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This work proposes and investigates the dynamic behavior of a new memristive chaotic Sprott B system.
One of the interesting features of this system is that it has a bias term that can adjust the symmetry of
the proposed model, inducing both homogeneous and heterogeneous behaviors. Indeed, the introduced
memristive system can turn from rotational symmetry (RS) to rotational symmetry broken (RSB) system
in the presence or the absence of this bias term. In the RS system (i.e., absence of the bias term), pairs of
symmetric attractors are formed, and the scenario of attractor merging is observed. Coexisting symmetric
attractors and bifurcations with up to four solutions are perfectly investigated. In the RSB system (i.e., the
bias term is non-zero), many interesting phenomena are demonstrated, including asymmetric attractors,
coexisting asymmetric bifurcations, various types of coexisting asymmetric solutions, and period-doubling
transition to chaos. We perfectly demonstrate that the new asymmetric/symmetric memristive system ex-
hibits the exciting phenomenon of partial amplitude control (PAC) and offset boosting. Also, we show how
it is possible to control the amplitude and the offset of the chaotic signals generated for some techno-
logical exploitation. Finally, coexisting solutions (i.e., multistability) found in the novel memristive system
are further controlled based on a linear augmentation (LA) scheme. Our numerical findings demonstrated
the effectiveness of the control technic through interior crisis, reverse period-doubling scenario, and sym-
metry restoring crisis. The coupled memristive system remains stable with its unique survived periodic
attractor for higher values of the coupling strength.
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1. Introduction

Recently, research works focused on the classification of attrac-
tors as either self-excited or hidden [1]. A self-excited attractor
has a basin of attraction that is associated with unstable equi-
librium. In contrast, a hidden attractor has a basin of attraction
that does not intersect with small neighborhoods of any equilib-
rium points [2-4]. So, chaotic or periodic attractors that are asso-
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ciated with a system without any equilibrium points or with only
stable equilibria are called hidden attractors [2-4]. Some of these
findings are also obtained from memristive circuits designed based
on the memristor theory [5]. It is considered as the fourth ba-
sic electronic element, aside from resistor, capacitor, and inductor.
So far, memristors have been widely exploited to design a large
number of circuits and systems, including chaotic circuits [6], non-
volatile memory [7], digital logic circuits [8], memristive neural
networks, and memristive synapses [9]. Therefore, a large number
of such systems have been introduced and investigated in the lit-
erature. Such investigations on chaotic systems are tied to various
applications of chaotic systems in different engineering domains.
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Due to the existence of chaos in wide engineering fields, intensive
studies lead to many areas of implementation related to chaotic
systems [10-14]. Some examples of technological implementations
of chaotic systems with either self-existed or hidden attractors
are optimization [12], cryptography [15,16], artificial neural net-
work [13], communication [11,17,18], random number generator
[14], and image processing [10]. A good technic employed to design
some novel chaotic systems was introducing the memristor equa-
tion in a three-dimensional (3D) system or a nonlinear feedback
controller on a three-dimensional system. Both technics enable us
to move from a 3D chaotic system to a 4D chaotic system.

In [19], a new autonomous 4D system without equilibrium,
having two nonlinear quadratic terms, two adjustable coefficients,
and seven terms, is studied. The system is constructed by using
appropriate linear feedback control. Many interesting properties
are found in the proposed system, including hyperchaos, quasi-
periodic route to chaos, and coexisting stable states. A novel 4D
chaotic system with infinite coexisting attractors is presented and
investigated by Qiang et al. [20]. The proposed model is con-
structed by injecting a sinusoidal function into an existing 4D sys-
tem. Therefore, infinite many coexisting attractors are proved nu-
merically using phase diagrams and bifurcation diagrams. The cir-
cuit and microcontroller implementations of the model are car-
ried out to confirm its concrete/physical meaning. In [21], the au-
thors introduced a novel five-dimensional memristive hyperchaotic
system with hidden behaviors. The proposed 5D system is con-
structed by introducing a flux-controlled memristor model into a
well-known and improved 4D hyperchaotic system [22]. Coexist-
ing attractors are discussed in the investigated model with their
hidden extreme multistability. The hyperchaotic feature is exper-
imentally confirmed. Hidden attractors are demonstrated numeri-
cally using Lyapunov exponents, bifurcation diagrams, and phase
diagrams in a new 5D (five-dimensional) hyperchaotic Sprott B sys-
tem [23]. The symmetry of the proposed model is used to prove
coexisting hidden solutions in the proposed system. Very recently,
Li et al. [24] proposed a novel 4D hyperchaotic memristor sys-
tem by introducing a magneton memristor into the 3D chaotic
Sprott B system. The hyperchaotic behaviors of the proposed mem-
ristor system are demonstrated using dissipation, Lyapunov ex-
ponent, and stability. A novel memristive Hindmarsh-Rose (HR)
neuron model with electromagnetic induction was designed [25].
The model was constructed by introducing an ideal flux-controlled
memristor with cosine memductance [26] into the classical HR
neuron model to characterize the electromagnetic field effects on
neurons. Therefore, hidden homogeneous extreme behaviors were
generated. Constructed chaotic systems with rich dynamical prop-
erties (e.g., extreme multistability, offset boosting, coexisting at-
tractors, amplitude control, and symmetry) are discussed [27-32].
To the best of the authors’ knowledge, it is observed from Table 1
that no chaotic/hyperchaotic memristor Sprott B system with self-
excited attractors was reported in the literature. Also, this table
highlights the property of some 4D or 5D Sprott B systems pro-
posed within this work.

In particular, a chaotic signal is one positive Lyapunov expo-
nent (LE) fingerprint in a nonlinear dynamical system. However, if
a nonlinear system has more than one positive LE, the generated
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signal will be hyperchaotic. In 1994, Sprott constructed nineteen
different simple three-dimensional (3D) chaotic systems with both
two quadratic nonlinear elements and five terms [33]. The mem-
ristor equation is introduced to obtain a novel 4D chaotic system
with striking properties considering the chaotic Sprott B system.
One of the interesting features of this system is that it has a bias
term that can adjust the symmetry of the proposed model, induc-
ing both homogeneous and heterogeneous behaviors. Recall that in
[34], by replacing the offset boosting parameter in Sprott M chaotic
system with a periodic function, infinitely many co-existing ho-
mogeneous attractors are investigated. Therefore, a chaotic signal
with either polarity can be obtained by selecting different initial
conditions. A field programmable analog array (FPAA) was used
to construct a programmable chaotic circuit, and the predicted at-
tractors were observed on an oscilloscope. In this paper, we pro-
posed a novel four-dimensional chaotic Sprott B system without
any periodic function compared to the previous work. We show
both homogeneous and heterogeneous solutions in some oscilla-
tions modes. In the RS case (i.e., the bias term is zero), pairs
of symmetric attractors are viewed, and the scenario of attractor
merging is analyzed. Coexisting symmetric attractors and bifurca-
tions with up to four solutions are studied. Furthermore, in the
RSB model (i.e., the bias term is non-zero), many important phe-
nomena are demonstrated, including asymmetric attractors, coex-
isting asymmetric bifurcations, various types of coexisting asym-
metric solutions, and period-doubling transition to chaos. We per-
fectly demonstrate that the new memristive system exhibits the
exciting phenomenon of partial amplitude control (PAC) and offset
boosting. Also, we show how it is possible to control the amplitude
and the offset of the chaotic signals generated for some techno-
logical exploitation. The technic of linear augmentation is also ap-
plied to control the coexistence of up to four different symmetrical
attractors. We recall that technics of the linear augmentation has
been already used to control the coexistence of the attractors in
several classes of the nonlinear dynamical systems among which
a model of coupled Hindmarsh-Rose neuron [35], Hopfield neu-
ral network [36], chaos, and Hyperchaos Chua’s oscillator [16,37],
Hyper-jerk oscillator [38], to name a few [39,40]. However, more
examples of systems, including memristive ones with coexisting
attractors, need to be investigated based on this control technique,
hence the interest of this work.

This work’s plan is presented as follows: In Section 2, the com-
bination of the memristor equation and the Sprott B system en-
ables obtaining the novel 4D autonomous system. In Section 3,
the bifurcations exhibited by the introduced system are analyzed.
In Section 4, the multistable behavior of the model involving the
coexistence of the multiple stables is explored. In Section 5, the
phenomenon of the offset and amplitude control is addressed. In
Section 6, the control of the coexistence of the multiple stable
states is addressed through the linear augmentation method. Fi-
nally, we summarize the paper in Section 7.

2. Model of the new 4D memristive chaotic system

In 1994, Sprott constructed nineteen different simple three-
dimensional (3D) chaotic systems with both two quadratic nonlin-

Table 1
Categorization of reported 4D or 5D Sprott B systems with various characteristics.
Amplitude and Number of coexisting Type of Multi-stability
Nature of the system Type of coupling offset control attractors attractors control Refs.
5D hyper-chaotic Nonlinear feedback — 02 Hidden — [23]
4D chaotic Nonlinear feedback — Infinite Hidden — [20]
4D hyper-chaotic Memristor — — Hidden — [24]
4D chaotic Memristor Yes 02, 03, and 04 Self-excited Yes This work
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ear elements and five terms [33]. The chaotic Sprott B system is
expressed by the following first-order, autonomous, ODE (ordinary
differential equations)

X| = X2X3
X =X1 —Xp (1)
5(3 =1 — X1X2

When a memristive device equation is introduced into Eq. (1), a
new 4D system construct from the Sprott B model is obtained

X=ryz+g

y=xy @
z=1-mW (u)xy

U=axy—u

In Eq. (2), all the parameters are positive. Also, the relation be-
tween the current and the voltage of the memristive device is
given by Eq. (3).

im=W(u)vp
W(u) =a+y|ul+ Bu? (3)
u=kvqpm—1u

where the coefficients values are @ =1, § =0.05, y =0.5 m=
11, a=1, g=0.0 and r=3. Recall that in Eq. (3), @, B, and
y are intrinsic coefficients of the memristive device. The mem-
ristor Eq. (3) was first introduced by Zang et al. [31]. In this
paper, a novel 4D chaotic system is constructed by modifying
the 3D chaotic Sprott B system, using the memristor model (3).
In system (2), the bias term g breaks the rotational symme-
try of the model completely. That is, in the absence of the bias
term (i.e., g = 0), rotational symmetry is observed, and thus our
model (2) remains undisturbed under the change (X, y, z, u) —
(=x, —y, z, u). This symmetry property is exploited to gener-
ate pairs of symmetric chaotic attractors and their corresponding
Poincaré sections as presented in Fig. 1 in different phase planes.
Such a transformation of state variables (i.e., symmetry) has been
effectively used to prove the existence of bistability (i.e., the pres-
ence of a pair of mutually symmetrical solutions/attractors) in the
memristive T chaotic system [31]. Next, when g # 0, the previous
symmetry can no longer be discussed since the novel 4D system
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does not obey the transformation (x, y, z, u) - (=X, —y, z, u).
This case refers to RSB, which is rarely discussed in chaotic systems
with memristor. This situation (i.e., breaks the symmetry) makes
the system (2) more general.

In addition, the evaluation of the volume contraction rate of the
model enables to obtain Eq. (4).

d/0x ryz+g

AV — _ | 9/9y X—y _

divv=V.V = 970z | | 1—mWu)xy =2 (4)
d/ou axy —u

Since VV < 0, we can conclude that the introduced 4D model is
dissipative. Then, it will be able to support chaotic stable states.

2.1. Equilibrium points and their stability

The equilibria of the novel memristive system investigated in
this work are obtained by solving the following equations

O=ryz+g

0=x-y (5)
0=1—-mW (u)xy

O=axy—u

After some algebraic manipulation, it is found that the equilibria
of our model are given by

u u g /a
Ext vy ziu) = [+ /o & /o —[+£2 /2
(X*,y*, z*, u") T \/:, Vil v (6)

where uis obtained by solving the transcendental equation

U
1 m(a+y|u|+ﬂu)a_0 (7)
Indeed, any equilibrium point provided in Eq. (6) is obtained by
solving the transcendental Eq. (7). However, the numerical solution
of this transcendental equation obtained in Table 1 shows a unique
value of u (u = 0.08711157266) for the fixed set of parameters «, 3,
y, m, and a. Also, 0 <u < 1.

For model given in Eq. (2), the Jacobian matrix is obtained
by the linear analysis of the system at the equilibrium point as

a. 05 b. 0.7
i - i
< 0.6
05
-
/ 0.4
> 0 N
B P 03
-05
. 06
i
04
02
0
>
-0.2
-04
06
-0. S RE E B ATt S S e
85 4 05 0 05 1 15 35 o Tos

-2
-08 -06 -04 -0.2 0 02 04

X ‘ y

Fig. 1. Coexisting pairs symmetric attractors in system (2) when r = 4.85 with initial values IC = (0.5, 0.2, 0.1, 0.1) for blue and (-0.5, —0.2, 0.1, 0.1) for red: a(i)-(ii)
Poincaré section and phase diagram in (x —y) plane, b(i)-(ii) Poincare section and phase diagram in (x —z) plane and c(i)-(ii) Poincare section and phase diagram in (y — z)

plane. The parameters are the same as in Fig. 1.
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follows:
0 rz* ry*
J= 1 -1 0
T -myt(a+ y w4+ u?)  —mxt(a + y|ut|+ ut) 0
ay* ax* 0

The stability of the model is obtained by analyzing the sign of the
characteristic equation obtained by solving Eq. (9).

A mAd maA? +msl+my=0 (9)
With

my =2

my = (=1y*Js1 — 12" + 1)

ms = (—ary*?Js4 — 2a1y*J31 — 1y*J32 — 1Z°)

Mg = —arx"y*J34 — 1y*J31 — 1y"J32

—my*(a + y |u*| + Bu*?)

&
Il

prep)
N
Il

—mx*(a + y [u*| + Bu?)
34 = —mx*y* (ysign(u*) +2pu"). (10)
The coefficients of the polynomial Eq. (9) are all nonzero. Based
on the Routh-Hurwitz criterion, the real parts of the roots of
Eq. (9) are positive if and only if inequalities of Eq. (11) are sat-
isfied:
mp > 0
mymy; —ms > 0
m; (mymz — mymy) —m3 > 0
my >0 (11)

Based on those inequalities, the stabilities of the model around
some equilibrium points are discussed in Table 2.

2.2. Kaplan-Yorke dimension

when ¢ =1,8=0.05,y =05 m=11,a=1,g=0.0 and r =3,

the new 4D memristive system exhibit a chaotic oscillation
(see Fig. 2) with Lyapunov exponents (LEs): L; =0.3140,L; =
0.0023,L3 = -1.0394 and L4 = —1.2769. According to the above
values of the LEs, we can notice that:

2 3
> L;=03163>0and Y L;=-07231<0

i=1 i=1

Table 2
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0

0
—mx*y*(ysign(u*) + 28u*)

-1

(8)

The Kaplan-Yorke dimension or the Lyapunov dimension of the
new 4D chaotic Sprott B system (2) is defined as

o1
DKY:]+7ZL1"

(12)
Lin| 5
. ) e d i1
where j is the largest integer verifying > L; >0 and ) L; <O.
i=1 i=1
Therefore, we obtained
0.3163
Dxy =2+ ———— =2.3043. 13
K =<4 1710304 (13)

3. Bifurcation and attractor merging

The nonlinear system dynamics can be characterized numer-
ically by using appropriate nonlinear tools, including phase dia-
gram, Lyapunov exponent (LE), time series, Poincare section, fre-
quency spectra, and basin of attraction, to name a few. However, a
bifurcation diagram is currently used to summarize all the dynami-
cal features of the model in an appropriate range of control param-
eters. In some cases, the bifurcation diagram is used to explain the
bursting mechanism. Indeed, a bifurcation diagram can be obtained
by sweeping the control parameter in upward and backward direc-
tions. Such technic can help to capture hysteresis and other com-
plex phenomena. The interesting phenomenon of antimonotonicity
(i.e., creation of annihilation of periodic orbit via reserve period-
doubling sequence) is widely demonstrated by exploiting bifurca-
tion diagrams. In this section, we use the bifurcation graphs, the
phase diagrams, and the basin of attraction to characterize the dy-
namics of the new 4D memristive chaotic system in the symmetric
and asymmetric mode of oscillations by showing how the symme-
try property allows merging a pair of symmetric attractors into an
asymmetric attractor.

When the dissymmetry parameter g =0, the bifurcation dia-
gram (resp. the Lyapunov exponent’s spectrum) of the system (2)
is plotted as shown in Fig. 3a (resp. Fig. 3b). Indeed, the peak val-
ues of the variable x are drawn by first saving them in a file. By

fixed point of the introduced model and their stability for some values of the control parameters when o =1, § = 0.05, y = 0.5, m =11,

a=1.

Control parameters

Equilibrium points E(x*, y*, z*, u*)

Eigenvalues and
stability

g=0andr=3

(0.2951466969; 0.2951466969; 0; 0.08711157266)

0.3885 + 1.8222i
—1.7448 + 0.000i
—1.0321 + 0.000i
Unstable saddle-foci

(—0.2951466969; —0.2951466969; 0; 0.08711157266)

0.1973 £ 2.0917i
—1.3289 + 0.000i
—1.0657 + 0.000i
Unstable saddle-foci

£=0.03 and r=5.22

(0.2951466969; 0.2951466969; —0.01947210149; 0.08711157266)

0.3885 + 1.8222i
—1.7448 + 0.000i
—1.0321 + 0.000i
Unstable saddle-foci

(—0.2951466969; —0.2951466969; 0.01947210149; 0.08711157266)

0.1973 £ 2.0917i
—1.3289 + 000i
—1.0657 + 0.000i
Unstable saddle-foci
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Freq

Fig. 2. The chaotic oscillation of system (2) withr=3,a=1,8=10.05,y =0.5,m=11,a = 1,g = 0 and initial values (0.5,0.2, 0.1, 0.1): (a) phase trajectorie in (x —y); (b)
Poincaré section in (x —y); (c) phase trajectorie in (y —z); (d) Poincare section in (y —z); 3D view in (x,y,z) and (e) frequency spectrum.

increasing (resp. decreasing) the control parameter r from {5 to ¢
with symmetric initial points (+0.5, +0.2, 0.1, 0.1), the graph in
black (resp. in magenta) is gained, indicating the scenario observed
in our model. By analyzing the LEs spectrum of Fig. 3b, two dis-
tinct dynamics can be categorized (i.e., chaotic behavior and peri-
odic behavior). From 1.5 to 2.4, and 2.6 to 5.2, the first LE (i.e., L{)
is positive, the second LE (i.e., L,) is zero, and the last two LEs (i.e.,
L3 and L4) are always negative. It is the chaotic regime of the 4D
system. However, we can note a small periodical window in this
chaotic zone where the first and second LEs are zero. In addition,
when re]5.2, 6], the nonlinear oscillator operates entirely in its reg-
ular area. The LEs spectrum correctly demonstrates the observed

bifurcation sequence when the coefficient r is swept upward. The
detailed results presented in Fig. 4 show that when r = 6, system
(2) exhibits a symmetric pair of period-1 limit cycles solutions in
the (x,z) plane, and these periodic cycles solutions experience a
series of period-doubling as r is decreased, reaching to a symmet-
ric pair of chaotic solution at r = 5.1. One can easily observe that
under the critical value r = 5.1, the size of the chaotic attractor
grows, touching each other along their edges, inducing/creating at
r=4.55 a unique symmetric strange chaotic attractor. At r = 4.822,
the attractors are thoroughly entangled notwithstanding remaining
in separate demarcation regions (i.e., basins of attraction). Before
the merging, the two chaotic solutions present a complex fractal
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Fig. 3. Bifurcation diagrams of x and Lyapunov exponents versus r of system (2)
when 1.5 < r < 6 plotted in upward (black) and backward (magenta) directions with
symmetric initial values (+0.5, £0.2, 0.1, 0.1) for « =1,8=0.05,y =0.5,m =
M,a=1.

basin boundary. This demarcation region of IC is shown in Fig. 5a.
In this case, a perfect symmetry of the attractors is observed.

However, the cross-section of the demarcation regions of ICs
when the two attractors are completely merged (resp. when the
single asymmetric attractor is formed) are shown in Fig. 5b (resp.
Fig. 5¢). When g # 0, the system (2) loses its symmetry property,
and no possible attractor merging is found in the model. In other
words, all the attractors in the system are asymmetric, and the
dynamic of the proposed model becomes more complex. A paral-
lel branch appears in the symmetric bifurcation region, as shown
in Fig. 6a for g= 0.03. This bifurcation graph shows a wide area
of chaotic oscillation with re[1.5,4.5], which is well confirmed by
its Lyapunov exponent’s spectrum depicted in Fig. 6b. However, in
the region re[5.2, 6], we can see the transition to chaos correlating
with the parallel branch (see Fig. 6a) when decreasing the con-
trol parameter r. The sequence period-2 limit cycle — period-4
— chaos —chaos illustrated by the 3D phase diagrams of Fig. 7
confirm well the previous scenario revealed by the bifurcation di-
agram. It is important to note that the apparition of the parallel
branch on Fig. 6a originates the coexisting asymmetric solutions,
which is more reviewed in the next section.

4. Coexisting bifurcation diagrams and multistability
4.1 Caseg =0

The bifurcation diagram shown in Fig. 3 illustrated interesting
phenomena (e.g., chaos, periodic orbits, attractor merging, sym-

Chaos, Solitons and Fractals 156 (2022) 111834

metric bifurcation, and period-doubling) when the control coef-
ficient r varied upward or backward directions from 1.5 to 6.0.
These behaviors are generally studied in nonlinear dynamical sys-
tems, including memristor oscillator [29,41-43], Chua’s circuit [37],
series hybrid electric vehicle (SHEV) [44,45], Lorent and Lii systems
[46-48], and hyperjerk systems [49-51], to name a few [52,53].
About these behaviors, multistability remains a hot and exciting
topic in nonlinear dynamics. This interesting feature has been
very recently revealed for the first time in series hybrid electric
vehicles [44], with the coexistence of up to three disconnected
solutions. This subsection aims to investigate such striking phe-
nomenon of multiple coexisting attractors/solutions or coexisting
bifurcations diagrams. Fig. 8 presents the coexisting bifurcations
branches of the system (2) in the region re[4.95, 4.99]. These co-
existing branches are obtained by scanning the coefficients r in the
upward (i.e., black and blue) and backward (i.e., magenta and red)
directions with symmetric initial conditions as indicates in each
data. In Fig. 8, when re[4.9609, 4.9801], one can find up to four
coexisting branches (i.e., two period-3 branches and two chaotic
branches). This region demonstrates a possible existence of four
disconnected symmetric solutions in the system (2) when fixing
all the system parameters and selected random initial values.

4.2. Case g#0

Considering the same bifurcation diagram of Fig. 6 (i.e., when
g=0.03), we capture it zoom in the region re[5, 6] as shown
in Fig. 9. This Figure demonstrates an interesting scenario when
the coefficient r is varied. In particular, from 5.2 to 5.84, we note
the coexistence of two different branches in this specific range
of the control parameter. That is, a period-1 branch (blue) ob-
tains in the upward direction coexists with a chaotic branch (red)
gets in the download direction when g = 0.03. Since the model
operates here in an asymmetric mode of oscillation, the coexist-
ing solutions in this region will always be asymmetric, which is
the pure characteristic of heterogeneous solutions. The results of
this demonstration are provided in Fig. 10 through different phase
diagrams plotted in the (y, z) plane. It is important to mention
that all these coexisting solutions are obtained by fixing all the
system coefficients/parameters but using random ICs. For instance,
when r = 5.22, two arbitrary initial points enable the coexistence
of the couple (period-1, chaos). At r = 5.69, an asymmetric period-
1 limit cycle attractor coexists with a chaotic period-3 solution (see
Fig. 10b).

Similarly, when r = 5.55, an asymmetric period-1 orbit coexists
with chaotic period-2 attractors, as shown in Fig. 10c. The cases
in Figs.10d and 10e also demonstrate that two distinct limit cycle
attractors can coexist. It can be seen that an asymmetric period-
4 orbit or an asymmetric period-2 orbit coexists with the same
period-1 limit cycle. The associating cross-section of the basin of
attraction in the same phase plane is shown in Fig. 10f. To our
best knowledge, it is rarely found in the literature such combi-
nation of coexisting heterogeneous solutions where a sequence
of period-doubling coexists with a single periodic orbit. The en-
largement of the diagram of Fig. 9 in the interval rg[5.34, 5.4] is
shown in Fig. 11. This figure presents the region of the parame-
ter r where different bifurcation branches coexist in the system.
One can observe a good illustration of the coexistence of three
distinct asymmetric branches of solutions consisting of a period-
1 family (green), the chaotic branch (red), and the period-3 branch
that exhibit a sequence of PD route to chaos when r is scanning
in a downward direction (i.e., decreasing). A perfect coexistence
of three different asymmetric attractors confirms these coexisting
bifurcations, as shown in Figs. 12, and 13. The case presented in
Fig. 13b demonstrates a magnetization of the three coexisting so-
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Fig. 4. Senario of attractor merging via period-doubling to chaos in system (2) for r =6.0,r =5.3,r=5.1,r = 4.838,r = 4.822 and r = 4.55, respectively. The rest of system
parameters are = 1,8 =0.05,y =05, m=11,a=1,g=0,IC1 = (-0.5,-0.2, 0.1, 0.1) for Blue attractors and IC2 = (0.5,0.2, 0.1, 0.1) for orange and green attractors.
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Fig. 5. Cross section of the basin of attraction showing the phenomenon of attractor merging in [x(0) —y(0)] when z(0) = u(0) = 0.1: (a) r = 4.838, (b) r = 4.822 and (c)
r=4.55.
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Fig. 6. Bifurcation diagrams of x and Lyapunov exponents versus r of system (2)
when 1.5 < r < 6 plotted in upward direction with initial value (0.5, 0.2, 0.1, 0.1)
fora =1,=0.05y =05 m=11,a=1.

lutions in a demarcation region with three different colors illus-
trating each attractor found.

5. Offset and amplitude control
5.1. Offset boosting control

A chaotic signal can be moved in phase space for a variable
boostable system by adding a constant to a single variable that ap-
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r

Fig. 8. Zoom of the bifurcation diagram of Fig. 3 in the interval r¢[4.95, 4.99] using
upward and backward directions with symmetric ICs. The region of four coexisting
dynamics can be visualized in the zone re[4.969, 4.981].
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Fig. 9. Coexisting bifurcations diagrams obtained in the same regions of parameter
r(5 <r < 6) plotted in the upward (blue) and backward (red) directions with same
IC=(05, 02, 0.1, 0.1) fore=1,8=0.05,y =05 m=11,a=1.

pears to the system. If the attractor is shifted in the phase space,
its basin of attraction will be relocated to remain in the attrac-
tor zone. In a chaotic system, variable boostable can be used to
create coexisting attractors (i.e., multistability). An introduction of
a boosting controller in a symmetric system breaks this symme-
try without changing its attractors’ nature. As discussed by Li and

Fig. 7. 3D view of the transition to chaos in the asymmetric system (2) when g = 0.03: the emergence to chaos is observed by the sequence period-2 _, period-4 _, chaos

_ chaos when varying r from 5.4 to 6 with initial point IC = (0.5, 0.2, 0, 0).
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Fig. 10. Coexisting asymmetric attractors (when g=0.03) for the same parameters setting in Fig. 6. The initial value corresponding to the red attractor is IC1 =
(0.5, 0.2, 0, 0): (a) r=5.22 with IC2= (5, 0.2, 0, 0), (b) r=5.69 with IC2= (1, 0.2, 0, 0), (c) r=5.55 with IC2 = (0.36, 0.2, 0, 0), (d) r=5.63 with IC2=
(0.36, 0.2, 0, 0), and (e) r=5.75 with IC2 = (0.36, 0.2, 0, 0). (f) The magnetization space of initial values in (y(0) —z(0)) plane for r =5.75 when x(0) = u(0) = 0.

Black region for red attractor and while region for blue attractor.

Sprott in [54], examples of chaotic flows that provide offset boost-
ing by a single constant in the governing equations are presented.
The authors combine offset boosting with amplitude control to
perform a wide range of signals without affecting their dynamic
properties, such as Lyapunov exponents and power spectra. They
also demonstrate that offset boosting in symmetric systems can
keep bistability. The offset-boosted symmetric system can also pro-
vide a symmetric pair of coexisting attractors in coordinate-shifted
basins of attraction. In the same line, a simple chaos generator

of conditional symmetry induced by offset boosting is investigated
using an efficient methodology of dynamics editing in [55]. A novel
hyperbolic function flux-controlled memristor chaotic system with
conditional symmetry, capable of showing attractor growing, is dis-
covered [56]. The proposed nonlinear system was designed based
on an existing offset-boostable chaotic system. By exploiting the
variable boostable in a sprott B system, infinitely many coexist-
ing periodic or chaotic solutions are generated using single sinu-
soidal nonlinearity [57]. Exploiting the transformation of the vari-
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Fig. 11. Coexisting bifurcations diagrams obtained in the same regions of param-
eter 1(5.34 <r <5.4) for g=0.03. The rest of parameters are « =1, 8 =0.05,y =
05, m=11,a=1.

able z — z+ § and substituting it into the new 4D system given in
Eq. (2), yields

X=1y(z+d8)+g

y=x-y
z=1-mW (u)xy (14)
Uu=axy—u

When we fix all the system parameters as those in Fig. 1, and
by varying the boosting-controller §, we obtained phase diagrams
with attractors that can shift in the z-direction. Clearly, a positive
value of § shifts attractor negatively in the z-direction while a neg-
ative value of § shifts attractor in the positive z-direction, as shown
in Fig. 14. Fig. 14(a) is the 2D view of offset boosting realized in the
(¥, z) plane and Fig. 14(b) is obtained in the 3D view in (z, y, X)
plane when d¢[-5, 0, 5] and initial point IC = (1, 0.2, 0, 0).

5.2. Partial amplitude control (PAC)

Recall that amplitude control modulation can be achieved in
dynamical system through an appropriat choice of the coeficients
of the absolute value or quadratic terms. In partial amplitude con-
trol (PAC), the amplitude modulation parameter controls the am-
plitude of some system variables linearly compared to total am-
plitude control (TAC), where all the system’s variables are modu-
lated simultaneously [58-60]. Besides, in both situations (i.e., PAC
or TAC), the Lyapunov exponent (LE) spectrum remains constant.

a 15
1
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0
N
-0.5
-
45
(2,0.2,0.1,0.1) — (0.52,0.2,0.1,0.1) (5,0.2,0.1,0.1)
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We can examined such interesting property in our new memris-
tive chaotic system (2).

Suppose the following transformation of variables when g=
0.0

X=ynX y=yny.z=2u=1 (15)
By substituting Eq. (15) into Eq. (2), we derive a new ODE in terms
of the state variable %, 7, Z, and i as

j =192
y=x-y
T 1w (@) (16)
U= anxy — il
where the nonlinear function W (il) is given in Eq. (3). It can be
seen that the coefficients m and a are the phase reversal parame-
ters of the system (16).
These parameters can therefore amplify the two variables x and

y nonlinearly. Controlled the signal’s amplitude of the 4D memris-
tive system (16), amounts to adjusting the coefficient 1. Accord-
ingly, the outputs chaotic signals x(t) and y(r) will be rescaled
according to 1/17. When n¢[0, 25], the amplitudes evolvement of
states x and y are capture as shown in Fig. 15a. Their correspond-
ing bifurcation diagrams of the local maxima x and y presented in
Fig. 15b, ¢ confirm well the amplitude rescaling. It is observed that
when 7 varied from n = 0 to n = 25, the amplitude of the outputs
signal x and y are typically controlled according to 1/n but keep-
ing the LEs values as shown Fig. 15d. Partial amplitude control is
also confirmed using phase diagrams as depicted in Fig. 16a, ¢ in
(x,y) and (y, u) planes. The amplitude of the chaotic signal de-
crease when increasing the controller . It can be seen in Fig. 16a
that the amplitudes chaotic signals x and y are controlled simulta-
neously, while in Fig. 16¢, the amplitude signals of u are not mod-
ified/affected. Fig. 16b indicates that offset boosting and amplitude
control can be perfectly achieved.

6. Control of multistable dynamics in the Sprott B system
based on linear augmentation (LA) scheme

6.1. Brief description on the control method

The control scheme study in this section helps us suppress one
or more coexisting attractors found in the multistable region of the
Sprott B model. Clearly, the strategy help to moves from a multi-
stable system to a monostable one by introducing a simple linear
feedback control to the original system (2). The multistable sys-
tem can be therefore controlled by adjusting a specific coefficient

1
0.5
0
-0.5
-1
(2,0.2,0.1,0.1)
-1.5 (0.52,0.2,0.1,0.1)
(-0.5,0.2,0.1,0.1)
-2
-1 -0.5 0 0.5 1 1.5

X

Fig. 12. Three coexisting asymmetric attractors (when g=0.03) in phase plane for r=5.39. period-1 cycle for IC1 = (5, 0.2, 0.1, 0.1), chaotic attractor for IC2 =
(2, 0.2, 0.1, 0.1) and period-3 limit cycle for IC3 = (0.52, 0.2, 0.1, 0.1). (a) 2D projection in (y-z) plane, and (b) 2D projection in (x-z) plane.
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Fig. 13. (a) Coexistence of three asymmetric attractors (when g = 0.03, for r = 5.8), and (b) corresponding demarcation region of initial points in (x(0) —y(0)) plane with
z(0) = u(0) = 0. A period-1 cycle corresponds to magenta domain, a period-2 cycle for cyan region, and a chaotic attractor for black area. Others parameters are: « =1, 8 =

0.05,y =05 m=11,a=1.

of the nonlinear controlled system. To begin, suppose the general
form of the nonlinear multistable system ¢ = F(¢), where ¢ is an
m—dimensional vector of dynamical state, and F({) represents a
vector field. The theory of the LA scheme [16,37,38,61] is through
coupling a linear system (¢) to a nonlinear one as

{, {=FQ)+o¢
$=-pp-0(-Q

In the two-dimensional (2D) system (17), o represents the cou-
pling coefficient between the nonlinear oscillator and the linear
control model. The expression ¢ = —p¢ represents the linear dy-
namics system coupled to the nonlinear model, and where p is the
decay parameter. When there is no coupling (i.e., o = 0.0), the lin-
ear system is not felt in the whole connected multistable Sprott B
system. However, the progressive increase of the coupling coeffi-
cient o allows passing from a region with a large number of coex-
isting attractors toward another one with a low coexistence of at-
tractors leading to a monostable region for higher coupling values.
Next, we construct the new 5D system by coupling the 4D Sprott
B system in (2) with the controlled technic described in (17). In-
deed, the coupling can be made along with any system’s variables.
In our case, the coupling is introduced in the third equation (i.e.,
along the z—variable) with the coupling strength o. The new cou-
pled system is expressed by Eq. (18).

(17)

X=Tyz+§g

y=x-y

z=1-mW()xy+o¢ (18)
U=axy—1u

@ =-pp—0(z-q).

Here, ¢ =[0, 0, @, ...]T and Q =[0, 0, q. ...]T where T is the
transpose. The selection of scalar coupling was guided by recent
results of control and synchronization on chaotic systems [38,62].
Indeed, it has been demonstrated that control and synchronization
of the chaotic system employing scalars present greater flexibility
than the vector. The disadvantage of using vector than scalar for
control or synchronization is that the whole states of the systems
are affected in the process. This means resources and energy con-
sumption. The results presented in Table 3 show sufficiently that
the new 5D coupled Sprott B system has a single unstable equilib-
rium E0 = (x,y,z, u, ).

1

Fig. 14. Offset boosting of the signal in the new memristive system (2) for varying
the boostable state &: red signal for § = 0, blue signal for § =5, and green sig-
nal for § = —5. (a) 2D view in (y, z), (b) 3D view in (z, y, x). The initial point is
(1, 0.2, 0, 0), and the rest of the parameters are those in Fig. 1.

This fixed point E° given in Eq. (19) is the unique solution of
Eq. (21).

E° = iV%:iJg,— i%JE ,% i%Jg—q u (19)
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Fixed point E° and corresponding eigenvalues for discrete values of the coupling strength o with « =1, §=0.05, y =0.5, m=11,a=1,

r=4.975, p=0.8,and q=0.7.

o Fixed point E° Eigenvalues Nature of E°
0.3391 + 2.4680i,
0.15 (0.29787185, 0.29787185, 0.0, 0.08872764, 0.131250) —1.6350 + 0.0004i, Unstable saddle-foci
—0.7995 + 0.000i,
—1.0436 + 0.000i
0.3443 + 2.8135i,
0.6 (0.33627319, 0.33627319, 0.0, 0.11307965, 0.5250) —1.6384 + 0.000i, Unstable saddle-foci
—0.7941 + 0.000i,
—1.0560 + 0.000i
0.3538 + 3.3720i,
1.0 (0.39724878, 0.39724878, 0.0, 0.15780659, 0.8750) —1.6394 + 0.000i, Unstable saddle-foci
—0.7892 + 0.000i,
—1.0790 + 0.000i
4
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Fig. 15. The signal changing diagram in term of the parameter 1 evolment in 4D system (16) for r = 4.7 in interval n € [0, 25]. (a) signal amplitude evolvement curve, (b),
(c) bifurcation diagrams in the spaces x — n, and y — 7, (d) Lyapunov exponent spectra. The rest of parameter as well as initial conditions are fixed as in Fig. 6.

where uis obtained by solving the transcendental Eq. (20)

2
AV Ry

mie+yul+put) g+ —-£5,/5 -4

ryz+g=0

x—y=0

T1-mWuxy+op=0
axy—u=0

-pp—-0(z-q)=0

(20)

(21)

12

6.2. Results and discussi

on of linear augmentation control scheme on

multistable Sprott B system

In Fig. 17, the linear

control strategy implementation results are

shown through the coexisting bifurcations branches of the control
parameter o. These coexisting diagrams are obtained by saving the
peak values of each state variable and by increasing the coupling

strength coefficient o

from 0.0 to 1.0. Indeed, four different ICs

are used to gain the coexisting diagrams of Fig. 17 in the same

range of parameter o.

The red and yellow branches are obtained

using the symmetric ICs = (£0.4, 0, 0, 0), while the branches in
green and black are plotted using ICs = (£0.2, 0, 0, 0). When the
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Fig. 17. Maximal Lyapunov exponents (MLE) and corresponding bifurcation diagram
of the peak state y showing the evolution of the coupled system (18) when the
coupling force ¢ increase from ¢ to ;. Four different sets of data are superimposed,
corresponding to the upward direction values of the control parameter. r was fixed
as 4.975 to ensure the four coexisting solutions, as depicted in Fig. 8.

coupling coefficient o is scanned (i.e., upward direction) in the in-
terval 0€[0.0, 1.0], four attractive regions (namely I, II, IIl, and IV)
are observed in the coupled Sprott B system (18). All these inter-
esting dynamics enable the system to move from the multistable
areas (with four or two coexisting attractors) to a monostable re-
gion with a single surviving periodic attractor. The transition from
multistable to monostable dynamics is confirmed through an in-
terior crisis followed by a scenario towards chaos with a reverse
period-doubling when o increases. Demarcation regions of attrac-
tion (i.e., the cross-section of the basin of attraction) and 3D phase
diagrams are used to confirm this transition, as shown in Fig. 18.
Indeed, when the coupling coefficient o is selected in the region
I of Fig. 17 (i.e., 0€[0.0, 4.1072]), up to four coexisting solutions
are found (see Fig. 18a). For instance, when the coupling coeffi-
cient is zero (o = 0.0), the demarcation domain of coexisting so-

13

lutions is distributed in four different colors (see Fig. 18a(i)), re-
sulting in four coexisting solutions in Fig. 18a(ii). After the criti-
cal value ¢ = 4.10~2 where an interior crisis is viewed, more pre-
cisely in the region II (ie., 0£]4.1072, 16.1072]), the green and
magenta areas disappear completely (see Fig. 18b(i)), and only a
pairs symmetric chaotic attractors coexists as shown in Fig. 18b(ii).
In other words, the space magnetization is attracted by two coex-
isting chaotic solutions. Past the critical value ¢ = 16.1072 (i.e, in
the domain IlI(c¢]16.1072, 90.1072[)), a series of reverse period-
doubling is observed until ¢ ~90.10~2. In this region, we ob-
serve the coexistence of solutions pairs with the following se-
quence P, — B3 — P4 — P, when o increases slowly. However, the
cross-section of the basin of attraction expands as o increase but
remains confined with two coexisting attractors, as illustrated in
Fig. 18c. Next, it is observed from Fig. 18d (particularly in region
IV) that the pairs coexisting solutions of Fig. 18c (region III) merge
to form a unique survived symmetric period-1 attractors at the
critical value o = 16.10~2 where symmetry restoring crisis is ob-
served. The bound area where the survived attractor in the monos-
table region is plotted for o = 1.0.

Similarly, the annihilation process originates the single survived
solution of the system can also be demonstrated using the system’s
control coefficient r for different coupling strengths o. When the
coupling coefficient takes the values o =0.0, 0 =0.18, 0 =04,
and o = 0.99, the various bifurcation diagrams of the control pa-
rameter r are presented in Fig. 19. The asymmetric bifurcation
branch (see Fig. 19d) illustrating the unique survived attractor is
obtained for a higher value of o. Note that the control strategy can
be applied in both cases (i.e., for g= 0.0 and g # 0.0). However, to
limit the length of the paper, we have chosen one case as a case
study. This case corresponds to the regime where the memristive
system exhibits four coexisting solutions for the same system’s pa-
rameters.

7. Discussion and conclusion

This paper proposes a novel 4D memristive chaotic Sprott B sys-
tem, and its collective nonlinear aspects have been investigated.
The introduced model has a bias term that controls the symme-
try property of the chaotic oscillator and is therefore responsible
for both heterogeneous and homogeneous dynamic behaviors. Us-
ing appropriate nonlinear analysis tools like bifurcation diagrams,
2D and 3D phase diagrams, the basin of attractions, Poincaré sec-
tion, and Lyapunov exponent’s spectrum, the collective nonlinear
aspects of the new oscillator are uncovered. We correctly prove
that pairs of symmetric attractors are emerged/formed in the RS
system (i.e.,, when there is no bias term), and the phenomenon of
attractor merging is observed. Also, coexisting symmetric attrac-
tors and bifurcations with four solutions are perfectly investigated.
However, in the RSB system (i.e., the bias term is different to zero),
exciting dynamics/phenomena are found, including asymmetric at-
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Fig. 18. Space magnetization of the coexisting attractors and corresponding 3D view in the controlled Sprott B system (18). (a) Four coexisting symmetric attractors for
o = 0.0, (b) pair chaotic attractors for o = 0.1, (c) pair symmetric period-2 attractors for o = 0.8, and (c) the unique survived period-1 attractor for o = 1.0.
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Fig. 19. Bifurcation diagrams of the peak state y vs. the control parameter re[4.95, 4.99] showing the effect of the linear augmented controller on the Sprott B system (2)
for distinct values of the coupling force o. (a) four coexisting branches for o = 0.0 obtain in the upward and backward directions (cyan and red when ICs = (0.5, 0,0, 0, 0)
and cyan, black branches for ICs = (+0.5, 0,0, 0,0)), (b) two coexisting chaotic branches for o = 0.18 (upward and backward directions with ICs = (0.5, 0,0, 0,0)), (d) two
coexisting periodic branches for o = 0.4 with same ICs, and (e) the unique branch for o = 0.99.

tractors, coexisting asymmetric bifurcations, various types of coex-
isting asymmetric attractors, and period-doubling scenarios. Apart
from all these rich dynamics, by investigating the exciting phe-
nomenon of PAC (i.e., partial amplitude control) and offset boosting
property, we demonstrate how it is possible to control the ampli-
tude and the offset of the chaotic signals generated for some prac-
tical applications.

Moreover, coexisting attractors found in the novel memristive
system are further controlled based on a linear augmentation (LA)
scheme. Our numerical findings demonstrated the effectiveness of
the control technic through interior crisis, reverse period-doubling
scenario, and symmetry restoring crisis. The coupled memristive
system remains stable with its unique survived periodic attractor
for higher values of the coupling strength. All these results suffi-
ciently prove that the objective of this work has been achieved.
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