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ABSTRACT 

Hafizh, Muhammad, Masters: January: 2023, Masters of Science in Mechanical 

Engineering.  

Title: A Hybrid Nonlinear Vibration Energy Harvester for Remote Sensing 

Applications 

Supervisor of Thesis: Asan, G.A, Muthalif.  

Energy harvesting mechanisms can be used to extract energy from ambient 

surroundings to power small electronic devices which has a significant advantage in 

realizing self-sustaining wireless devices. The piezoelectric energy harvester was 

modeled with a Macro Fiber Composite (MFC) P2-type while the electromechanical 

transduction was modeled by an elastic magnet coupled to the bluff body movement. A 

numerical solver was used to estimate harvestable voltage for this submerged hybrid 

energy harvester model by using ordinary differential equations. Computational fluid 

dynamics and finite element analysis with ANSYS were used to visualize the response 

in synchronization and output the voltage extracted from the harvesting mechanisms. 

Increasing the water velocity increases the overall output voltage and is a maximum at 

the natural frequency of the system when synchronization phenomena is observed. 

Broadband energy harvester is achieved by attaching magnets on the bluff body and is 

useful for increasing the harvestable range of variable flows. While conventional 

narrowband energy harvesters are still superior when near the natural frequency, the 

magnet coupling broadens the synchronization range of the harvesters by 35%. 

Implementing a hybrid piezoelectric-electromagnetic energy harvesting system 

increased the voltage output by up to 23% compared to a conventional piezoelectric 

energy harvester. 
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NOMENCLATURE OF HYBRID ENERGY HARVESTER 

 

Symbol Description Units 

kg/m3 Piezoelectric Material density ρpiezo 

kg/m3 Circular cylinder oscillator density ρcylinder 

kg/m3 Fluid density ρfluid 

m2 Cross-section of piezoelectric  A 

N/m Piezoelectric stiffness K 

m Cylinder bluff body diameter D 

− Transduction gain Ktrans 

− Proportional gain Kp 

nF Piezoelectric Capacitance C 

m Length of layer L1 

m Length of the beam L 

m Width of the beam 𝑏 

m The thickness of the beam h 

m Cylinder height Ha 

m Force application distance point 𝑎 

A ∙ s/m Voltage-induced bending factor  𝛼 

kg ∙ m2  Cylinder inertia moment Jwt 

F Clamp capacitance for piezoelectric transducer CS 

Ω Load Resistance RL 

− Lift coefficient evolution 𝐶𝐿 

N V−1 Electromechanical Coupling Coefficient Θ 
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CHAPTER 1: INTRODUCTION 

1.1 Background 

Industrialized countries around the world transport water, oil, and gas through 

pipeline networks spanning thousands of kilometers. The infrastructure built around 

this distribution requires strict monitoring and inspections to prevent leakage or 

failures, which can be detrimental to the environment or human health and safety. These 

monitoring techniques employ high-accuracy sensors that capture a wide range of 

information transmitted to a data center for analysis and decision-making. Real-time 

information monitoring requires an integrated system of sensors, wireless 

communication routers, and a power supply to relay the information effectively. 

Implementing an integrated system like that requires well-optimized and efficient 

components and a smart decision-making system. Powering up microelectromechanical 

systems (MEMS) used in such systems often requires energy to power the sensors, 

storage, and communication devices. In Qatar, temperatures can go up to 50oC during 

summer, and receives little rainfall annually. Lifespan degradation and periodic 

replacement would make the use of batteries unfeasible, especially with the large scope 

of pipeline applications. Main’s power (from fossil fuels) supply is sometimes used 

near urban areas but becomes challenging as the pipelines extend to more isolated and 

harder-to-reach areas. Alternatively, renewable and sustainable sources of electricity 

can be considered, such as solar power. Although solar panels possess a large power 

density, their performance is often limited by soft shading or hard shading caused by 

air pollution or dust accumulation, respectively [1].  Figure 1 illustrates the wireless 

node architecture and the comparison of available energy supplies.  
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(a) (b) 

Figure 1 Integrated System Overview; (a) Wireless sensor node architecture; (b) 

Comparison of energy sources for nodes  [2] 

 

Vibration-based energy harvesting is an emerging method for powering small 

devices as it utilizes the surrounding medium or applications in converting kinetic 

energy into electrical energy. Self-sustaining wireless devices have recently been 

shown to be viable with the addition of control systems and storage mechanisms [3]. 

 Piezoelectric energy harvesting (PEH) is often selected in research because it 

offers excellent performance, versatility, and compactness at a competitive price [4–7]. 

The patches are usually attached to oscillating beams that generate charge when 

mechanically stressed. Optimization work in the literature has provided parameter 

insights to maximize PEH [8]. Although the power density of piezoelectric-based 

vibration energy harvesters is not as high as other alternatives shown in Figure 1, the 

flexibility to use multiple configurations can improve the efficiency at any node. Figure 

2 shows piezoelectric arrays used to harvest energy.  
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(a) (b) 

Figure 2 Piezoelectric array configurations; (a) nonlinear harvester array with magnet 

oscillator; (b) piezoelectric bimorph array in series-parallel connection [9,10] 

 

Electromagnetic energy harvesting produces an electrical charge when a magnet 

is moving inside a coil of wire. The instantaneous motions can be excited by applied 

vibration [11]. Electromagnetic generators are also employed in energy harvesting but 

are bulkier than PEH and generally reserved for larger devices [12]. A hybrid system is 

one where two or more multiple systems are integrated; a hybrid energy harvester can 

harvest from both piezoelectric and electromagnetic systems, for example. Recently, 

hybrid systems have been shown to outperform conventional piezoelectric composite 

strains [13,14]. Challa et al. [15] highlighted that adding an electromagnetic system to 

a piezoelectric energy harvester improved the power output by 30%. 

Broadband energy harvesting applications are usually implemented to capture a 

broader range of harvestable frequencies with additional parameters. Linear vibration 

energy harvesters operate close to the structure's natural frequency, called the resonance 

frequency, where the deformation is the largest. The main drawback of this approach is 

that resonance is narrow-banded and will not perform well if ambient conditions are 

dynamic (i.e., water flow inside the pipe is continuously changing). Nonlinear vibration 

energy harvesters exploit vibration in the nonlinear regime to broaden the bandwidth 
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so that the harvester is more responsive to random vibrations and is more robust. Dauda 

et al. [16] investigated the broadband properties of piezoelectric beams by introducing 

nonlinear magnetic forces. Ali et al. [17] highlighted the piezoelectric plate properties 

in enhancing energy harvesting properties.  

Energy harvesting from pipework did not receive a lot of attention in the 

literature. Most of the current work in vibration energy harvesting of flowing mediums 

looks at flow-induced vibration effects. Here, the periodic oscillation of vortices around 

bluff bodies is well-documented and can be used with piezoelectricity [18–21]. The 

addition of a hybrid electromagnetic oscillator with a macrofibre composite 

piezoelectric patch shown further increases the performance in comparison to 

conventional vibration-based energy harvesters from vortices. As for powering a 

network of sensors for monitoring purposes, there is an apparent gap in the application 

of energy harvesting from vibrating pipework for condition monitoring purposes. 

Efficiency is the main factor in energy harvesting, especially with vibration-

based energy harvesting for MEMS where frictional heat losses decrease the overall 

output. In this research, a piezoelectric and electromagnetic energy harvester is 

proposed. Studying nonlinear wave propagation characteristics in a finite strain of a 

fixed, periodic structure is a rapidly expanding research field.  

 

1.2 Research Objectives 

 

Objectives of the project are to:  

i) Derive mathematical model for the piezoelectric nonlinear harvester on hybrid 

model. 

ii) Perform numerical simulation to estimate and optimize the hybrid harvesters to 
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increase harvesting efficiency. 

iii) Design and develop a prototype model for the hybrid piezoelectric-

electromagnetic harvester.  

iv) Obtain experimental verification in a lab-scale water monitoring system that 

enables power and regulates water flow in pipes in various operational 

scenarios.  

 

1.3 Research Significance 

 

i) Eco-economy and Environment: The outcome of the research can have a 

significant impact on society and the environment by realizing lower costs and 

more efficient sensors for improved monitoring. This research will train 

graduate and undergraduate students in the modeling, design, and 

characterization of nonlinear vibration-based energy harvester devices. The 

students will be trained to use analytical skills, through the application of 

perturbation theory, and numerical skills, through the implementation of various 

numerical techniques, and unify both skills to gain more in-depth insight into 

the behavior of such devices, which are important for qualifying today’s 

engineers for the emerging energy scavenging technology field. 

ii) Training of Personnel: This research will also support teaching a course in the 

modeling of Energy Harvester devices in mechanical vibratory systems 

concentration in the Department of Mechanical & Industrial Engineering. This 

will provide in-depth training in the energy harvester technology developed in 

the proposed research project.  

iii) Intellectual Property: In addition to the energy harvester unit, it must be 
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emphasized that the constituent technology can lead to building a capacity to 

apply the outcomes of this work in many other applications, such as energy 

harvesting vibration in roads and sea waves. This project will also lead to self-

powered products that can be used in a variety of remote-sensing applications. 

It is envisaged that the proposed project will produce intellectual properties of 

sustainable wireless remote sensing. 

iv) Benefits to Qatar: The total estimated length of the oil and gas pipelines in 

Qatar in 2013 of 3,830 km. The implementation of this hybrid energy harvester 

is of immense importance in the areas of wireless communication/signal 

processing as well as sensing electronics used in numerous harsh environment 

applications or pipelines to power sensors to monitor physical and chemical 

parameters in the pipelines. The outcome of this work can be extended to 

harvest energy from many vibration sources, such as roads and sea waves. 

 

1.4 Research Methodology 

 

A novel implementation of a tunable nonlinear hybrid energy harvester is proposed in 

this project shown in Figure 3.  
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Figure 3 Schematic of energy harvesters deployed in a pipe 

 

The harvester is mounted on low friction bearing inside of a pipeline circular array and 

then subjected to different flow conditions from the inlet. A bluff body is attached to 

the bottom of a cantilevered beam that causes flow separation that leads to random 

vibrations inside the pipeline. A piezoelectric macrofibre composite is attached to the 

substrate beam to harvest kinetic energy into electrical energy. The methodology 

flowchart (overview) is given in the following Figure 4. 

 

• Fluid-Structure Interaction (FSI) Analysis: The structure of the energy 

harvester will be interacting with the flow stream of water that causes the 

piezoelectric composite to vibrate due to induced vortex-induced vibration. A 

generalized Multiphysics coupling model will be developed using 

computational fluid dynamics (CFD) numerical analysis.  

• Solving the Nonlinear Structural Mechanics Model: The system of 
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partial/integral differential equations is to be discretized using a so-called 

DQM-FDM-based reduced-order modeling process (ROM). The ROM is then 

to be solved and used for the simulations of the harvester's nonlinear structural 

responses. The outcomes of the numerical model are to be compared with the 

results obtained from computational tools including ANSYS. 

• Design Optimization of Energy Harvester: Optimum design parameters of 

the harvester will be investigated at this phase of the project. The shape and size 

of the bluff body are also affecting harvesting efficiency.  

• Setting up the Experimental Platform: The energy harvester array will be 

manufactured and tested under the lab-scale water monitoring system in the 

Department of Mechanical and Industrial Engineering at Qatar University. The 

team is to set up the experimental platform to evaluate the harvester in a 

controlled, real-time environment.  
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Figure 4 Flowchart showing an overview of the research methodology 

 

1.5 Thesis Outline 

 

The remainder of this thesis is organized as follows. Chapter 2 outlines the 

literature review and gaps in the research for a vortex-induced vibration-based hybrid 

energy harvester. Chapter 3 discusses the analytical modeling and equations for a 

single degree of freedom to multiple degrees of freedom model with state-space 

equations. Chapter 4 outlines the numerical analysis and solver used to predict the 

performance output of the hybrid energy harvester. Chapter 5 presents the 

computational modelling using computational fluid dynamics and finite element 

analysis software. Chapter 6 presents the findings of the experiments and the 

verification of the analytical models for frequency tuning and synchronization. 

Conclusions for the work are drawn in Chapter 7, with some recommendations for 

future work. 
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CHAPTER 2: LITERATURE REVIEW 

With the growing maturity in efficient devices and energy harvesting 

mechanisms, the advances in self-sustaining powered devices have the potential to 

improve the sustainability of energy use and service life. Flow-induced vibration is one 

of the many clean and renewable ways of powering small devices by converting 

ambient vibration energy into electrical energy. Self-sustaining energy harvesters that 

can power such devices are important for autonomous monitoring and improving the 

service life without reliance on batteries [22]. The process of energy harvesting is 

especially useful in areas where access to a surplus power input is not readily available 

and can instead be collected from renewable ambient sources and utilized for process 

monitoring purposes. Real-time monitoring of information requires an integrated 

system of sensors, wireless communication routers, and a power supply to relay the 

information effectively [23,24]. This requires well-optimized and efficient components 

and a smart decision-making system. Powering up microelectromechanical systems 

(MEMS) in such systems often requires energy to power the sensors, storage, and 

communication devices [25]. Renewable and sustainable electricity sources can be 

considered an alternative power source to batteries as it overcomes logistic challenges 

and lifespan degradation [26].  

The main methods for vibratory energy harvesting in fluid flow come from 

piezoelectricity, electromagnetism, and electrostatic generators [12,18,27,28].  

Piezoelectric energy harvesting (PEH) has received an extensive amount of research 

and development over the last decades due to its versatility in converting kinetic energy 

into electric power and storing it in batteries or capacitors[29]. Previous work has 

provided useful insights into the well-optimized design of piezoelectric energy 

harvesting as well as the driving mechanisms behind it [30]. More recent work has 
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shown the potential of realizing self-sustaining piezoelectric energy harvesters for 

wireless transmission devices with power storage by adding an IGBT H-Bridge and a 

bi-directional buck-boost converter [31]. The addition of a tip mass (i.e., cylindrical 

bluff-body) adds a design parameter that can tune the resonance frequency and 

maximize power output by increasing the cantilever deflection from vortex-induced 

vibrations (VIV) [32,33]. Although PEH work in liquid media has been limited in 

comparison to that done in the air, the advancements in piezoelectric materials, 

mechanisms, and analytical models have helped improve the conversion of vibratory 

energy to electrical energy  [34,35]. The generated voltage output through turbulent 

flow would be sufficient to power small electronics [36]. This is because harvesting 

energy from fluid flow gives rise to periodic oscillations found in “von Karman’s” 

vortex street where it was suggested that conversion efficiency increases with 

decreasing harvester size due to the oscillation frequency [37–39]. 

The addition of bluff bodies helps generate vortices as the fluid separates from 

the boundary layer and coalesces into concentrated regions behind the body. The time-

varying non-uniform pressure distribution causes inline and transverse vibration where 

the inline shedding frequency is approximately twice the transverse shedding 

frequency; however, the amplitude of the transverse shedding force is roughly 10 times 

that of the inline shedding force [40]. This corresponds with the work done by Vandiver 

and Jong (1987) [41] who initially proposed the quadratic relationship between the 

inline and transverse motion. Circular bluff bodies experience vortex-induced 

vibrations (VIV) and their response has been studied extensively in the literature [42–

45].  Norberg (2003) [46] presented review data of the lift coefficients from VIV for 

stationary circular cylinders of varying diameters. Also, Blevins (2009) [47] developed 

non-linear VIV models based on experimental data of elastically supported cylinders in 
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water flow. More recently, Konstantinidis et al. (2020) [48] presented the dynamic 

response of flow of an inline excitation for low Reynolds number flow regimes and 

proposed a new model which includes the inviscid inertial, a quasi-steady drag and an 

inline fluid force. The response of the amplitude of a cylindrical bluff body increases 

greatly under synchronization or within the ‘lock-in’ region when the vortex shedding 

frequency matches the structural frequency for a stationary cylinder [21,49]. 

Williamson and Govardhan (2008) [50] outlined parameters for design optimizations 

of VIV energy harvesters in synchronization such as the vortex shedding modes at 

various reduced velocities and the critical mass. Additionally, lower mass-ratio systems 

can have a broader synchronization, and velocities for vortex modes can overlap. The 

large displacements on an elastically mounted submerged cylinder are advantageous 

for piezoelectric energy harvesters (PEH) that utilize this phenomenon [51]. This 

behavior introduces design parameters for energy harvesting by fluid flow as the 

synchronization region maximizes the harvested power. Galloping-based vibrations can 

also be found for non-circular geometries and have been shown to generate more power 

compared to pure VIV at higher Reynolds numbers  [32,33]. Mehmood et al. (2013) 

[52] proposed a numerical model that coupled the motion of the cylinder with the fluid 

loads and highlighted the difference in responses for pre-synchronous, synchronous, 

and post-synchronous regimes at low Reynolds numbers. A piezoelectric energy 

harvester performs best for an optimized value of load resistance. A piezoelectric shunt-

effect self-limits the amplitude of the cylinder vibratory oscillations in resonance 

through increased electromechanical damping [53,54].    

Furthermore, work done on upright piezoelectric energy harvesters has also 

provided derived theoretical expressions and experimental results that lay the 

groundwork for multiple array orientations and structural design [13]. Recently, more 
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work has emerged from flow-induced vibrations (FIV) of other cross-sectional 

geometries and forced vibration modes. FIV is the generalized term that denotes 

oscillations as a result of a flowing fluid, of which vortex-induced vibration, galloping, 

and buffeting can be categorized [18,56,57]. Aramendia et al. [58,59] have also shown 

that geometric differences and optimization parameters can influence the performance 

of a piezoelectric energy harvester such that a U-shaped one performs better than a 

circular bluff body. Abdelkefi et al. [33] looked at the performance of piezoelectric 

energy harvesters with square, triangular, and D-shaped bluff bodies in galloping-based 

vibrations in the air, which highlighted the importance of electromechanical coupling 

on a system to extract the maximum amount of harvested power. Akaydin et al. [60] 

also demonstrated the importance of the coupling of aerodynamic, electrical, and 

mechanical interactions that play a significant impact on the power output, damping, 

and electrical resistance. Sun et al. [32] also investigated the effects of vortex-induced 

vibrations and galloping at lower velocities of water flow through Van der Pol models 

and Quasi-Steady models, respectively. The experimental work also outlined that 

galloping energy harvested is superior to VIV and that a larger lift force leads to larger 

oscillation amplitudes and harvested power. They also demonstrated an experimental 

setup with an open channel which showed that cylindrical bluff-bodies perform better 

at lower velocities due to VIV but do not perform as well as triangular prisms at higher 

velocities due to the additional galloping effects.  

Work on combined flow-induced vibration energy harvesters has also emerged 

in the research field. Also, the addition of an electromagnetic oscillator placed outside 

of the beam working in conjunction with a piezoelectric harvester beam has the 

potential to further increase the power output of the system by up to 30% [61–63]. The 

application of piezoelectric harvesters can be extended to be modeled with sea waves 
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using wave models [64,65]. Also, Zhao et al. [13] proposed a combined hybrid system 

where the oscillations of vortex-induced vibration could harvest energy through 

piezoelectric strain and electromagnetic induction. Zhang et al. [66]  also demonstrated 

that the use of magnetic forces on broadband energy harvesting through VIV can 

increase the level of harvester power by 29% and increase the synchronization region 

by 138%.  

In this design, a compact form factor hybrid energy harvester can collect power 

from a fluid stream through a piezoelectric material and electromagnetic oscillator. The 

long-term goal would be to use the harvester in a system as part of a self-sustaining 

diagnostic and data collection system. Also, a proposed design of a nonlinear model of 

vortex-induced vibration-based piezoelectric-electromagnetic hybrid energy harvester 

system with dual mass configuration for broadband applications is proposed and 

optimized. Outside of the synchronization region, the amplitude of the VIV-based 

energy harvesters declines and negatively impacts the efficiency of power extraction. 

The addition of another energy harvesting mechanism and a secondary system can 

improve performance and be suitable for the broadband response of variable flow 

velocities. Jianan et. al. [67] investigated design parameters that can increase voltage 

output in electromagnetic energy harvesting (EEH) systems experiencing nonlinear 

wing flutter. Also, an alternative two-part winding scheme enhanced the voltage output 

for low-frequency applications. Hybrid energy harvester systems in VIV motion have 

been shown to efficiently harvest energy and increase the power output when 

synchronized (i.e., fvortex = fstructure). Lai et al. [14] demonstrated that the addition of 

a dielectric system is superior to galloping-based and traditional VIV piezoelectric 

energy harvesters (VIVPEH).  Zhao et al. [13] initially proposed a PE hybrid energy 

harvester by suspending a horizontal beam with a piezoelectric transducer that is 
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elastically connected to an electromagnetic system inside of a submerged cylinder 

experiencing VIV. The work demonstrated that maximum power output and efficiency 

from a hybrid PE system was greater than traditional piezoelectric or electromagnetic 

energy harvesters, and more power can be harvested from the electromagnetic than 

from the piezoelectric system. Hafizh et al. [61] investigated the bluff body 

optimization parameters for resonant vibration under fluid flow for a hybrid 

piezoelectric-electromagnetic system. The proposed hybrid harvester departs from 

previous work by utilizing a vertical harvester with an internal electromagnetic compact 

geometry that is fully submerged in water under the influence of VIV. Like hybrid 

energy harvesters, the dual mass configuration can also increase the power extraction 

and be tuned for variable flow velocities. Ideally, the addition of a secondary system 

can enhance the harvestable power where the response will coincide with the primary 

system. However, a dual-mass system can be less effective than a single-mass system 

when parasitic loss and electromechanical parameters are not considered. Tang and Zuo 

[68] performed a theoretical study on a dual-mass system and showed that with 

harmonic and base-excitation forces it can harvest more energy than a single degree-

of-freedom system. Nishi [69] investigated the power extraction from a dual-mass 

system by modeling forces on the primary system submerged in water with a wake 

oscillator model. Xu-Xu et al. [70] expanded the aforementioned work by including 

VIV force coefficients and investigated optimized dual mass and stiffness relationships 

for maximizing energy harvesting efficiency.  

Vortex-induced vibration (VIV) is one of the widely adopted methods of VEH, 

where periodic oscillations generated by vortex shedding provide the vibration 

excitation to the VEH [41]. Flow-induced vibrations can be classified into different 

modes such as fluttering, buffeting, and galloping [18,56,71]. The addition of a bluff 
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body allows for energy harvesting through vortex-induced vibration of a fluid medium 

which can further increase the energy harvester performance through a piezoelectric 

patch [20]. The response of VIV has been shown to output large structural deformations 

during 'synchronization' or in the 'lock-in region' when the structural natural frequency 

matches the vortex shedding frequency [42,44,45,48,72]. Williamson & Govardhan 

[50]  outlined parameters for VIV harvesters by taking advantage of synchronization 

and vortex shedding modes. Norberg [46] provided data on VIV response in the 

literature for various Reynolds numbers and dimensions. Blevins [47] proposed 

mathematical models for the cylindrical bluff body response under the influence of VIV 

and demonstrated a robust agreement with experimental results. Synchronization 

during VIV energy harvesting relies on the vortex-formation and vortex-shedding 

pattern. Tuning the energy harvester to the vortex formation can further increase the 

energy harvesting performance [51]. The natural vibration characteristics of submerged 

plates in air and water can be accurately predicted according to the literature [73]. The 

response of vortex wake modes can be principally classified as 2S (single vortices), 2P 

(vortex pairs), and P+S (combination) mode regimes under synchronization [50]. The 

influence of boundary conditions can also change the vortex-shedding pattern. When 

an elastically-mounted cylinder is placed near a wall at a critical distance, vortex-

shedding is suppressed by mixing counter-rotating boundary layer vortex to a single S 

or P vortex shedding pattern [74]. Vortex-shedding near the plane boundary does not 

change the synchronization range but can significantly reduce the vibration amplitude 

[75].  

Linear vibration energy harvesters operate close to the structure's natural 

frequency, called the resonance frequency, where the deformation is the largest. The 

adoption of VIV vibration piezoelectric energy harvesting (VIVPEH) enhances energy 
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harvesting by attaching piezoelectric beams to bluff bodies [21]. The main drawback 

of this approach is that the resonance is narrow-banded and will not perform well if the 

excitation frequency drifts for any reason. Broadband energy harvesting applications 

are usually implemented to capture a broader range of harvestable frequencies with 

additional design parameters. Additionally, nonlinear vibration energy harvesters 

exploit vibration in the nonlinear regime to broaden the bandwidth so that the harvester 

is more responsive to random vibrations and is more robust [37,76]. Ibrahim et al. [16] 

investigated the broadband properties of piezoelectric beams by introducing nonlinear 

magnetic forces. Hybrid energy harvesters are made up of multiple systems suitable for 

broadband applications as each system can be tuned for a different range of frequencies. 

Challa et al. [15] highlighted that adding an electromagnetic system to a piezoelectric 

energy harvester improved the power output by 30%. Also, Zhao et al. [13] proposed a 

piezoelectric-electromagnetic energy harvester excited by VIV that outputs more 

energy than traditional PEH. More recently, Hafizh et al. [61] proposed an alternative 

design of a piezoelectric-electromagnetic energy harvester with bluff-body parameter 

optimizations. The Author's previous work expanded to include dual-mass 

configuration to increase the voltage output of piezoelectric-electromagnetic hybrid 

energy harvesters (PEHEH) and saw a performance increase of up to 52% [77]. 

Additional enhancement parameters by tuning the secondary system to the inline 

frequency of oscillation saw an improvement of 21-52% in cascade systems. The 

proposed models provided an electromagnetic oscillator system's theoretical and 

analytical framework. 

The advantages of hybrid energy harvesting can combine different systems to 

further enhance energy harvesting performance. In this thesis, a hybrid piezoelectric-

electromagnetic energy harvester excited by fluid flow is proposed and deals with the 
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energy module implemented in smart sensors. VEH captures kinetic energy from the 

ambient surroundings and converts it into electrical energy to power wireless sensors 

and transmitters. An analysis is done by considering the nonlinear vibration 

characteristics of the oscillation, and the subsequent mathematical model is used to find 

the output voltage. Magnets are also added to the harvester to enhance the performance 

and efficiency of electromagnetic energy harvesting. Research results have shown the 

adoption of PEMHEH for VIV applications with the electromagnetic system placed on 

the outside of the bluff body in an external orientation [13,78–80].  This is because 

electromagnet coils are rarely miniaturized for energy harvesting purposes since the 

external space helps increase the conversion efficiency through more coil windings and 

magnet size [15,81]. To the best of our knowledge, an internal electromagnetic energy 

harvester arrangement where an oscillating electromagnetic system is placed inside the 

bluff body has not yet been adopted. Considering that the effects of vortex-induced 

vibration can be utilized in pipeline systems, internal electromagnetic energy harvesters 

can open new opportunities in energy harvesting compared to conventional PZT energy 

harvesters. Therefore, this research proposes a compact form-factor hybrid 

piezoelectric-electromagnetic energy harvesting with synchronization tuning in 

different boundary applications. The performance is then compared with energy 

harvesters in the literature to demonstrate that the proposed energy harvester can satisfy 

the operating power requirements of smart sensors. 
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CHAPTER 3: ANALYTICAL MODELLING 

 

In this chapter, the analytical modelling of the proposed piezoelectric-

electromagnetic hybrid energy harvester (PEHEH)  submerged in a moving fluid is 

explored. A schematic for the design of the proposed harvester is attached in Figure 5. 

The analytical model follows the methodological progression for a single mass 

harvester typically found in the literature [63,82,83]. Afterward, a dual-bluff harvester 

was explored to improve the performance output by taking advantage of both lift and 

drag coefficients in transverse and in-line oscillations. Transverse oscillations refer to 

the lift force effect that causes deformation perpendicular to the flow of water. 

Conversely, in-line oscillations refer to the drag force effect that causes deformation 

parallel to the direction of the flow of water.  Finally, analytical modeling of magnetic 

coupling with nonlinear bandwidth enhancement properties were explored for tandem 

arrangements. 
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Figure 5 Schematic of proposed PEHEH submerged in moving fluid. 

 

The harvester in Figure 5 is made up of MFC-P2 patches attached to the top of 

an aluminum beam. MFC-P2 utilizes the d31 effect of the piezoelectric effect designed 

for energy harvesting from bending motions with low impedance. The bluff body, 

which is used to enhance the VIV oscillations is made of steel with a hollow spacing. 

The electromagnetic oscillator is attached inside of the cylindrical body with coiled 

wires and two springs attached above and below it. The PEHEH excited by VIV 

oscillates the bluff body in both the transverse and inline direction with the fluid flow. 

The electromagnetic system oscillates vertically that is elastically coupled to the bluff 

body motions. A cross-sectional figure of the proposed hybrid energy harvester is 

shown in Figure 6. 
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Figure 6 Electromagnetically coupled piezoelectric energy harvester system 

 

The method by which energy will be harvested within this model through two 

methods; firstly, through the strain experienced by a piezoelectric patch; secondly, 

through the movement of a permanent magnet along a coil through a magnetic field. 

After that, the two motions will be combined into a single equation and then studied. 

The combined system will first be examined through a traditional energy harvester 

model using a tip mass and then expanded to include the force of water modeled as a 

sinusoidal function input. The main goal of the current work is to increase the energy 

harvested from a hybrid energy harvester from vortex-induced vibration as shown in 

Fig. 1. The harvester comprises a piezoelectric patch that is mounted on a cantilevered 

beam with an electromagnetic oscillator inside a bluff-body at the free tip. The 
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generation of ‘Von Karman’ vortex shedding around a cylindrical bluff body creates 

the transverse vibrations normal to the direction of the flow of water. The parameters 

used for the system are defined in Table 1 and additional nomenclature is in Table 2. 

The material for the beam and oscillator used in this study is 1060 aluminum alloy since 

it provides good elastic properties to induce internal strain on the piezoelectric patch. 

The piezoelectric patch selected was Polypropylene (PP) for having a high fatigue 

resistance to aqueous solutions [24] and being inert for drinking water applications [25].  

3.1 Piezoelectric System 

 

3.1.1 Single Degree of Freedom Equation 

Piezoelectric patches can produce electricity when it is exposed to a force that 

deflects their shape. There are many orientations, types, and shapes of piezoelectric 

patches that can be used to maximize the energy harvesting properties within this study. 

The patch will be attached to a sufficiently elastic metal (i.e., 1060 Alloy) that can 

elastically bend when subjected to external forces.  

For a SDOF system with one beam and one bluff body, the transverse 

oscillations modeled as a mass-spring-damper system follows Newton’s Second Law 

which can be expressed per unit time as shown in Eq.1. The addition of a piezoelectric 

patch is modeled as a damper in the system with a load resistance R as shown in Figure 

7. 

𝑀𝑥̈ + 𝐶𝑥̇ + 𝐾𝑥 + 𝛩𝑉𝑝 = 𝐹(𝑡) Eq. 1 

 

Here 𝑥̈, 𝑥̇ and 𝑥 are the acceleration, velocity, and displacement of the cylinder, 

respectively. C is the equivalent system damping, Θ is the electromechanical coupling 

coefficient and 𝑉𝑝 is the voltage produced when the piezoelectric patch experiences 
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mechanical strain. It is assumed that a low mass-damping assumption is made that there 

is no restoring force for an unrestricted displacement in a volume of water (Ka = 0). F 

is the force of the fluid acting on the bluff body because of VIV. 

 

Figure 7 SDOF Hybrid Energy Harvester System Equivalent Bluff Body Mechanical 

System 

 

Under forced vibrations within the synchronization region (where the 

oscillation frequency matches the natural frequency in the transverse motion), the 

oscillation can be modeled as a harmonic motion with a fixed amplitude and frequency. 

It can be approximated as the product of the two-parameter self-excitation model with 

in-phase and out-of-phase forces represented as an inertia-force coefficient (Cmv) and 

velocity-force coupling coefficient (Cdv) [47]: 

𝐹𝑓,𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 =
𝜌𝑈2𝐷𝐿(𝐶𝑚𝑣 sin(2𝜋𝑓𝑣𝑡) + 𝐶𝑑𝑣 cos(2𝜋𝑓𝑣𝑡)) 

2
 Eq. 2 

 

Where 𝑓𝑣 is the vortex shedding frequency, 𝐷 is the diameter of the bluff body, 

𝜌𝑓 the density of the moving fluid, 𝜔𝑠, 𝑚 the mass of the system, 𝐴𝑦 the amplitude and 

𝐶𝐷 the coefficient of drag. To simplify the equation of motion, the resistance of the 
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piezoelectric sensor on the attached substrate beam can be modeled as a force (𝐹𝑝𝑖𝑒𝑧𝑜 =

Θ𝑉), thereby summarizing the total force exciting the body as: 

 

𝐹(𝑡) = 𝐹𝑓,𝑖 − 𝐹𝑝,𝑖 Eq. 3 

 

3.1.2 U-Beam Dual Mass System 

 

The Cascaded U-Beam System is a dual-bluff body design in which both bluff 

bodies undergo transverse oscillations due to vortex shedding as a result of the lift 

coefficient. In this orientation,  the system treats the main bluff body and the secondary 

bluff body as semi-dependent motions, is shown in Figure 8. This dependency arises 

because of the spacing in the beam to where the secondary system is attached to. That 

is to say that it can be simplified as two single-degree-of-freedom systems with natural 

frequencies that can be tuned to the same vortex shedding frequency. The Dual-Mass 

System follows the same parameters as a single-mass system described in Eq. (4) – (5). 

As the values of 𝑙𝑥 get bigger and 𝑙𝑦 get smaller, the secondary beam becomes stiffer – 

hence the relationship 𝑘𝛿 ∝ 𝑙𝑥, 𝑙𝑦 for the range of 0 < 𝑙𝑥 < 𝑙: 

𝑀1𝑥1̈ + 𝑐1𝑥̇1 + 𝑘1𝑥1 + 𝑘3(𝑥1 + 𝑥2) = 𝐹1 Eq. 4 

𝑀2𝑥2̈ + 𝑐2𝑥2̇ + 𝑘2𝑥2 + 𝑘3(𝑥1 + 𝑥2) = 𝐹2 Eq. 5 
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(a) (b) 

 

(c) 

Figure 8 Cascade U-Beam System; (a) 3D Model; (b) Parameter Modeling; (c) 

Equivalent Bluff-Body Mechanical System 

 

3.1.3 Cascaded Dual-Mass System 

 

A cascaded dual-mass system is a dual-bluff body design that consists of two 

bluff bodies; a primary system and a secondary system that undergo vortex shedding as 

a result of the flow of water. In a cascaded system, the primary system is tuned to the 

vortex-shedding frequency of transverse oscillations due to the lift coefficient. 

Conversely, the secondary system is tuned to the vortex shedding frequency of inline 

oscillations due to the drag coefficient. The other configurations have been abbreviated 

as either vertical or horizontal to denote the secondary L-shaped dual mass 
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configuration for simplicity. These different designs were proposed to study the optimal 

dual-mass design that can be optimized for both lift and drag coefficients. The behavior 

of the cascaded body system can be modeled like a tuned-mass damper system. Thus, 

the equivalent mechanical system and its equation of motion and the coupling 

coefficients can be summarized as the following:  

𝑀1𝑥1̈ + 𝐶1𝑥1̇ + 𝐾1𝑥1 + Θ1𝑉p1 − 𝐾2(𝑥2 − 𝑥1) − 𝐶2(𝑥2̇ − 𝑥1̇) = 𝐹1 Eq. 6 

𝑀2𝑥2̈ + 𝐶2(𝑥2̇ − 𝑥1̇) + 𝐾2(𝑥2 − 𝑥1) + Θ2𝑉p2 = 𝐹2 Eq. 7 

 

   

(a) (b) (c) 

   

(d) (e) (f) 

Figure 9 Cascade Body Systems; (a) Vertical Body (VB); (b) L-Vertical beam and 

horizontal bluff-body (LV-HB); (c) L-Vertical and Vertical Bluff-body (LV-VB); (d) 

L-horizontal beam and vertical bluff-body (LH-VB); (e) L-horizontal beam and 

Horizontal Bluff-Body (LH-HB) (f) Equivalent Bluff-Body Mechanical System 
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3.1.4 Magnetically Coupled System 

 

The proposed design of the nonlinear vibration energy harvester is shown in 

Figure 10, which is submerged in water. The design specifications and parameters were 

expanded from work done by the author in creating a compact hybrid energy harvester 

[61]. An identical system is facing each other, and the magnetic field attached to both 

allows for the interaction. The entire system is made from 3D-printed thermoplastic 

which allows for increased versatility in manufacturing and decreases the overall mass. 

15% carbon-fiber infused polylactic acid (PLA) was used as the substrate for flexibility 

(compared to conventional aluminum and steel substrates) with the composite blend 

adding rigidity to prevent plastic deformation during deformation. The bluff body is 

made from polyethylene terephthalate (PETG), which has good water properties and 

does not break down at higher temperatures.  

 

Figure 10 Schematic of a magnetically coupled tandem vibration energy harvester 

 

VIV oscillations form behind the bluff body and cause the deflection of the 
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substrate which can be modeled in Figure 11 and derived in Equations (8) – (10) for a 

tandem magnetically coupled system. The voltage output of the system is calculated in 

Equations (11) and (12). Vibration-based kinetic energy was converted to electrical 

energy using a piezoelectric macro fiber composite from smart materials: MFC-2814-

P2 [84]. 

 

𝑀1𝑥1̈ + 𝐶1𝑥1̇ + 𝐾1𝑥1 + Θ1𝑉1 = 𝐹(𝑡) Eq. 8 

𝑀2𝑥2̈ + 𝐶2𝑥2̇ + 𝐾2𝑥2 + Θ2𝑉2 = 𝐹(𝑡) Eq. 9 

𝐹(𝑡) = 𝐹𝐹𝑙𝑢𝑖𝑑(𝑡) ± 𝐹𝑚𝑎𝑔𝑛𝑒𝑡 − 𝐹𝑃𝑖𝑒𝑧𝑜(𝑡) Eq. 10 

𝑉1(𝑡)/𝑅 + 𝐶𝑠𝑉1̇(𝑡) − Θ1𝑥̇(𝑡) = 0 Eq. 11 

𝑉2(𝑡)/𝑅 + 𝐶𝑠𝑉2̇(𝑡) − Θ2𝑥̇(𝑡) = 0 Eq. 12 

 

 

Figure 11 Equivalent Bluff Body Mechanical System of Two Magnetically Coupled 

Energy Harvesters [19] 

 

Because the magnet can be either attractive or repulsive, both instances will be 

evaluated and compared [16]. In this study, 𝐹𝑚𝑎𝑔𝑛𝑒𝑡 looks at only the repulsive forces 
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of the magnet on the energy harvesting. 𝐹𝐹𝑙𝑢𝑖𝑑 represents the transverse oscillations 

because of the bluff body [47]. 𝐹𝑝𝑖𝑒𝑧𝑜 is the actuating effect caused by the accumulated 

charge on the piezoelectric patch [7]. Equation (13) represents the equations used to 

derive the forces. 𝜏0 is the permeability of the medium, 𝑚1 and 𝑚2 the moments of the 

magnetic dipoles and 𝐷0 is the distance between magnetic tip mass and the fixed 

magnet. 

 

𝐹𝑚𝑎𝑔𝑛𝑒𝑡 = 3𝜏0𝑚1𝑚2/2𝜋[𝑥1(𝑡) − 𝑥2(𝑡) + 𝐷0]4 Eq. 13 

 

3.2 Electromagnetic System 

 

The concept of electromagnetic induction makes use of a varying magnetic field 

to produce a voltage across a conductor by changing the magnetic flux in magnetic 

field. This can be achieved by passing a magnet through a coil of wire. However, if the 

motion of said magnet only comes in one direction and remains stationary, the emf 

(electromotive force) will only be generated at that instant. Thus, it is important to 

continue to vary the magnetic field by either moving the coil or moving the magnet. 

The rapid change in motion of the magnet can be achieved by attaching a spring to the 

end of the magnet and allowing it to fall freely under gravity.  

During induction, the current 𝑖 is generated by the coil of wire, and the emf 

produced introduces a resistive force, which in turn introduces electromagnetic 

damping and slows down the motion of the magnet. The reaction force can be expressed 

in Eq. 14, while the equation of motion for the electromagnetic system is expressed in 

Eq. 16.  

Therefore, the equation of motion to describe a vertical mass-spring motion (of 
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a mass m and spring stiffness k) that is suspended vertically and allowed to oscillate 

without any damping properties has the kinematics of simple harmonic motion that can 

be described using Newton’s Second Law as: 

𝑥̈ +
𝑘

𝑚
𝑥 ± 𝐹𝑚𝑎𝑔𝑛𝑒𝑡 = 0 Eq. 14 

𝐹𝑚𝑎𝑔𝑛𝑒𝑡 = 𝐵𝐼𝐿𝑐𝑜𝑖𝑙 Eq. 15 

𝑥̈ +
𝑘

𝑚
𝑥 + 𝐵𝐼𝐿𝑐𝑜𝑖𝑙 = 0 Eq.16 

 

Where 𝐵 is the flux density (strength of the magnetic field) measures in Teslas; 

𝐼 is the current measured in Amperes; 𝐿𝑐𝑜𝑖𝑙 is the length of the coil (conductor) 

measured in meters. From the equation above, the factors associated with the movement 

of the electromagnet system come from the properties of the mass (and its magnetic 

properties) and spring as well as the coil. Since the electromagnetic force can be 

attractive or repulsive, it is simplified to be a restoring force in this equation.  

Adding another harvesting mechanism to the existing structure is an added 

contribution to implementing a hybrid energy harvester for hydrokinetic applications. 

It involves a spring attached to a permanent magnet mass within a coil of the movement 

of the harvesting structure causes spring oscillations. Soti et al. [28] summarized that 

the maximum average power does not significantly change for variations in coil length 

and coil radius. According to Faraday’s Law of electromagnetic induction, an 

electromotive force (emf) is produced by the movement of a magnet within a coil of 

wire because of a change in magnetic flux. Also, the emf generated is directly 

proportional to the change in the flux, resulting in greater energy conversion because 

of the restoring oscillatory motions. Thus, the governing equation for induced emf of a 

disk-shaped magnet moving with a velocity 𝑣 in a magnetic field 𝐵 of a coil is expressed 
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as Eq. 17 [85]: 

 

𝜀 = ∮(𝑣̅ × 𝐵̅) ∙ 𝑑𝑙̅  Eq. 17 

 

Once the electromagnetic coil is connected resistive load 𝑅𝐿, the induced current 

(𝑖 = 𝜀/𝑅𝐿) in the circuit opposes the motion of the magnet experiencing an opposing 

electromagnetic force because of the now present electromagnetic coupling. This 

reaction force acting on the magnet can be expressed in Eq.18 [29]: 

 

𝐹 = ∫ 𝑖 𝑑𝑙̅ ×  𝐵̅ ∙  𝑧̂ Eq. 18 

 

  Eq.19 shows the expression for a single dipole magnetic moment 𝜇, the 

approximated electromagnetic force for a coil with N number of turns and vertical 

height 𝐿𝑐𝑜𝑖𝑙 is the coil length looped around the bluff-body enclosure [29]: 

 

𝐹 =
(

𝑁
𝐿𝑐𝑜𝑖𝑙

2𝜋𝑎2𝜇) 𝑣

𝑅𝑐𝑜𝑖𝑙
[

1

[𝑎2 + ℎ]
3
2

−
1

[𝑎2 + (ℎ + 𝐿)2]
3
2 

]

2

𝐹

= ∫ 𝑖 𝑑𝑙̅ × 𝐵̅ ∙  𝑧̂ Eq. 19 

 

If a is the internal radius of the electromagnetic coil, h is the distance from the 

center of the magnet to the height of the coil. The internal electrical resistance of the 

conduction coil 𝑅𝑐𝑜𝑖𝑙 =
4𝑁(2𝜋𝑎)

𝜎𝜋𝐷2  with a wire conductivity 𝜎. The added benefit of having 

the electromagnetic transduction mechanism mounted internally is to have the freedom 
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to retrofit the hybrid energy harvester and placed it in tandem or combined arrangement 

with multiple other devices like it. By shifting the resonance point of the 

electromagnetic harvester near the piezoelectric harvester, the behavior can be adjusted 

for a fixed water flow to maximize the harvestable energy output or to target a wider 

range of frequencies for a broadband energy harvesting application. Since the 

electromagnetic energy harvester is fixed inside the bluff body, there will be another 

degree of freedom for the coupled electromagnetic system that generates electricity 

through the vibration of the magnet. The equation of motion for such a system can be 

simply expressed by Eq. (20) where the deformation is based on the angular 

displacement and acceleration of the beam expressed as  𝜃 and 𝜃̇, respectively: 

 

𝑥̈ +
𝑘

𝑚
𝑥 − (𝐿 + 𝑥) 𝜃̇2 − 𝑔𝑐𝑜𝑠𝜃 + 𝐵𝐼𝐿𝑐𝑜𝑖𝑙 = 0 Eq. 20 

 

Here, 𝜃 represents the deflection angle of the beam substrate deflecting with 

VIV and 𝑧 is the extended length of the spring. Since the angular motion of the mass-

spring system is restricted, the oscillation of the mass occurs in the vertical direction 

within the confined space of the bluff body. Alternatively, the use of two springs 

attached on each end of the magnetic mass (𝑘 = 𝑘1 + 𝑘2) can also enhance the amount 

of power harvested by forcing the magnet to oscillate close to the center of the coil 

where the magnetic flux is the densest. Alternatively, springs can replace by two 

magnets of opposite polarity to the center magnet and exhibit the characteristics of 

spring with a total stiffness of 𝑘. From Eq.8, 𝑥 refers to the linear displacement of the 

mass from the static position on the spring, 𝜃 is angular displacement experienced by 

the beam expressed in Eq.1, 𝐵 is the flux density and 𝐼 is current within. Therefore, the 

voltage output from the electromagnetic oscillator can then be modeled as a function of 
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the electromagnetic induction (Eq. 9) and self-inductance 𝐿𝑖𝑛𝑑 as shown in Eq. (21): 

 

𝑉𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 = 𝐵𝐿𝑐𝑜𝑖𝑙𝑥̇ − 𝐿𝑖𝑛𝑑𝐼 ̇ Eq. 21 

 

3.3 Combined Hybrid System 

 

Once both systems have been combined, there needs to be a change to start 

generating electricity – strain in the case of piezoelectric patch or motion in the case of 

electromagnetic induction. To achieve this within a fluid-flowing pipe, turbulence must 

be generated such that the force of the fluid hitting the harvester as well as turbulence 

and wake formation because of interrupted flow can achieve the required motion and 

strain. In addition to this, by studying the harvester under resonance, the shape and 

resonant frequency can be seen for different scenarios of flow speed and harvester. The 

shape, size, and orientation of the electromagnetic oscillator are to be studied and varied 

to optimize and select the best one across different times or at resonant frequencies.  

For a simple mass-spring system that is fixed at the top end of the spring, the mass can 

oscillate indefinitely for an undamped system. When introducing the water flow, the 

random vibration produced as a result of the fluid flow causes the harvester structure to 

move in an arc motion similar to a pendulum (despite the corresponding structure 

realistically exhibiting a random motion). Because of the randomness in the formation 

of turbulence and associated vibration, it is difficult to accurately map the output of the 

vibration over a while. Nevertheless, by using simulation tools, the movement of mode 

shapes can be studied and the output at given frequencies can be used to optimize the 

performance. 

To mathematically model the electromagnetic spring system and bind the mass-
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spring system to a linear motion and use the corresponding dynamics of the harvester 

structure to model the movement of the mass-spring system. For a specific angular 

displacement, the speed, and acceleration of the structure; can be correlated to the 

movement of the mass and spring in a linear motion. Since the mass-spring system is 

restricted to only moving linearly, the angular acceleration of the system equates to 

zero. Thus, if a friction factor1 was included along the restricted movement, the 

summarized equation of motion for the electromagnetic coupled system is derived as 

Eq. (22) – Eq. (26): 

𝑥̈ +
𝑘

𝑚
𝑥 − (𝑙 + 𝑥0 + 𝑥) 𝜃̇2 − 𝑔𝑐𝑜𝑠𝜃 + 𝐵𝐼𝐿𝑐𝑜𝑖𝑙 = 0 Eq. 22 

𝑎𝜃 = 𝜃̈(𝑙 + 𝑥0 + 𝑥) +
2

𝑚
𝑥̇𝜃̇ = 0 

Eq. 23 

𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 𝜇𝑁 = 𝜇𝑚𝑎 𝜃  Eq. 24 

𝑥̈ +
𝑘

𝑚
𝑥 − (𝑙 + 𝑥0 + 𝑥) 𝜃̇2 − 𝑔𝑐𝑜𝑠𝜃 + 𝜇 [𝜃̈(𝑙 + 𝑥0 + 𝑥) +

2

𝑚
𝑥̇𝜃̇]

+ 𝐵𝐼𝐿𝑐𝑜𝑖𝑙 = 0 Eq. 25 

𝑉𝐸𝑆 = 𝐵𝐿𝑐𝑜𝑖𝑙𝑥̇ − 𝐿𝑖𝑛𝑑𝐼 ̇ Eq. 26 

 

3.3.1 Combined System modeling with Discretized Water Force 

 

The harvester model is made up of a vertical piezoelectric beam with an attached 

tip mass that oscillates because of the water flow through the pipe with a speed defined 

as 𝑉𝑤𝑎𝑡𝑒𝑟 and the corresponding force, 𝐹𝐿 induced by the water on the cylinder. The 

 

1 The context of this study neglected the friction factor associated with the motion of the mass 
rubbing against the walls of the enclosure 
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turbulence caused by the bluff body results in transverse oscillations (vibrating 

perpendicular) to the flow of water. The vortex-induced vibration outputs the voltage 

for the piezoelectric element defined as 𝑉(𝑡). The proposed hydro-electromechanical 

model outlines the equation of motion for the harvester subjected to the incoming water 

flow submerged in a pipe and affects the lift coefficient, 𝐶𝐿 evolution at the studied 

water speed as expressed in Eq. (27) – (31) for 1.24 m/s [26]: 

𝑎2𝜃̈ + 𝑎3𝜃̇  + 𝑎4𝜃 = 𝑎1𝑇𝐻𝑦𝑑𝑟𝑜  Eq. 27 

𝑎2𝜃̈ + 𝑎3𝜃̇  + 𝑎4𝜃 = 𝑎1𝑇𝐻𝑦𝑑𝑟𝑜  
Eq. 28 

𝑎3 = 𝑓 +
𝛼2 ∙ 𝑎2

𝐾𝑝 ∙ 𝐾𝑡𝑟𝑎𝑛𝑠
 ≈ 4.612 × 10−3 

Eq. 29 

𝑎4 =
𝐾 ∙ 𝑎2

𝐾𝑡𝑟𝑎𝑛𝑠
 ≈ 0.01579 

Eq. 30 

𝑇ℎ𝑦𝑑𝑟𝑜 ≈ 𝑠𝑖𝑛𝜔𝑡 
Eq. 31 

 

Here 𝜃 refers to the angular displacement of the deformed beam as shown in the 

input hydro-mechanical torque 𝑇ℎ𝑦𝑑𝑟𝑜 modeled after the water flow represents a 

sinusoidal waveform and the evolution of the lift coefficient is modeled as a constant.  

 

3.4 Natural Frequency Synchronization with Submerged Structures 

 

For narrowband applications of vibration-based energy harvesting using an 

electromagnetic oscillator and a piezoelectric system, the ability to harvest at the natural 

frequency can enhance performance. The strain experienced by the MFC patch is 

converted into electrical charge whilst the magnet's motion creates an electrical current. 
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However, some assumptions were made to derive the natural frequency of bodies in a 

fluid medium because of the added mass effect in shifting the natural frequency. Since 

water will have an added hydrodynamic component, the effects of the added mass 

cannot be ignored: 

  

(𝑀 + 𝑀𝑎)𝑥̈ + (𝐶 + 𝐶𝑎)𝑥̇ + (𝐾 + 𝐾𝑎)𝑥 + Θ𝑉𝑝 = 𝐹(𝑡) Eq. 32 

 

The terms 𝑀𝑎, 𝐶𝑎, 𝐾𝑎 denote the added mass, added stiffness, and added 

damping, respectively. Determining the natural frequency of a discrete system in the 

air can be represented as Eq. (33) – (35). 

𝜔𝑛 = √
𝐾

𝑀
 Eq. 33  

𝜔𝑑 = 𝜔𝑛√1 − 𝜁2 Eq. 34 

𝜁 =
𝐶

2√𝐾𝑀
 Eq. 35 

 

Where K is the equivalent stiffness of the system, M is the equivalent mass of 

the system, Ma is the equivalent added mass due to the hydrodynamic effect when the 

system is submerged in water and fn,w is the approximate natural frequency of the 

energy harvester when submerged in water. By assuming that the natural frequency of 

air is identical to that in a vacuum, the ratio between the two mediums can be 

approximated by the following Eq. (36): 

𝜔𝑛,𝑤 =
𝜔𝑛

√1 +
𝑀𝑎

𝑀

 
Eq. 16 
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Figure 12 outlines the approximated natural frequency for different mediums at 

varying submergence depths. The equation with the effects of hydrodynamic fluid can 

be used to estimate the deviation in natural frequency caused by the new submerged 

medium. Additionally, the height of the submergence can affect the natural frequency. 

In a partially submerged harvester, the effects of added mass only influence the 

submerged section of the body up to the submergence length, 𝐿𝑠. Also, the derived 

ratios for submerged fluid medium use the damped natural frequency 𝜔𝑑 since the 

viscous effects of water add a damping property to the overall equation for experimental 

validation as shown in Eq. (37) – Eq. (39). 

 

𝜔𝑛,𝑤
2

𝜔𝑛
2

= (1 +
𝐾𝑎

𝐾
) (1 +

𝑀𝑎

𝑀
)

−1

 Eq. 37 

𝜔𝑑,𝑤
2

𝜔𝑑
2 = (

1 − 𝜁𝑤
2

1 − 𝜁2
) (1 +

𝐾𝑎

𝐾
) (1 +

𝑀𝑎

𝑀
)

−1

 Eq. 38 

𝜁𝑤

𝜁
= (1 +

𝐶𝑎

𝐶
)

2

(1 +
𝐾𝑤

𝐾
)

−1

(1 +
𝑀𝑤

𝑀
)

−1

 Eq. 39 

 

To evaluate the energy harvesting performance and perform comparative 

analysis across multiple configurations, the root means square (RMS) analysis is 

adopted, as shown in Eq. 40. RMS voltage presents a unified way of amazing the 

continuously varying signals from both piezoelectric and electromagnetic systems.  

𝑣𝑟𝑚𝑠 = √
1

𝑡
∫ 𝑣(𝑡)2𝑑𝑡

𝑡

0

 Eq. 40 
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Figure 12 Natural frequency of discrete bodies in different submergence depths [62] 

 

In an infinite-span boundary situation, the added stiffness of partially and fully 

submerged discrete bodies do not experience a stiffness to constant displacement (𝐾𝑎 ≈

0) [86]. In a pipe-submerged scenario, the boundary conditions play a significant role 

in the added stiffness and damping as there is a visible fluid-structure interaction from 

the oscillations of the bluff body with the pipe wall. Therefore, the newly added 

stiffness and damping consist of a new parameter with subscript 'pb' to highlight the 

effects of the pipe-boundary, which diminish with a widening boundary condition.  

Han and Xu [87] investigated this hydrodynamic influence of a submerged 

structure with the natural frequency and showed good convergence between numerical 

and experimental results. Alternatively, the investigation performed by Rodriquez et al. 

[86] highlighted additional damping parameters for consideration to include cases 

where the apparent added mass effect of submerged structures can be negative. 
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Moreover, the effects of flowing water on a structure and the observed phenomenon of 

VIV can be enhanced with synchronization. The synchronization region leads to large 

amplitude displacements because the shedding frequency of vortices matches that of 

the submerged structural natural frequency (𝑓𝑛,𝑤 = 𝑓𝑣). In the literature, the Strouhal 

number for a fixed cylinder is often approximated as 0.2 and remains nearly constant 

up to Re = 104 [42,44]. However, comprehensive empirical work has provided more 

accurate values based on this thesis’s Reynolds number shown in Eq. . The Strouhal 

number can be expressed as Eq. (41) – (42) [46,88]: 

 

𝑆𝑡 =
𝑓𝑠𝐷

𝑈
 Eq. 41 

𝑆𝑡 = 0.1853 + 0.0261 ∙ [−0.9 ∙ (𝑙𝑜𝑔 (
𝑅𝑒

1.6 × 103
))],                  

 𝑅𝑒 = 1.6 × 103 − 1.5 × 105 

Eq. 42 

 

The harvester can be tuned to the water velocity and shedding frequency to 

increase the amount of energy extracted. Designing around the large amplitudes can be 

advantageous for both the piezoelectric and electromagnetic systems in extracting 

energy from the flow. The lock-in range at which this phenomenon is observed can be 

represented by the dimensionless reduced velocity, 5 < 𝑈𝑠𝑦𝑛𝑐
∗ < 7 based on the 

Strouhal number is shown as Eq. (43) [88,89]:  

𝑈𝑠𝑦𝑛𝑐
∗ =

1

𝑆𝑡
 Eq. 43 

 

A summary of the optimization parameters is presented in Figure 13, where the 

natural frequency of the harvester in water can be represented by its relationship to the 

natural frequency in air. Moreover, the onset velocity for oscillations in the transverse 
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and inline directions has been highlighted as well as the relationship between the vortex 

shedding frequency. 

 

 

Figure 13 Summarized Parameter Optimization for Submerged Energy Harvester in 

VIV [77] 
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CHAPTER 4: NUMERICAL ANALYSIS 

4.1 Setup  

To visualize the movement of the combined system as well as estimate the 

voltage output, MATLAB software was used to get the values done through a series of 

simulations. Since the combined system consisted of non-linear differential equations, 

the overall solution was solved using Ordinary Differential Equations (ODE) functions 

with initial conditions. The output of the ODE was then used to model the voltage 

output of the combined piezoelectric energy harvester in the time and frequency 

domain. The use of Laplace transforms also explored due to their innate simplicity in 

converting differential equations into easily solved polynomial equations; however, the 

manipulation of values to measure the voltage in the time and frequency domain for 

both systems was not as easily realized. Some optimizations were also done to solve 

the equation and improve the efficiency of the calculations, primarily through the ode 

function. Initially, ode45 was used in solving non-stiff ODEs with medium accuracy; 

however, transitioning from 3 parameters (for single systems of mass-spring or 

piezoelectric) to a higher degree of 6 parameters greatly extended the computation time 

with questionable accuracy. Hence, the conversion to a stiff solver (ode15s) greatly 

improved the computation time to solve the equations with acceptable accuracy 2. 

The solver ode15s was used because the output results exhibited a degree of 

stiffness and whereas ode45 did not yield efficient computing time. Based on the work 

by Aramendia et al. [26], the calculations were performed similarly where a harmonic 

apparent force of the water was used to excite the bluff body of the hybrid harvester. 

The initial displacement, velocity, and acceleration were at zero, and the only parameter 

 

2 Ode15s is advised to be used when ode45 solver fails, is inefficient or suspected to be stiff [1] 
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affecting the change was the force of the water hitting the electromagnet oscillator. The 

parameters used in running the calculations are highlighted in Table 1. For this model, 

the cylinder bluff body was used and will continue to be used as a reference shape in 

subsequent studies.  

Table 1 Modeled Parameters of Hybrid Energy Harvester 

Symbol Description Value Units 

ρpiezo Piezoelectric 

Material density 

5319 kg/m3 

ρcylinder Circular cylinder 

bluff-body density 

2700 kg/m3 

ρfluid Fluid density 999.06 kg/m3 

D Cylinder bluff 

body diameter 

0.04512 m 

L1 Length of layer 0.038 m 

L Length of the 

beam 

0.13 m 

𝑏 Width of the beam 0.05 m 

h The thickness of 

the beam 

0.006 m 

Ha Cylinder height 0.06 m 

Jwt Cylinder inertia 

moment 

4.069 × 10−7 kg ∙ m2 

𝐶𝐿 Lift coefficient 

evolution 

1 − 
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4.2 Results 

The initial conditions assigned to the ODEs were that the initial displacement, 

velocity, and acceleration were at zero and the only parameter affecting the change was 

the force of the water disturbing the bluff-body in flow stream. Figure 14 highlights the 

results of the simulation performed on MATLAB. 

 

 

Figure 14 MATLAB Run Simulations for Energy Harvesting System; (a) Voltage 

output in the frequency domain for spring system; (b) Voltage output in the frequency 

domain for PEH system; (c) Voltage output in the time domain for spring system; (d) 

Voltage output in the time domain. 

 

In Figure 14 there appears a distinct peak for the PEH system in the frequency 

domain, which correlates to its resonant point. In addition to that, the time-domain plot 

shows that the influence of the water flow provides sufficient vibration to generate 

vibration which reaches a steady state. In contrast, the spring system experiences its 

resonant frequency in the voltage-frequency plot and shows another peak that correlates 
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to the resonant frequency of the PEH system. Also, the time domain of the spring 

system shows that it starts unsteadily and reaches a steady state. 

The time responses of frequencies up to 80Hz were calculated, and the 

maximum amplitude at each frequency was used. Figure 15 shows the maximum 

harvestable voltage from the coupled system at a steady state by analyzing the last half 

of the time response to remove transient effects. Figure 15(a) displays the 

electromagnetic oscillator system, while Figure 15 (b) displays the harvested voltage 

through the piezoelectric energy harvester (PEH) system. This approach has been able 

to sow the response in the frequency domain to approximate the resonant frequency.  

 

  

(a) 

 

(b) 

  

(c) (d) 

Figure 15 MATLAB Simulations for Energy Harvesting System; (a) Maximum steady 

state voltage output in the frequency domain for the electromagnetic system; (b) 
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Maximum steady state voltage output in the frequency domain for PEH system; (c) 

Electromagnetic oscillator time response; (d) PEH time response [61] 

 

Based on the results of the MATLAB simulation, a distinct peak in Figure 15 

(b) is seen for the PEH system in the frequency domain, which correlates to the natural 

frequency of the structure that it is attached. In contrast, Figure 15 (a) shows two peaks 

that are measurable in the electromagnetic coupled system; the first peak corresponds 

to the resonant point of the electromagnetic oscillator, and the second for the coupled 

PEH system. The natural frequency for the electromagnetic oscillator is 14Hz, whilst 

the PEH is 23Hz; their time response is shown in Figure 15 (c) and Figure 15 (d), 

respectively.  By tuning the hybrid energy harvest into having the two resonant points 

closer to each other, the system can operate near the natural frequency of both systems. 

Working near the structural resonance of the system is advantageous in maximizing the 

total power harvested from the surrounding flow of water. If both systems were tuned 

to resonate near the oscillation frequency because of vortex-induced vibration, then the 

hybrid energy harvester can continue to harvest maximum amounts of voltage through 

the large displacements. Tuning is an additional parameter that can be introduced to 

increase the efficiency of the energy harvesting process for the coupled system. 

 

CHAPTER 5: COMPUTATIONAL ANALYSIS 

5.1 Computational Fluid Dynamics 

 

5.1.1 Computational Domain Setup  

 

The computational fluid dynamics (CFD) setup in modeling the energy 

harvester inside of a pipe carrying water used a two-dimensional approach to visualize 
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the effects of the vortex shedding and wake generation across the different bluff bodies. 

The computational domain was made up of a velocity inlet of water (temperature: 

288.15K) of varying velocities with a width of 20D non-slip boundary walls - where D 

is the diameter of the circular bluff body - from the center of the circular bluff body and 

10D upstream. The downstream length of the domain was modeled in 30D for wake 

generation and to visualize the vortex shedding over 20 seconds. The computational 

domain and mesh distribution around the cylindrical bluff body is shown in Figure 16. 

 

Figure 16 Computational domain setup and parameters [77] 

 

A computational fluid dynamics simulation was conducted to model the viscous 

and inertial forces of the fluid interaction. The simulation was performed as a two-

dimensional approach to visualize the effects of VIV. The computational domain and 

setup are shown in Figure 16. ANSYS Fluent v.2020R2 CFD software with second-

order spatial discretization and implicit transient formulation settings was developed. 

The computational domain is important in simulating the correct vortex and structure 

response. Good agreement with literature is seen for domains similar to 40D x 10D  

sufficiently large enough to avoid disturbance caused by boundary conditions 

[59,90,91]. In flows around a cylinder, a 5% blockage ratio is sufficient to diminish the 

impact of boundary conditions in the flow field [92]. The bluff body was placed at a 10 
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D distance from the inlet where D is the diameter, and the outlet is 30D downstream. 

The size was selected to ensure that vortex interaction with the walls would not occur 

and to provide adequate space behind the bluff body for sufficient vortex generation. 

The average static reference pressure at the outlet boundary was set at 0 Pa. A no-slip 

boundary was applied to the top and bottom wall positioned 10D from either side of the 

cylinder center and for the cylinder wall such that fluid stream velocity is achieved in 

the far region. The Reynolds number used in the modeling surpassed the laminar and 

transition boundaries so the 𝑘 − 𝜔 SST turbulence model was used to solve the inner 

region of the boundary layer [93]. The flow simulation was resolved using a SIMPLE 

Algorithm and a 2nd order 𝑘 − 𝜔 transport equation [94]. The distance between the 

cylinder wall and the first node, 𝑦+ was kept below unity so that there is adequate 

resolution of grids near the cylinder in simulation and was maintained throughout all 

simulations. The mesh generated in the domain was adjusted to be fine around the wall 

boundary. A time step of 0.002s with 15 iterations per time step over 20 seconds was 

implemented to adequately show the vortex shedding. 

  

(a) (b) 

Figure 17 Preliminary mesh generation; (a) View of mesh around the circular body with 

triangular generation; (b) Close-up of inflated mesh around the body 

 



 

48 

ANSYS Fluent v. 2020 R2 [30] solver was used in setting up the CFD 

simulation, Figure 17  with approximately 93,000 elements of triangular mesh with 15 

inflated layers around the bluff body. The unsteady state flow was solved using 

Unsteady Reynolds-Averaged Navier Stokes (URANS) equations. Since Reynold’s 

number (𝑅𝑒 = 𝜌𝑣𝐷/𝜇) exceeds the transition interval, a turbulent transport model K-

omega SST viscous model developed by Menter [31] was used. The time interval of 

0.002s and 15 iterations per time step was selected because it provided adequate values 

to see the vortex shedding and convergence. A semi-implicit method for pressure-

linked equations (SIMPLE) algorithm-based solver was used which balances out the 

computational expense and convergence rates. Second-order upwind spatial 

discretization and second-order implicit transient formulation settings were also applied 

to this simulation. The mesh was refined to keep y+ around the body below 1. A mesh 

independence study has been performed to verify the selected mesh resolution using by 

using the Richardson extrapolation method [32] summarized in Table 2 by comparing 

the results of the drag coefficient from three different meshes with varying element 

sizes: 63500 (coarse), 127000 (medium), and 254000 (fine). 

 

Table 2 Mesh independence study 

Re 

Mesh Definition Richardson Extrapolation 

Coarse Medium Fine Re p R 

10000 0.94 1.02 1.18 1.23 0.98 1.97 

 

The results from the fine mesh were found to be accurate and converges well 

with drag coefficient values in literature varying between 1.1 – 1.2 [46,95]. Therefore, 

the subsequent mesh techniques were used for further simulations. To achieve a wall 
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y+ value below unity, an inflation mesh with a first layer thickness of 1E-6 m was 

applied with a maximum 100 layers and 1.2 growth rate. An edge sizing was applied 

around the circumference of the circle with a 210-division count. The mesh element 

size was a minimum of 1.3E-3 m with a minimum element quality of 0.17 and an 

average quality of 0.94. The fine mesh generation is shown in Figure 18. 

 

 

Figure 18 Bluff body vortex-induced vibration mesh generation 

 

 A good agreement between the numerical solution and experiments from the 

literature is summarized in Table 3  by comparing the lift (CL) and drag (CD) 

coefficients [46]. 

 

Table 3 Comparison between simulation and experimental results at Re=12,000 

Measurement Simulation Experiments 

𝐶𝐷,𝑚𝑒𝑎𝑛 1.19 1.10-1.20 [46,95] 
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A uniform velocity of 0.197 m/s at the inlet corresponding to Re=10,000 (for 

density=999𝑘𝑔/𝑚3, dynamic viscosity=0.001137𝑘𝑔/𝑚 ∙ 𝑠, diameter=0.058𝑚) was 

used. Computational fluid dynamics simulations were performed for the single and 

dual-mass configurations. The results of the force coefficients were extracted for the 

finite element simulations. Mesh sensitivity tests were conducted for varying grid 

resolutions at cylinder walls and near-field grids and compared to values obtained in 

the literature. The results are shown for the Reynolds number Re=10,000 in Table 4. 

 

Table 4 Result and Comparison of Fixed Cylinder at Re=10,000 

 Norberg [46] Dong and 

Karniadakis 

[95] 

Nguyen and 

Nguyen [96] 

Jin et al. 

[97] 

Present 

Work 

Method Experimental DNS − B2 DES SST K

− ω 

SST K

− ω 

CL_RMS 0.41 0.50 0.36 0.67 0.42 

St 0.20 0.21 0.20 0.20 0.23 

 

The results presented in  Table 4 show robust agreement with those found in the 

literature while being less computationally expensive than the alternatives Direct 

Numerical Solution and Detached Eddy Simulation  [90]. Once the initial setup and 

verification were done for a single-mass configuration, the simulation was extended to 

dual-mass configurations [69,70]. The addition of a thin substrate in the U-beam 

Cascade configuration suppresses the formation of vortices as seen in Figure 19 in 

comparison to the vertical cascade which only has a disturbed flow in front of the bluff 

body. 
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(a) (b) 

Figure 19 Instantaneous vorticity formation; (a) VB Cascade; (b) U-Beam Cascade 

 

5.1.2 CFD results with Hybrid Energy Harvester  

 

The bluff body serves a vital role in wake generation and creating turbulence 

behind the structure that increases power output from the hybrid harvester. Figure 20 

shows the observed displaced amplitude modeled for the hybrid energy harvester when 

subjected to incoming external flow at 1.24 m/s. Vortices created behind a body are 

responsible for the vibration of the system where vortex shedding leads to transverse 

oscillations on the structure relative to the water flow. The cylinder was first tested at a 

speed of 1.24 m/s and lower speeds as well to observe the formation of vortices behind 

the bluff body shown in Figure 20. The resultant displacement of the beam is transverse 

deformation to the water flow since the directional stiffness is less in this direction than 

the direction parallel (in-line deformation) to the water flow. 
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Figure 20  Isometric view of the simulation study on the cylinder bluff body 

configuration for energy harvesting with Fluid Simulation at 1.24m/s 

 

Since the shape selection affects the formation and intensity of the turbulence 

disrupting the flow behind the bluff body, a computational fluid dynamics (CFD) study 

was performed to illustrate the formation of these vortices. Figure 21 shows the motion 

of the vorticity generated behind the bluff body with surface areas similar to surface 

areas of 1600 ± 1 mm2. The finite element comparison of these bluff bodies is discussed 

in the following section. 

 

 
 

(a) (b) 
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(c) (d) 

Figure 21 Measurable vorticity generated by bluff body; (a) circle; (b) triangle; (c) 

ellipse; (d) quadrilateral [61] 

 

The addition of sharp edges generated more visible vorticity behind the shape; 

with the vorticity behind the triangle bluff body generating the most visible turbulence. 

In contrast, the smooth and thin shape of the ellipse does not generate as much 

turbulence. The maximum steady-state turbulence kinetic energy (TKE) of the four 

shapes is summarized in Figure 22. While the triangular and quadrilateral bluff bodies 

have been shown to generate a significant amount of turbulence, the higher selected 

speeds could have introduced the effects of galloping past a certain onset water velocity 

which has been demonstrated in the literature to aid in energy harvesting.  

 

 

Figure 22 Maximum steady state turbulence kinetic energy created behind bluff body 

comparison [61]comptes 

 

To investigate the effects of the turbulence formation only and avoid the 

potential effects of pipe wall interaction harvester, the parameters of the study used are 
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for external flow over the energy harvester bodies. This parameter study focused on 

shape performance and did not have any attached piezoelectric materials or bluff body 

cavities. All iterations of the study were done with the shapes in Figure 22 having the 

same mass of 304.87 ±  0.02𝑔 to ensure that the dynamic study and frequency study 

is also not affected by the differences in mass. The nonlinear dynamic study used the 

pressure effects of the fluid interaction with the structure and displays the flow effect 

on the structural quantities of stress, strain, and deformation during a 1s period. Also, 

the frequency study looks at the different mode shapes and corresponding resonant 

frequencies of each configuration. The resultant vibration in each first mode and the 

corresponding maximum, average, and resultant amplitude can be compared. The 

simulated resonant frequency for the cylinder bluff body and modeled with the water 

flow is 25Hz which represents an 8.70% deviation from the derived MATLAB 

numerical solution. The cylindrical bluff body was selected as a control comparison 

since it does not have any changes in its geometry. 

 

5.2 Finite Element Analysis 

 

5.2.1 Bluff Body Investigation  

 

After the MATLAB study, the next natural transition to extend the study into 

the coupled energy harvesting mechanism is through a 3D model and simulation study. 

Thus, the work was modeled on SolidWorks which has a powerful modeling and finite 

element analysis tool. SolidWorks was primarily used here to validate the findings of 

MATLAB simulation and to visualize the motion generated when subjected to a 

random input of water force; rather than a harmonic one. Figure 23 shows the main 

transverse mode shape that is observed for the energy harvester performed on 
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SOLIDWORKS with a fixed-free boundary condition. 

 

 

 

(a) (b) 

Figure 23 SolidWorks Model of Energy Harvester During Resonance with Expected 

Deflection; (a) Front View; (b) Isometric View 

 

After the preliminary studies are completed, the next step of the study was to 

see which bluff-body shape performs best as an underwater energy harvester. The bluff 

body serves a significant role in wake generation and causes turbulence within the 

structure that causes the piezoelectric strain to occur as well as the mass-spring system 

to oscillate; both of which harvest electricity from the vibration. According to 

Aramendia et. al., [59] the best output of water flow was seen for a speed of 1.24m/s 

after testing for other water speeds; thus, this speed was primarily used for the 

Solidworks model.  

By investigating different parameters of the bluff body shape, an external flow 

simulation was constructed and run. The results of the flow simulation were then 

exported into simulation models where there were structural studies on the beam to 

which the piezoelectric patch was attached. The static study looked at the overall 
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deflection of the harvester after being subjected to the water flow. Next, the non-linear 

dynamic study used the pressure difference caused by the water flow on the structure 

(‘flow effects’) to visualize the change in the stress, strain, and deflection over time; 

from this, the maximum and average values of the parameters were noted down and 

compared between each configuration. The frequency study looks at the mode shapes 

and resonant frequencies of each configuration; from there the probe function was able 

to measure the resultant amplitudes and compare the maximum, average, and sum 

values of each node.  

The four main bluff-body shapes evaluated are shown in Figure 24. During the 

Simulation study, there may have been different parameters changed such as the angle 

of corners3, angle of rotation along the axis4 , and size ratios5 – all parameters 

maintained the same mass properties. In these orientations, the shape comparison used 

will have the cylinder bluff body as the control shape since it does not have parameters 

that can be changed and can be assumed to have the same performance throughout.  

 

  

 

3 An equilateral triangle was converted into an isosceles triangle by varying the angle at the tip while 
changing the base sizes to meet the mass change uniformity in an attempt to see the difference in the 
‘angle of attack’ or how sharp the edges were when water came into contact with the shape 
4 In the case of the ellipse, triangle and square shaped bases, their axis was rotated along the center 
to study the effects of object bluntness/sharpness on the performance of the energy harvester as well 
as attempting to create pressure difference to either side of the water flow 
5 The height and width ratios of the ellipse was varied to investigate the best performance by varying 
the bluntness/sharpness of the contact with the water flow 
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(a) (b) 

 

 

 

 

 

(c) (d) 

Figure 24 Bluff Body Shapes Investigated; (a) Cylinder; (b) Triangular; (c) Ellipse; (d) 

square/cuboid 

 

A preliminary study was conducted before beginning the design modeling and finite 

element analysis simulations. This was primarily done to provide uniformity during the 

simulation setups such that extraneous settings and variables do not negatively impact 

the findings and analysis. The following list below contains the preliminary tests 
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conducted and their summarized findings: 

• The shapes were tested for various flow speeds to ensure that the same mode 

shape was produced at the ranges between 0.2 to 1.3 m/s of water velocity. All 

the tested velocities show the same first mode shape where the resultant 

amplitude transverse oscillation to the water flow.  

• During the study of the triangle-shaped bluff-body, the beam placement on the 

bluff-body at the bonded layer was varied. Specifically, the distance from the 

front edge of the beam (where the piezoelectric patch would be attached to) to 

the front tip distance of the triangle was varied between 5mm to 23mm - 

values were chosen so that the beam was not placed outside of the boundary of 

the triangle. After running the frequency study on these various positions, the 

results showed that there wasn’t a lot of change from the resultant and maximum 

resultant amplitude with the highest deviance at 0.5%, which can be attributed 

to the computing accuracy and error margins. 

• The angle of rotation (of the beam and margin) is was varied from 0° to 90° for 

shapes that have both a sharp edge and a wide surface (i.e. triangle and square) 

as shown in Figure 25. The results from the frequency study show that the 

rotation has no visible change to both the maximum and average resultant 

amplitude.  

 

  

𝜽 𝒙 
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(a) (b) 

Figure 25 Preliminary Study of Varying Variables; (a) Changing the Angle of Rotation; 

(b) Distance from Edge 

 

5.3.2 Optimization of the triangular bluff body 

 

The triangular shape was first made using an equilateral triangle with its 

position placed in the middle of the axis of the beam. The study in optimizing the 

geometry of the triangle mainly differed in the angle of rotation from the axis ( Figure 

26 (a)), placement of the beam on the triangle (Figure 26(b)), and angle of the triangle 

tip (Figure 26 (c)).  

  

     

(a) (b) (c) 

Figure 26 Parameters of change for optimization study; (a) Rotation about the axis; (b) 

Distance of beam on bluff-body; (c) Internal angle variation 

 

For the study of the angle of attack through rotation of the beam along the axis 

the effect of the potential pressure difference between either side of the beam normal 

to the water flow was studied. During the frequency study comparison at the natural 

frequency of the harvester, there was no discernable change between the average and 

maximum resultant amplitude when changing the rotation angle. Moreover, beam 
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placement on the equilateral triangular bluff-body was studied; the distance was varied 

between 5mm to 23mm and was constrained so that the beam was not placed outside 

the boundaries of the bluff-body. However, the results of the frequency study indicated 

that at resonance, the placement of the beam did not affect the average and maximum 

resultant amplitude by a difference higher than 1.2%. The final configuration applied 

to the triangle bluff body varied the internal angle at the tip where the edge impacting 

fluid is varied from 16 to 75 degrees. This configuration change had the highest impact 

on the difference in average and maximum resultant amplitude with 4.95% and 8.62%, 

respectively. The conclusion from this optimization study was that the tip ranges 

between 40 to 65 degrees were the most optimal internal angle for isosceles triangle 

bluff-bodies in the parameter change shown in Figure 27. Further optimization studies 

into the triangular bluff body will require electromechanical coupling parameters by 

including a resistor across the piezoelectric energy harvester.  

 

 
 

(a) (b) 

Figure 27 Resultant Amplitude for Varying Triangular Internal Tip Angle; (a) Average 

Resultant Amplitude; (b) Maximum Resultant Amplitude 

 

5.2.3 Optimization of elliptical bluff body 

After evaluating a cylindrical shape bluff body and not having any parameters 
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to change, the ellipse shape was used because the ratio of height (a) to width (b) could 

be varied as well as the rotation around the axis. The following results outline the 

simulation findings for the ellipse shape for the varying size ratios as shown in Figure 

28. The results of the preliminary testing for the ellipse ratio are shown in Figure 29 

and Figure 30. 

The study of the ellipse looked at the effect the difference in the length and 

width sizing parameters had on the performance of the bluff-body attached to the energy 

harvester. The frequency study demonstrated a small difference in varying ellipse sizing 

with the 1x ratio (circle) performing the worst and 2.5x performing the best at a 

difference of approximately 0.5% in the resultant amplitude. Also, the 2.5x ellipse 

sizing provided the highest strain on the beam after only 1 second in the dynamic 

simulation.  
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Figure 28 Ellipse Size Ratio Geometry Study Optimization (a/b) 

 

Table 5 Frequency Simulation for Different Ellipse Size Ratios 

Shape 

Ratio 

Size (a/b) 

Mass 

Properties 

(g) 

Resonant 

Frequency 

Sum 

AMPRES 

Average 

AMPRES 

Maximum 

AMPRES RMS 

0.5 120.72 25.22 1238.00 0.5125 1.409 0.6719 

1 120.71 25.333 1245.00 0.5154 1.416 0.6756 

1.5 120.73 25.369 1247.00 0.5164 1.419 0.6768 

2 120.70 25.396 1248.00 0.517 1.42 0.6777 

2.5 120.72 25.407 1058.00 0.5178 1.421 0.6793 

3 120.72 25.413 1061.00 0.5166 1.421 0.6751 

3.5 120.72 25.419 1061.00 0.5168 1.421 0.6753 

4 120.72 25.426 1061.00 0.517 1.422 0.6756 
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Figure 29 Dynamic Stresses of Different Ellipse Size Ratios during Non-Linear 

Simulation Study at 1s 

 

Figure 30 Dynamic Strain of Different Ellipse Size Ratios during Non-Linear 

Simulation Study at 1s 

 

From Table 5, Figure 29, and Figure 30, it can be seen that the 2.5 ellipse size 

orientation under the frequency study provided the highest average resultant amplitude 
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for the first mode and a relatively high maximum resultant amplitude. Moreover, when 

looking at the non-linear dynamic study, the 2.5 ellipse size ratio also has a high stress 

and strain output compared to the rest of the sizes. That is to say that the 2.5 size ratio 

provides the best ellipse performance if the 0.5 ellipse size ratio is neglected, where it 

is expected to have the higher deflection due to having a wider surface area for contact. 

Table 7 - Table 8 and Figure 31 - Figure 34 show the summarized results of the study.  

While the main objective of such a study is to observe the best performance 

under resonance (a setting that ideally would net the highest energy harvesting), it is 

also important to compare that to potential stresses that are exerted on the structure to 

visualize points of failure or fatigue. A summary of the parameters that were changed 

and observed during the optimization study is shown in Table 8. 

 

5.2.4 Bluff Body Shape Selection  

 

While the main objective of this study is to investigate several factors that can 

improve the hybrid energy harvester, it is also important to compare that to potential 

stresses that are exerted on the structure to visualize potential areas of failure or fatigue, 

while a strain can be used to correlate piezoelectric performance. ‘Triangle reverse’ 

refers to a reverse flow direction, ellipse sizes were varied in size and angle of attack 

by 45 degrees and ‘square’ uses a bluff body in the shape of a square.  

Figure 31 and Figure 32 looked at the normalized frequency response of 

different bluff bodies with identical masses and measured the resultant amplitude at the 

beam. The results show average nodal values as well as the maximum nodal value along 

the beam which correlates to the energy harvesting piezoelectric patch that would be 

attached. The maximum resultant amplitude produced by the shape of the ellipse with 

the 2.5 size ratio for the average and maximum was visibly higher than the other shapes. 
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While the ellipse did not generate a significant amount of turbulence based on the CFD 

study in comparison to the triangle or the cylindrical bluff body, this highlights that the 

mechanical structure also plays a significant role in the energy harvesting performance 

under resonance. 

The ellipse that was rotated at an orientation of 45 degrees on the axis has the 

highest measurable stress, this is likely due to the structure that channels the water flow 

more along one side and generates a higher-pressure difference across both sides which 

leads to a higher dynamic deflection and forces the formation of vortices and turbulence 

behind the bluff body. Although the vortex shedding phenomenon for a cylinder bluff 

body is a well-researched topic, the effects of wake galloping after the onset minimum 

velocity have shown how triangular bluff bodies can also harvest more energy. Also, 

the placement of the beam on the bluff body highlights the opportunities for more 

optimization that enables the elliptical bluff body to produce small turbulence to have 

the highest average resultant amplitude under resonance. 

Overall, the simulation study showed that the bluff-body with a triangle and 

ellipse shape outperforms the cylinder orientation at 1.24m/s velocity when comparing 

values that correlate to the potential energy harvested by a piezoelectric beam that the 

initial model was developed on. Both the fluid and structural interaction because of 

vortex shedding also plays a significant role in the bluff-body’s performance to generate 

the vibration required to excite the energy harvester. Consequently, the triangle-shaped 

bluff body has an abrupt change in which the flow of water generates vortices because 

of the discontinuity in the wake of the edges of the shape. The overall pressure 

difference around the shape leads to vortex-induced vibration on the structure 
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Table 6 Parameters changed during the optimization study 

Parameters Varied Bluff Body Shape Range of Variation 

Rotation about the central axis 

Triangle 0° to 90° 

Ellipse 0°, 45°, and 90° 

Quadrilateral 0° (square) and 45° 

Beam placement from the edge 

of the body 

Triangle 5𝑚𝑚 to 23𝑚𝑚 

The internal angle relative to 

fluid flow 

Triangle 16° to 75° 

Size ratio (length/width) Ellipse 1 to 4 

 

 

Table 7 Comparison of Frequency Simulation Study for Various Shapes 

Shape 

Type 

Mass 

Properties 

(g) 

Resonant 

Frequency 

Sum 

AMPRES 

Average 

AMPRES 

Maximum 

AMPRES RMS 

Triangle 

Edge (50 

deg) 120.71 25.314 1006.00 0.5149 1.423 0.6751 

Triangle 

Normal 

(50 deg) 120.71 25.311 1454.00 0.5147 1.423 0.6745 

Cylinder 120.71 25.333 1245.00 0.5154 1.416 0.6756 

Ellipse 

(2.5x 

point) 120.72 25.407 1058.00 0.5178 1.421 0.6793 



 

67 

Table 7 Comparison of Frequency Simulation Study for Various Shapes 

Ellipse 

(0.5x flat) 120.72 25.22 1238.00 0.5125 1.409 0.6719 

Ellipse 

(45deg 

rot.) 120.72 25.284 1242.00 0.5141 1.413 0.6739 

Diamond 120.70 25.331 1007.00 0.5156 1.416 0.676 

Square 

Normal 120.70 25.336 1007.00 0.5155 1.416 0.67 

 

 

Table 8 Comparison of Various Bluff Body Shapes after 1s in Nonlinear Dynamic 

Study 

Shape 

Type 

Mass 

Properties 

Max. 

Stress (Pa) 

Average 

Stress (Pa) 

Max. 

Strain 

Average 

Strain 

Max. 

Amplitude 

(mm) 

Triangle 

Edge (50 

deg) 120.71 5.03E+05 1.43E+05 

5.53E-

06 1.76E-06 1.84E-03 

Triangle 

Normal 

(50 deg) 120.71 8.63E+05 2.52E+05 

9.86E-

06 3.09E-06 5.70E-03 

Cylinder 120.71 4.67E+05 1.34E+05 

1.64E-

06 5.15E-07 1.26E-03 

Ellipse 

(2.5x 

point) 120.72 7.04E+05 3.299E+05 

2.232E

-06 

1.012E-

06 9.602E-03 
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Table 8 Comparison of Various Bluff Body Shapes after 1s in Nonlinear Dynamic 

Study 

Ellipse 

(0.5x flat) 120.72 8.30E+05 2.37E+05 

2.76E-

06 9.16E-07 1.84E-03 

Ellipse 

(45 deg 

rot.) 120.72 2.766E+06 1.274E+06 

8.683E

-06 

3.911E-

06 3.683E-02 

Diamond 120.70 7.62E+05 2.172E+05 

9.028E

-06 

2.669E-

06 4.980E-03 

Square 

Normal 120.70 6.882E+05 1.739E+05 

7.420E

-06 

2.057E-

06 1.048E-02 
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Figure 31 Average Resultant Amplitude of Different Shapes during Frequency 

Simulation Study 

 

Figure 32 Maximum Resultant Amplitude of Different Shapes during Frequency 

Simulation Study 
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Figure 33 Dynamic Stresses of Different Shapes during Non-Linear Simulation Study 

at 1s 

 

Figure 34 Dynamic Strain of Different Shapes during Non-Linear Simulation Study at 

1s 

 

To summarize the different shape types; the triangle edge is where the water 

flow hits the corner of the triangle; triangle normal is the orientation where water flows 

in the reverse direction and hits the bluff-body at back (the largest surface area); ellipse 

describes the ellipse-shaped bluff-body with a ratio of 2.5 (length/width) at the corner; 

while 0.5 (length/width) is the orientation where the ellipse is oriented such that the 

largest surface area comes into contact first; diamond orientation is where a 
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quadrilateral bluff-body orientation has the corner pointing towards the water first, and 

square normal is where the water comes into contact with the larger surface area of the 

flat side of the shape. From the frequency study graphs above, the maximum amount 

produced by the shape of the ellipse with the 2.5 size ratio during average resultant 

amplitude has a high maximum resultant amplitude when compared to the other shapes 

(and outperforms the control shape of a cylinder). Also, the ellipse that was oriented to 

45-degree shows as having the highest stress, this is likely due to the larger surface area 

encountering the water flow and causing the water separation that leads to a higher 

dynamic deflection due to the pressure difference. Moreover, this orientation generates 

more stress than the larger contact surface area in the 0.5 size ratio; this hints the fluid 

mechanics' properties play a more significant role than the mechanical shape – this is 

despite the wider ratio exhibiting poor performance in the frequency study.  That is to 

say that the fluid properties of the turbulence and wake formation also play a major role 

in the oscillator’s configuration to generate the vibration required to excite the energy 

harvester. From the above study, it seems that despite the normal water flow (where 

water is hitting the largest surface area) for the orientation of the triangle and square, 

the performance of these oscillators does not change under resonance.  

Overall, the progress thus far on the piezoelectric and electromagnet coupled 

energy harvester has shown acceptable results and findings for optimizations. The 

MATLAB code has been used to observe the expected response of both methods of 

generating electricity which was drawn from the derived equations. Afterward, the 

SolidWorks platform was used to visualize the oscillations and estimate structural 

properties that are exerted from the water flow. After completing the preliminary study, 

variables were fixed and controlled since the findings for changing some variables did 

not significantly impact the findings and would not need to be optimized. All the shapes 
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exhibit the same first mode shape for a fixed range of water flow exiting the oscillator; 

that is, having a transverse amplitude that resonates with the water flow. By running an 

optimization study, the different oscillator shapes showed that the performance of the 

ellipse with a size ratio of 2.5 performed the best during resonance with the frequency 

study as well as the strain experienced from the non-linear dynamic study.  

 

5.2.2 Voltage Output FEA Simulation of Hybrid Energy Harvester 

 

The structural response of the vortex-induced vibration on the structure was 

modeled by ANSYS Academic 2020R2. Force coefficients from the CFD simulation 

were coupled afterward to the Finite Element Simulation with the same timestep and 

direction. Blevins [47] highlighted that the structural response can be modeled as forced 

response inputs with generally good accuracy. The values for voltage and velocity were 

recorded for the piezoelectric and electromagnetic systems.  

The piezoelectric modeling was performed with a piezoelectric solver extension 

using two 2814-P2 and one 0714-P2. The results of the simulation were compared to 

previous work with good convergence [17,98,99]. The constitutive equation of 

piezoelectric materials expressed in stress-charge form is expressed as [84]: 

{
{𝑇}

{𝐷}
} = [

[𝑐𝐸] [𝑒]

[𝑒]𝑇 −[𝜀𝑆]
] {

{𝑆}

{𝐸}
} Eq. 44 

Where {𝑇} represents the stress, {𝐷} the electric flux density, [𝑐𝐸] elasticity at 

a constant electric field, [𝑒] piezoelectric stress, [𝜀𝑆] dielectric matrix at constant 

mechanical strain, {𝑆} elastic strain vector and {𝐸} electric field intensity vector.  

The material properties of the isotropic aluminum alloy substrate and the piezoelectric 

macro-fiber composite modeled after Smart Materials P2 (d31 effect) are shown in Table 

9. 
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Table 9 Modeled Properties of MFC-P2 

Material Property Coefficient Value 

Stiffness (109 Pa) 𝑐1̅1
𝐸 = 𝑐2̅2

𝐸  168 

𝑐2̅1
𝐸  110 

𝑐3̅1
𝐸 = 𝑐3̅2

𝐸  99.9 

𝑐3̅3
𝐸  123 

𝑐4̅4
𝐸  28.8 

𝑐5̅5
𝐸 = 𝑐6̅6

𝐸  30.1 

Relative 

Permittivity 

𝜀11 = 𝜀22 1902 

𝜀33
𝑆  1850 

Piezoelectric 

constants 

𝑒31 -10 

𝑒33 2.59 

𝑒15 0.1 

 

 

5.2.3 Dual-Mass Frequency Tuning 

 

A piezoelectric-electromagnetic energy harvester is more efficient when 

harvesting energy near the natural frequency of the system because of the large 

amplitude displacements. Modal analysis of the proposed hybrid energy harvesters was 

performed where 𝜔1 and 𝜔2 depicts the first mode shape for the primary and secondary 

systems, respectively. The resonance frequency values of the first mode shape for all 

configurations are shown in Table 10, and the mode shape, when submerged in water, 

is calculated using the synchronization equation. The piezoelectric volume and mass in 
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the dual-mass configuration were maintained by using the same dimensions of bluff 

bodies, substrate beams, piezoelectric patches, and magnet. To save computational 

time, the viscous effects of the submerged structures were simplified by adding extra 

mass on the bluff body so that its natural frequency can be reduced to match the vortex 

shedding frequency, which can be modeled with a low mass-damping ratio.  

 

Table 10 Energy Harvester Structural Natural Frequency for Dual-Mass Systems 

Configuration 

Primary System Secondary System 

𝑓𝑛,1 

[Hz] 

𝑓𝑛,𝑤1 

[𝐻𝑧] 

𝑓𝑛,2 

[Hz] 

𝑓𝑛,𝑤2 

[Hz]  

SDOF (Figure 5) 1.85  1.64 − − 

U-Beam Dual Mass (Figure 

8a) 

1.83  1.62 21.2  18.8 

VB (Figure 9a) 1.84  1.63 27.6 24.5 

LV-HB (Figure 9b) 1.86  1.65 27.7 24.6 

LV-VB (Figure 9c) 1.85 1.64 27.6 24.5 

LH-VB (Figure 9d) 1.87  1.66 22.1 19.6 

LH-HB (Figure 9e) 1.86 1.65 29.0 25.8 

Main Oscillator System 21.2 

Secondary Oscillator System 29.9 

 

The shedding frequency generated by vortex-induced vibration has been shown 
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to come with two distinct frequencies: one transverse and one inline. It has also been 

well-documented that the inline frequency is double the transverse frequency. While 

the inline frequency and magnitude are not big enough to overcome the substrate beam 

stiffness, tuning the structural natural frequency to operate in this region can increase 

the performance of the energy harvester. The dual-mass harvester can maximize the 

energy harvested by targeting the transverse frequency for the main system and the 

inline frequency for the secondary system. The L-vertical cascade system was selected 

for this orientation to target the dual channel frequency, as shown in Figure 35 (a). The 

secondary beam had to be optimized to match 𝜔2 with 𝑓𝑖𝑛𝑙𝑖𝑛𝑒. To achieve the inline 

frequency presented in low-velocity flow, the material was changed from aluminum to 

high-impact ABS for a tuned secondary beam. The tuned beam was applied for the LV-

VB, LH-VB, and LH-HB configurations shown in Figure 35 (b), Figure 35 (c), and 

Figure 35 (d), respectively.  

 

 

(a) 
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(b) (c) (d) 

Figure 35 Dual Frequency Tuning; (a) In-Line Frequency Schematic; (b) Configuration 

LV-VB; (c) Configuration LH-VB; (d) Configuration LH-HB 

 

Varying the beam shape also affects the voltage output during piezoelectric 

energy harvesting [8].  The target parameters for dual frequency optimization for this 

structure are shown in Table 11. 

 

Table 11 Dual frequency design target for tuning cascaded configuration 

Parameter Main (f1) Secondary (f2) 

𝑓𝑛 1.87 𝐻𝑧 3.74 𝐻𝑧 

𝑓𝑛,𝑤 1.76 𝐻𝑧 3.52 𝐻𝑧 

Onset 

Synchronization 

𝑈𝑆𝑦𝑛𝑐
∗  5 2.5 

𝑈𝑆𝑦𝑛𝑐 0.510 𝑚/𝑠 0.255 𝑚/𝑠 

𝑓𝑣𝑜𝑟𝑡𝑒𝑥 1.76 𝐻𝑧 3.52 𝐻𝑧 
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CHAPTER 6: EXPERIMENTAL WORK 

6.1 Experimental Setup 

 

The water channel experiment is performed to investigate the hydrodynamic 

effects on the hybrid energy harvester performance. The experimental setup was 

performed on an Armstead's open channel water tank setup with an adjustable gate and 

valve to control both the water velocity and height. The experimental measurements 

were placed away from the tank's inlet to allow for a fully developed flow in the 

channel. The measurements were secured by a T-beam clamped to the top of the setup. 

The experimental setup is shown in Figure 36 and Figure 37. 

 

 

Figure 36 Open Channel Water Tank Schematic 
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(a) (b) (c) 

Figure 37 Experimental setup: (a) energy harvester module (b) fully submerged energy 

harvester with data acquisition (c) pipe-submerged energy harvester 

 

The data collection and analysis data flow are shown by the signal block 

diagram highlighted in Figure 38. 

 

 

Figure 38 Experimental setup signal block diagram 

 

The experiment was carried out on an open channel research flume developed 

by Armfield, the setup and details are attached in Figure 39. Water is pumped into the 

channel, and velocity is adjusted through a shunt on the motor. Water level can also be 

varied through a gate just before the outlet and can be used to adjust the adequate water 
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level to reach the bluff body. 

 

Figure 39 Experimental setup schematic of DAQ 

 

6.2 Tandem Magnetically Coupled Experiment 

 

The tandem magnetically coupled vibration-based energy harvester is shown in 

Figure 40. 

 

 

Figure 40 Assembly Tandem Energy Harvester 

 

The performance can be enhanced by harvesting near the natural frequency (𝜔𝑛) 
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of the system. At this point, the bluff body oscillations reach a maximum and 

piezoelectric strain can be converted to voltage in large magnitudes. Table 12 shows 

the measured natural frequencies of the energy harvester in air and still water. The 

expected natural frequency in still water is calculated by taking the hydrodynamic 

effects of the water into account [61]. For the non-magnetically coupled normal tandem 

harvester, 𝜔𝑛𝑤,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 was about 6% to 13% higher than the value of  

𝜔𝑛𝑤,𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙.  

 

Table 12 Natural frequency of tandem energy harvesters 

 Normal Tandem 

Harvester 

Magnet Tandem 

Harvester 

Measured natural frequency in air  

(𝜔𝑛,𝑎𝑖𝑟) 

8 Hz 9 Hz 

Expected natural frequency in still 

water (𝜔𝑛𝑤,𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙) 

5.66 Hz 6.37 Hz 

Measured natural frequency in still 

water (𝜔𝑛𝑤,𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙) 

5 Hz 6 Hz 

Water velocity corresponding to 

natural frequency (𝑈𝜔𝑛𝑤) 

0.53 m/s 0.63 m/s 

 

The experiment first measured the response of a single piezoelectric system, the 

Fast Fourier Transform analysis is shown in Figure 41. The harvester operates at a low 

frequency, this is advantageous because a lower mass ratio can help with VIV 

oscillations [72]. Since the energy harvester was designed for low frequency and first 

resonance point, the analysis only looked at a maximum of 12Hz.  



 

81 

 

Figure 41 Frequency Response of Normal Tandem Mass Energy Harvester 

 

Afterward, the tandem magnetically coupled system is inserted into the water 

tank and the voltage output is recorded via DeweSoft Data Acquisition System, and the 

water velocity is also recorded at each reading. Table 13 represents the root mean square 

voltage output over the measuring range for a single energy harvester (SEH) and DEH. 

Only one value of SEH was taken for reference and the remaining study was performed 

on DEH configuration. 

 

Table 13 Comparison between single and double energy harvesters 

Water 

Velocity 

(m/s) 

Maximum Voltage Output 

(V)  Magnet 

Enhancement 

(%) SEH 

Normal 

DEH 

Magnet 

DEH 

0.200 0.170 

   
0.224 

 

0.161 0.578 259% * 

0.331 

 

0.367 0.247 -32.7% 

0.390 

 

0.56 3.92 600% * 
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0.446 

 

8.07 3.60 -55.4% 

0.541 

 

2.33 1.75 -24.9% 

* Visible broadband enhancement out of synchronization area 

 

 

Table 13 shows that as the velocity increases, the amount of vibration also 

increases as more vortices as formed and is high when close to the natural frequency. 

The main drawback of a narrowband energy harvester can be seen when comparing a 

single harvester to a tandem harvester where the performance is extremely limited. The 

importance of synchronization is clear when the peak output of the normal DEH in 

linear resonance is equal to 8.07V.  The reason for the lower RMS voltage in DEH 

compared to SEH at lower velocities is due to vortex formation suppression but also as 

a result of the “added stiffness” nonlinear effect the magnets exerted. This added 

nonlinearity from the magnets helped improve the broadband response but shifted the 

natural frequency of the system such that the original vortex shedding frequency no 

longer experiences resonance at 0.446 m/s velocity flow. The addition of the magnet 

has improved the RMS voltage performance, even at lower water velocities, by 259% 

and 600% for 0.224 m/s and 0.39 m/s. Despite this, the normal tandem harvester 

outperformed the magnetically coupled harvesters at 25-55% when close to resonance. 

The frequency performance is shown in Figure 4 through a Fast Fourier Transform 

(FFT). Here, the outlined harvestable zone is the area where efficiency for the energy 

harvester configuration is near to maximum. The normal harvester shown in Figure 41 

has a narrow window for enhancing performance whereas the magnetic harvester in 

Figure 42 has a wider window and can be used for the design of variable flow velocities. 

The synchronization region of the energy harvester has been increased by 35% with the 

use of magnets placed 20mm apart. 



 

83 

 

Figure 42 Frequency Response of Magnetically Coupled Tandem Mass Energy 

Harvester 

 

6.3 Hybrid Energy Harvester 

6.3.1 Setup 

 

The maximum field strength is reached in the middle of the total wire coils when 

implementing an electromagnetic core. By implementing multiple stages, the proposed 

cores will have multiple concentration points of maximum strength and, therefore, can 

help enhance the hybrid harvester's performance. In total, 204 coils were used in the 

core and were kept constant throughout the different configurations, as shown in Figure 

43, and the hybrid energy harvester is shown in Figure 5. 
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(a) (b) (c) 

Figure 43 Internal electromagnetic core configurations: (a) 1-stage; (b) 2-stage; (c) 3-

stage 

 

As shown in Figure 43, the various stages of the electromagnet allow for 

multiple local maximum magnetic fields at the coil center. Maximizing the performance 

of the electromagnetic oscillator is possible by comparing the voltage output between 

the different multiple stages. Multiple-stage electromagnetic coils can create a larger 

flux change rate, leading to a higher output voltage [67,100,101].  

To display the full implementation of the hybrid energy harvester in internal 

fluid flow, a second experiment was conducted to test and compare the performance 

underwater. The macro fiber composite plates were insulated from the water inside the 

pipe to protect them from erroneous readings. A transparent pipe setup was used to 

observe the oscillations of the bluff body as shown in Figure 37. The circular pipe and 

measurements were placed far from the inlet of the water tank to allow for the fully 

developed flow shown in Figure 44. Because of the transition from an open channel to 

a pipe configuration, more turbulence is caused at the pipe's inlet. The entrance length 

for the circular pipe was shorter than the recommended entrance length to develop the 

new velocity profile due to limitations in the experimental setup. Nevertheless, the 

actual velocity profile will influence the open channel and tend to be faster near the 
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surface level than in the middle where the bluff body lies. Figure 44 shows the transition 

of a velocity profile for a fully developed flow transitioning from an open channel to a 

circular pipe.  

 

 

Figure 44 Velocity profile in a fully submerged experimental setup 

 

6.3.2 Synchronization and Natural Frequency  

 

Based on the equations, the added components of submergence in water can 

shift the natural frequency of the hybrid harvester. Since the geometry of the energy 

harvester is small, the hydrodynamic effects on the natural frequency may be limited 

and might be approximated using a correction factor. Because the harvester is modular 

and allows for easy swapping of the electromagnetic coils, they are assumed to have 

the same natural frequency due to a small deviation in mass for each configuration. The 

measurements shown in Table 14 were taken using a 2-Stage EM. Measurements were 

taken over an average of 10 readings using 0.1 Hz sensitivity, for the frequencies 

involved in this study, this makes up 2% of the expected value. 
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Table 14 The natural frequency of energy harvester at different submergence depths 

(pipe) 

Dry Air Partially  

Submerged 

Fully  

Submerged 

Pipe 

Submerged 

𝜔𝑒𝑥𝑝 𝜁𝑒𝑥𝑝 𝜔𝑝𝑠,𝑡ℎ𝑒𝑜 𝜔𝑝𝑠,𝑒𝑥𝑝 𝜁𝑝𝑠,𝑒𝑥𝑝 𝜔𝑓𝑠,𝑡ℎ𝑒𝑜 𝜔𝑓𝑠,𝑒𝑥𝑝 𝜁𝑓𝑠,𝑒𝑥𝑝 𝜔𝑝𝑝,𝑒𝑥𝑝 𝜁𝑝𝑝,𝑒𝑥𝑝 

4.5 Hz 0.1 3.4 Hz 3.3 Hz 0.135 3.4 Hz 3.2 Hz 0.12 3.9 Hz 0.18 

 

The results highlighted that the theoretical equations and discrete system 

modeling could predict the system's natural frequencies. While the entire system is 

underdamped, the added hydrodynamic effects reduce the natural frequency for the 

partially and fully submerged system compared to the dry natural frequency that arises 

from the added mass. Also, the added damping effect is seen. The added boundary 

effects are seen for a pipe-submerged system as the wet natural frequency is higher than 

the submerged system with a wider boundary. The results indicate an added stiffness 

and damping coming from the pipe boundary that is not present when observing the 

partially and fully submerged systems. The effects of synchronization significantly 

affect the overall energy harvesting performance of the hybrid energy harvester. Once 

the vortex shedding frequency matches the structural natural frequency in still water, 

there is a 'lock-in' region whereby the amplitude of the oscillations increases to a 

maximum and is advantageous for vibration-based energy harvesting.  

The vibration difference comparison is highlighted in Figure 45 (a) and (b), 

which showed an overall difference of before, during, and after synchronization in the 

time-domain and frequency-domain, respectively. Under synchronization, the vortex-

shedding frequency is close to or at the structural natural frequency in still air and 

results in a significant increase in vibration amplitude like that seen in resonance for a 
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vibration-based energy harvester [102]. Unlike pre-synchronization, where the output 

voltage is less overall and post-synchronization, where there is a period of low voltage 

output, 'lock-in' region oscillations have more energy, and the feedback results in 

consistently high voltage output. 

 

(a) 

 

(b) 

Figure 45 Synchronization effects for piezoelectric only energy harvester; (a) time-

domain; (b) frequency-domain 

 

The connection of the BNC channels to the 2-stage and 3-stage of the 

electromagnet affects the voltage output as shown in Figure 46. Parallel connections 

gave the lowest output, while separate and series channel connections had a higher 
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output. For this experiment, each electromagnet stage is connected to a separate BNC 

channel so that the effects at each channel can be monitored and compared. The time 

history for both the piezoelectric and electromagnet harvesting system at resonance is 

shown in synchronization. The effects of multiple stages are seen to increase the overall 

energy harvesting property positively. 

 

  

(a) 

  

(b) 

  

(c) 

Figure 46 Time-history plots of different hybrid energy harvester stages at resonances: 

(a) 1-Stage Hybrid; (2)-Stage Hybrid; (c) 3-Stage Hybrid 
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The performance analysis for a partially submerged hybrid energy harvester is 

shown in Figure 47 for piezoelectric only (without an internal electromagnetic system) 

and different electromagnetic system stages are shown in Figure 48 for RMS Voltage 

values for a partially submerged setup (up to the top of the bluff body). The impact of 

the synchronization region is seen where maximum voltage output occurs near the 

structure's natural frequency. The hybrid energy harvester output is 18%-23% more 

than the conventional piezoelectric-only harvester when submerged only in the bluff 

body. Furthermore, the synchronization for the hybrid system starts at a lower velocity 

compared to the piezoelectric-only configuration. While the mass presented in the EMH 

system did improve the overall performance, the added mass shifted the 'lock-in' region 

to a lower velocity. At higher velocities, the performance of the hybrid energy harvester 

fluctuated because the effects of the boundary condition with the tank at higher 

velocities started to influence the vortex-shedding. This is seen for velocities above 

0.55 m/s, where the declining trend jumps slightly. The effect of the boundary leads to 

different interactions between vortex-induced vibration and even suppression of vortex 

development.  

 

Figure 47 Performance analysis for partially submerged hybrid energy harvester 
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The best-performing one can be selected for further design considerations by 

comparing the different electromagnetic configurations. The electromagnetic 

performance analysis was compared between the three applicable stages and is 

highlighted in Figure 48. There is a performance difference in coiling configurations, 

notably for the increase between 1 stage to 2 stages where there was a noticeable 

increase. However, the difference between 2-stage and 3-stage electromagnetic cores 

only increased by 34%. The smaller performance increase could be because the spacing 

(2mm) and the reduced number of coils limit each stage's output voltage. The use of 

dual magnets with a staged electromagnet system further helps the change in magnetic 

flux.  

 

 

Figure 48 Electromagnetic configuration performance analysis for partially submerged 

hybrid energy harvester 

 

The performance analysis of the hybrid harvester can further be compared in 

the frequency domain shown in Figure 49. A distinct peak can be seen for all the 

configurations at resonance corresponding to the system's natural frequency. The peaks 

agree with Table 14, which shows that the discrete model approximation for natural-
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frequency tuning is applicable in this application. The harvestable zone is characterized 

as the 'lock-in' region for an elastically mounted cylinder oscillating with vortex-

induced vibrations for the velocity range of 0.2 m/s – 0.7 m/s. The narrowband 

performance is visible for a beam-coupled system with its distinct natural mode shape. 

Compared to a piezoelectric-only measurement, the added mass of the electromagnetic 

system has shifted to a lower natural frequency. It allows for potential energy harvesting 

from low-velocity fluid flow applications. In comparison, the addition of the 

electromagnet has given the hybrid energy harvester a higher performance than the 

conventional piezoelectric-only system.  

 

Figure 49 Frequency response of partially submerged hybrid energy harvester 

 

6.3.3 Effects of Submergence Depth on Energy Harvesting 

 

In this section, the results of different boundary conditions are compared. The 

results for a partially submerged system were taken from the previous section. All 

measurements used a 2-stage internal electromagnet energy harvesting system as it 

performed the best in the partially submerged experiments. The results of the RMS 

voltage output at different measurable velocities were compared for the hybrid output 

in  Figure 50. The damping effect is seen where the pipe-submerged system presented 
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the lowest overall hybrid performance system while the partially submerged presented 

the best. The performance output between partially submerged and fully submerged 

systems dropped by about 71%. This highlights the importance of hydrodynamic effects 

on the PZT patch.  

 

 

Figure 50 Hybrid energy harvester performance at different boundary conditions 

 

However, fully, and pipe-submerged energy harvesters had a higher voltage 

output at higher velocities than the partially submerged output and were more sensitive 

to synchronization effects. On a logarithmic scale, the partially submerged EMH did 

not present a notable change when under resonance as shown in Figure 51. These results 

suggest that the energy harvesting properties inside the bluff body performed more 

favorably with the hydrodynamic effects acting on the substrate beam. 
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Figure 51 Performance of electromagnetic energy harvester at different boundary 

conditions 

 

Figure 52 shows the frequency-domain plot of the HEH and supports the values 

in still water presented in Table 14. The higher damping ratio effects are seen for the 

fully submerged system and the pipe submerged. Furthermore, the differences in the 

added stiffness and damping represent the natural frequency shift. However, the peak 

natural frequency for the pipe-submerged system was slightly higher than the reported 

value, suggesting that the pipe boundary condition has a more significant impact in 

flowing water than it does in still water. This can be considered when tuning an energy 

harvester for pipe applications. A 3D plot showing the effects of synchronization in the 

frequency domain for the different boundary conditions is shown in Figure 53.  
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Figure 52 Velocity-averaged voltage output frequency domain for hybrid energy 

harvesters at different boundary conditions 

 

Figure 53 represents the discretized frequency spectrum and can be seen as a 

performance output summary of the different submergence boundary conditions at 

different velocities.  
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Figure 53 Frequency Response of Energy Harvester Configurations: (a) Partially 

Submerged Hybrid, (b) Fully Submerged Hybrid; (c) Pipe Submerged Hybrid; (d) 

Partially Submerged Piezoelectric Only. 

 

Figure 53 (a) and Figure 53 (d) represent the partially (bluff body only) 

submerged plots where the voltage output was much higher than the other boundary 

conditions. The addition of the electromagnetic system has shown an overall increase 

in the peak amplitude at synchronization and can enter the region at a lower water 

velocity which is ideal for low-velocity applications. The literature has also reported 

the reduced onset velocity of higher tip masses for VIV applications [14,32,77]. 

Alternatively, removing an internal system and only utilizing the conventional 

piezoelectric can improve the system's overall bandwidth at the cost of synchronization 

peak amplitude. This tradeoff between the bandwidth and the peak amplitude is often 

used as an optimization parameter for energy harvesting of piezoelectric systems 

[16,66]. Figure 53 (b) shows the fully submerged hybrid configuration results. It 

demonstrated the shift in onset velocity to enter the synchronization region and the 

reduced voltage output because of the added-mass hydrodynamic effects. This effect 
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becomes more pronounced when observing a pipe-submerged hybrid energy harvester 

due to damping from the wall interaction suppressing the ongoing vortex-induced 

oscillations of the bluff body.  
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CHAPTER 7: CONCLUSIONS AND FUTURE WORK 

 

In the present study, a new compact design of a hybrid energy harvester that 

uses a piezoelectric and electromagnetic system was developed for use in submerged 

pipe flow applications. The addition of a tip mass provides a housing for the 

electromagnetic oscillator but also generates turbulence that is used to generate power. 

Firstly, a mathematical model was developed for the coupled systems that also includes 

an electromechanical coupling when the harvester was subjected to transverse 

oscillations because of vortex-induced vibration. Afterward, a numerical solver was 

able to get the time and frequency response of the hybrid harvester. From these results, 

it was shown that by tuning the systems to resonate close to each other, the voltage 

harvested can be increased. If the resonant point of both systems is tuned to the 

oscillation frequency of the water flow, then the energy harvested will also be 

maximized. Then, a computational simulation was performed to observe the vortex 

shedding behind a cylindrical body by using an unsteady 𝑘 − 𝜔 SST model over 20s. 

After validating the convergence of CFD results, the simulation was then expanded for 

triangular, elliptical, and quadrilateral bluff body shapes. At 1.24 m/s the first mode 

shape of the energy harvester is the transverse deformation to the direction of the water 

flow because of the beam orientation having different area moment of inertia. An 

optimization study was done across the different bluff body shapes and the performance 

of the bluff body alone as well as the harvester structure was compared. The tip triangle 

angle presented the highest amplitude oscillations when 40𝑜 < 𝛽 < 65𝑜 . The isosceles 

size ratio was also compared, and found that the 2.5x ratio experienced the greatest 

strain along the beam where the piezoelectric material is to be attached to. While the 

ellipse generated the least turbulence, the performance of the 2.5x ratio ellipse (average 
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resultant amplitude) and isosceles triangles (maximum resultant amplitude performed 

the best during resonance with the frequency study. This suggests the importance of the 

fluid-structure interaction on the beam as well as the galloping and vortex-induced 

vibration effects for non-cylindrical bodies. Overall, a magnetically coupled nonlinear 

vibration energy harvester was investigated with the following conclusions: 

• The addition of magnetic nonlinear forces can enhance the energy harvesting 

properties at lower velocities by 600% and broaden the synchronization range 

by up to 35%. 

• Narrowband piezoelectric energy harvesting is superior for applications of fixed 

flow and is designed to oscillate near the structural natural frequency. 

Afterward, this thesis investigated a hybrid piezoelectric-electromagnetic energy 

harvester developed for remote sensing applications and low-power devices. A bluff 

body internally housing an elastically mounted permanent magnet oscillates around a 

coil to generate voltage through magnetic flux changes. Additionally, a piezoelectric 

macro-fiber composite attached to a beam substrate generates electricity through 

mechanical strain. Both hybrid systems were fabricated to be included in a compact 

form factor for pipeline applications. An analytical model was developed for vortex-

induced vibrations of the bluff body in water, where the dynamic model was used with 

the energy harvesting properties using transverse oscillations. The theoretical model 

was developed for resonance synchronization at different boundary conditions by 

considering the hydrodynamic effects of submerged structures for the parameters of 

effective mass, stiffness, and damping. Afterward, the energy harvesting performance 

was experimentally studied in an open water channel tank corresponding to different 

water velocities in an open-channel testing setup. Furthermore, the study expands to the 

influences of a multi-staged electromagnetic system in enhancing the performance of a 
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hybrid piezoelectric-electromagnetic energy harvester. Next, the synchronization 

energy harvesting at different boundary conditions by taking the ratios of damped 

natural frequency and damping. The experimental findings of this energy harvesting 

study highlighted that:  

• A hybrid piezoelectric-electromagnetic system can harvest energy from water 

flow and can be tuned for low-velocity use in open-channel or pipeline 

applications.  

• The proposed hybrid energy harvester increased performance by up to 23% 

compared to conventional piezoelectric-only systems.  

• The natural frequency of a discrete model with a bluff body and substrate beam 

can be predicted with good accuracy for boundless and bounded boundary 

conditions. 

• Electromagnetic harvester performance can be enhanced by implementing a 

multiple-stage coil winding to have a greater magnetic flux change, with the 

greatest change from 1-stage to 2-stage. 

• Hybrid energy harvesting performance decreased by up to 71% with 

submergence due to added mass and damping. Pipe boundaries limit the 

vibration amplitude and require revisions to enable frequency-matching with 

the added damping and stiffness parameter.  

7.1. Recommendation 

 

Future work into the different configurations, magnets, and rectifier systems can 

further enhance the energy-harvesting properties of the system. Enhancing the 

broadband properties by varying the magnet strength and orientation would also be part 

of the additional work. The findings in this work have demonstrated the effectiveness 

of a hybrid energy harvesting solution in a compact form factor and can be tuned for 
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narrowband synchronization applications. The performance comparison explored for 

different fluid boundaries in this thesis can further improve the practicability of self-

sustaining wireless sensors. Furthermore, low-velocity energy harvesting is possible 

with low-cost and scalable technologies using additive manufacturing technologies 

with engineering materials. Optimization studies on the restricted and free rotation of 

the bearing-mounted energy harvester can enhance the energy harvested from the 

composite. In the absence of a bearing mount, misalignment in the beam direction can 

severely decrease the efficiency of energy conversion. 
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APPENDIX A: STATE SPACE EQUATIONS 

PEH System with Tip Mass 

𝑧1 = 𝜃(𝑡), 𝑧2 = 𝜃̇(𝑡), 𝑧3 = 𝑉(𝑡) Eq. 44 

𝑧1̇ = 𝜃̇(𝑡), 𝑧2̇ = 𝜃̈(𝑡), 𝑧3̇ = 𝑉̇(𝑡) Eq. 45 

𝑧1̇(𝑡) = 𝑧2(𝑡) Eq.  46 

𝑎3 = 𝑓 +
𝛼2 ∙ 𝑎2

𝐾𝑝 ∙ 𝐾𝑡𝑟𝑎𝑛𝑠
 

Eq. 47 

𝑧2̇(𝑡) = −
𝐶𝑒𝑞

𝑀𝑒𝑞
∙ 𝜃̇(𝑡) −

𝐾𝑒𝑞

𝑀𝑒𝑞
∙ 𝜃(𝑡) −

Θ

𝑙𝐵 × 𝑀𝑒𝑞
∙ 𝑉(𝑡) − 𝜇𝜃0̈(𝑡) 

Eq. 48 

𝑧2̇(𝑡) = −
𝐶𝑒𝑞

𝑀𝑒𝑞
𝑧2(𝑡) −

𝐾𝑒𝑞

𝑀𝑒𝑞
𝑧1(𝑡) −

Θ

𝑙𝐵 × 𝑀𝑒𝑞
𝑧3(𝑡) − 𝜇𝜃0̈(𝑡) 

Eq. 49 

𝑧3̇(𝑡) = −
𝑉(𝑡)

𝐶𝑠𝑅𝑙
+ Θ𝑓 ∙ 𝜃(𝑡) 

Eq. 50 

𝑧3̇(𝑡) = −
𝑧3

𝐶𝑠𝑅𝑙

(𝑡) + Θ𝑓𝑧1(𝑡) 
Eq. 51 
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Combined System with Tip Mass 

 

𝑦1 = 𝑥(𝑡), 𝑦2 = 𝑥̇(𝑡), 𝑦3 = 𝜃(𝑡), 𝑦4 = 𝜃̇(𝑡), 𝑦5 = 𝐼(𝑡) Eq. 52 

𝑦̇1 = 𝑥̇(𝑡), 𝑦̇2 = 𝑥̈(𝑡), 𝑦̇3 = 𝜃̇(𝑡), 𝑦̇4 = 𝜃̈(𝑡), 𝑦̇5 = 𝐼(̇𝑡) Eq. 53 

𝑦̇1(𝑡) = 𝑦2(𝑡) Eq. 54 

𝑦̇2(𝑡) = −
𝐾

𝑀
∙ 𝑥(𝑡) + (𝑙 + 𝑥0 + 𝑥(𝑡)) ∙ 𝜃̇2(𝑡) + 𝑔𝑐𝑜𝑠(𝜃(𝑡))

− 𝐵𝐿𝑐𝑜𝑖𝑙 ∙ 𝐼(𝑡) Eq. 55 

𝑦̇2(𝑡) = −
𝐾

𝑀
𝑦1(𝑡) + (𝑙 + 𝑥0 + 𝑦1(𝑡)) × (𝑦4(𝑡))

2
+ 𝑔𝑐𝑜𝑠(𝑦3(𝑡))

− 𝐵𝐿𝑐𝑜𝑖𝑙 × 𝑦5(𝑡) Eq. 56 

𝑦̇3(𝑡) = 𝑦4(𝑡) Eq. 57 

𝑦̇4(𝑡) = −
2 ∙ 𝜃̇(𝑡) ∙ 𝑥̇(𝑡)

𝑀(𝑙 + 𝑥0 + 𝑥(𝑡))
 

Eq. 58  

𝑦̇4(𝑡) = −
2𝑦4(𝑡)𝑦2(𝑡)

𝑀(𝑙 + 𝑥0 + 𝑦1(𝑡))
 

Eq. 59 

𝑦̇5(𝑡) =
𝐵 ∙ 𝐿𝑐𝑜𝑖𝑙 ∙ 𝑥̇(𝑡)

𝐿𝑖𝑛𝑑
−

𝑅 ∙ 𝐼(𝑡)

𝐿𝑖𝑛𝑑
 

Eq. 60 

𝑦̇5(𝑡) =
𝐵 ∙ 𝐿𝑐𝑜𝑖𝑙 ∙ 𝑦2

𝐿𝑖𝑛𝑑
−

𝑅 ∙ 𝑦5

𝐿𝑖𝑛𝑑
 

Eq. 61 
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Combined System with Water Force Generated 

 

𝑞1 = 𝜃(𝑡), 𝑞2 = 𝜃̇(𝑡), 𝑞3 = 𝑉𝜃(𝑡), 𝑞4 = 𝑥(𝑡), 𝑞5 = 𝑥̇(𝑡), 𝑞6 = 𝑉𝑥(𝑡) Eq. 62 

𝑞̇1 = 𝜃̇(𝑡), 𝑞̇2 = 𝜃̈(𝑡), 𝑞̇3 = 𝑉̇𝜃(𝑡), 𝑞̇4 = 𝑥(𝑡), 𝑞̇5 = 𝑥̈(𝑡), 𝑞̇6 = 𝑉̇𝑥(𝑡) Eq. 63 

𝑞̇1(𝑡) = 𝑞2(𝑡) Eq. 64 

𝑞̇2(𝑡) =
𝑎1

𝑎2
∙ 𝐶𝐿(𝑡) −

𝑎3

𝑎2
∙ 𝜃̇(𝑡) +

𝑎4

𝑎2
∙ 𝜃(𝑡) 

Eq. 65 

𝑞̇2(𝑡) =
𝑎1

𝑎2
∙ sin(ωt) −

𝑎3

𝑎2
∙ 𝑞2 +

𝑎4

𝑎2
∙ 𝑞1 

Eq. 66 

𝑞̇3(𝑡) =
Θ ∙ l ∙ θ̇(𝑡)

𝐶𝑠
−

𝑉 𝜃(𝑡)

𝑅𝐿 ∙ 𝐶𝑠
 

Eq. 67 

𝑞̇3(𝑡) =
Θ ∙ l ∙ q2

𝐶𝑠
−

𝑞3

𝑅𝐿 ∙ 𝐶𝑠
 

Eq. 68 

𝑞̇4(𝑡) = 𝑞5(𝑡)𝑦̇4(𝑡) = −
2𝑦4(𝑡)𝑦2(𝑡)

𝑀(𝑙 + 𝑥0 + 𝑦1(𝑡))
 

Eq. 69 

𝑞̇5(𝑡) = −
𝑘

𝑚
∙ 𝑥(𝑡) + (𝑙 + 𝑥0 + 𝑥(𝑡)) ∙ 𝜃̇2 + 𝑔𝑐𝑜𝑠𝜃(𝑡)

− 𝐵𝐼(𝑡)𝐿𝑐𝑜𝑖𝑙 Eq. 70 

𝑞̇5(𝑡) = −
𝑘

𝑚
∙ 𝑞4 + (𝑙 + 𝑥0 + 𝑥(𝑡)) ∙ (𝑞2)2 + 𝑔𝑐𝑜𝑠(𝑞1)

−
𝐵 ∙ 𝐿𝑐𝑜𝑖𝑙 ∙ 𝑞6

𝑅𝐿
 

Eq. 71 

𝑞̇6(𝑡) =
𝐵 ∙ 𝐿𝑐𝑜𝑖𝑙 ∙ 𝑅𝐿 ∙ 𝑥̇(𝑡)

𝐿𝑖𝑛𝑑
−

𝑉(𝑡) ∙ 𝑅𝐿

𝐿𝑖𝑛𝑑
 

Eq. 72 

𝑞̇6(𝑡) =
𝐵 ∙ 𝐿𝑐𝑜𝑖𝑙 ∙ 𝑅𝐿 ∙ 𝑞5

𝐿𝑖𝑛𝑑
−

𝑞6 ∙ 𝑅𝐿

𝐿𝑖𝑛𝑑
 

Eq. 73 
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APPENDIX B: TABLE OF PARAMETERS AND VARIABLES 

Table 15 List of Parameters and Variables for Dual Piezoelectric Mass Arrangement 

 

Symbol Description Value Unit 

𝐷 Main cylinder bluff-body diameter 58 mm 

𝐿 Substrate beam length 70 mm 

𝑑𝑐 Secondary cylinder bluff-body diameter 18 mm 

𝑙𝑐 Secondary substrate beam length 30  mm 

𝐻 Main bluff-body height 60  mm 

𝐻𝑐 Secondary bluff-body height 30 mm 

𝜌𝑏𝑒𝑎𝑚 Beam substrate density 2770  kg/m3 

𝜌𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 Cylinder bluff-body density 7850 kg/m3 

𝜌𝑓𝑙𝑢𝑖𝑑 Fluid density 999 kg/m3 

𝜌𝑝𝑖𝑒𝑧𝑜 Active piezoelectric patch density 7800 kg/m3 

𝑀 Equivalent system mass − kg 

𝑀𝑎 Added equivalent mass −  kg 

𝐾𝑚 Main oscillator equivalent spring stiffness 80 N/m 

𝐾𝑐 Secondary oscillator equivalent spring stiffness 40 N/m 

𝐶𝑃 Clamp capacitance for piezoelectric transducer − F 

𝛩 Electromechanical coupling coefficient − NV-1  

𝐶𝑚 Added mass coefficient  

(ratio of added mass to structure mass) 

0.128 − 

𝐴2814 2814-P2 piezoelectric active area 392 𝑚𝑚2 

𝐴0714 0714-P2 piezoelectric active area 98 𝑚𝑚2 

 


