important results is the statis-

tic ζ̃ is always positive and bigger than the ξ̃ value,

which indicates superiority of RP (fuzzy stochastic)

modeling over EEV. The close investigation of Ta-

ble 5 reveals that averages of mentioned statistics

gets larger as increasing problem size in other words

increasing uncertainty in both market prices and de-

mand is correlated with ζ̃ value.

4.2. Sensitivity Analysis

Another important issue for decision makers is to

test the stability of solution methodology under dy-

namic settings such as changing fuzzy revenues and

costs. In this direction, the largest problem set

I50J100S100 is tested under varying fuzzy objective

parameters.

As a first part of the sensitivity analysis, all of the

fuzzy parameters in objective function of RP model

such as (ϑ̃ js, υ̃ js, c̃i) are increased and decreased

20% from their initial values under every demand

scenario. For example, the increments and decre-

ments operations for fuzzy unit revenues under sce-

nario s are performed as follows:

ϑ̃ js←−
(
1.2ϑ L

js,1.2ϑ M
js ,1.2ϑU

js
)

ϑ̃ js←−
(
0.8ϑ L

js,0.8ϑ M
js ,0.8ϑU

js
)

Table 6 shows effect of ±20% change in fuzzy

objective parameters on Ṽ SS, ẼV PI, ζ̃ , ξ̃ values.

Even though, increase in fuzzy parameters leads to

increment for Ṽ SS and ẼV PI, it does not effect ζ̃
and ξ̃ .

Table 6. The effect of ±20% change in fuzzy objective param-

eters on Ṽ SS, ẼV PI, ζ̃ , ξ̃ values.

Test scenario Ṽ SS ζ̃

20% increase (2154.47, 2710.30, 3266.17) (0.122, 0.151, 0.178)

Original case (1795.39, 2258.59, 2721.81) (0.122, 0.151, 0.178)

20% decrease (1436.31, 1806.87, 2177.45) (0.122, 0.151, 0.178)

Test scenario ẼV PI ξ̃

20% increase (451.10, 550.00, 623.40) (0.023, 0.027, 0.029)

Original case (375.91, 448.83, 519.50) (0.023, 0.026, 0.029)

20% decrease (300.73, 359.06, 415.60) (0.023, 0.026, 0.029)

In the second part of sensitivity analysis on fuzzy

objective parameters, fuzzy unit revenues are al-

tered between (ϑ js) ±10% from their original val-

ues while keeping the other parameters unchanged.

RP, WS and EEV models are run under these new

settings and main performance indicators (ζ̃ and ξ̃ )

are evaluated and compared to original cases. Figure

9 and 10 depict results of sensitivity runs on revenue

coefficients.

Fig. 9. Effect of change in fuzzy unit revenues by ±10% on ζ̃ .
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The increasing revenues lead to decrease in ζ̃
values proving that randomness should be taken into

account due to the fact that very high competition

in telecom market and limited profit margins. As a

last part of sensitivity analysis, the fuzzy unit cost

namely leasing and opportunity costs (υ js,ci) are

changed between ±10% from their original settings

simultaneously in order to conduct sensitivity analy-

sis on objective parameters. Figure 11 and 12 depict

results of sensitivity runs on cost coefficients.

Fig. 10. Effect of change in fuzzy unit revenues by±10% on ξ̃ .

Fig. 11. Effect of change in fuzzy unit costs by ±10% on ζ̃ .

The rising costs cause ζ̃ to rise as well, which

verifies that RP model better to be chosen and used

by BB under pessimistic market conditions.

Fig. 12. Effect of change in fuzzy unit costs by ±10% on ξ̃ .

5. Conclusions

In this research, an optimization problem of BB is

analyzed when acquiring and allocating bandwidth

from a market in which demands of end-users, prices

and QoS levels are not known in advance. The main

contribution of the paper is to develop an efficient

solution algorithm to overcome computational is-

sues as well as uncertainties in the non-deterministic

nature of the telecommunication network environ-

ment. In order to handle randomness and vague-

ness, an integration of stochastic and fuzzy linear

programming techniques is proposed.

Extensive computational study on randomly gen-

erated test instances showed that proposed method-

ology provides more than 10% more profit even in

worst case scenarios. We analyze the effect of fuzzi-

ness in managerial point of view. We show that

randomness should be taken into account due to

very high competition in telecom market and limited

profit margins.

It is concluded that increasing problem size

makes suggested approach more compelling than

deterministic methodology for BB’s decision mak-

ers. Solving RP model rather than EEV model leads
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to more profit in fuzzy sense. In other words, ignor-

ing uncertainty in the bandwidth demand and treat-

ing BB’s problem as deterministic model result in

profit loss. Moreover, the RP model is better to be

chosen and used by BB under pessimistic market

conditions. Finally, carried out sensitivity analysis

on fuzzy objective parameters demonstrated the ro-

bustness of procedure.

As a further study, it would be worthwhile to ex-

pand investigated two-stage model into multi-period

(multi-stage) model. In addition, an interesting fu-

ture study would be to study fuzzy multi-objective

optimization problem of BP rather than BB in which

fuzzy expected profit maximization as well as fuzzy

expected capacity loss minimization objectives are

optimized simultaneously. Even though most of

the time it is sufficient to model imprecise param-

eters by triangular fuzzy number, improving pro-

posed methodology that is capable of handling gen-

eral fuzzy number would make solution methodol-

ogy more applicable, which would be a theoretical

contribution.
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