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Some Fixed and Periodic Point Results for Generalized Contractions
on Partial Ordered Metric Space with Applications in Metric Space
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ABSTRACT: In this paper, we introduce new type of ©-contraction in term of a self-
mapping on a metric space to obtain common fixed point results. Some examples are
also provided to support the validity of our results and concepts presented herein.
As an application of our results, periodic point results for these ©-contractions in
metric spaces are proved.
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1. Introduction and preliminaries

Let X be a nonempty set and F,S : X — X be a self-mapping. A point
x € X is said to be a fixed point of F' if Fx = z. A point x € X is a coincidence
point (respectively common fixed point) of F and S if Fo = Sz (respectively
Fz = Sz = x). We denote C(F,S) and f(F,S) to be the set of all coincidence
points and the set of all common fixed points of F' and S, respectively.

In the theory of fixed point, Banach contraction mapping principle is a simple
and powerful result with a wide range of applications, including iterative methods
for solving linear, nonlinear, differential, integral, and difference equations (see [2]-
[13] and [23,24] ). There are several generalizations and extensions of the Banach
contraction principle in the existing literature.

Definition 1.1. Let X be a (nonempty) set. A function d: X x X — RT is metric
iff, for all z,y,z € X, the following conditions are satisfied:

(i) d(,y) = 0 if =y,

(i1) d(z,y) = d(y, z),

(141) d(z, z) < d(z,y) + d(y, 2).

The pair (X,d) is called metric space.
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Definition 1.2. [10] Let (X,d) be a metric space and F,S be self-mappings on
X. We say that the mapping F is an S-contraction if there is some k € (0,1) such
that

d(Fz, Fy) < kd(Sz, Sy)
forallz,y € X.
Definition 1.3. [11] Let X be a nonempty set and F and S be self-mappings. Then

F and S are said to be weakly compatible if they commute at their coincidence point,
that is, if Fx = Sz, then FSx = SFx.

Jungck [10] gave the concept of S-contraction and established an important
generalization of the Banach contraction principle in 1976.

Theorem 1.4. [10] Let (X, d) be a complete metric space and F, S be self-mappings
on X with S also continuous. Then S has a fized point in X if and only if there
exists an S-contraction mapping F : X — X such that F' commutes with S and
S(X) C F(X).

Very recently, Jleli and Samet [9] introduced a new type of contraction and
established some new fixed point theorems for such contraction in the context of
generalized metric spaces.

Definition 1.5. Let © : (0,00) — (1,00) be a function satisfying:
(©1) O is nondecreasing;

(02) for each sequence {a,} C RT, 1i_>m O(a,) =1 if and only if lim (ay) = 0;

n—oo

(©3) there exist 0 < k < 1 and [ € (0,00] such that lim,_,o+ 29— = 1.

ak

A mapping F : X — X is said to be a O-contraction if there exist a function ©
satisfying (©1)-(©3) and a constant a € (0, 1) such that for all 2,y € X,

d(Fz, Fy) # 0 = O(d(Fz, Fy)) < [6(d(x,y))]".
Theorem 1.6. [9] Let (X,d) be a complete metric space and F : X — X be a
O-contraction. Then F has a unique fized point.

To be consistent with Jleli and Samet. [9], we denote by Q the set of all
functions O : (0,00) — (1, 00) satisfying the above conditions.

Hussain et al. [7] modified and extended the above result and proved the
following fixed point theorem for ©-contractive condition in the setting of complete
metric spaces.

Theorem 1.7. [7] Let (X,d) be a complete metric space and F : X — X be a
self-mapping. If there exist a function © € Q and positive real numbers o, 3,7,d
with 0 < a+ f+ v+ 25 < 1 such that

Od(Fz, Fy)) < [B(d(w,y))]* - [O(d(z, Fr))]’
[O(d(y, Fy)|" - [O((d(z, Fy) + d(y, Fz)))’
for all xz,y € X, then F has a unique fixed point.



SoME FIXED AND PERIODIC POINT RESULTS - - - 69

Mustafa and Sims [18] introduced the notion of G—metric spaces as a gen-
eralization of classical metric spaces and obtained some fixed point theorems for
mappings satisfying different generalized contractive conditions. Thereafter, the
concept of G-metric space has been studied and used to obtain various fixed point
theorems by several mathematicians (see ([1,5], [14]-[19], [21] and [22])).

Definition 1.8. [18]. Let X be a non empty and G : X x X x X — R be a
function satisfying the following properties

G(a,b,c)=0ifa=b=c,
0< G (a,a,b) for all a,b € X with a # b,
G (a,a b)<G(a b, c) for all a,b,c € X with b # c,
G (a,b,c) =G (a,c,b) =G (b, ¢, a) -+ (symmetry in all three variables),
G (a, ,c) < G (a,w,w)+G (w,b,c) for all a,b,c,a € X (rectangle inequal-
ity).

Then the function G is called a generalized metric, or, a G—metric on X, and
the pair (X, G) is called a G—metric space.

Thereafter, M.Jaradat et.al. generalized the above results in the setting of
G-metric space as follows.

Definition 1.9. Let (X,G) be a G-metric space, and let g : X — X be a self
mapping. Then g is said to be a JS —G-contraction whenever there exist a function
P € U and positive real numbers r1,19, 13,74 with 0 < rq +3r9 + 13+ 2ry < 1 such
that

¥ (G (ga,gb,gc)) < [ (G (a,b,0)]™ ¥ (G (a,ga,ge))]™ [¢ (G (b, gb, gc))]™
x [¢ (G (a, gb, gb) + G (b, ga, ga))]™ , (1.1)

for all a,b,c € X.

Theorem 1.10. /8] Let (X, G) be a complete G-metric space and g : X — X be a
JS — G-contraction. Then g has a unique fized point.

The following definitions are needed in the proofs of our main results.

Definition 1.11. [2] Let (X,d) be a metric space and F : X — X be a self-
mapping. The set O(x) = {x, Fx,....F"z, ...} is called the orbit of x. A self-
mapping F is called orbitally continuous at x* if lim,, o F™"x = x* implies that
lim, o0 F*"tle = Fa*. A self-mapping F is orbitally continuous on X if F is
orbitally continuous for all x € X.

Definition 1.12. [2] Let (X, =) be a partially ordered set. A self-mapping F :
X — X is said to be

(D) a dominating mapping if x < Fx;

(D2) a dominated mapping if Fz < .

Definition 1.13. [4] Let (X, <) be a partially ordered set. Self-mappings F,S :
X — X are said to be weakly increasing if Fox < SFx and Sx = F Sz for allx € X.
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Definition 1.14. [2] Let X be a nonempty set. Then (X, d, =) is called an ordered
metric space if (X,d) is a metric space and (X, =) is a partially ordered set.

Definition 1.15. [2] Let (X, <) be a partially ordered set. Then x,y € X are said
to be comparable elements if either x <y or y = x holds true. Moreover, we define
ACX xX by

A={(r,y) e X x X2 <y ory <z}

Definition 1.16. [2] An ordered metric space (X, d, <) is said to have the sequen-
tial limit comparison property if for every non-decreasing sequence (non-increasing
sequence) {xn tnen in X such that x, — x implies that x, < x (x < 2,).

The aim of this paper is to present new type of generalized ©-contractions in
term of a self-mapping on a metric space to establish common fixed point results.

2. Main results

In this section, we define a ©-contraction with respect to a self-mapping and
establish a common fixed point theorem using the concept of dominating and dom-
inated mappings.

Definition 2.1. Let (X, d) be a metric space, © € Q and F,S : X — X be self-
mappings. Then F' is said to be a O-contraction with respect to S if there exists
some constant k € (0,1) such that

O(d(Fz, Fy)) < [B(d(Sz, Sy))]* (2.1)
for all x,y € X with Fx # Fy.

Example 2.2. Let © : (0,00) — (1,00) be a function given by O(t) = eVi. It is
clear that © € Q. Suppose that F' : X — X 1is a O-contraction with respect to a
self-mapping S on X. From (2.1), we have

e\/d(Fz,Fy) < [e\/d(Sz,Sy)]k
which further implies that
d(Fz, Fy) < k*d(Sx, Sy).
Therefore a ©-contraction F with respect to S reduces to an S-contraction.

Now we give an example of a O-contraction F' with respect to a self-mapping
S on X which is not an S-contraction on X. The idea of this example has been
presented in [2].

Example 2.3. Consider the sequence {1,} as follows:
Tn=14+5+9+ ..+ “4n—3)=n(2n—-1).
Let X = {1, :n € N} and d(z,y) = |z —y|. Then (X,d) is a complete metric
space. Define the mapping F : X — X by

F(Tl) =T1, F(Tn) = Tn—1, fOT alln >1
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and S : X = X by
S(Tl) =71, S (Tn) = Tn+1, for all n > 1.
Now consider

lim AE(Tn), F (1) _ lim =1 -1 lim (

; n—1)2n—-3)—-1
n—oo d(S(7,),S(T1))  n—eeTpgr — 1 nooo(n+1)(2n+1) —1

=1.

So F is not an S-contraction. Consider the mapping © : (0,00) — (1,00) defined
by

O(t) = eVt

We can easily show that © € 2. Now to show F' is a ©-contraction with respect
to a mapping S we have to prove,

e\/d(F(TTL),F(Tm))ed(F(ﬂ'n),F(Tm)) < ek\/d(s(rn)1S(Tm))ed<s<7n),5ﬁm))

for some k € (0,1) which is equivalent to prove
d(F(Tn),F(Tm))ed(F(T"')’F(T”L)) < de(S(Tn),S(Tm))ed(S(T")’S(Tm)).
and so it is enough to show

d(F(Tn),F(Tm))ed(F("'n),F(Tm)) _ k2
d(S(11), 8(Tp))edS(Tn)Srm)) =

for some k € (0,1). We will consider two cases to show the above inequality:

Case 1. n=1and m > 2, we have

d(p(ﬁ)’F(Tm))ed(F(n),F(Tm))fd(s(n)»s(fm)) d(Tl’Tm71)ed("'lva,fl)fd(TlanL+1)

d(S(71),S(Tm) d(T1, Tmt1)
2m? — 5m + 2 —(4m—3)
2m2 —m — 1 ¢

< e L.

Case 2. m >n > 1, we have
d(E (7n), F (a))etF ) F ) S S
d(S(Tm), S(Tn))

d(Tmfh 7—n71)ed('rm,fl1Tn—1)_d(7—7n+177—n+1)

d(Tm+1, Tny1)

_2m® —b5m —2n® + O _(4n—3)+(4n+1)— (4m—3)—(4m-+1)
2m? 4+ 3m — 2n2 — 3n

<e !

with k = e~ .
Now we state our main result which is a generalization of the result of [9].
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Theorem 2.4. Let (X, d, <) be a partially ordered metric space and let F, S : X —
X be a self-mappings, F is O-contraction with respect to S on A, F(X) C S(X),
F is dominating and S is dominated mappings. Then

(i) F and S have a coincidence point in X provided that S(X) is complete and
has the sequential limit comparison property;

(ii) C(F, S) is well-ordered if and only if C(F,S) is a singleton;

(iii) F and S have a unique common fixed point if F' and S are weakly compat-
ible and C(F,S) is well-ordered.

Proof: (i) Let zp € X be an arbitrary point. Since the range of S contains the
range of F, there exists a point 1 € X such that F(xo) = S(z1). Since F is a
dominating mapping and S is a dominated mapping, we have

i) j F$Q = S(.Tl) j xZ.

Hence (20, 21) € A. Continuing in this way, for x,, € X, we can obtain x,+; € X
such that
Ty = Fl'n = S(anrl) = Tn41-

So we obtain (,,zny1) € A for every n € N U {0}. If there exists ng € N for
which x,, = %n,+1, then Fx,, = Sx,,+1 implies that Fz,, = Sz,,, that is,
Zn, € C(F,S). So we assume that z,, # x,4; for all n € NU{0}. Since F is a
O-contraction with respect to S on A, it follows from the assumption that
1 < O(d(Szn, Stnt1)) = O(d(Fan—1, Fa,)) < [0(d(Szp-1, Sz0))]"
= [O(d(Fy—s, Frn1))]* < [O(d(Szns, Sro))*

< [O(d(Sa1, Sa2))F
Thus we have
1 < O(d(S@n, Sts1)) < [O(d(Sx1, Saa))]F"
for all n € N. So by taking limit as n — oo in the above inequality, we have

ILm O(d(Sxn, Stpt1)) =1
which implies that
lim d(Sz,,Stp+1) =0
n—oo
by (©2).
From the condition (O3), there exist 0 < k < 1 and [ € (0, oo] such that

lim O(d(Sxy, Stpy1)) — 1

=1
n—oo  d(STy, STpy1)k
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Suppose that [ < oo. In this case, let B = % > 0. From the definition of the limit,
there exists ny € N such that

O(d(Sxp, STpi1)) —1

-1l <B
d(Szp, STpy)k -
for all n > mny. This implies that
O(d(Sxpn, Stpt1)) — 1 l
>l-B=-=08
d(Sxzy, Sxpy1)k - 2

for all n > nq. Then
nd(Sty, Stpi1)® < An[O(d(Szy, Stpyi1)) — 1]

for all n > ny, where A = %. Now we suppose that [ = co. Let B > 0 be an arbitrary
positive real number. From the definition of the limit, there exists no € N such
that

B < O(d(Sxp, Stpt1)) — 1

~  d(Szp, STpi)F
for all n > mno. This implies that

nd(Say, Sni1)" < An[O(d(Szp, Stpi1)) — 1]

for all n > ng, where A = %. Thus, in all cases, there exist A > 0 and n3 € N such
that

nd(Szy, Sxni1)* < An[O(d(Sxy, Stpi1)) — 1] (2.2)

for all n > ng. Thus by (2.2) and being O(d(Szy, Spi1)) < [O(d(Sz1, Sz )",
we obtain

nd(Szn, Stni1)® < An([(©d(Sz1, Sz))F" —1).

Letting n — oo in the above inequality, we obtain

lim nd(Sz,, Sz,1)F = 0.

n—r oo

Thus there exists ny € N such that
d(Sz,, S < L
( Ly $n+1) = m
for all n > ny.

Now we prove that {Sz,} is a Cauchy sequence. For m > n > n4, we have

m—1

m—1
1
d(S.’Iln,S.’I]m < E dS.’I]“S.’L'lJ,_l < E m
7

i=n i=n
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Since 0 < k < 1,377, ﬁ converges. Therefore, d(Sx,, Sx.,) — 0 as m,n — oo.
Thus {Sz,} is a Cauchy sequence in S(X). The completeness of S(X) ensures
that there exists v € S(X) such that lim,,~ Sz, — v. Let u € X be such that
Su = v. The sequential limit comparison property implies that Sx,,+; < v. Since

Ty X Fxy, =S, 2 v=5Su=Xu,
then (z,,u) € A. So from (2.1), we get
1 < O(d(Szy, Fu)) = O(d(Fxp_1, Fu)) < [0(d(Sz,_1, Su))]".

Since lim,, o0 d(Szp—_1,Su) = 0, by (O32), we have lim,,_, o O(d(Sp—1,5u)) = 1.
This implies that

lim O(d(Szy,, Fu)) =1,

n— o0

which further implies that lim,,—, o d(Sx,,, Fu) = 0. Hence lim,,_, o, Sx,, = Fu. The
uniqueness of limit implies that Fu = Su, that is, u € C(F, S).

(ii) Now we suppose that C'(F,S) is well-ordered. We prove that C(F,S) is a
singleton. Assume on the contrary that there exists another point w € X such that
Fw = Sw. Since C(F, S) is well-ordered, (u,w) € A. Now from (2.1) we have

1 < O(d(Su, Sw)) = O(d(Fu, Fw)) < [0(d(Su, Sw))]* < ©(d(Su, Sw)).

which is a contradiction to the fact that k € (0,1). Therefore u = w. Hence F and
S have a unique coincidence point u in X. The converse follows immediately.

(iii) Now if F' and S are weakly compatible mappings, then we have Fv =
FSu = SFu = Sv, that is, v is the coincidence point of F' and S. But v is the
only point of coincidence of F' and S and so F'v = Sv = v. Hence v is the unique
common fixed point of F' and S. O

Example 2.5. Let X = [0, 6] be endowed with usual metric and usual order. Define
the mappings F, S : X — X by

(4 ifze0,4)
FW{ 6 if z € [4,6]

and
0 ifxzel0,4)
S(x) = 4 ifx €4,6)
6 if r =6.

Clearly, F is a dominating mapping and S is a dominated mapping. Define the
mapping © : (0,00) — (1,00) by

O(t) = ev?.
Ifx€10,4) and y € [4,6), then

O(d(Fz, Fy)) = O(d(4,6)) = eVIh6) = (V2 — V4
[©(d(Sz, Sy))]*
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with k = %
Similarly, for x € [0,4) and y = 6, we have

O(d(Fz,Fy)) = O(d(4,6)) = eVid6) = V2 o (V6
[O(d(Sz, Sy))]*
with k = % Hence all the conditions of Theorem 2.4 are satisfied. Moreover, x = 6

is the coincidence point of F' and S. Also F' and S are weakly compatible and x = 6
is the common fized point of F' and S as well.

Now we prove a common fixed point theorem without imposing any type of
commutativity condition for self-mappings F,S : X — X. Moreover, we relax the
dominance conditions on F' and S as well.

Theorem 2.6. Let (X, d, =) be a partially ordered complete metric space and F, S :
X — X be weakly increasing mappings satisfying

O(d(Fz,Sy)) < [O©(d(z,y))]" (2:3)

for all (z,y) € A. Then the set of common fized points of F and S, f(F,S), is
nonempty provided that X has the sequential limit comparison property. Further-
more, F and S have a unique common fized point if and only if the set of fized
points of F' and S is well-ordered.

Proof: Let xp € X be an arbitrary point. Define the sequence {x,, } nen by 2,11 =
Fxo, and zo,492 = STon41. Since F and S are weakly increasing, we have

Tont1 = Foon X SF2op = SToni1 = Tant2

and
Tont2 = STopt1 X FSTont1 = Foopio = Tonys.

Hence (Z2n41, Tant2) € A and (T2p42, X2nt3) € A for every n € NU{0}. It follows
from the assumption that

1 < O(d(2n 1, 22nt2)) = O(d(Faan, Swoni1)) < [O(d(@2n, T2n11))]"
Similarly,

1 O(d(w2n+2, Tan+3)) = O(d(ST2n+1, FTont2)) = O(d(Fr2nt2, ST2n+1))

<
< [O(d(2ant2, m2n 1)) = [O(d(z2n11, T2ni2))]"

Thus for all n € NU {0}, we have

1 <O(d(zn, Tni1)) < [@(d(zn,l,xn))]k.
which yield

n

1 < O(d(@n, Tnt1)) < [0(d(z1,z2))]*". (2.4)
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So by taking limit as n — oo in (2.4), we have

lim O(d(zp, znt1)) = 1,

n—oo
which implies by the property of (©2) that

nh_}n;o d(zy, xp+1) =0

By the same reasoning as in the proof of Theorem 2.4, we obtain that {z,} is
a Cauchy sequence in X. The completeness of X ensures that there exists v € X
such that lim,,_, x, = z*. Since X has the sequential limit comparison property,
(Tny %), (T2n, %), (X241, 2*) € A. Therefore from (2.3), we get

1 < O(d(z2n+1, S2")) = O(d(Fazn, Sz¥)) < [O(d(w2n, 2*))]".

Since lim, o0 d(x2,, ) = 0, by (O2), we have lim,_, O(d(x2,,2*)) = 1. This
implies that
lim O(d(z2n+1,52")) =1,

n—r oo

which further implies that
nh—>rrolo d(zop41,S2") = 0.

Hence z* = lim,, o0 Tan+1 = Sx™.
Similarly, from (2.3), we get

1< @(d(l‘QnJrQ,FZ'*) ) == 6(d(Sz2n+17F.T*>> = @(d(F.T*7S$2n+1))
< [O(d(@”, zan))]".

Since lim,, oo d(2*, 22,41) = 0, by (©2), we have lim,, o, O(d(z*, z2n+1)) = 1.
This implies that

nhﬂn;o O(d(zont2, Fa™)) =1,
which further implies that d(zap42, F2*) = 0. Hence d(z*, F2*) = 0 and 2™ = Fa*.
Thus z* is a common fixed point of F' and S.

Now we suppose that the set of common fixed points of F' and S is well-ordered.
We prove that this set is a singleton. Assume on the contrary that there exists
another point 2 in X such that Fz' = 2’ = Sz’ with 2’ # 2. From the assumption
we have, (:C*,x/) € A. So, from (2.3), we have

/ « /

1< 0,2 ) =OdFs, 5z ) < [0d,z )],

which is a contradiction since k < 1. Thus 2 = 2. Hence F and S have a unique
common fixed point z* in X.
The converse follows immediately. O
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3. Periodic point theorems

The aim of this section is to use the properties P and () of self-mappings to
prove some periodic point results in the conext of metric spaces.

If z is a fixed point of a self-mapping F', then x is a fixed point of F" for every
n € N, but the converse is not true. In the sequel, we denote by f(F') the set of all
fixed points of F.

Definition 3.1. A self-mapping F : X — X is said to have the property P if
f(F™) = f(F) for every n € N. A pair (F,S) of self-mappings is said to have the
property Q if

FE)YNf(S) = f(E™) N f(S™)

for every n € N.

Theorem 3.2. Let (X, d, =) be a partially ordered complete metric space and F :
X — X be a self-mapping satisfying

O(d(Fz, F%z)) < [0(d(z, Fx))* (3.1)

for all x € X for some k € (0,1) such that d(Fx, F%x) > 0. Then F has fized point,
further F' has the property P provided that F is orbitally continuous on X.

Proof:

Step I: we will prove that F' has fixed point. Let zo € X be an arbitrary point.
Define the sequence {x;, }nen by 11 = Fa, for every n € NU{0}. If there exists
ng € N for which z,, = xpn,+1, then z,, = Fx,, and the proof is finished. So we
assume that x, # 2,41 for all n € NU{0}. From (3.1), we obtain

1 < Oz, Tny1)) = O(d(Frp_1, F2z, 1)) < [0(d(zh_1, Fr,_1))]*
= [O(d(Fan_2, F?z,_2))|* < [0(d(zn—2, Frn_2))"

: (3.2)
< [O(d(wo, Fao))*"

for all n € NU {0}. By taking the limit as n — oo in the above inequality, we
obtain that
lim ©(d(xn, Tni1)) =1,

n—r oo

which implies by property of (0O2) that

nhﬂn;o d(xp, Znt1) =0

By the same reasoning as in the proof of Theorem 2.4, we obtain that { F™x} is
a Cauchy sequence in X. Since {F"zq:n € N} C O(zg) C X and X is complete,
there exists * in X such that lim,, ., F"xg = x*. Since F is orbitally continuous
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at =%, 2% = lim, 0o F"zo = F(lim, o F" '29) = Fa*. Hence F has a fixed
point.

Step II: Now we prove f(F™) = f(F) by induction. For n = 1 clearly it is
true, now we assume that n > 1. Suppose on the contrary that € F(E™) but
2 & f(F). Then d(z', Fz') > 0. From (3.1), we have

1 < 0@, Fa) = 0((F"s, F"*1a')) = OW(F(F"~'a), F¥(F" ')
< [e(E" e F(F" )
< [O@(F" e F(F 2 )
< (B, Fa))""

By taking the limit as n — oo in the above inequality, we obtain that

lim O(d(z , Fz')) =1,

n—oo

which implies that ) )
lim d(z ,Fx )=0

n—oo

y (03). That is, d(z ', Fz') = 0, which is a contradiction. Hence 2" € f(F). O

Theorem 3.3. Let (X, d, <) be a partially ordered complete metric space and F, S :
X — X be weakly increasing mappings satisfying

O(d(Fz,Sy)) < [O(d(z, y)]*

for all x,y € X. Then F and S have the property Q) provided that X has the
sequential limit comparison property.

Proof: By Theorem (2.6), F and S have a common fixed point. Suppose on the
contrary that 2~ € f(F™)Nf(S™) but 2~ ¢ f(F)Nf(S). Then we have the following
three possibilites:

() & € F(F)\f(S):

(i) 2 € FSFF);

(i) & f(F)and z & f(S).

Now we will show case (i) and (iii), while case (ii) is similar argument. Let
x ¢ f(S), that is, d(z",Sz") > 0. So we have

1 < O, sz*)):@(d(F(anlz*),S(snx*)))
< [OdF™ T, 8" )
< [O@d(F™ 2", 8 )M
< [0, s2))"
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By taking the limit as n — oo in the above inequality, we obtain that

lim O(d(z , Sz )) =1,

n—oo

which implies that

lim d(z ,S2 ) =0

n—oo

by (©3). That is, d(x", Sz ) = 0, which is a contradiction. Hence =~ € f(F)Nf(S).
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