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Abstract Herein, laminar convective heat transfer from two horizontally arranged spheres has

been evaluated by using numerical models inside water-based fluids incorporated with alumina

(Al2O3), copper oxide (CuO), and copper (Cu) nanoparticles. The problem was simulated for dif-

ferent Rayleigh numbers ranging from 103 to 106 and various volume fractions including 2, 4, 6,

and 8%. The evaluation process included the perspective of both first and second thermodynamic

laws. In-house FORTRAN code was provided to solve the equations based upon the finite volume

method as well as the Multigrid acceleration. According to the obtained results, the average Nusselt

number enhanced by 57.4% for both the spheres and plates with increment of the Rayleigh number

from 103 to 106 for the constant volume fraction of 2%. In addition, nanoparticle type played a

significant role on the heat transfer rate and generated entropy. Moreover, introduction of the

Al2O3 nanoparticles into the water-based fluid resulted in approaching to the highest Bejan number

of 0.98. Furthermore, the ecological coefficient of performance of CuO nanoparticles decreased by

increment of the volume fraction at all Rayleigh numbers. In the volume fraction of 2%, it raised

from 2.89 to 7.8 by increasing of the Rayleigh number from 103 to 106.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Generally, a flow motion driven by gravity force is known as
natural convection. Basically, the natural convection is

resulted from the variance in the temperature as well as con-
centration of the fluid. Heat transfer process through natural
convection has received tremendous attentions from numerous
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Nomenclature

Be Bejan number

Cp specific heat capacity (Jkg-1K�1)
D width of the channel wall (m)
g gravitational acceleration (ms�2)
H distance between upper and lower wall of the

channel (m)
k thermal conductivity (Wm-1K�1)
L length of the channel (m)

Nu
�

Average Nusselt number
n normal direction
Pr Prandtl number

P0 Pressure scale, qu20
q! Heat flux vector (w/m2)
Ra Rayleigh number
S�
gen adimensional generated entropy per unit volume

(w/m3k)
Tc cold wall temperature (k)
Th hot wall temperature (k)

T Temperature (k)
t dimensionless time
u, v, w dimensionless velocity components

x, y, z dimensionless Cartesian coordinates

Greek symbols

/ solid volume fraction
a thermal diffusivity (m2/s)
h dimensionless temperature, h = (T-Tc)/(Th-Tc)
ѵ kinematics viscosity (m2/s)

l dynamic viscosity (kg /(m.s))
q fluid density (kg/m3)
b coefficient of thermal expansion (K�1)

u Irreversibility coefficient
O Global domain

subscripts
� Dimensional variable

max maximum
c cold
h hot

Avg average
TG thermal gradient
VG velocity gradient

Loc local
Tot total
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researchers and engineers. As an example, efficiency enhance-
ment of the cooling systems has become a crucial issue due

to reducing energy demand caused by growth of the small-
sized devices. However, lack of coolant fluids with appropriate
thermal conductivity has restricted approaching to the high-

efficient cooling systems. So, several researchers have focused
on applying of nanofluids to improve the cooling procedure.
Commonly, nanofluids are consisted of nanoparticles dis-

persed in original water-based fluids. They are utilized as cool-
ant fluids in a wide variety of applications including
automotive devices, refrigerators, and power generators. Intro-

duction of the nanofluids into the original base fluids results in
the thermal conductivity enhancement as well as coefficient
improvement of the convective heat transfer [1]. The reason
may be assigned to higher thermal conductivity of the metallic

or non-metallic particulate materials compared with that of the
original base fluids which leads to enhancement of the heat
transfer coefficient. Copper (Cu), alumina (Al2O3), and copper

oxide (CuO) are of the known nanofluids applied in this regard
[1,2]. Nanofluids are distinguished by several features includ-
ing shape, volume fraction, particle size, stability, and thermo-

physical properties. The aforementioned characteristics play a
prominent role in the heat transfer performance [3–9].

Heat transfer enhancement, entropy generation rising, and
flow intensification have been represented through insertion of

the nano particulate materials into the original base fluids in a
number of literatures. In addition, the natural convection heat
transfer phenomena from a single spherical body are one of the

most fundamental structures commonly encountered in the
heat-related researches [10–13]. Although, evaluation of the
heat transfer phenomena in double-sphere structures is consid-

ered as a more representative technique. The reason could be
corresponded to the interaction of contiguous structures
included in a system. Yet, very few studies have examined

the heat transfer phenomena under different boundary
conditions.

Sheikholeslami et al. [14] summarized the important find-

ings in the field of nanofluid domains. Based upon this
research, several aspects of the nanofluids have been investi-
gated including free convection phenomena in a porous cubical

structure utilizing the lattice Boltzmann method, magnetic
field effect on the nanofluids, and so on. The results have
shown that the kinetic energy of the nanofluids enhanced

resulting from increment of the Rayleigh number. Whilst, the
Darcy number was reduced by increasing of the Hartmann
number. A sphere incorporated with micro polar Cu and
Al2O3 nanoparticles was applied by Swalmeh et al. [15] to

examine flow of the natural convection in its boundary layer.
They stated that Al2O3 water-based micro polar nanofluid
revealed superior heat transfer rates as well as higher local skin

friction compared with the one filled with Cu nanoparticles.
Alwawi et al. [16] used nanofluid of Sodium Alginate (SA-

NaAlg) as a convection flow to investigate the magneto hydro-

dynamic flow over a solid sphere. Several types of nanofluids
were applied to evaluate the impact of the nanoparticle fea-
tures along with the magnetic field on the heat transfer proce-
dure. The results showed that increment of the nanoparticles’

volume fraction led to enhancement of the local Nusselt num-
ber and skin friction. In addition, the profiles of the tempera-
ture and velocity were improved by enhancement of the

nanoparticles’ volume fraction.
A. Baı̈ri [17] applied a nanofluid immersed in a permeable

media to enhance the warm plan of a circular electronic gad-

get. The gadget was located in the centre of another circular
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device to make it isothermal. It has been demonstrated that the
convective warmth motion was efficiently increased with the
ratio of capacity to the Rayleigh number. In addition, the nor-

mal Nusselt number increased with the Rayleigh number. It is
while, impact of the portion volume was in the percent range
from 2 to 10%. Gupta et al. [18] utilized several nanoparticles

consisting Al2O3, CuO, silica (SiO2), and zinc oxide (ZnO) to
explore the heat transfer from a warmed circle. In the men-
tioned examination, the temperature-subordinate conditions

were applied for the consistency and warm conductivity of
the nanofluids to represent the temperature effect on the vari-
ous features. According to the obtained results, 20–30%
improvement was observed for the warmth motion over the

utilized normal Newtonian liquids which supposedly increased
with the expanding estimations of the Peclet number. Recently,
the laminar natural convection over an isothermal sphere has

been performed by Yang et al. [19]. This investigation has been
carried out through the SIMPLEC method in both steady and
transient cases for different types of fluids. Base on the

obtained data, the conductive heat transfer was predominant
when the sphere was located within a cold fluid. Nepal et al.
[20] evaluated the influence of a convection flow over a sphere

heated internally. A laminar and unsteady flow was used in
this examination. As a higher internal heat was utilized, a
greater frication factor and a smaller heat transfer rate were
obtained.

Exploring the effective factors on the natural convection
over the solid structures assist the researchers to extract a pre-
cise and accurate discussion from the obtained data. Lee et al.

[21] used a 3D natural convective heat transfer between a
cuboidal cavity and a spherical surface. The impacts of Ray-
leigh numbers and cavity shape parameters were analysed in

two different positions of the applied sphere structure includ-
ing the eccentric and concentric sites. According to the results,
a critical Rayleigh number was observed. In this critical point,

increment of the temperature difference caused a reduction of
the Nusselt number. In another attempt, Kitamura et al. [22]
studied natural convection of fluid flow along with water and
air heat transfers over a heated sphere structure. Based on

the results, the applied flow experienced a turbulent transition.
Correlation of average Nusselt number against the Rayleigh
Fig. 1 Schematic descriptio
numbers were also established for both water and air heat
transfer. From literature, it is a common understanding that
employing higher thermal conductivity fluid elevates heat

transfer performances. Thus, researchers employed nanofluid
various applications in their papers [23–36].

Commonly in thermal systems, utilizing an efficient energy

is imperative to approach the maximized thermo-dynamic effi-
ciency and estimate the corresponding irreversibility. The per-
formed researches in this area help the engineers to find out the

effective methods for reduction of the irreversibility. In this
regard, several investigations dealing with the entropy genera-
tion have been carried out [37–44].

Several researches have focused on the enclosure cases

induced by an inner sphere for evaluation of different bound-
ary conditions. However, the natural convection phenomena
and entropy generation of water-based nanofluids around

two spheres in a horizontal arrangement have not yet been
addressed. So, modelling and analysis of the heat transfer
and fluid flow of different nanofluids in the horizontally

arranged spheres are of importance which are focused by this
study. Then, the effects of nanofluid type (CuO, Cu, and
Al2O3), volume fraction, coefficient of thermal performance,

entropy generation and Rayleigh numbers are investigated
numerically on the fluid flow and heat transfer characteristics.

2. Methodology

2.1. Modelling of the system and governing equations

Fig. 1 illustrates main characteristics of the considered prob-
lem including the physical domain, coordinate system, and
boundary conditions. Herein, two horizontally arranged

spheres were kept at a steady and uniform temperature named
as Th. A diameter of D = 0.4 was considered for the applied
spheres which were immersed in a channel. The temperature

of the upward and downward channel walls was maintained
at Tc temperature. A distance of H = 1 was also considered
for separation of the channel walls. The inner spheres were

placed in the center locations of (xc1, zc1) and (xc2, zc2) with
a distance of 0.6 L while L is the length of the horizontal
arrangement. The separating distance was filled with nanoflu-
n of the physical model.



Table 1 Thermophysical properties of base fluid and

nanoparticles.

Property Water Al2O3 CuO Cu

q (Kg/m3) 997.1 3970 4250 8933

Cp (J/Kg.K) 4179 765 686.2 385

K (w/m.K) 0.6 40 8.95 401

b � 10-5 (1/K) 21 0.85 0.90 1.67
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ids of different CuO, Cu, and Al2O3 particles with several vol-
ume fractions. Thermo physical features of the utilized
nanoparticles and water are summarized in Table 1.

In order to define the problem for the system, various items

and assumptions were considered consisting acting of the grav-
ity force in the negative direction of the Z-axis, Newtonian fea-
ture of the examined fluid, and negligibility of the radiation

effects based upon the Boussinesq approximation. Then, the
continuity, momentum, and energy-based problem could be
defined as follows:
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Table 2 Grid independence test.

Grid size Nusp
�

80 � 40 � 40 10.771

96 � 48 � 48 11.386

Relative Deviation (5.401%)

160 � 80 � 80 11.763

Relative Deviation (3.204%)

180 � 90 � 90 12.177

Relative Deviation (3.399%)
In order to cast the governing equations into a dimension-
less form, the following dimensionless parameters are
introduced:

s ¼ t�af
L2

P ¼ P�L2

qnfa
2
f

u ¼ u�L
af

v ¼ v�L
af

w ¼ w�L
af

h ¼ T� Tc

Th � Tc

x ¼ x�

L
y ¼ y�

L
z ¼ z�

L

Continuity equation:
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Energy Equation:
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The boundary conditions, in the present study, are as
follows:

The Rayleigh number and Prandtl number are defined as:

Ra ¼ gbf Th�Tcð ÞL3

afmf
and Pr ¼ mf

af
Table 3 Comparison of average Nusselt number values

obtained for the flow in the presence of isothermal hot sphere

centrally located within a cubical enclosure, with those

obtained from the previous numerical studies.

Ra Present work (Grid size

803)

Yoon et al.

[69]

Gulberg & Feldman

[70]

103 6.429 7.575 –

104 7.368 7.859 8.314

105 12.093 12.658 13.415

106 19.759 20.701 22.344



Fig. 2 Mesh configuration of computational domain (size

160 � 80 � 80).
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So as to solve mathematically Navier-Stokes conditions,
authors followed the following strategy;

The temporal discretization of the time derivative is per-
formed by a Euler backward second-order implicit scheme.

The strong velocity–pressure coupling present in the continuity
and the momentum equations is handled by implementing the
projection method [45]. The QUICK scheme of Hayase et al.

[46] is implemented to minimize the numerical diffusion for
Fig. 3 Isocontours of isotherms (on the left) and streamlines (on the

with volume fraction of nanoparticles / = 0.08 (dashed lines) at the v
the advective terms. The Poisson equation which is solved
using an accelerated full multigrid method, while the dis-
cretized equations are computed using the red and black point

successive over-relaxation method [47] with the choice of opti-
mum relaxation factors. In order to secure the steady state
conditions, the following criterion has to be satisfied:X
i;j;k

vni;j;k � vn�1
i;j;k

��� ��� 6 10�6

where n represents the iteration number. In addition, i, j, and k

indicate x, y, and z coordinates, respectively.
An in-house code was created in the well-known program-

ming language of FORTRAN to complete the calculations.

For doing the accurate calculations, the applied programming
language was depended on several methods consisting of the
projection technique, finite volume method (FVM), and multi-

grid acceleration [48–54]. The terms of Nu and Nu
�
, respec-

tively, known as the local and average values of the Nusselt
numbers which could be defined through the following
equation:

Nu ¼ @h
@n

����
wall

; Nu
�

¼ 1

A

Z A

0

NudS ð11Þ
right) of pure water / = 0 (solid lines) and CuO-water nanofluid

ertical plane (y, z) for Rayleigh numbers ranging from 103 to 106.



Fig. 4 Variation of the temperature h versus z, h versus y and the velocity v versus y of CuO-water, Cu-water and Al2O3-water nanofluid

with volume fraction of nanoparticles / = 0.08 at the vertical plane (y, z) for Rayleigh numbers ranging from 103 to 106.
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Table 4 The maximal and minimal temperature values (hy,max and hy,min) for different nanofluids at different Rayleigh numbers and

solid volume fractions.

103 104 105 106

hy,min hy,max hy,min hy,max hy,min hy,max hy,min hy,max

u = 2%

Al2O3-H2O 0.0074 0.16206 0.0021 0.16590 �0.0976 0.14310 �0.1008 0.16163

Cu-H2O 0.0074 0.16207 0.0004 0.16556 �0.1004 0.14238 �0.1005 0.16060

CuO-H2O 0.0074 0.16210 0.0011 0.16569 �0.0993 0.14263 �0.1013 0.16044

u = 4%

Al2O3-H2O 0.0071 0.16164 0.0032 0.16588 �0.0953 0.14325 �0.0994 0.16279

Cu-H2O 0.0071 0.16168 0.0021 0.14538 �0.1007 0.14182 �0.0974 0.16246

CuO-H2O 0.0072 0.16174 0.0014 0.16565 �0.0988 0.14227 �0.0991 0.16196

u = 6%

Al2O3-H2O 0.0068 0.16122 0.0043 0.16596 �0.0925 0.14380 �0.0982 0.16367

Cu-H2O 0.0068 0.16127 0.0021 0.14545 �0.1007 0.14125 �0.0943 0.16441

CuO-H2O 0.0069 0.16136 0.0018 0.16565 �0.0980 0.14202 �0.0971 0.16344

u = 8%

Al2O3-H2O 0.0065 0.16078 0.0050 0.16587 �0.0892 0.14490 �0.0974 0.16423

Cu-H2O 0.0065 0.16084 0.0021 0.14594 �0.1004 0.14074 �0.0914 0.16631

CuO-H2O 0.0066 0.16097 0.0023 0.16554 �0.0971 0.14170 �0.0953 0.16481

Table 5 The maximal and minimal temperature values (hz,max and hz,min) for different nanofluids at different Rayleigh numbers and

solid volume fractions.

103 104 105 106

hZ,min hZ,max hZ,min hZ,max hZ,min hZ,max hZ,min hZ,max

u = 2%

Al2O3-H2O �0.5 0.16197 �0.5 0.14922 �0.5 �0.04151 �0.5 �0.04458

Cu-H2O �0.5 0.16191 �0.5 0.14585 �0.5 �0.04499 �0.5 �0.04688

CuO-H2O �0.5 0.16197 �0.5 0.14734 �0.5 �0.04383 �0.5 �0.04630

u = 4%

Al2O3-H2O �0.5 0.16161 �0.5 0.15135 �0.5 �0.03730 �0.5 �0.04469

Cu-H2O �0.5 0.16151 �0.5 0.14538 �0.5 �0.04559 �0.5 �0.04770

CuO-H2O �0.5 0.16162 �0.5 0.14800 �0.5 �0.04340 �0.5 �0.04660

u = 6%

Al2O3-H2O �0.5 0.16123 �0.5 0.15326 �0.5 �0.03080 �0.5 �0.04493

Cu-H2O �0.5 0.16111 �0.5 0.14545 �0.5 �0.04587 �0.5 �0.04832

CuO-H2O �0.5 0.16127 �0.5 0.14890 �0.5 �0.04230 �0.5 �0.04681

u = 8%

Al2O3-H2O �0.5 0.16084 �0.5 0.15496 �0.5 �0.02353 �0.5 �0.04423

Cu-H2O �0.5 0.16070 �0.5 0.14594 �0.5 �0.04583 �0.5 �0.04875

CuO-H2O �0.5 0.16091 �0.5 0.14995 �0.5 �0.04069 �0.5 �0.04697
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where n and A are corresponded to the normal direction and
solid sphere surface area, respectively. More details of the
applied mathematical calculations could be found in the
study carried out by Ben-Cheikh et al. [48].

2.2. Thermo physical characteristics of the utilized nanofluids

Effective density as well as specific heat capacity, shown by qnf

and Cp, are of the main thermophysical nanofluid features.
The following functions reveal the relations applied for calcu-
lation of the aforementioned parameters:

Nanofluid density [55]

qnf ¼ /qp þ ð1� /Þqf ð12Þ
Nanofluid specific heat capacity [56]

qCp

� �
nf
¼ 1� /ð Þ qCp

� �
f
þ / qCp

� �
p

ð13Þ
Thermal conductivity [57]



Fig. 5 Isosurfaces of maximum local entropy generation contours due to heat transfer STG,loc
max (on the left) and due to fluid friction SVG,

loc
max (on the right) of pure water / = 0 and different nanofluids (CuO-water, Al2O3-water and Cu-water) with volume fraction of

nanoparticles / = 0.08 at the vertical plane (y, z) for Ra = 106.
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knf ¼ kp þ ðn� 1Þkf � ðn� 1Þðkf � kpÞ/
kp þ ðn� 1Þkf þ ðkf � kpÞ/ kf ð14Þ

Here, n is equal to (¼ 3
u) and is linked with the empirical

shape factor. In addition, u reveals sphericity which could be
estimated through the surface area ratio of the applied sphere
to the utilized particles. For the spherical and cylindrical shape

cases, the sphericity value is equal to 1 and 0.5, respectively.
So, according to spherical nanoparticles knf is given by

Maxwell [58]:

knf ¼ ðkp þ 2kfÞ � 2/ðkf � kpÞ
ðkp þ 2kfÞ þ /ðkf � kpÞ kf ð15Þ

Dynamic viscosity [59]
lnf ¼
lf

ð1� /Þ2:5 ð16Þ

Thermal expansion coefficient [60]

bnf ¼
bp

1þ ð1�/Þqf
/qp

� �þ 1

1þ /qp
ð1�/Þqf

2
4

3
5bf ð17Þ

And

anf ¼ knf
ðqCpÞnf

ð18Þ

In the previous expressions, subscripts f and p are pertain-
ing to pure fluid and dispersed nanoparticles, respectively. The
calculated features of the CuO, Cu, and Al2O3 nanoparticles as

well as the base fluid used in the study are detailed in Table 1.



CuO-H2O Al2O3-H2O Cu-H2O

Fig. 6 Isosurfaces of maximum local entropy generation contours due to friction SVG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) with various volume fraction of nanoparticles (/= 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for Ra = 104.
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2.3. Entropy generation functions

Numerous researches have reported the entropy generation the-
ory [61–67]. Heat transfer along with fluid friction are defined as

irreversibility in the case of three-dimensional convective heat
transfer problems. Eq. (19) represents the general function
explaining the entropy generation in the considered specific

system:

S�
gen ¼ � 1

T2
0

: q!:r!Tþ l
T0

:U� ð19Þ

In the equation above, two terms are observable. The first
one is assigned to the generated entropy as a result of gradient
in the temperature. Whilst, the second one is attributed to the

friction effects. The irreversibility coefficient ( q!) could be

obtained by using the Eq. (20):

q!¼ �k:gra d
!
T ð20Þ

The dissipation function is written in incompressible flow as

follows:
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From where the generated entropy [68] is written as
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After non-dimensionalization, the generated entropy num-

ber (dimensionless local entropy generated) is written in the
following way as

Ns ¼ S�
gen
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From where [68]
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CuO-H2O Al2O3-H2O Cu-H2O

Fig. 7 Isosurfaces of maximum local entropy generation contours due to friction SVG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) with various volume fraction of nanoparticles (/= 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for Ra = 105.
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The total dimensionless generated entropy is written as
follows:

Sloc
tot ¼

Z 1

0

Z 1

0

Z 1

0

Nsdv ¼
Z 1

0

Z 1

0

Z 1

0

ðNs�TG þNs�VGÞdv
¼ Sloc

TG þ Sloc
VG ð25Þ

Bejan number (Be) is the ratio of heat transfer irreversibility
to the total irreversibility due to heat transfer and fluid

friction.

Be ¼ STG

STG þ SVG

ð26Þ

where
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With

u ¼ lT0

k

u0
DT

� �2

ð30Þ

Is the irreversibility coefficient.
The dimensionless total entropy generation Stot in the

enclosure is given by the summation of the total entropy gen-

eration due to heat transfer STG and fluid friction SVG which in
turn are obtained via integrating the local entropy generation
rates STG,loc and SVG,loc over the domain O:

The total entropy generation (Stot) is a dimensionless term.
It could be obtained through the equation (31):



Cu-H2OAl2O3-H2OCuO-H2O

Fig. 8 Isosurfaces of maximum local entropy generation contours due to friction SVG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) with various volume fraction of nanoparticles (/= 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for Ra = 106.
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Stot ¼
Z
X
SlocdX ¼

Z
X
Sloc
TGdXþ

Z
X
Sloc
VGdX ¼ STG þ SVG ð31Þ

where STG and SVG are corresponded to the generated entropy

by heat transfer and fluid friction, respectively. As shown in
the equation, both parameters could be calculated through
integration of the local generated entropies over the considered

domain (O).

3. Grid independence study and algorithm validation

3.1. Grid independence evaluation

The grid independence examination was performed through
considering the values of Pr = 7.02 (base fluid-water) and
Ra = 103, respectively. Four different non-uniform grids
including 80 � 40 � 40, 96 � 48 � 48, 160 � 80 � 80, and

180 � 90 � 90 was employed to simulate the convective heat
transfer over two isothermal solid spheres located in a cooled
channel. The average Nusselt numbers calculated from the

spheres are listed in Table 2. To consider a problem solution
independent from the applied grid, the fine and non-uniform
grid of 160 � 80 � 80 was utilized.
3.2. Code validation

Numerical simulations were performed and compared with
those reported by Yoon et al. [69] and Gulberg and Feldman
[70]. As explained, the code validation was carried out for

the three-dimensional natural convection problem. The
applied isothermal solid sphere was centrally located in a
cooled outer one. The estimated average values of the Nusselt
numbers along with the reported values by Yoon et al. [69] and

Gulberg and Feldman [70] are listed in Table 3. The Nusselt
number values are all obtained for different Rayleigh numbers
in the range from 103 to 106 in center of the inner sphere. As it

is apparent from the table, the obtained values are in well
agreement with the ones obtained through the aforementioned
researches (see Fig. 2).

4. Results and discussion

4.1. Flow and thermal fields

In this study, convective heat transfer and entropy generation

around two spheres in a horizontal arrangement filled with



CuO-H2O Al2O3-H2O Cu-H2O

Fig. 9 Isosurfaces of maximum local entropy generation contours due to heat transfer STG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) with various volume fraction of nanoparticles (/= 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for Ra = 104.
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water-based nanofluids (CuO-water, Cu-water and Al2O3-

water) are investigated numerically using FVM. The different
thermo-physical characteristics of based fluid and different
nanoparticles are shown in Table 1 as already mentioned. Cal-

culations are made for various values of the volume fraction of
nanoparticles (/ = 0%, 2%, 4%, 6% and 8%), for different
values of Rayleigh numbers (Ra = 103, 104, 105 and 106).
The Prandtl number of the base fluid (pure water) is kept con-

stant at 7.02. To demonstrate qualitatively the effect of differ-
ent Rayleigh numbers and nanoparticle types on the
temperature and fluid flow distributions of two side-by-side

spheres, Fig. 3 shows the Isocontours of isotherms (left) and
streamlines (right) of pure water / = 0 (solid lines) and
CuO-water nanofluid with volume fraction of nanoparticles

/ = 0.08 (dashed lines) at the vertical plane (y, z) for Rayleigh
numbers ranging from 103 to 106. It may be seen from this fig-
ure that the temperature contours consist of two counter rotat-
ing cells for Rayleigh numbers 103 and 104. In fact, the

buoyant forces generated due to the fluid temperature differ-
ences cause the fluid to rise on the sides and to descend in
the middle of the enclosure. This movement of the fluid forms

counters rotating circulating cells within the enclosure exhibit
a perfect symmetric behaviour about the cavity mid plane; this
fact is due to the symmetry of both spheres about the mid
plane. As the Rayleigh number equates 105 and 106, the buoy-

ancy force ascends overcoming the viscous force; thus, heat
transfer is dominated by convection. It is observed that com-
pression at the level of the spheres due to the stronger convec-

tion effects. Likewise, a thermal plume appears in the upper
part of both spheres.

The corresponding streamlines displayed in the right part of
Fig. 3 present a mono-cellular flow for the Rayleigh numbers

valued in the range from 103 to 106. Based on the figure, at
the vicinity region of the applied spheres, large streamlines
were obtained. While, close to the horizontal walls a stratified

core phase has been appeared. When the Rayleigh number was
equal to 106, reduction of streamlines was apparently observed
especially in the centreline. However, it was stratified slightly

in both upper and lower plates of the arrangement. The
observed distortion in the centreline could be linked with the
considered highest value for the Rayleigh number and there-
fore domination of the convection. In order to compare the

obtained data, the results of the pure water were also provided
in the figure. Apparently, the flow field strength was reduced
by introduction of the nanoparticles into the pure water. In

addition, as nanoparticles are added, the maximum dimension-
less temperature is reduced which is an indication of enhancing
the enclosure cooling performance.



Al2O3-H2OCuO-H2O Cu-H2O

Fig. 10 Isosurfaces of maximum local entropy generation contours due to heat transfer STG,loc
max of different nanofluids (CuO-water,

Al2O3-water and Cu-water) with various volume fraction of nanoparticles (/ = 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for

Ra = 105.
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Fig. 4 explains the combined correlation between the results
obtained through incorporation of the Cu, Al2O3, and CuO
nanoparticles into the pure water for the temperature versus

z and y and the velocity, respectively. Volume fraction of the
nanoparticles was considered as / = 0.08 for the measure-
ment. In addition, the Rayleigh numbers varied in the range

from 103 to 106. Notably, the temperature profiles (h) against
the z axis were almost confusing for all Rayleigh numbers.
However, it showed a very slight variation against the y axis.

According to the results, it was remarked that Al2O3 had a
higher temperature compared with both CuO and Cu
nanoparticles. Based on the velocity profiles, it was also found

that the velocity of Cu was higher than that of the Al2O3

nanoparticles. While, CuO nanoparticles showed the lowest
velocity in the considered Rayleigh numbers. The observed
trend was exhibited as a result of higher thermal conductivity

value of Cu as shown in Table 1.
At this stage, in order to show the effects of the addition of

nanoparticles on maximal and minimal temperatures, Tables 4

and 5 display the temperature values along y and z for the hor-
izontal arrangement incorporating two spheres for different
nanofluids, Rayleigh numbers and solid volume fractions. As
mentioned earlier, these two cases show the sensitivity of tem-
perature values to the volume fraction of nanoparticles which
is related to the increased thermal conductivity of the nano-

fluid. Indeed, higher values of thermal conductivity are accom-
panied by higher values of thermal diffusivity. The high value
of thermal diffusivity causes a drop in the temperature gradi-

ents and accordingly increases the temperature values.

4.2. Entropy generation analysis

Fig. 5 illustrates the maximum local distribution of the entropy
generation contours resulting from irreversibility of the heat
transfer STG, locmax (left) as well as the fluid friction SVG,

locmax (right) within the horizontal arrangement. The entropy
generation was provided for pure water (/ = 0) and different
nanofluids (CuO-water, Al2O3-water and Cu-water) with a
constant volume fraction of / = 0.08 at the vertical plane

(y, z). The value of 106 was also considered for the Rayleigh
number. STG active phase has occurred at the spheres’ core
representing the STG local distribution resulting from the heat

transfer between the spheres and the horizontal arrangement.
As the entropy maps are represented for the water, CuO,



Al2O3-H2OCuO-H2O Cu-H2O

Fig. 11 Isosurfaces of maximum local entropy generation contours due to heat transfer STG,loc
max of different nanofluids (CuO-water,

Al2O3-water and Cu-water) with various volume fraction of nanoparticles (/ = 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for

Ra = 106.
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Al2O3, and Cu successively, the maximum entropy generation
values due to the heat transfer has increased gradually from

6044.07 to 6420.29. Moreover, both SVG and STG distribu-
tions illustrated symmetrical trend according to the vertical
centreline independent from the applied nanofluid type. In

the arrangement core of STG iso-contours, the distribution ini-
tiated in a plume-like manner from the spheres’ tops. Accord-
ing to SVG contours, ring-like distributions have taken the

place of spheres with the maximum values for the case of Cu
nanoparticles.

In this section, the impact of Rayleigh number, volume
fraction, and nanofluid type is discussed in terms of entropy

generation. Results are illustrated in the form of entropy maps.
The entropy contours for different values of Ra, volume frac-
tion and nanoparticles type (CuO, Cu and Al2O3) have been

presented in Figs. 6–11. It is a well-known fact that the irre-
versibilites produced by any thermal system hampers its theo-
retical efficiency, and hence, analysing the impact of different

parameters on irreversibilities offers the opportunities to
enhance the overall performance of thermal systems. The
amount of irreversibilities is directly proportional to the

entropy generation, and in buoyancy driven flows, the entropy
generation is mainly due to the heat transfer and fluid-friction.
Figs. 6, 7 and 8 presents the isosurfaces of maximum local
entropy generation contours due to friction irreversibilities

SVG,loc
max of different nanofluids (CuO-water, Al2O3-water and

Cu-water) with various volume fraction of nanoparticles (/
= 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z) for

Ra = 104, 105 and 106 successively. It is clear that the maxi-
mum values of local entropy generation due to friction are
increasing by further increasing the volume fraction of

nanoparticles from 2% to 8% regardless the type of nanofluid
and Rayleigh number. Moreover, it is noted that the maximum
values of local SVG corresponding to Cu are greater than
those corresponding to CuO and those of CuO are greater than

Al2O3 nanoparticles.
Figs. 9, 10 and 11 depict the entropy maps due to heat

transfer STG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) with various volume fraction of nanopar-
ticles (/ = 0.02, 0.04, 0.06 and 0.08) at the vertical plane (y, z)
for Rayleigh numbers ranging from 104 to 106. Same behavior

is observed here as observed in SVG,loc
max isocontours, where we

note that it is clear that the maximum values of local entropy
generation due to heat transfer are increasing by further

increasing the volume fraction of nanoparticles from 2% to
8% regardless the type of nanofluid and Rayleigh number.



Fig. 12 Variation of maximum local entropy generation profiles due to friction SVG,loc
max of different nanofluids (CuO-water, Al2O3-water

and Cu-water) versus the volume fraction of nanoparticles for Rayleigh numbers ranging from 103 to 106.
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However, in this case it is noted that the maximum values of
local STG corresponding to Cu are greater than those corre-
sponding to Al2O3 and those of Al2O3 are greater than CuO
nanoparticles for all Rayleigh numbers. Furthermore, it is seen

that the entropy generation due to fluid-friction is negligible in
comparison to the heat transfer at Rayleigh values 104, 105 and
106. Also, the entropy (STG) values are observed to be greater,

and the maximum entropy generation occurs at the center of
the spheres.

To sum up the section of entropy maps, past studies on the

topic under investigation have demonstrated that the addition
of nanoparticles to a base fluid (water) generates the occur-
rence of two opposing effects on the convective heat transfer
within the horizontal arrangement induced by two spheres.

The first effect, resulting from the enhanced thermal conduc-
tivity of the mixture owing to the presence of the nanoparti-
cles, tends to increase STG,loc

max . The second effect, owing to

the increase of viscosity caused by the nanoparticles, eliminates
the convection motion and as a conclusion increases SVG,loc

max .
Thus, the current mechanism is monitored by the convection

intensity (Rayleigh number value), type of the particles used
and the models adopted to evaluate the viscosity and thermal
conductivity of the mixture.

Fig. 12 shows the maximum local entropy generation due to
friction SVG,loc

max versus the volume fraction of different nanoflu-
ids (CuO-water, Al2O3-water and Cu-water) for different Ray-
leigh numbers. As it can be seen from the figure, the entropy
generation number increases as the volume fraction / increase
for all Rayleigh numbers. Also, the figure illustrates that the
difference between the values of entropy generation number
increases with increasing the Rayleigh number from 103 to

106. For instance, the SVG,loc
max is beyond 10-6 for Ra = 103

whereas it increases to 3.10-5 for a Rayleigh number equates
106. On the other hand, in accordance with the previous

entropy maps presented in Figs. 6, 7 and 8, there is further evi-
dence that the entropy generation due to fluid friction of the
copper (Cu) are greater than the oxide copper (CuO) and the

latter is great than aluminum oxide (Al2O3).
Fig. 13 displays the Variation of maximum local entropy

generation profiles due to heat transfer STG,loc
max of different

nanofluids (CuO-water, Al2O3-water and Cu-water) versus

the volume fraction of nanoparticles for Rayleigh numbers
ranging from 103 to 106. As is well known, the increment in
effective thermal conductivity of nanofluid with higher / yields

large thermal gradient, and hence, the irreversibility due to
heat transfer augments. In this figure, the maximal local
entropy generation due to heat transfer undergoes a slight

increase of 5800 for a Rayleigh number 103 to 6000 for a Ray-
leigh number 106. Moreover, STG,loc

max profiles are seen increas-
ing monotonously by increasing the volume fraction for all

Rayleigh numbers and nanoparticles. The maximal local
entropy generation due to heat transfer is also organized
according to the following order; CuO, Al2O3 and then Cu
nanoparticles for Rayleigh numbers 104, 105 and 106. How-



Fig. 13 Variation of maximum local entropy generation profiles due to heat transfer STG,loc
max of different nanofluids (CuO-water, Al2O3-

water and Cu-water) versus the volume fraction of nanoparticles for Rayleigh numbers ranging from 103 to 106.
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ever, a different behavior is observed for Ra = 103, where we
note that the maximal local entropy generation due to heat

transfer of Cu is better than Al2O3, and the latter one is better
than CuO nanoparticles.

Overall, at higher Ra values, the convection is dominant.

Hence, the motion inside the cavity enhances and the entropy
generation increases with a maximum rate obtained for a solid
volume fraction / = 0.08. Loss of available energy is directly

related to the total entropy generation which will be presented
in the next section.

The dominance of thermal irreversibility and/or fluid-
friction irreversibility on total entropy generation is quanti-

fied through mean Bejan number. If Be > 0.5, then the
fluid-friction irreversibility is insignificant in comparison to
the heat transfer irreversibility, and the value of Be less than

0.5 suggests that the dominance of fluid-friction irreversibil-
ity over thermal entropy generation. In the present study,
Fig. 14 presents the Variation of Bejan number profiles of

different nanofluids (CuO-water, Al2O3-water and Cu-
water) versus Rayleigh numbers for different volume frac-
tion of nanoparticles (/ = 0.02, 0.04, 0.06 and 0.08). For

all the values of U, the Bejan number of Al2O3 nanoparti-
cles is greater than those of CuO, and those of CuO are
greater than Cu nanoparticles. Besides, the Be number is
enhanced monotonously for Rayleigh numbers ranging from
103 to 105. However, for Ra = 105, we note a drop in the
Bejan number for all volume fraction values and nanoparti-

cle types.

4.3. Heat transfer characteristics

The influence of nanofluid volume fraction, Rayleigh number
and nanoparticle type on mean Nusselt number of the horizon-
tal plates of the arrangement has been presented in Fig. 15. It is

clear that the increment in Ra enriches the heat transfer of a
57% (e. g. from 1.45 for a Rayleigh number 103 to 3.4 for a
Rayleigh number 106) for / = 2%. Obviously, quantitative
influence of Ra and U varies notably. The thermal dissipation

is insignificant while Ra value shifts from 103 to 104 for all the
other parameters embraced in the study. This is due to the
marginal convection of the fluid at Ra = 104 in comparison

to higher Ra values, and therefore, the dissipation of heat is
insignificant. Further enhancement of Rayleigh number results

the prominent increment in Nu
�

Plates value. Also, the enhance-

ment trend of Nu
�

Plates with / for different values of Rayleigh

number and all nanoparticles used in the study is observed
to be notable. For aforementioned parameters, this suggests
that the introduction of more nanoparticles is not affecting

the thermal enhancement percentage with reference to buoy-



Fig. 14 Variation of Bejan number profiles of different nanofluids (CuO-water, Al2O3-water and Cu-water) versus Rayleigh numbers for

different volume fraction of nanoparticles (/ = 0.02, 0.04, 0.06 and 0.08).
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ancy force. It is to be noted that in the present investigation,
elevating nanofluid volume fraction has shown marginal effect
on fluid flow. Owing to this, inclusion of different nanoparti-

cles has not shown significant heat transfer variation for Ray-
leigh numbers 103 and 104. Whereas, the variation is more
important for Ra = 105 and 106. Furthermore, the mean Nus-

selt number of the plates corresponding to the copper is better
than that of oxide aluminium which is also better than
oxide copper for Ra = 103 to 104. Thus, for Ra = 105 and

106 there is a different trend between copper oxide and alu-
minium oxide.

A variation of the mean Nusselt number along the spheres
for different nanofluids (CuO-water, Al2O3-water and Cu-

water) versus the volume fractions at different Rayleigh num-
bers is shown in Fig. 16. As seen in this figure, increased vol-
ume fraction of nanofluid increased the Nusselt number of

the left and right spheres for Rayleigh numbers taken from
103 to 106 and different nanoparticles, this is due to the fact
that the increased concentration of nanofluid increases leading

to the clustering phenomenon in the nanofluid. This phe-
nomenon increases the thermal conductivity and convective
heat transfer coefficient, as well as the heat transfer in the

nanofluid. Furthermore, as shown in the plots of the same fig-
ure and for a fixed solid volume fraction / = 2%, the mean
Nusselt number of the spheres enhanced with 57.4% from

Ra = 103 to Ra = 106 (Nu
�

sp ¼ 8:52 for Ra = 103 and

Nu
�

sp ¼ 20for Ra = 106). Mean Nusselt numbers of the spheres

are following a linear trend for all Rayleigh numbers and
nanoparticles where profiles are almost confused for
Ra = 103 and 104. However, profiles are distant for
Ra = 105 and 106. Likewise the mean Nusselt number of the
plates, here the mean Nusselt number of the spheres is follow-

ing the same behaviour. For instance, according to Ra = 103

and 104 (Nu
�

spðCuÞ � Nu
�

spðAl2O3Þ � Nu
�

spðCuOÞ. Thus, for

Ra = 105 and 106, Nu
�

spðCuÞ � Nu
�

spðCuOÞ � Nu
�

spðAl2O3Þ.
Indeed, as shown in Fig. 17, the values of the averaged Nus-

selt number whether through the channel walls (plates) or the
spheres are higher when the nanofluid used is based Cu

nanoparticles. Fig. 17 also shows that the averaged Nusselt
number for both cases can be correlated by equations of the
form:

Nu
�

Plates ¼ 1:863þ 0:038� /

Nu
�

Sp ¼ 11:12þ 0:23� /

Previously, the ecological coefficient of performance
(ECOP) has been defined as a criterion for evaluation of the

performance of extended surfaces. In this section, ECOP for
determination of the thermal performance of the horizontal
arrangement is introduced. ECOP is based on the second law

of thermodynamics and is defined as the ratio of the Nusselt
number to entropy generation number. ECOP indicates indeed
the ratio heat transfer rate to the total irreversibility rate, starts
from zero and does not have an upper limit. Increasing the

ECOP is desirable (this is similar to COP for a refrigerator,
but COP is based on the first law of thermodynamics whereas
ECOP is based on the second law of thermodynamics). ECOP

can be defined as follow:



Fig. 15 Variation of the average Nusselt number profiles along the horizontal plates of different nanofluids (CuO-water, Al2O3-water

and Cu-water) versus the volume fractions at different Rayleigh numbers.

Fig. 16 Variation of the average Nusselt number profiles along the spheres of different nanofluids (CuO-water, Al2O3-water and Cu-

water) versus the volume fractions at different Rayleigh numbers.
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Fig. 17 Average Nusselt number through the channel walls (plates) and the spheres versus the volume fraction for the considered

nanofluids at Ra = 105.
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ECOP ¼ Nu
�

Plates

Stot

Herein, Fig. 18 displays the total entropy generation pro-

files (left) and the ecological coefficient of performance ECOP
(right) versus the volume fractions of different nanofluids
(CuO-water, Al2O3-water and Cu-water) for various Rayleigh

numbers. Fig. 17 shows that the ECOP of CuO nanoparticles
decreases as the volume fraction of nanoparticles increases for
all Rayleigh numbers. Contrarily, it increases from 2.89 for a
Rayleigh number equates 103 to 7.8 for a Rayleigh number

equates 106 (63% enhancement) for / = 2%. On the other
hand, the total entropy generation increases as the volume
fraction of nanoparticles increases for the considered Rayleigh

numbers. As the total entropy generation increases, the
required energy for heating the fluid decreases. This is due to
the fact that, by increasing the total entropy generation, a

major part of this was used to remove the irreversibilities
rather than heating the fluid. As observed in Fig. 17, the total
entropy generation is reduced with Ra. It is interesting to

observe that, the overall heat transfer rate or the total entropy
generation due to heat transfer augments with Ra and /. This
can be explained by the loss in available energy due to fluid
friction irreversibilities.

5. Concluding remarks

In this study, the entropy generation of water-based nanofluids

during natural convection in a horizontal arrangement was
evaluated through numerical modelling. The entropy maps
were utilized to indicate the generated entropy caused by irre-

versibility of the generated entropy as well as the fluid friction.
Several nanofluids including Cu-water, CuO-water, and
Al2O3-water with various volume fractions ranging from 0 to

8% were considered for these characterizations. A wide value
ranges from 103 to 106 was also selected for the Rayleigh
number. The impact of various parameters on STG and
SVG were also investigated. Variation of several terms includ-
ing the total entropy generation, average Bejan number, and

ecological coefficient of performance were studied against Ra
and / factors. The obtained results could be summarized as
follows:

� According to deformation of the viscous force and the
isothermal line, Rayleigh number enhancement indicated
strengthening of the buoyancy forces.

� Increment of the volume fraction led to improvement of the
velocity components and so enhancement of the energy
transport inside the fluid.

� Thermal conductivity enhancement of the applied nanoflu-
ids resulted in the sensitivity of thermal boundary layer
thickness to the volume fraction.

� Volume fraction increment caused raising of the viscosity
and thermal conductivity features of the various nanofluids
and so improvement of the heat transfer rate.

� SVG,loc
max and STG,loc

max increased by enhancing the values of Ra
and /.

� Cu nanoparticles have the higher heat transfer rates
whether for the channel walls (plates) or the spheres in com-

parison with the other nanoparticles.
� Rate of the heat transfer as well as the generated entropy
were influenced significantly by the applied nanoparticle

type. Insertion of the Al2O3 nanoparticles into the water
base fluid caused the highest Be of 0.98.

� The ECOP of CuO nanoparticles decreased as the volume

fraction of nanoparticles increased for all Rayleigh
numbers.

� All utilized nanoparticles showed raising of the average
Nusselt number with increment of the volume fraction at

all Rayleigh number values.
� The mean Nusselt numbers of the spheres and horizontal
plates were increased to 57.4 by increment of the Ra from

103 to 106 at a constant volume fraction of 2%.



Fig. 18 Variation of the total entropy generation profiles (left) and ECOP (right) versus the volume fractions of different nanofluids

(CuO-water, Al2O3-water and Cu-water) for various Rayleigh numbers.
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Hammami, Hu.da. Alfannakh, Convective heat transfer and

entropy generation around a sphere within Cuboidal enclosure,

J. Thermophys. Heat Transfer (2020), https://doi.org/10.2514/1.

T5960.

[45] D.L. Brown, R. Cortez, M.L. Minion, Accurate projection

methods for the incompressible NaviereStokes equations, J.

Comput. Phys. 168 (2001) 464–499.

[46] T. Hayase, J.A.C. Humphrey, R. Greif, A consistently

formulated QUICK scheme for fast and stable convergence

using finite-volume iterative calculation procedures, J. Comput.

Phys. 98 (1992) 108–118.

[47] R. Barrett, Templates for the Solution of Linear Systems:

Building Blocks for Iterative Methods, Philadelphia SIAM

Press, 1994.

[48] N. Ben-Cheikh, B. Ben-Beya, T. Lili, Benchmark solution for

time-dependent natural convection flows with an accelerated

full-multigrid method, Numer. Heat Transf. B 52 (2007) 131–

151.
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