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Abstract

The purpose of this paper is to introduce common fixed point results for two pairs of weakly compatible self-mappings in
partial metric space using C-class functions on (1, ¢)-contractive condition. Example and application on integral equations are
presented to illustrate the main result. Our results extend and generalize well know results in the literature.
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1. Introduction and mathematical preliminaries

In 1994, Matthews [17] introduced the notion of partial metric spaces and obtained various fixed point
theorems. In fact, he showed that the Banach contraction mapping theorem can be generalized to the
partial metric context.

Later on, Romaguera [30] introduced the notions of 0-Cauchy sequences and 0-complete partial met-
ric spaces and proved some characterizations of partial metric spaces in terms of completeness and 0-
completeness. Afterwards, several authors obtained some fixed point results for mappings satisfying
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different contractive conditions (see [1, 3-9, 13-16, 28-31]). In 2014 the concept of C-class functions (see
Definition 1.6) was introduced by Ansari in [3]. For more results on common fixed point for different
metric spaces see the references [2, 10-12, 18-27].

The purpose of this paper is to introduce common fixed point results for two pairs of weakly compati-
ble self-mappings in partial metric space using C-class functions on (1, ¢)-contractive condition. Example
and application on integral equations are presented to illustrate the main result.

Definition 1.1. ([17]). A partial metric on a nonempty set X is a function p : X x X — R such that for all
a,b,ceX:

(P1) p(a,a) =p(a,b) =p(b,b) = a=1b;
(P2) p(a,a) < pla,b);

(P3) p(a,b) =p(b,a);

(P4) p(a,b) <pla,c)+plc,b)—plc,c).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.

Suppose that (X, p) be a partial metric space, then the function d; : X x X — R* given by

dp(x,y) =2p(x,y) —p(x,x) = p(y,y)

is a (usual) metric on X. Each partial metric p on X generates a Ty topology T, on X with a base of the
family of open p-balls {B,(x, €) : x € X, ¢ > 0}, where

Bp(x, &) ={y € X:p(x,y) <plx,x)+ ¢}
forall x € Xand ¢ > 0.

Definition 1.2 ([17, 29]). Let (X, p) be a partial metric space. Then

(1) a sequence {an}in (X,p) converges to a point a € X if and only if p(a, a) = lim, o plan, a);

(2) a sequence {an}in (X, p) is called a Cauchy sequence if limy m—,00 P(an, am ) exists and finite;

(3) (X,p) is said to be complete if every Cauchy sequence {a,} in X converges with respect to 1, to a
point a € X such that p(a, a) = limn m—e plan, am);

(4) a sequence {a,}in (X, p) is called a 0-Cauchy sequence if limp m— 00 P(an, am) = 0. The space (X, p)
is said to be 0-complete if every 0-Cauchy sequence in X converges with respect to T, to a point
a € X such that p(a,a) =0.

Lemma 1.3 ([17, 29]). Let (X, p) be a partial metric space and {an} be any sequence in X. Then

(i) {an} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space (X, dy);
(ii) the space (X,p) is complete if and only if the metric space (X, dp) is complete;
(iii) every 0-Cauchy sequence in (X, p) is Cauchy in (X, dy);
(iv) if (X, p) is complete, then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold (see example in [30]).
It is easy to see that every closed subset of a 0-complete partial metric space is 0-complete.

Lemma 1.4 ([1, 29]). Assume an — a as n — oo in a partial metric space (X, p) such that p(a,a) = 0. Then
limp oo plan, b) =pla,b) forallb € X.

Lemma 1.5 ([1, 14]). Suppose that (X, p) be a complete partial metric space. Then

(1) if p(a,b) =0, then a =b;
(2) if a#b, then p(a,b) > 0.
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Definition 1.6 ([3]). A mapping f : [0,00) x [0,00) — R is called C-class function if it is continuous and
satisfies following axioms:

(1) f(a,b) < q;
(2) f(a,b) = a implies that either a =0 or b = 0; for all a,b € [0, c0).

We denote C-class functions as C.

Example 1.7 ([3]). The following functions f : [0, c0) x [0, c0) — R are elements of € for all a,b € [0, 00):

1. f(a,b)=a—Db,f(a,b)=a=b=0;

2. f(a,b) = ma, O<m<l1, f(a,b) =a = a=0;

3. f(a,b) = a—i—s)(l/““’) )—s;s>1,1€(0,0), fla,b) =a=b=0;

4. f(a,b) =a—(3E2) (%) fla,b) =a=b=0;

5. f(a,b) = ‘Q/mfabfazmlfo

6. f(a,b) = ¢(a),f(a,b) =a = a =0, here ¢ : [0,00) = [0,00) is an upper semicontinuous function

such that $(0) =0, and ¢(b) < b for b > 0.

Definition 1.8 ([15]). A function { : [0, c0) — [0, c0) is called an altering distance function if it satisfies the
following conditions:

1. 1 is continuous and nondecreasing;
2. P(a) = 0if and only if a = 0.

We denote by W the set of all altering distance functions.

Definition 1.9. The function ¢ : [0,00) — [0,00) is called an Ultra-altering distance function, if the
following conditions hold:

1. ¢ is continuous;
2. ¢(b) #0when b # 0.

We denote by O the set of all ultra altering distance functions.

Lemma 1.10 ([28]). Let (X, p) be a partial metric space and {an } a sequence in X such that limy oo p(an, any1) =
0. If {aon} is not a Cauchy sequence in (X, p), then there exist € > 0 and two sequences {m(k)} and {n(k)} of positive
integers such that m(k) > n(k) > k and the following four sequences tend to € > 0, when k — oo.

Plazn(k), 2m)+1), Pl@n(k), Qamk)), PlAn(k)—1, Qmk)+1),  Pl@an(k)—1, G2m(k))- (1.1)

2. Main results
The following lemmas will be needed in sequel.

Lemma 2.1. Let (X, p) be a partial metric space and (xn ) be a sequence such that limn oo p(Xn, Xn+1) = 0, then
the sequence (xy) is Cauchy sequence iff (xon ) is Cauchy subsequence.

Proof. Assume that (x2) is Cauchy subsequence. Using the property (P2) of partial metric space and
limn 00 P(Xn, Xn+1) = 0, we deduce that limy, 00 P(Xn, xn) = 0.
Let m,n € N. We will consider three cases:

Case (1). n and m are even. Then there exist n; and my such that n = 2n; and m = 2my, hence

lim p(xn,xm)=_1m p(xen,, X2m,) =0.
n,m—oo ng,Mq—00
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Case (2). One of n and m is even, say n, and the other is odd. Then there exist n; and m; such that
n =2n; and m = 2my + 1, and so by (p4 ) we get

p(Xn/ Xm) = P(X2n1,X2m1+1) < p(X2n1/X2m1) + P(X2m1, X2m1+1) - p(X2m1/X2m1 )

Hence,
im p(xn,Xxm) = Lm  p(xon,, Xom,+1)
n,m—o0 i, M) —00
< lim X2y, X + hm X X — lim p(x X =0.
S m1—>oop( s X2m; ) PR P(X2m,, X2m, +1) m—>oop( 2my s X2m; )

Case (3). n and m are odd. Then there exist n; and m; such that n =2n; +1 and m = 2m; + 1, so by
(p4) we get

P(xn, Xm) = P(Xon, +1, X2m, +1)
< p(x2ny, Xong+1) +P(Xan,, X2m,+1) — P(X2n,, Xon,)
< p(x2ny, Xong+1) +P(Xony, Xom, ) + P(X2my, Xomy+1) — P (X2n,, Xon, ) — P(X2m,, Xom, )-
Hence,

lim p(xn,xm)=_Lm  p(Xon,+1,X2m;+1)
n, m—oo mng,Mp—00

< lim p(xon,, Xon,+1) + hm p(x2n1/X2m1)+ lim p(Xom,, Xom,+1)
mn, M) —00 mi—00

— nlllin P(xon,, Xon,) — mlllgoop(szl, Xom,) = 0.

Therefore, the sequence (x;,) is Cauchy sequence. O

Lemma 2.2. Let (X, p) be a complete partial metric space and (xn ) a Cauchy sequence with limn oo p(Xn, Xn) =0,
then the sequence (xr) is 0-Cauchy sequence. Further if (xyn,) converges to x, then limp oo p(Xn,x) =0

Proof. Since (xn,) is a Cauchy sequence in a complete partial metric space, there exist x € X such that
imp m—oo P(Xn, Xm) = p(x,x).

By lemma 1.3, we have (X, d;) is complete metric space and (x) is Cauchy in (X, d,). Therefore,
limn,m—eo dp (xn,xm) =0, then hmn,m%oo[zp (Xn, Xm ) =P (Xn, Xn ) =P (Xm, Xxm )] =0. But limn_,cp(Xn, xn) =0,
thus limn m—00 2P (Xn, Xm) = 0 which implies 0 = limn m—00 P(Xn, Xm) = p(x, X).

Also, (xyn) is Cauchy in a complete metric space (X, dp), then limy,_, dp(xn,x) = 0 which implies
that limy 00 [2p (X, X) — P(Xn, Xn) — P (x,x)] =0, thus lim, 0 p(Xn, x) = 0. O

From Lemma 2.2 and (p2) we deduce the following lemma.

Lemma 2.3. Let (X, p) be a complete partial metric space and (x) a Cauchy sequence with limy —sooP (Xn, Xn+1) =0.
Then the sequence (xr ) is 0-Cauchy sequence.
Theorem 2.4. Let F, G, S, and T be four self-maps of a complete partial metric space (X,p) such that

(i) FX C TX and GX C SX;

(ii) ome of the ranges SX and TX is a closed subset of (X, p);
(iii) the pairs {F, S} and {G, T} are weakly compatible and

V(2p*(Fx, Gy)) < f(W(M(x,y)), @(M(x,y))) forall x,y € X, (2.1)
where g € DA eV, f € Cand

p2(Sx, Ty), p(Fx, Sx), p*(Gy, Ty),
} (2.2)

M(x,y) = max { p(Sx, Ty)p(Fx, Ty), p(Fx, Sx)p(Fx, Ty),
p(Gy, Ty)p(Fx, Ty), 1[p(Sx, Gy) + p(Fx, Ty)?

forall x,y € X.
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Then ¥, G, S, and T have a unique common fixed point in X.

Proof. Let xg € X be arbitrary point. Since FX C TX, then there exist a point x; € X such that Fxy = Txy,
also since GX C SX, then there exist x, € X such that Gx; = Sx,. Continuing in this process we can
construct two sequences {xn} and {yn} in X satisfying

Yon = Fxon = Txon41 and  Yony1 = GXon1 = Sxon42 (2.3)

foralln € N.
The next step, we prove that {yn} is a Cauchy sequence in the partial metric space (X,p). From (2.2)
and (2.3) we have

.p2 (SXan Txon41 ) p2 (FXZTLI Sxon )/
PA(Gxon+1, Txan1),
P(Sxon, Txon 1) (Fxan, Tx2ni1),
P(Fxan, Sxon)p(Fxan, Tx2n 1),
P(Gx2nt1, Tx2n41)p(Fxon, TXon 1),
1P(Sxan, Gxan 1) + P (Fxan, Txan 1)1 (2.4)

P2 (Yan—1,Y2n), P*(Y2n, Yon—1), P2 (Y2n+1,Y2n ),
P(Yz2n—1,Y2n)P(Y2n, Y2n ),
= max P(Y2n, Y2n—1)P(Y2n, Y2n),
P(Yz2n+1,Y2n)P(Y2n, Y2n ),
HP(Yon—1,Yon+1) + P(Uzn, yon )12

M(X2n, Xony1) = max

Note that
P(Y2n, Y2n) < P(Yz2n—1,Y2n) (2.5)
and
PY2n—1,Y2n+1) < PU2n—1,Y2n) + P(Y2n, Y2n+1) — P(Y2n, Y2n),
which implies
P(Yan—1,Y2n+1) + P(Y2n, Yon) < P(Y2n—1,Y2n) + P(Y2n, Y2n 1)

which yields that,

p(UZn—1/y2n+12) T Plyzn yon) < max{p(Yzn—1,Y2n), P(Y2n, Yon+1)}
and so,

i[p(QZTLfl/yZnJrl) +P(Yzn, Y2n)* < max{p*(yan-1,Y2n), P> (Y2n, Y2n 1)} (2.6)
Therefore, using (2.5) and (2.6) the above equation (2.4) becomes
M(x2n, Xoni1) = max{p(Yzn—1,Y2n ), P> (Y2n, Yon+1)}

for all n € IN. By using (2.1) with x = X2n, Y = Yan 1, We obtain
$(2p* (Yz2n, Yzn+1)) = W(2p* (Fxan, Gxon 1))

< F(W(Mxzn, x2n+1)), @(Mx2n, X2n+1))) (2.7)

< f(ll)(maX{Pz(yznflfym),PZ(UZmUan)}), (p(max{pz(UanlrUZn)/pZ(UanU2n+1)})>-

Analogously we can show that

V(2% (Yan+1, Yan+2)) < f(ﬂ)(maX{Pz(yszan)/P2(yzn+1,y2n+2)})r 09

@ (max{p(Yan, Yan+1), Pz(y2n+1192n+2)})> .
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Note that (2.7) and (2.8) imply that foralln > 1

B (2p* (Yn, Ynt1)) < f(ll)(max{pz(yn_1,yn),pz(yn,ynﬂ)}),cp(max{pz(yn_l,yn),pz(ymynH)}))- (2.9)

If there exists n € N such that p?(yn_1,yn) = 0, then we have y,_; = yn. It follows from (2.9), properties
of f, and the nondecreasing property of \ that

ll)(pz(ynrynJrl)) < ll)(zpz(ynrynJrl)) < f(ll)(Pz(ymynH)), (P(pz(ynryn+l))) < ﬂ)(Pz(ymynH))-

Hence,
fW P (Yn, Ynt1)), @ P Yn, Ynt1))) = V(P (Yn, Yn+1))-

So, W(p*(Yn,Yn+1)) =0 or @(p*(Yn,Yn+1)) = 0, which implies that p*(yn, yn41) = 0 and 50 Yn = Yn 1.
Thus Yn—1=Yn = Yn+i1-

Continuing in this process we deduce that yn—1 = Yn = Yn+1 = Yn+2 = ---. Then {yn} is a Cauchy
sequence in (X, p).

Without loss of generality, we may assume that P?(Yn_1,Yn) > 0 for each n € IN. Then from (2.9) and
using the fact that f(s,t) <s for all s,t > 0, we have

V(2% (Yn, Ynt1)) < W(max{p*(Yn—1,Yn), P*(Yn, Yns+1)})-

By nondecreasing property of 1p we have

2p%(Yn, Yn+1) < max{p*(Yn_1,Yn), P*(Yn, Ynt1)},

which implies that

max{p®(Yn—1,Yn ), P> (Yn, Yn+1)} = P> (Yn—1,Yn).
Therefore, the sequence P*(Yn,Yns1)} is bounded below and non-increasing, hence there exist r > 0 such
that

Jim p2(yn, yn) =1

By taking n — oo in (2.9) and using continuity of \ and ¢, we deduce that

Y(1r) < P(2r) < (1), @(r) < (r).
So, W(r) =0 or @(r) =0, which implies that r = 0. Hence,

lim p*(yYn,Yn+1) =0,  lim p*(yn,yn) =0. (2.10)
n—oo n—oo
Now, we prove that the sequence {y»n} is a Cauchy in the partial metric space (X,p). Suppose that the
sequence {yon} is not a Cauchy sequence in (X, p), then there exist € > 0 and two sequences {m(k)} and
{n(k)} as in Lemma 1.10 such that all sequences in (1.1) are tend to € > 0, when k — oco. Now, for
X = Xpn (k) and Y = X (k)41 in equation (2.1), we get

V(2P (Fan (k) GXam (k) £1)) < FO M (Xan (1), X2m k) 11))r @(M(X2n (k) Xam (k) 1)) (2.11)
where

P2 (Sx2n (k) TX2m (k)+1), P2 (FXan (k) SX2n (1)),
PH(GXam k)11, TXam (k) 4+1),
P(S%on (k) TXom (k) +1)P (FXon (1) TXom (k) 1),
P (FXan (k) SXom (1) )P (FXam (k) TXom (k) +1),
P(GXom (k) +1, TXom (1) +1)P (FXon (k) TX2m (k) +1),
1P (Sx2n k), GXam (k) +1) + P (Fxan (), TX2m (k) +1)1°

M(xan (k), X2m (k) +1) = max
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P2(Y2n(k)—1, Yam(k) ) P> (Yan (k) Yan (k)—1),

P2 (Yam(k)+1, Y2m (k)
PY2n()—1, Y2m (k)P Y2n (k) Y2m (k) )/
PYan (k) Y2n ()~ 1) P Y2an (k) Y2m (k) )
P(Y2m0)+1-Y2m (k) )P (Y2n (k) Yom (k) )/

HP(W2n (-1, Yam(k)£1) + P Yan k), Y2m (k)1

(
= max (

Using Lemma 1.10 and equation (2.10) in the above inequality, we have

1lm M(in(k)l sz(k)+1) — max{ez, 0/ O/ €2/ 0/ O/ 62}'
k—o0

Therefore, taking k — oo in inequality (2.11 ) and using the properties of f we get

P(e?) <P(2€?) < F(W(e?), p(e?) < W(ed).

So, P(€?) = 0 or @(e?) = 0, hence we get ¢ = 0 which contradicts being ¢ > 0. Thus {y,n} is a Cauchy
sequence in (X, p), hence by lemma 2.1 we deduce that the sequence {yn} is Cauchy sequence. Since (X, p)
is complete. As a result of Lemma 2.2 we have

Py, y) = lim p(yn,y) = lim p(yn,ym) =0,
n—,oo

n,m—oo
and so,
P2y, y) = lim p*(yn,y) = lim p*(yn,ym) =0. (2.12)
n—oo n,m—oo
This implies that
lim p*(yon,y) = lim p*(yoni1,y) = 0. (2.13)
n—oo n—oo

It follows from (2.3) and (2.13) that

lgrgopz(szn,y) = T}i_IgOPZ(TXZnH,U) =0

n
and
lim p*(Gxont1,y) = lim p*(Sxan+2,y) = 0. (2.14)
n—o00 n—oo

Assume that S(X) is a closed subset of the complete partial metric space (X,p). From (2.14), there
exists u € X such that y = Su. We claim that p?(Fu,y) = 0. Otherwise, p?(Fu,y) > 0. By (p2), (p4), and
(2.1) we infer that

p*(y, Fu) < [p(y, Gxans1) + P(Fu, Gxani1) — P(Gxant1, Gxon41)1

P?(¥, Gxant1) + P?(Fu, Gxan+1) + P2 (Gxan+1, Gxani1) + 2p(y, Gxont1)p(Fu, Gxon 1)
P?(Y, Gxan+1) + P*(Fu, Gxoni1) + (U, Gxont1) + [P (Y, Gxong1) + p2(Fu, Gxany1)]
= 3p*(y, Gxon+1) +2p*(Fu, Gxan 1)),

/

NN

which implies that

Y(p?(y, Fu) = 3p(y,y2n+1)) < W(2p*(Fu, Gxani1)) < FOM(w, x2n+1)), W(M(u, X2n11)))- (2.15)
On the other hand, it follows from (2.3) and (p4), that

p?(Su, Txon 1), P2 (Fu, Su), p*(GXan 41, TXon41),
P(Su, Txon41)p(Fu, Txon41), p(Fu, SWp(Fu, Txon 1),
P(Gxon+1, Txon+1)p(Fw, Txon 1),
1p(Su, Gxan1) + p(Fu, Txon41))?

P?(y,Y2n), P2(Fu,y), P? (Y2n+1, Y2n),
Py, yan)p(Fu, yon ), p(Fu, y)p(Fu, yon ),
PU2n+1,Y2n ) P(FU, Yon ),
1Py, yan+1) +p(Fu, yon)I?

M(w, x2n+1) = max
(2.16)

= maXxX




Z. Mustafa, et al., J. Math. Computer Sci., 18 (2018), 216-231 223

By taking the limit as n — oo in (2.16), and using (2.12) and (2.13) we deduce that

lim M(u, xn+1) = p*(Fu, y). (2.17)

n—oo

By taking the limit as n — oo in (2.15) and using (2.13) and the continuity of 1» we obtain

P(lim p*(y, Fu) —3p*(y, yzn+1)) < FL M (M, x2n41)), lim @ (M(w, x2n11)))

n—oo n—oo

which implies, by (2.17), that,

Y (p?(y, Fu)) < F(pA(Fu,y)), @(p*(Fu,y))) < W(p*(y, Fu)).

Hence, ) (p?(y,Fu)) =0 or @(p?(y,Fu)) = 0, which implies that P%(y,Fu) =0, so
Fu=y = Su. (2.18)

That is, u is a coincidence point of F and S. In view of y = Fu € FX C TX, we deduce that there exists
v € X such thaty = Tv.
Now we show that p?(Gv,y) = 0. Otherwise p?(Gv,y) > 0. Using (2.1) we infer that

$(2p%(y, Gv)) = h(2p*(Fu, Gv)) < F(M(w,v), @(M(u,v))). (2.19)
In light of y = Su = Fu = Tv, we get that

P2 (Su, Tv), p?(Fu, Su), p?(Gv, Tv),
M(u,v) = max p(Su, Tv)p(Fu, Tv) p(Fu, Su)p(Fu, Tv),
p(Gv, Tv)p(Fu, Tv), [p(Su Gv) + p(Fu, Tv)]?

:max{ p2(y,y), P2y, ), P2(Gv,y), P2 (y, ), } (2.20)

P2y, 4), p(Gv,y)p(y,y), 1 [p(y, Gv) +p(y,y)1*}
=p*(Gv,y) ( since p(y,y) =0).

By using (2.19), (2.20), and the property of f, we deduce that

Y(p*(Gv,y)) < W(2p*(Gv,y)) < F(B(P*(GV,y)), @(p*(Gv,y))) < Y(p*(Gv,y)).
Hence, P (p?(Gv,y)) =0 or @(p?(Gv,y)) = 0, which implies that p?(Gv,y) = 0 and so
Gv=y=Tw (2.21)

That is, v is a coincidence point of G and T. Since the pair {F,S} is weakly compatible, it follows from
(2.18) that
Fy = FSu = 8Fu = Sy. (2.22)

Now we show that p?(Fy,y) = 0.

p*(Fy,y) < Ip(FY, y2nt1) + P(Y2n+1,Y) — P(Yan+1, Yons1)]?
< P2(FY, Y2nt1) + P (Y2n+1,Y) + P2 (Yzn+1, Y2nt1) + 2P (FY, Y2n+1)P (Y2ns1, )
Fu, Gxon+1) + P> (Uon+1,Y) + P> (Yan+1, Yan+1) + 2P(FY, Gxan+1)P(Yon+1,Y)
< P (Fy, Gxon+1) + P2 (Y2n+1,Y) + P (Yan+1, Yon+1) + [PP(FY, Goni1) + P* (Yant1,Y)]
= 2p*(Fy, Gxan11) +2P* (Y2n+1,Y) + P> (Yzn+1, Yznt1),

p2(
=p*(
<p
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which implies that

V(P2(Fy,y) —20*(Yon+1,Y) — P> (Yan+1,Yan 1))

. (2.23)
<V (2p~(Fy, Gxong1)) < F(W(M(Y, xon+1)), @(M(yY, X2n41)))-

On the other hand,

P?(Sy, Txon41), P*(Fy, Sy), p2(Gxant1, Txan+1),
p(SyY, Txan+1)p(Fy, Txan 1), P(Fy, Sy)p(Fy, Txon 1),
P(Gxon+1, Txan+1)P(Fy, Txon 1),
1P(SY, Gxon 1) + p(Fy, Txan 1)1

Fy, yon), P2(Fy, Fy), p*(Y2n+1, Y2n),
p?(Fy,y2n), P(Fy, Fy)p(Fy, yon),
P(Y2n+1,Y2n )P (FY, yon ),
Hp(Fy, yan+1) + p(Fy, yon )12

M(y, x2n41) = max

2.24
P2 229

= maxX

Letting n — oo in (2.24), and using (2.10), we get that

lim M(y, xon41) = p*(Fy, y). (2.25)

n—o0

By taking the limit as n — oo in (2.23), and in view of (2.25), (2.10), (2.13), and the property of 1, we
obtain
V(p*(Fy,y)) < W(2p*(Fy,y)) < F(p*(Fy,y)), ©(p*(Fy,y))) < »(p*(Fy,y)).

So, ¥ (p?(Fy,y)) =0 or @(p?(Fy,y)) = 0, which gives that p?(Fy,y) = 0, and so by (2.22),
Fy—y—Sy. (2.26)
Since the pair {G, T} is weakly compatible, it follows from (2.21) that
Gy=GTv=TGv=Ty. (2.27)
We now prove that p?(y, Gy) = 0. By virtue of (2.1) and (2.26), we obtain

Y(2p*(y, Gy)) = W(2p*(Fy, Gy)) < F(W(M(y,y)), o(M(y,y))). (2.28)

On the other hand, using (2.2), (2.26), (2.27), (2.12), and (p2), we have that

p2(Sy, Ty), p%(Fy, Sy), p?(Gy, Ty),
M(y,y) = max p(Sy, Ty)p(Fy, Ty), p(Fy, Sy)p(Fy, Ty),
p(Gy, Ty)p(Fy, Ty), [p(Sy, Gy) + p(Fy, Ty)1

p*(y, Gy), p*(y,u), pP*(Gy, Gy), p*(y, Gy),
= max p(y,y)p(y, Gy),p(Gy, Gy)p(y, Gy), =p*(y, Gy).
ilp(y, Gy) +p(y, Gy)P?

Now using (2.28) and the properties of f, we deduce that

(W(M(y,y)), e(M(y,y)))
(W(p(y, Gy)), @(p*(y, Gy))) < b(p*(y, Gy)),

which implies f(\(p?(y, Gy)), ¢(p*(y, Gy))) = W(p*(y, Gy)). So, Y(p?(y, Gy)) = 0 or ¢(p*(y,Gy)) = 0,
hence p%(y, Gy) = 0. Therefore

V(p3(y, Gy)) < W(2p3(y,Gy)) < f
<f
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Now, combining (2.26) and (2.29), we obtain

y=F=Gy=Sy=Ty.

That is, y is a common fixed point of F,G,S, and T. To prove the uniqueness, suppose that z is another
common fixed points of F, G,S and T, and z # y, then using the contractive condition (2.1), (2.2), and (p2),
we have

B (2p*(y,2)) < V(p*(y,z)) = (2p*(Fy, Gz))
p*(Sy, Tz), p*(Fy, Sy), p*(Gz, Tz),
< f(p (maX{ p(Sy, Tz)p(Fy, Tz), p(Fy, Sy)p(Fy, Tz), }) ,
p(Gz, Tz)p(Fy, Tz), ;[p(Sy, Gz) + p(Fy, Tz)]
p%(Sy, Tz), p*(Fy, Sy), p*(Gz, Tz),
(0] (maX{ p(Sy, Tz)p(Fy, Tz), p(Fy, Sy)p(Fy, Tz), }))
p(Gz, Tz)p(Fy, Tz), 1 [p(Sy, Gz) + p(Fy, Tz)?
_ P*(y,2),p*(y,9), p*(z,2), p ( z),
=fl (max{ Py, yply,z),p(z,2)p ( ) (y,Z) })
p*(y,2),p*(y,y), p*(z,
® (ma"{ p(y,ulp(y,2), plz, z)p )
p%(y,2), p*(y,2), p? (y, ),p (y, , })
< fl <max{ Py, 2)p(y,2), Py, Dp(y,2), P2y, 2) [ )
p*(y,2), P (y,2), P*(y,2), P2y, 2), })
b <max{ p(y,2)p(y,2), p(y,2)ply, 2), p?(y, 2) )
=f(V (P*(v,2)), @ (P*(y,2))) < ¥ (p*(y,2)).

So, V(p%(y,z)) = 0 or @(p%(y,z)) = 0, hence p?(y,z) = 0, which is a contradiction. Thus it should be
z =y. Consequently, F,G, S, and T have a unique common fixed point. Now, if T(X) is a closed subset of
the complete partial metric space (X, p), then the proof is similar to the above arguments. This completes
the proof. O

3. Some corollaries and examples

In Theorem 2.4, by taking {P(t) = I and f(a,b) = ¢(a), where ¢ : [O,oo) [0, 00) is a continuous
function such that ¢p(a) = q, iff a =0, $(a) < a for a > 0, and Zn>1[¢“(a)]z converges for all a > 0 we
get the following corollary which is a generalization of Theorem 2.1 in [31].

Corollary 3.1. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that

(i) FX C TX and GX C SX;

(ii) ome of the ranges SX and TX is a closed subset of (X, p);
(iii) the pairs {F, S} and {G, T} are weakly compatible and

2p*(Fx, Gy)) < (M(x,y)), WxyeX,
where ¢ is as above and M(x,y) is as in (2.2) of Theorem 2.4 for all x,y € X.

Then ¥, G, S, and T have a unique common fixed point in X.
Corollary 3.2. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that

1. FX C TX and GX C SX;
2. one of the ranges SX and TX is a closed subset of (X, p);
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3. the pairs {F, S} and {G, T} are weakly compatible and

2p%(Fx, Gy) < arp?(Sx, Ty) + azp®(Fx, Sx) + azp?(Gy, Ty)

(3.1)
+ agp(Sx, Ty)p(Fx, Ty) + asp(Fx, Sx)p(Fx, Ty) + agp(Gy, Ty)p(Fx, Ty)

holds for all x,y € X, where a; >0 (1=1,2,3,---,6) witha; +ax+az+as+as+aeg < 1.
Then ¥, G,S, and T have a unique common fixed point in X.

Proof. Let

p?(Sx, Ty), p?(Fx, Sx), p*(Gy, Ty),
M(x,y) = max p(Sx, Ty)p(Fx, Ty), p(Fx, Sx)p(Fx, Ty),
p(Gy, Ty)p(Fx, Ty), 3 [p(Sx, Gy) + p(Fx, Ty)]

for all x,y € X. Then we have

a1p?(Sx, Ty) + axp?(Fx, Sx) + asp?(Gy, Ty) + asp(Sx, Ty)p(Fx, Ty)
+ asp(Fx, Sx)p(Fx, Ty) + agp(Gy, Ty)p(Fx, Ty) < (a1 + az + az + ag + as + ag) M(x, y).

So, if the condition (3.1) hold, then
2p*(Fx, Gy) < (a1 + a2 + az + as + as + ag) M(x, y).
Let k = a; + ap + az + ag + a5 + ag and ¢(s) = ks, then the result is obtained from Corollary 3.1. O

Remark 3.3. In Theorem 2.4 if we take
1. S=T,or
2. S=Tand F=G, or
3. S =T =1, where I is the identity mapping, or
4. S =T =1, and F = G, where I is the identity mapping,
then we get several new results of unique common fixed point for two and three mappings, and a unique

fixed point for one mapping.

By taking f(a,b) = a— (;[—g) (H—Lb) in Theorem 2.4 we deduce the following corollary.

Corollary 3.4. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that
(i) FX € TX and GX C SX;

(ii) one of the ranges SX and TX is a closed subset of (X, p);
(iii) the pairs {F, S} and {G, T} are weakly compatible and

1+11,>(M(x,y)))( ®(M(x,y)

$(2p*(Fx, Gy)) < b(M(x,y)) — 2 pix ) T+ e, y)

) (3.2)

where ¢ € O, P eV, f € C, and M(x,y) is as in (2.2) of Theorem 2.4 for all x,y € X.

Then ¥, G,S, and T have a unique common fixed point in X.
By taking F(a,b) = ¥/In(1 + a™) in Theorem 2.4 we deduce the following corollary.

Corollary 3.5. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that

(i) FX € TX and GX C SX;
(ii) ome of the ranges SX and TX is a closed subset of (X, p);
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(iii) the pairs {F, S} and {G, T} are weakly compatible and

V(2p*(Fx, Gy)) < ¥/In(1+ (b(M(x,y)))™), (3.3)
where, p € ¥, f € C, and M(x,y) is as in (2.2) of Theorem 2.4 for all x,y € X.

Then ¥, G, S, and T have a unique common fixed point in X.

By taking f(a,b) = (a4 3)1/(1+%)*) _3 in Theorem 2.4 we deduce the following corollary.

Corollary 3.6. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that

(i) FX € TX and GX C SX;
(i) ome of the ranges SX and TX is a closed subset of (X, p);
(iii) the pairs {F, S} and {G, T} are weakly compatible and

W(2p%(Fx, Gy)) < (W(M(x,y)) +3)1/ 1o M) _3 (3.4)

where ¢ € O, P eV, f € C, and M(x,y) is as in (2.2) of Theorem 2.4 for all x,y € X.

Then ¥, G, S, and T have a unique common fixed point in X.

Remark 3.7. In Corollaries 3.4, 3.5, and 3.6 if we take

1. S=T,or

2. S=Tand F=G, or

3. S =T =1, where I is the identity mapping, or

4. S =T =1, and F = G, where I is the identity mapping,

then we get several new results of unique common fixed point for two and three mappings and a unique
fixed point for one mapping.

In Theorem 2.4, by taking \(t) = t we get the following corollary.

Corollary 3.8. Let F, G, S, and T be four self-maps of a complete partial metric space (X, p) such that

(i) FX C TX and GX C SX;
(ii) one of the ranges SX and TX is a closed subset of (X, p);
(iii) the pairs {F, S} and {G, T} are weakly compatible and

2p*(Fx, Gy) < f(M(x,y), o(M(x,y)), WxyeX, (3.5)
where ¢ € @ and f € C and M(x,y) is as in (2.2) of Theorem 2.4 for all x,y € X.
Then ¥, G, S, and T have a unique common fixed point in X.
Now, we give example to support Theorem 2.4.
Example 3.9. Let X = [0,1], and (X, d) be a partial metric space defined by p(x,y) = max{x,y} for all
x,y € X. Let F, G, S, and T be four self mappings defined by

3
Sx =x?, Tx= ZX, for all x € [0,1].

Clearly, the subspace SX = X is closed, FX C SX and GX C TX. Also, it is easy to show that the pairs
{F,S} and {G, T} are weakly compatible. In order to check condition (2.1) for all x,y € X and P(t) = 3,
e(t)=+vtforallt € Rt and f(a,b) = 81—8 we consider the following two cases:
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Case 1. Ify < "72, then

N

2
PA(Fx, Gy) = (p(, 301 = (max(*, 31* = T

and
2 ¢ o X* a0 4
p (Fx, Sx) = (P(Z,X ) = (max{z,x N2 =x

Hence we deduce that

2p%(Fx, Gy) = )gl = %pZ(FX, Sx),
12
PP, Gy)) = 5 < 15x'2 = F (PP, $1)), 9P (e, 5x))) < F O ), 006, y)))

Case 2. If "72 <y, then

and

2%(Fx, Gy) = - = gp*(Gy, Ty),
6 3
V(2p*(Fx, Gy)) = % < 1801%146 = f(Y(p*(Gy, Ty)), @(p*(Gy, Ty))) < F(D(M(x,y)), 9(M(x,y))).

Hence, all conditions of Theorem 2.4 are satisfied. Moreover, 0 is the unique common fixed point of F, G, S,
and T.
4. Application to integral equation

In this section, we will use Theorem 2.4 with S = T = I, where I is the identity mapping to show that
there is a solution to the following integral equations:

x(t) = hy(x(t)) + Jt m(t,s)Hq(s,x(s))ds, te[0,1], (4.1)
0

x(t) = ho(x(t)) + Jt m(t, s)Ha(s,x(s))ds, te[0,1], (4.2)
0

where,

1. hi(t), ha(t) : [0,1] — R are continuous;
2. m(t,s):[0,1] x [0,1] — R™ are continuous functions;
3. Hi(t,s) : [0,1] x R — R are continuous functions for i =1, 2.

Let X = C([0,1]) be the set of all real continuous functions on [0, 1], endowed with the partial metric

p(u,v) =max{ sup [u(t)], sup [v(t)l}, for all u,v € X.
t€(0,1] t€(0,1]

Clearly, (X, p) is a complete partial metric space.
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Theorem 4.1. The integral equations (4.1) and (4.2) have a solution u such that uw € C([0,1]) if the following
conditions are holds:

L. sup oy m(t, s) < —3
2. Hi(s,t)| < 2|’c| i=1 2
3. Tha(t)] < ylalthi=

Proof. Define mappings F,G : X — X by

t

Fx(t) = hy(x(t)) +JO m(t,s)Hq(s,x(s))ds, te[0,1],

Gx(t) = ha(x(t)) +L m(t,s)Ha(s,x(s))ds, te[0,1],

and S = T = I, where I is the identity mapping. Clearly the conditions (i) and (ii) of Theorem 2.4 are
satisfied also the pairs (F,S) and (G, T) are weakly compatible. Now we prove condition (2.1) of Theorem
2.4 is satisfied. Let x(t),y(t) € X. Then, for all t € [0, 1], we have

t

[F(x(t)] < [ha (x(t))] +|J m(t, sJHi(s, x(s)) ds|

0

t
< (x(1) +L [m(t, s)[[H (s, x(s))| ds

t 1
< |h1(x(t))|+J 7|H1(s,x(s))|ds

t
v S50 505 2 0

t
1
—— su |Sx(t|—|—J —— sup |Sx(t)|
2\@ tel Opl 2 3

0 te[0,1]
1
— S — S
< 5v3 P IS+ ] 5o sup 5o
= 1 sup [Sx(t)].
te[0,1]
Thus,
sup [F(x(1)| < = sup ISx(t)!
te(0,1] 3 te(0,1]
Similarly, )
sup |G(y(t)) < —= sup [Ty(t)l.
te(0,1] 3 te0]
Hence,
P(FIX(D), Gy(1) < <= p(Sx(0), Ty(1),
which implies,
2
2p?(F(x(t)), G(y(1))) < 3P 2(Sx(t), Ty(t))
< gM(X y) =pM(x,y)) — o(M(x,y)) = f(P(M(x,y)), @(M(x,y))).
3

Therefore, Y(2p*(F(x(t)), G(y(t)))) < Fb(M(x,y)), @(M(x,y))), where f(a,b) = a—b,(t) = t and

@(t) = 5. Hence, all conditions of Theorem 2.4 hold and the mappings F,G,S, and T has a common

fixed point u(t) € C([0,1]), which is a solution to the equations (4.1) and (4.2). O]
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