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We establish a logarithmic bound for oscillatory singular integrals with quadratic phases on the Hardy space H'(R"). The

logarithmic rate of growth is the best possible.

1. Introduction

Forn € N, let K(x) be a Calderén-Zygmund kernel on R” and
let P(x) be a polynomial of n variables with real coefficients.
Consider the following oscillatory singular integral operator:

Tyif —px| VK- G)dy O

It is well known that T} is bounded from LP(R") to LP(R")
when 1 < p < co and also from LY(R™) to LY°(R™). Addi-
tionally, L — L? and L' — L"* bounds are dependent on
the degree of the phase polynomial P only, not its coeflicients
(see [1, 2]).

However, for H'(R") — H'(R") boundedness of Tp, the
answers are not nearly as clear-cut. First, it was shown in [3]
that, in general, T, may fail to be bounded on H'(R") and
when the coefficients of the first-order terms of P vanish, T
is bounded from H'(R") to itself with a bound independent
of the higher order coefficients of P.

More recent work can be found in [4, 5], including the
following.

Theorem 1 (see [5]). Let n € N, m > 2, and P(x) =
Y 0<lal<m %o X" be a polynomial of degree m in R" with real
coefficients. Let K be a Calderon-Zygmund kernel and let Tp

be given as in (1). Then, there exists a positive constant C such
that

Il < C (1 o S lad

Z |a |1/|o¢| > ”f"Hl(IR”) (2)
2<]arl<m [P

for all f € H'(R"). The constant C may depend on n, m, and
K but is independent of the coefficients {a,} of P.

In order to determine the optimal bound on
ITpllgr 1> an example was given in [5] to show that,
as Y =1 1ul/ Xociatem |(/10‘|1/|"‘| — 00, any bound on
ITpllp g must increase at least at the rate of
10g(Y u1=1 1941/ Y ociat<m |aa|1/|“|). This naturally leads to
the following question.

Does

ITo f N0 ey
ZIaI:l |aoc|

¢ ( 1*( >>||f|| ¥
< nm 1+ og - 1l HY(R")
ZZSIaISm |ao<|l/|a|

hold for all f € H'(R")?

In this paper, we will prove that the answer to the above
question is affirmative for all quadratic polynomials. Namely,
we have the following.



Theorem 2. Let n € N and P(x) = Y < X" be a
quadratic polynomial in R" with real coefficients. Let K be a
Calderén-Zygmund kernel and let Tp be given as in (1). Then,
there exists a positive constant C such that

172 f Nl ey

¥ Z|a|:1 |aa| (4)
<Cl1+1 _ 1 (mon
(*%<mmm“ .

for all f € H'(R"). The constant C may depend on n and K
but is independent of the coefficients {a,} of P.

We point out that C denotes an absolute constant whose
value may change from line to line.

2. Some Definitions and Lemmas

Many of the tools we use are known. For readers who wish to
see the definitions and some of their properties, the following
references are suggested: [6-12].

Forx e R"andr > 0,let B(x,r) ={y e R" : |y — x| < r}
and |B(x, r)| denote the Euclidean volume of B(x, r).

Let ¢ be a function in the Schwartz space ' (R") such that
JW $(x)dx = 1. For each f € L}, (R") and x € R", we let

loc

My f (x) = sup |(f = ¢,) ()], ©)

where ¢,(x) = s"¢p(x/s).

Definition 3. For a nonnegative, locally integrable function w
on R", the Hardy space H' (R") is given by

Hl (Rn) = {f € Lioc (IR”) : ||M¢f||L1(R”) < 00} > (6)

Wlth ”f"Hl(R") = "M(/)f”Ll(R")

Definition 4. A measurable function f on R” is called H'
atom if there exist { € R” and r > 0 such that

supp (f) € B({,7); 7)
1
If]le < BCA| (8)
JW fy)dy=o. )

Lemma 5 (see [9, 10]). For each f € HY(R™), there exist H'
atoms { f,} and coefficients {w,} such that

f=Yof,
' (10)
1 lep gy = inf Y |,
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Definition 6. A C! function K : R"\ {0} — C is called a
Calderon-Zygmund kernel if the following are true:

(i) There exists C > 0 such that
IK ()] + x| [VK (%) < Alx|™ (11)

holds for all x € R™\ {0}.
(ii) Forall0 < a < b,

J K (x)dx = 0. 12)
B(0,b)\B(0,a)

Lemma 7. Let P(xX) = Yoy @ X" for x € R" and A > 0.
Define operator Up, by

XB(0,1) (x)
||

(Upaf) (x) = mem”ﬂw@.(m

Then, there exists C > 0 independent of P such that
”UP,Af"L‘([R") <C ||f||L°°(B(0,1)) (14)

holds for all f € L*(B(0,1)) and A > (3 -, lag|""*) .

Proof. We start by treating the more difficult case n > 2. The

other case, n = 1, will be briefly considered later.
Write

M=

bjx jXpes (15)

n
3 —
An X" =
j=1

Ja|=2 k=1

with by = b for 1 < j, k < n. Then, there exist /s €
{1,...,n} such that

|bls| = max{'bjk| :1<j, k< n}. (16)

Thus, we have

2
2n* || A = A( Y |a“|1/2) > 1. (17)

la|=2

For x, y € R", let

!
X = (Xpp ey Xy Xpg 1o e -2 X)) >

(18)

= Yot Vsstr-- V) -

Then, there are polynomials Q, (-), Q,(-) on R", Q,(-), Q,(-)
on R™, and Qs(-) on R™! x R™! such that

Y oa, (x-y)* = -2bxy,+Q (x) +Q, (¥)

la|=2
+x,Q; (7) + 7:Q4 (+) (19)
+ Qs (x', j/) .
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Let g(x) = f(x) for x € B(0, 1) and g(x) = 0if x € B(0,1)".

Then,

iP(x— dx
bt | L0005
Weslisan = | o |70 0) ] 5

- JR"\B(O,A)

ol [
x'eR1 JyeR™! JxeR

eR

s

where

& Ziam 2,y +Q, (1) +y,Qu(x"))

gey (V) = gy,

Since |g, 5(y,)| = |g(y)| and supp(g,r 3) € [-1, 1], we have

”UP’Af“LI(W) =C .L'E[R”'l LeR““ LER h (xl)

907 (2bx)| dxdy dx’

1/2
SCJ, B Jl ) (j Ihx’ (xl)lzdxl>
x'eR" ! JyeRm ! NJR
(.
=clo [ (] e G ax)
K eRm Jyerrt \ R

([ lows 0)

-1/
<C |bls| 2 l|f||L°°(B(0,1))

. 1/2
X
(Lol i) o
Wi \ JR (| + <))
1/2
P i)
x'|<A \ Jlx Iz VA= (|x,| +|x|)

_y dx’
< Clo™ 1 flis oy J

WA "2

— 2 172 ~ !
777 (2b.) dxz) dy dx

1/2

5 1/2
dy5> dydx’

1/2
J L dx’

Uogmaft - lx’/)t]z

4 22 j

[x"|<A

j /PO Eiagor A x™+Q ()11 Q (I Qs (7)) <J
yere y

s

J e_i(ZblSXI)ys 9x' 3 (ys) dys
Y

B X[0200) <|xl|2 + |x'|2) (21)

3
27T 0y QU g (1)) dys> 4y ’ 20
eR | x|
dx,dy dx’,
<C |bls|7l/2 ”f||L°°(B(o,1)) (A_l/z + AT JI e (1
L2y -1/4
’% > dx’> <C(Mp))™?
: ||f||L°°(B(o,1)) <C nf"LD"(B(O,l)) .
(22)

The treatment of the case n = 1 only involves the Fourier
transform step of the preceding argument. Details are omit-
ted. O

Lemma8. Letn € Nand P(x) = Y <, G.X" be a quadratic
polynomial in R" with real coefficients. Let K be a Calderén-

Zygmund kernel satisfying (11)-(12) and let Tp be given as in
(1). Then, there exists a positive constant C such that

Z|rx|: |aoc|
I Tl gy < C<1 +log" <_Z, | ia |1_/2 (23)
al=2 "«

for every H' atom f which satisfies (7)-(9) with { = 0 and r =
1. The constant C may depend on n and A but is independent
of{a,}, K, and f.

Proof. By the uniform boundedness of T}, on L*(R™) and (7)-
(8),

JB(O » ITpf (x)|dx < |B(0,2)"? 1o f 1l 2

<C|flp@y €.

By (11), we have

Tpf (x) — K (x) J eip(x*y)f (y)dy|dx

J R™\B(0,2) B(0,1)

<] K- -K@If Dldydx (3)
R™\B(0,2) JB(0,1)

<Clflpn [ W dx<c

R™\B(0,2)



Let A = (Z|0¢|:2 |aa|1/2)72' It follows from (11) and (7)-(8) and
Lemma 7 that

J |Tpf (x)| dx
R™\B(0,max{2,A})

<C+ J IK (x)]
R™\B(0,1)

<C+ClUppflp

dx (26)

J "D f (y)dy
B(0,1)

<C.

(R™)

If A < 2, then (23) follows from (24) and (26).
Thus, we may assume that A > 2. To finish the proof, it
suffices to show that

J |Tpf (x)|dx
B(O,)\B(0,2)

(27)
<C <1 T 10g+ < z|0¢|:l |a“1|/2 >> .
ZIaI:Z |aoc|

We will establish (27) by discussing two cases.

Case 1 (zllezl la,| = 1/2). In this case, we have

J- |Tpf (x)|dx
BOM\B(0,2)

SCJ J lx =" |f ()] dydx
B(0,A)\B(0,2) JB(0,1)

|x| ™" dx

<C ”f"Ll(R") J

B(0,A)\B(0,2)

1 (28)
2 (ZIaI:Z |aoc|1/2>2

<C <ln2 +2In <—Z|a|_1 |aa1|/2 >>
Z|a|:z |%¢|
SC(l +10g+< Zlal ll 1|/2>>.
ZIaI:Z |aa|

Case 2 (Z|a|:1 la,| < 1/2). In this case, we let

Q(x)=P(0)+ ) a,x". (29)

lal=2

<Cln

It follows from Theorem 1 of [3] that

”TQf“Ll(R") <C (30)
For x € R" and y € B(0, 1), we have
|eiP(x—y) _ ¢ Cham a,xx”‘+Q(X—}’))| < Z | %I- (1)
=1
By (30)-(31) and
sup tln(l) = l, (32)
0<t<1/2 t e
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we have

T d < T, L(R™)
J-B(O)»)\B 02)| Pf(x)l * ” anL (R")

+ J |TPf (x) — Tt XV (x)' dx
01)\B(0.2)

scve( 3 o)l |

a1 B(0,M)\B(0,2)

1
<C+C W Jn| ——— |=cC
' <|a|z_1|a|> <Z|a|-2|aal/ > (33)
+C<|; |a“|>
1 lex|:1 l“a' )
|In{ =——— ) +In| —/—
|i <Z|oc|—1 | ) ' <Z|¢X|=2 |aa|"
+ thxl 1| | >>
<C| 1+log ( 7 .
< Z|a|=z|aa|/

Thus, (27) holds in both cases. O

|x|™" dx

3. Proof of Main Theorem

To finish the proof, we recall the following result concerning
Riesz transforms and Hardy spaces.

Lemma 9 (see [10, 13]). For 1 < j < n, let R; denote the jth
Riesz transform; that is,

R, f(¥) = | f(E) (34)

IE
Then, there exist C,C,,C, > 0 such that
"ij"Hl(R") <C "fHH‘([R") (35)

forl1 < j<mn and

n
G ||f||H1(R") S “f”Ll(R") + Z “Rif"Ll(R")
j=1 (36)

< Co[l flln e
forall f € H'(R).
We will now give the proof of Theorem 2.

Proof. For f € HY(R™), let {w,} be a sequence of complex
numbers and let { f,} be a sequence of H' atoms such that

f= Zwyfw (37)
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For each v, let {, € R" and r, > 0 such that supp(f,) <
B(,,r,) and || £, < 1B, 7,)I™" = [B(0,1)|"'r;". Then,
r:/lTva (TVX + Cv)
iP,(x-y) n ©8)
= p. | PR, (=) (L, + L)

where P,(x) = P(r,x) and K,(x) = r,K(r,x). Observe that,
for each v, K, satisfies (11)-(12) with the same constant A and
1 f,(r,y + () satisfies (7)-(9) with { = 0, r = 1. Since

()= Y rlaa, (39)

0<|a|<2

by Lemma 8,

ITo il = [ 1T, (0] d

(40)
=C <1 +log" < 2lal=1 |“a1|/2 )) )
ZIaI:Z |arx|

which implies that

172 f Nl

o Dot || >> ( (41)
<C|[ 1+log (—12 |wy|).
( Zlal:Z |a(x| ! Z”:

It follows from Lemma 5 that

172 f s

+ Zm:l |“a| (42)
<Cl|1+1 —_— Lriomy .
< +log ( e ) e

By the translation invariance of T and (42) and (35), we have

n n
2 IRTe sy = 2, [TeR e

<C <1 +log" <—ZM=1 |aal|/2 >>
Z|a|:2 |aoc|

(43)
(E W)
j=1
Z|¢x|:1 |atx| >>
<C 1+log+<— "f"Hl(R")'
( thxl:Z |azx|1/2
By applying (36), (42), and (43), we obtain (4). O
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