Mustafa et al. Fixed Point Theory and Applications 2014, 2014:144 ® Fixed Point Theory and App|icati0n5
http://www.fixedpointtheoryandapplications.com/content/2014/1/144 a SpringerOpen Journal

b,-Metric spaces and some fixed point

theorems

Zead Mustafa'”, Vahid Parvaneh?, Jamal Rezaei Roshan® and Zoran Kadelburg*

“Correspondence: zead@qu.edu.ga
'Department of Mathematics,
Physics and Statistics, Qatar
University, Doha, Qatar

Full list of author information is
available at the end of the article

@ Springer

Abstract

The aim of this paper is to establish the structure of b,-metric spaces, as a
generalization of 2-metric spaces. Some fixed point results for various
contractive-type mappings in the context of ordered b,-metric spaces are presented.
We also provide examples to illustrate the results presented herein, as well as an
application to integral equations.

MSC: 47H10; 54H25

Keywords: b-metric space; 2-metric space; partially ordered set; fixed point;
generalized contractive map

1 Introduction
The concept of metric spaces has been generalized in many directions.

The notion of a b-metric space was studied by Czerwik in [1, 2] and many fixed point
results were obtained for single and multivalued mappings by Czerwik and many other
authors.

On the other hand, the notion of a 2-metric was introduced by Géhler in [3], having
the area of a triangle in R? as the inspirative example. Similarly, several fixed point results
were obtained for mappings in such spaces. Note that, unlike many other generalizations
of metric spaces introduced recently, 2-metric spaces are not topologically equivalent to
metric spaces and there is no easy relationship between the results obtained in 2-metric
and in metric spaces.

In this paper, we introduce a new type of generalized metric spaces, which we call
by-metric spaces, as a generalization of both 2-metric and b-metric spaces. Then we
prove some fixed point theorems under various contractive conditions in partially ordered
by-metric spaces. These include Geraghty-type conditions, conditions using comparison
functions and almost generalized weakly contractive conditions. We illustrate these re-
sults by appropriate examples, as well as an application to integral equations.

2 Mathematical preliminaries
The notion of a b-metric space was studied by Czerwik in [1, 2].

Definition 1 [1] Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X — R* is a b-metric on X if, for all x, y, z € X, the following conditions hold:

(by) d(x,y)=0ifand onlyifx =y,
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(b2) dlx,y) = d(y,x),
(bs) d(x,2) <sld(x,y) +d(y,2)].

In this case, the pair (X, d) is called a b-metric space.

Note that a b-metric is not always a continuous function of its variables (see, e.g., [4,
Example 2]), whereas an ordinary metric is.
On the other hand, the notion of a 2-metric was introduced by Géahler in [3].

Definition 2 [3] Let X be a nonempty set and let d : X3 — R be a map satisfying the
following conditions:
1. For every pair of distinct points x, y € X, there exists a point z € X such that
d(x,y,z) #0.
2. Ifat least two of three points x, ¥, z are the same, then d(x,y,z) = 0.
The symmetry: d(x,y,2) = dx,z,y) = d(y,x,2) = d(y,z,x) = d(z,x,y) = d(z,y,x) for all
xy,zeX.
4. The rectangle inequality: d(x,y,2z) < d(x,y,£) + d(y,2,t) + d(z,x,¢) for all x, 9,2z, ¢ € X.
Then d is called a 2-metric on X and (X, d) is called a 2-metric space.

Definition 3 [3] Let (X,d) be a 2-metric space, a,b € X and r > 0. The set B(a, b,r) = {x €
X :d(a,b,x) < r} is called a 2-ball centered at 4 and b with radius r.

The topology generated by the collection of all 2-balls as a subbasis is called a 2-metric
topology on X.

Note that a 2-metric is not always a continuous function of its variables, whereas an

ordinary metric is.

Remark 1

1. [5] It is straightforward from Definition 2 that every 2-metric is non-negative and
every 2-metric space contains at least three distinct points.

2. A 2-metric d(x,y,2) is sequentially continuous in each argument. Moreover, if a
2-metric d(x, y,z) is sequentially continuous in two arguments, then it is
sequentially continuous in all three arguments; see [6].

3. A convergent sequence in a 2-metric space need not be a Cauchy sequence; see [6].
In a 2-metric space (X, d), every convergent sequence is a Cauchy sequence if d is
continuous; see [6].

5. There exists a 2-metric space (X, d) such that every convergent sequence in it is a
Cauchy sequence but d is not continuous; see [6].

For some fixed point results on 2-metric spaces, the readers may refer to [5-15].
Now, we introduce new generalized metric spaces, called b,-metric spaces, as a gener-
alization of both 2-metric and b-metric spaces.

Definition 4 Let X be a nonempty set, s > 1 be a real number and let 4: X> — R be a
map satisfying the following conditions:
1. For every pair of distinct points x,y € X, there exists a point z € X such that
d(x,y,z) #0.
2. Ifat least two of three points x, ¥, z are the same, then d(x,y,z) = 0.
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3. The symmetry: d(x,y,2) = d(x,z,y) = d(y,x,2) = d(y,z,x) = d(z,%,y) = d(z,y,x) for all
x,9,z¢€X.

4. The rectangle inequality: d(x,y,z) <s[d(x,y,t) + d(y,z,t) + d(z,x,t)] for all
x,9,2,t €X.

Then d is called a by-metric on X and (X, d) is called a b, -metric space with parameter s.

Obviously, for s = 1, by-metric reduces to 2-metric.

Definition 5 Let {x,} be a sequence in a b,-metric space (X, d).
1. {x,} is said to be by-convergent to x € X, written as lim, x,, = %, if for all a € X,
lim,, d(x,,x,a) = 0.
2. {x,} is said to be a b,-Cauchy sequence in X if for all a € X, lim,, d(x, %, a) = 0.
3. (X,d) is said to be by-complete if every b,-Cauchy sequence is a by-convergent

sequence.
The following are some easy examples of b, -metric spaces.

Example 1 Let X = [0, +00) and d(x,y,2) = [xy + yz + zx]? if x # y # z # x, and otherwise
d(x,y,z) = 0, where p > 1 is a real number. Evidently, from convexity of function f(x) = ”

for x > 0, then by Jensen inequality we have
@+b+cyf <31+ + ).
So, one can obtain the result that (X, d) is a b,-metric space with s < 3771,

Example 2 Let a mapping d: R® — [0, +00) be defined by
d(x,y,2) = min{|x - y|, |y - 2|, |z - x[}.

Then d is a 2-metric on R, i.e., the following inequality holds:
dx,y,2z) <d(x,y,t) +d(y,zt) + d(z,x,t),

for arbitrary real numbers ¥, y, z, £. Using convexity of the function f(x) = #” on [0, +00)

for p > 1, we obtain that

dp(%,y,2) = [min{|x -y, ly - 2|, |z - x[} "
is a by-metric on R with s < 3771,

Definition 6 Let (X,d) and (X', d’) be two b,-metric spaces and let f : X — X’ be a map-
ping. Then f is said to be by-continuous at a point z € X if for a given ¢ > 0, there exists
8 > 0 such that x € X and d(z,x,a) < § for all a € X imply that d'(fz, fx, a) < ¢. The mapping
f is by-continuous on X if it is by-continuous at all z € X.

Proposition 1 Let (X, d) and (X', d’) be two by-metric spaces. Then a mapping f : X — X’
is by-continuous at a point x € X if and only if it is by-sequentially continuous at x; that is,
whenever {x,} is by-convergent to x, {fx,} is by-convergent to f(x).
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We will need the following simple lemma about the b,-convergent sequences in the

proof of our main results.

Lemmal Let (X,d) be a by-metric space and suppose that {x,} and {y,} are b,-convergent
to x and y, respectively. Then we have

1
—zd(x,y, a) < liminfd(x,,y,,a) < limsupd(x,,y,,a) < s*d(x,y,a),
S n—oo n—00

forall ain X. In particular, if y, = y is constant, then

1
-d(x,y,a) <liminfd(x,,y,a) <limsupd(x,,y,a) < sd(x,y,a),
s n—00

n—00

forallainX.

Proof Using the rectangle inequality in the given b,-metric space, it is easy to see that

d(x,y,a) = dx,a,y) <sd(x,a,x,) +sd(a,y,x,) + sd(y,x,x,)

< sd(x,a,%,) + $*[A(@ 9, yn) + A Xy Yn) + Ay @, 9) | + 5d(, %, %)
and

d(xnryma) = d(xnr a,yn) = Sd(xm ﬂ’x) + Sd(aryn,x) + Sd(ymx,xn)
< sd(xy, a,%) + $*[d(@, Y, ) + Yo ,Y) + A%, 4,9) ] + AV, X, %)

Taking the lower limit as # — oo in the first inequality and the upper limit as #» — oo in
the second inequality we obtain the desired result.

If y, =y, then
d(x,y,a) <sd(x,y,x,) +sd(y,a,x,) + sd(a, x,x,)
and
d(x,,y,a) < sd(x,,y,x) + sd(y, a,x) + sd(a, x,, x). O

3 Main results

3.1 Results under Geraghty-type conditions

In 1973, Geraghty [16] proved a fixed point result, generalizing the Banach contraction

principle. Several authors proved later various results using Geraghty-type conditions.

Fixed point results of this kind in b-metric spaces were obtained by Pukic et al. in [17].
Following [17], for a real number s > 1, let F; denote the class of all functions S :

[0,00) — [0, %) satisfying the following condition:

1
ﬂ(t,,)—); asn— oo implies ¢, — 0 asn— oo.

Page 4 of 23
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Theorem 1 Let (X, <) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X,d) is a by-complete by-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xy < fxo. Suppose
that

sd(fx, fy,a) < ,B(d(x,y, a))M(x,y, a) (3.1)

for all a € X and for all comparable elements x,y € X, where

M(x,y,a) = max{d(x,y,a), dlx.fr,a)d 0.1y, @) }

1+d(fx,fy,a)

Iff is by-continuous, then f has a fixed point. Moreover, the set of fixed points of f is well
ordered if and only if f has one and only one fixed point.

Proof Starting with the given xo, put x,, = f"x. Since x¢ < fx, and f is an increasing func-
tion we obtain by induction that

X0 =< fro < fixg < - < f"wo < f"ag <o

Step I: We will show that lim,, d(x,, x,.1,a) = 0. Since x,, < x,,,; for each n € N, then by
(3.1) we have

Sd(xm KXn+ls ﬂ) = Sd(fxn—l;fxm d) <B (d(xn—l» Xns ﬂ))M(xn—ly Xns (l)

1
< _d(xn—b X ﬂ) E d(xn—ly Xn» ﬂ)r (32)
N

because

d n—1, n—1» d ", n»
M(xnl;xnra):max{d(xnlrxn)a)r (x lfx 1“) (x fx ﬂ)}

1+ d(fxy1,fxn, a)

d(xn—ly Xns a)d(xm KXn+ls 61)
1+ d(xn; Xn+ls ﬂ)

= max{d(xn_l,xm a),
= d(xn—bxm 61).

Therefore, the sequence {d(x,,%,.1,a)} is decreasing. Then there exists r > 0 such that
lim, d(x,,, %41, @) = r. Suppose that r > 0. Then, letting » — 00, from (3.2) we have

1
-r<sr< limﬂ(d(xn,l,x,,,a))r <r.
s n

So, we have lim,, B(d(x,,_1, %, a)) > % and since 8 € F; we deduce that lim,, d(x,,_1,%,,a) =0
which is a contradiction. Hence, r = 0, that is,

limd(x,,%,.1,a) = 0. (3.3)
n

Step II: As {d(x,,x441,a)} is decreasing, if d(x,_1,%,, a) = 0, then d(x,,%,41,a) = 0. Since
from part 2 of Definition 4, d(xg,x1,%9) = 0, we have d(x,, x,,1,%0) = 0 for all n € N. Since
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A(Xp-1, %> %m) = 0, we have
AXn) X1, %) = 0 (3.4)
forallm>m—-1.For0 <m<m-1,wehave m —1>n+1, and from (3.4) we have
AKX -1, % Xna1) = AKXty Xy %) = 0. (3.5)
It implies that

AKX Xni1s Xm) < 5AXns Xpa1s Xm1) + SA X1, Xy Xim—1) + SA Ky Xy K1)

= 5A(X s Xpa1s X1
Since d(xy, X441, %4+1) = 0, from the above inequality, we have
A%y %11, %) < 8" A, X1, %011) = O (3.6)
forall 0 <n <m —1. From (3.4) and (3.6), we have
A( X X415 %) = 0 (3.7)

for all n,m € N.
Now, for all ;,/, k € N with i < j, we have

d(xj_1, %), %) = d(xj_1, %), %) = 0. (3.8)
Therefore, from (3.8) and triangular inequality

d(xi:xjrxk) = S[d(xirxj;xj—l) + d(xj,xerj—l) + d(xk;xi;xj—l)]

=sd(xp, %, ) < -+ < 7 d (g, %, x1) = 0.
This proves that for all i,j,k € N
d(x;, %, %) = 0. (3.9)

Step III: Now, we prove that the sequence {x,} is a by-Cauchy sequence. Using the rect-
angle inequality and by (3.1) we have

A Xy Xy @) < SAX s Xy K1) + SA Ky A, X11) + SA(A, Xgy K1)
< A% X1, Xm) + 5[ Ay X1, @) + A1, X1, @)
+ Ay X1, Xni1) | + 54X, X111, @)
< 8d(%y %15 %) + 52 Aoy X1, @) + 5P (d (s X @)) M (X, X, @)

+ Szd(xmr KXm+1» xn+1) + Sd(xn; Kn+ls d).
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Letting m, n — oo in the above inequality and applying (3.3) and (3.7) we have
lim d(x,,%x,,a) <s lim ,B(d(xn,xm, a)) lim M(x,,x,,,a). (3.10)
m,n— 00 m,n— 00 m,n— 00

Here

A%y Xy, @) < M (% X, a)

A%y, fn, a)d(xm, foom, a)
1+ d(fxy, fx, a)

d(xny Xn+ls a)d(xm; Xin+1s ﬂ)
1+ d(xwrl; KXm+ls (l) '

= max{d(x,,,xm,a),

= max{d(xmxm: ﬂ),

Letting m, n — oo in the above inequality we get

lim M(x,,%,a) = lim d(x,,x,.,a). (3.11)

m,n— 00 m,n— 00

Hence, from (3.10) and (3.11), we obtain

lim d(x,,%x,,a) <s lim ,B(d(x,,,xm,a)) lim d(x,,%,,a). (3.12)

m,n— 00

Now we claim that limy,; ;—, oo d(%,, X, @) = 0. If, to the contrary, limy, ,— 0o (X, X, a) #

0, then we get

—_

— S hm ﬂ(d(xynxmrﬂ))‘

S m,n— 00

Since B € F; we deduce that

lim d(x,,%,,a) =0, (3.13)

m,n— 00

which is a contradiction. Consequently, {x,} is a b,-Cauchy sequence in X. Since (X, d) is
by-complete, the sequence {x,} b,-converges to some z € X, that is, lim, d(x,, z,a) = 0.
Step IV: Now, we show that z is a fixed point of f.

Using the rectangle inequality, we get
d(fz,z,a) < sd(fz,fxu, z) + sd(z,a,fx,) + sd(a, [z, fx,).
Letting n — 0o and using the continuity of f, we have fz = z. Thus, z is a fixed point of f.

Step V: Finally, suppose that the set of fixed point of f is well ordered. Assume, to the
contrary, that # and v are two distinct fixed points of f. Then by (3.1), we have

sd(u,v,a) = sd(fu,fv,a) < B(d(u,v,a))M(u,v,a)

= ﬁ(d(u, v, a))d(u, v,a) < %d(u, v,a), (3.14)
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because

M(u,v,a) = max{d(u, va), d(u,fu,a)d(v,fv,a) }

1+d(fu,fv,a)
= max{d(u, v, u),O} =d(u,v,a).

Thus, we get sd(u,v,a) < %d(u, v,a), a contradiction. Hence, f has a unique fixed point.
The converse is trivial. O

Note that the continuity of f in Theorem 1 can be replaced by certain property of the
space itself.

Theorem 2 Under the hypotheses of Theorem 1, without the b,-continuity assumption
on f, assume that whenever {x,} is a nondecreasing sequence in X such that x,, — u, one
has x, < u for all n € N. Then f has a fixed point. Moreover, the set of fixed points of f is
well ordered if and only if f has one and only one fixed point.

Proof Repeating the proof of Theorem 1, we construct an increasing sequence {x,} in X
such that x, — z € X. Using the assumption on X we have x, < z. Now, we show that
z =fz. By (3.1) and Lemma 1,

1
s[—d(z,f ,a):| <slimsupd(x,41,/z, a)
N n—00

<limsup (d(x,,, z, a)) limsup M(x,,z, a),

n—00 n—00

where

lim M(x,,z,a) = limmax{d(x,,,z, a),

n—00 n

Axp, fxn, a)d(z,fz, a)
1+d(fx,, fz,a) }

d(xn:xnﬂxd)d(ztf ’('l)
1+ d(xy41,/z a)

= limmax{d(xn,z,a), } =0 (see (3.3)).
Therefore, we deduce that d(z,fz,a) < 0. As a is arbitrary, hence, we have z = fz.
The proof of uniqueness is the same as in Theorem 1. d

If in the above theorems we take B(t) = r, where 0 <r < %, then we have the following
corollary.

Corollary 1 Let (X, <) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X,d) is a by-complete by-metric space. Let f : X — X be an increasing

mapping with respect to < such that there exists an element xy € X with xy < fxo. Suppose
1

s?

that for some r, with 0 <r <

sd(fx, fy,a) < rM(x,y,a)

holds for each a € X and all comparable elements x,y € X, where

M(x,y,a) = max{d(x, ¥, a), dx fx, a)d(y. 1y, 4) }

1+d(fx,fy,a)
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Iff is continuous, or, for any nondecreasing sequence {x,} in X such that x, — u € X one
has x, < u for all n e N, then f has a fixed point. Additionally, the set of fixed points of f is
well ordered if and only if f has one and only one fixed point.

Corollary 2 Let (X, <) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X,d) is a by-complete by-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xo < fxo. Suppose
that

d(x, fx,a)d(y,fy, a)
1+d(fx,fy, a)

d(fx.fy,a) < ad(x,y,a) + B

for each a € X and all comparable elements x,y € X, where o, > 0 and o + < %

Iff is continuous, or, for any nondecreasing sequence {x,} in X such that x,, — u € X one
has x, < u for all n € N, then f has a fixed point. Moreover, the set of fixed points of f is
well ordered if and only if f has one and only one fixed point.

Proof Since

d(x, fx,a)d(y,fy, a)
1+d(fx,fy,a)
d(x,fx, a)d(y,fy, a) }
1+d(fx,fr,a) |

ad(x,y,a) + B

<(a+ ﬁ)max{d(x,y, a),

Putting r = & + 8, the conditions of Corollary 1 are satisfied and f has a fixed point. =~ [

Example 3 Let X = {(«,0): a € [0,+00)} U{(0,2)} C R? and let d(x, y, z) denote the square
of the area of triangle with vertices x,y,z € X, e.g.,

d((a, O)! (ﬁ! 0)’ (Or 2)) = (0{ - ;3)2
It is easy to check that d is a by-metric with parameter s = 2. Introduce an order < in X by
(@,0)<(8,0) < a=>8§

with all other pairs of distinct points in X incomparable.
Consider the mapping f : X — X given by

F(@,0) = (%0) for o € [0, +00) and £(0,2) = (0,2),

and the function 8 € F, given as

B(t) = N for t € [0, +00).

Then f is an increasing mapping with (¢,0) < f(«,0) for each o > 0. If {x,} = {(¢,,0)}
is a nondecreasing sequence in X, converging to some z = (y,0), then («,,0) < (y,0) for
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all n € N. Finally, in order to check the contractive condition (3.1), only the case when
x = (,0), y = (8,0), a = (0,2) is nontrivial. But then d(x,y,a) = (@ — 8)? and

sd(fx, f3, ) =2d((%a,0), (%ﬂ,o),m,z)) =2 @~ p7 < e p)

< ﬂ(d(x,y, a))d(x,y,a) < ,B(d(x,y, a))M(x,y,a).

All the conditions of Theorem 2 are satisfied and f has two fixed points, (0,0) and (0, 2).
Note that the condition (stated in Theorem 1 and Theorem 2) for the uniqueness of a fixed
point is here not satisfied.

3.2 Results using comparison functions
Let ¥ denote the family of all nondecreasing and continuous functions ¥ : [0,00) —
[0, 00) such that lim,, ¥"(¢) = 0 for all £ > 0, where /" denotes the nth iterate of . It is
easy to show that, for each ¢ € ¥, the following are satisfied:

(@) ¥() <tforallt>0;

(b) ¥(0)=0.

Theorem 3 Let (X, X) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X,d) is a by-complete by-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xy < fxo. Suppose

that

sd(fx, fy, a) < ¥ (M(x,y,a)), (3.15)
where

i =max e LD,

for some W € ¥ and for all elements x,y,a € X, with x, y comparable. If f is by-continuous,
then f has a fixed point. In addition, the set of fixed points of f is well ordered if and only if
f has one and only one fixed point.

Proof Since x¢ < fxo and f is an increasing function, we obtain by induction that

X0 < fro <fRxg <o < fMwo < fapg <o

By letting x,, = f"x(, we have

If there exists o € N such that x,,, = %,,,1, then x,,, = fx,,, and so we have nothing to prove.
Hence, we assume that x,, # x,,,1 for all # € N.
Step 1. We will prove that lim, d(x,, x,.1,a) = 0. Using condition (3.15), we obtain

d(xn+lrxn: 61) = Sd(xm—lvxnr (l) = Sd(fxmfxn—lva) = 1pl/(j\4(xrn~xn—1; (l))
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Here

d n—1, n—1» d ", n»
M(xnl;xnra):max{d(xnlrxnra)r (x lfx 1“) (x fx d)}

1+ d(fxy_1,fxn a)

=d(x,_1,%,,a).
Hence,
A %1, @) < SAWKy Xn11,4) < Y (A(Kp1, Xy @) < A(Kp1, Xy @) (3.16)
By induction, we get
A, %pi1,%0) < Y (A Xy %0-1)) < VP (A8 X1, %0-2)) < -+ < " (d(a,x1,%0)).
As i € ¥, we conclude that
liilqnd(xn,xml,a) =0. (3.17)

From similar arguments as in Theorem 1, since {d(x,,x,.1,a)} is decreasing, we can con-
clude that

dxi, %, %) =0 (3.18)

forall i,j,k e N.

Step II. We will prove that {x,} is a by-Cauchy sequence. Suppose the contrary. Then
there exist @ € X and ¢ > 0 for which we can find two subsequences {x,,,} and {x,,} of {x,}
such that #; is the smallest index for which

n>m;>i and  d(%,;,%,;,a) > €. (3.19)
This means that

AKXy Xn-1, @) < €. (3.20)
From (3.19) and using the rectangle inequality, we get

& < AKXy @) < SA Ky Xy Xmia1) + SA Ky 415 Xy @) + A Kppyyi1, Ximy» @)
Taking the upper limit as i — oo, from (3.17) and (3.18) we get

& .

— < limsup d(X; 41, %p;, @) (3.21)

N i—00

From the definition of M(x,y, a) we have

d(xm,-:fxmi:ﬂ)d(xni—lexni—b ('l)
1+ d(fxml‘lfxl’ll‘—li ﬂ)

d(xmi’ a, xmi+1)d(xni—1; a, xni)
1+ d(xmi+1: xnp 61)

M(xm,-) Xni-1» 61) = max { d(xml‘: Xni-1» 61),

= max { A(Kyn;s Xn;-1, @),
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and if i — o0, by (3.17) and (3.20) we have
lim sup M (%, X1, @) < €.
i—00
Now, from (3.15) we have
SAXp; 41 %y @) = AKX fon, 1, a) < W(M(xmi,xni_l,a)).
Again, if i — oo by (3.21) we obtain

€ =s-— <slimsupd(x,.1,%n,,a) < ¥(e) <e,

i—00

“ | o™

which is a contradiction. Consequently, {x,} is a b,-Cauchy sequence in X. Therefore, the
sequence {x,} by-converges to some z € X, that is, lim, d(x,,z,a) = 0 for all a € X.

Step III. Now we show that z is a fixed point of f.

Using the rectangle inequality, we get

d(z,fz,a) < sd(z,fz,fxu) + sd(fx,, [z, a) + sd(fx,, z, a).
Letting n — oo and using the continuity of f, we get
d(z,fz,a) < 0.

Hence, we have fz = z. Thus, z is a fixed point of f.
The uniqueness of the fixed point can be proved in the same manner as in Theorem 1.
O

Theorem 4 Under the hypotheses of Theorem 3, without the by-continuity assumption
on f, assume that whenever {x,} is a nondecreasing sequence in X such that x, — u € X,
one has x, < u for all n € N. Then f has a fixed point. In addition, the set of fixed points of
f is well ordered if and only if f has one and only one fixed point.

Proof Following the proof of Theorem 3, we construct an increasing sequence {x,} in X

such that x, — z € X. Using the given assumption on X we have x, < z. Now, we show
that z = fz. By (3.15) we have

sd(fz, %, a) = sd(fz, fn1,a) < ¥ (M(z,%,-1,)), (3.22)

where

M(z,%y-1,a) = maX{ d(z, %41, 4),

d(z,fz,a)d(xy-1,fxn1,a) }
1+d(fz, fxy1,a) )

Letting n — oo in the above relation, we get

limsup M(z,x,_1,a) = 0. (3.23)

n—0o0
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Again, taking the upper limit as # — oo in (3.22) and using Lemma 1 and (3.23) we get

s[%d(z,f ,a):| <slimsupd(x,,fz, a)

n— o0

< limsup ¢ (M(z, X1, a)) =0.

n— 00

Sowe getd(z,fz,a) =0, i.e, fz=z. a

Corollary 3 Let (X, <) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X,d) is a by-complete by-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xy < fxo. Suppose
that

sd(fx, fy,a) < rM(x,y,a),

where 0 <r<1and

M(x,y,a) = max{d(x,y, a), dx.fx, a)d(y.fy, a) }’

1+d(fx,fy,a)

for all elements x,y,a € X with x, y comparable. If f is continuous, or, whenever {x,} is a
nondecreasing sequence in X such that x,, — u € X, one has x, < u forall n € N, then f has
a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f has one
and only one fixed point.

Example 4 Let X = {4, B, C,D} be ordered by A > B > C, with all other pairs of distinct
points incomparable. Define d : X> — R by

d(A,B,C)=0, d(A,B,D)=1, dA,C,D)=4, d(B,CD)=2,

with symmetry in all variables and with d(x,y,z) = 0 when at least two of the arguments
are equal. Then it is easy to check that (X, d) is a complete b,-metric space with s = %.
Consider the mapping f : X — X given as

/= A B C D
\4 4 B D
and a comparison function ¥/ (¢) = %t. Then f is a nondecreasing mapping w.r.t. < and there
exists xg € X such that xy < fxo. The only nontrivial cases for checking the contractive

condition (3.15) are whena =D and x = A, y= C or x = B, y = C (or vice versa). Then we
have

4
sd(fA,fC,D) = - d(A,B,D) = - <

wl e
[SSRIN\S)

resp.

4 4
sd(/‘B,fC,D) = gd(A,B,D) = g

[SSH NS

2=v(2) =¥ (d(B,C,D)) < ¥(M(B,C,D)).
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Hence, all the conditions of Theorem 3 are fulfilled. The mapping f has two fixed points
(A and D).

3.3 Results for almost generalized weakly contractive mappings
Berinde in [18—-21] initiated the concept of almost contractions and obtained many inter-
esting fixed point theorems. Results with similar conditions were obtained, e.g., in [22] and
[23]. In this section, we define the notion of almost generalized (v, ¢); ,-contractive map-
ping and we prove some new results. In particular, we extend Theorems 2.1, 2.2 and 2.3
of Ciri¢ et al. in [24] to the setting of b,-metric spaces.

Recall that Khan et al. introduced in [25] the concept of an altering distance function as

follows.

Definition7 [25] A function ¢ : [0, +00) — [0, +00) is called an altering distance function,
if the following properties hold:

1. ¢ is continuous and nondecreasing.

2. @()=0ifand onlyift=0.

Let (X, d) be a by-metric space and let f : X — X be a mapping. For x,y,a € X, set

M, (x,y) = max{d(x,y,a),d(x,f ,a),d(y,fy, a), d(x,fy,a);—sd(y,fx, %) }

and

N,(x,y) = min{d(x,fx, a),d(x,fy,a),d(y,fx,a), dy, [y, a) }

Definition 8 Let (X, d) be a by-metric space. We say that a mapping f : X — X is an almost
generalized (¥, ¢)s,-contractive mapping if there exist L > 0 and two altering distance
functions ¥ and ¢ such that

v (sd(f, fr,@)) < ¥ (Ma(%,9)) — 0(Ma(,)) + L (Na(x,)) (3.24)
forallx,y,a € X.
Now, let us prove our new result.

Theorem 5 Let (X, X) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X, d) is a by-complete by-metric space. Let f : X — X be a continuous
mapping, nondecreasing with respect to <. Suppose that f satisfies condition (3.24), for all
elements x,y,a € X, with x, y comparable. If there exists xo € X such that xy < fxo, then f
has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f has
one and only one fixed point.

Proof Starting with the given x, define a sequence {x,} in X such that x,.,; = fx,, for all
n > 0. Since x¢ < fxo = x; and f is nondecreasing, we have x; = fxy < x, = fx;, and by
induction
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If x,, = x,,41, for some n € N, then x, = fx, and hence %, is a fixed point of f. So, we may

assume that x,, # x,,,1, for all n € N. By (3.24), we have

W(d(xn: Xn+ls 61)) < w(Sd(xn: KXn+ls ﬂ))
= W(sd(fxn_l,fx,,, a))
= w(Mu(xn—lrxn)) - W(Ma(xn—l;xn)) + Lw(Nu(xn—lrxn))»

where

Ma (xn—ly xn)

= max{ d(xn—lx X ﬂ); d(xn—lyfxn—l; a)x d(xnrfxn; ﬂ);

d(xn—bfxm ('l) + d(xmfxn—lr 61) }
2s

AXp-1,%n41, 4
= max{d(xnbxmﬂ)> A%, Xn11, ), % }

=< max { d(xn—lr Xns 61), d(xm Xn+1s (l),

d(xn—ljxnﬂ’ xn) + d(xm—l’ a, xn) + d(a: Xn-1, xn) }
2

and

Na (xn—lx xn)
= min{d(xn—lvfxn—b a)r d(xn—bfxn; ﬂ): d(xmfxn—h 61), d(xn;fxnx 61)}

= min{d(x,,_l, Xins 61), d(xn_l; Xn+ls ﬂ); o, d(xm Xn+ls d)} =0.
From (3.25)—(3.27) and the properties of ¥ and ¢, we get

w(d(xn’xnﬂ: ﬂ))

f I/f (max{d(xnbxm ﬂ), d(xmxnﬂ: tl),

A(Xy_1, %p11, %) + (X1, 4, %) + A, X1, %) })
2

d n—1r»vn+l»
) <maX{d(xn_1,xn,a), A% %01, ), w })
S

If

(xn—l; Xn+ls xn) + d(xn+1; a, xn) + d(“: Xn-1, xn)

d
max{d(xn—bxm d), d(xmxnﬂr ﬂ), 5

= d(%xy, Xn11,4),

(3.25)

(3.26)

(3.27)

(3.28)

Page 15 of 23
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then by (3.28) we have

1/f (d(xm Xn+ls (l)) =< W (d(xm Xn+ls ﬂ))

d n—ovvn+l»
- (max{d(xn—lixn! 6{), d(xn’erl: ﬂ)’ M })7

2s

which gives a contradiction.
If d(x,,_1, %141, %,) = 0, then

d(xn—lvxnﬂ,xn) + d(x}’l+l’ a, xn) + d(ﬂ: Xn-1, xn) }

max{d(xn—l’xni d): d(xn! Xn+ls ﬂ), 9

= d(xn—lr Xn» ﬂ)’
therefore (3.28) becomes

14 (d(xm Xn+ls a)) <y (d(xnr Xn-1 ﬂ))

d(xn—lr Kn+ls 61)
2s

—-¢ (max{d(xn—lxxm ﬂ): d(xn:x;ﬂl; 61),

< ¥ (d(n x0-1,a)). (3:29)

Thus, {d(x, %41, a) : n € NU{0}} is a nonincreasing sequence of positive numbers. Hence,

there exists r > 0 such that
limd(x,, %,41,a) = 7.
n

Letting n — o0 in (3.29), we get

() <) —w(max{nnli;nw}) e

2s
Therefore,
. d(xn—lr Xn+lr ﬂ)
¢ maxyr,r,lim —— =0,
n 2s
and hence r = 0. Thus, we have
limd(x,,%,.1,a) = 0, (3.30)
n

for eacha € X.
Note that if d(x,,_1,%,41,%,) # 0 and

AXp_1, Xpi1, %) + A(Xpi1, 4, %) + A, X1, %) }
2

max{ d(xn—ly Xy ﬂ); d(xm Xn+ls 61),

_ AXp—1,%ns1,%n) + A(Xpi1, a4 %) + d(a, %21, %)
= 5 .

Page 16 of 23
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Then, by (3.28) and taking a = x,,_;, we have

I/f (d(xn! Xn+l xn—l))

< 1/[ <d(xn—1: Xn+ls xn) + d(xn+1: xn—ljxn) + d(xn—ly xn—lrxn))
- 2

-—@ <max{d(xn1,xm xn—l); d(xm Xn+ls xn—l); 2S

which gives d(x,-1, %441, %,) = 0, a contradiction.

Next, we show that {x,} is a b,-Cauchy sequence in X. For this purpose, we use the

following relation (see (3.9) and (3.18)):

d(xi!xj’xk) = 01 (331)
for all i, j, k € N (note that this can obtained as {d(x,, x,:1,a) : » € NU{0}} is a nonincreas-
ing sequence of positive numbers).

Suppose the contrary, that is, {x,} is not a b,-Cauchy sequence. Then there exist a € X
and ¢ > 0 for which we can find two subsequences {x,,} and {x,,} of {x,} such that #; is
the smallest index for which

n>m; >, AKXy Xy @) > €. (3.32)
This means that
AKXy, Xn-1, @) < €. (3.33)

Using (3.33) and taking the upper limit as i — oo, we get

lim sup d(x;, %21, 4) < €. (3.34)
n—0o0

On the other hand, we have
AKXy Xnyr @) < SA Xy Xonys Xompa1) + SA Xy Ay Xy 1) + SA(A Xyggys Koy
Using (3.30), (3.31), (3.32), and taking the upper limit as i — oo, we get

< limsup d (%X, 1, %n;» 4). (3.35)

n— 00

“©n | ™

Again, using the rectangular inequality, we have
d(xm,drh Xni-1» a) < Sd(xm[+1’ xn,'—lrxm,v) + Sd(xni—l, a, xm;) +sd(a, X+l xmi),
and

AKXy Xnyr @) < SA Ky Xnys Xiny—1) + SAKy s Ay Xy —1) + SA(B Xy K1)


http://www.fixedpointtheoryandapplications.com/content/2014/1/144

Mustafa et al. Fixed Point Theory and Applications 2014, 2014:144 Page 18 of 23
http://www.fixedpointtheoryandapplications.com/content/2014/1/144

Taking the upper limit as i — oo in the first inequality above, and using (3.30), (3.31), and
(3.34) we get

lim sup d (%, 41, %;-1, @) < €5. (3.36)

n—0o0

Similarly, taking the upper limit as i — oo in the second inequality above, and using (3.30),
(3.31), and (3.33), we get

lim sup d(x,;, x,;, @) < €s. (3.37)
n—0o0

From (3.24), we have

W(Sd(xmﬁl’xﬂi’ ”))
= W(Sd(fxmwfxm—l’“))
= (MaG 1)) = @ (MG 5-1)) + L9 (N -0)), (3:38)

where
Mﬂ (xmi! xn,’—l)

= max{d(xmi, Xni-1» ﬂ): d(xm, )fxmir 61), d(xni—ljfxni—l) d),

d(xmi:fxni—lja) + d(fxmpxn,-—l; 6l) }
2s

= max { d(xmiy Kn;—15 61), d(xmp Kmi+1» (l), d(xni—h Xn;» ﬂ);

Ay X @) + ;(xm,vu,xn,;b a) } (3.39)
and
N (Xgs Xy—1)
= min{d(xml.,fxmi, @)y AKX -1, @)y Ay 1 oy @)y AKXy —15 fHo -1, a)}
= min{d(xml.,xmi+1,a), d(xm,.,xnl.,a),d(x,,i,l,xml.,rl,a),d(xni,l,xni,zz)}, (3.40)

Taking the upper limit as i — oo in (3.39) and (3.40) and using (3.30), (3.34), (3.36), and
(3.37), we get

lim sup Ma (xm,'—li xni—l)

n—00

= max { lim sup d (%, %1, 4), 0, 0,

n—00

limsup,,_, o, d(Xy;> Xn;» @) + limsup,,_, o d(Xp,41, %n;-1, @)
2s

es+é€s
< max]e, =¢. (3.41)
2s
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So, we have
lim sup M, (%,-1, %p,21) < &, (3.42)
n—0oQ
and
lim sup N, (%, %,1) = 0. (3.43)
n—00

Now, taking the upper limit as i — oo in (3.38) and using (3.35), (3.42), and (3.43) we
have

w( . E) < xp(slim Supd(xmﬁl’x”f’ﬂ))

N n—00
<y (lim sup M (%, x,,i,l)) —liminf @ (Mg (Xm;» Xn,-1))
s 00 n—00
= (e) - o (liminf My (6,5, 1)),
n— 00

which further implies that

<p<liminfMﬂ(xmi,xn,-—1)> =0,

n—00

so liminf,_, oo My (%y;,%,-1) = 0, a contradiction to (3.32). Thus, {x,,,1 = f,} is a by-Cauchy
sequence in X.

As X is a by-complete space, there exists u € X such that x,, — u as n — o0, that is,
limx,, = limfx, = u.
n n
Now, using continuity of f and the rectangle inequality, we get
d(u, fu,a) < sd(u, fu, fx,) + sd(fu, a,fx,) + sd(a, u, fx,).
Letting n — o0, we get
d(u,fu,a) < slimd(u, fu,fx,) + slimd(fu, a, fx,) + s lim d(a,u,fx,) = 0.
n n n—00

Therefore, we have fu = u. Thus, u is a fixed point of f.

The uniqueness of fixed point can be proved as in Theorem 1. g
Note that the continuity of f in Theorem 5 can be replaced by a property of the space.

Theorem 6 Under the hypotheses of Theorem 5, without the continuity assumption on f,
assume that whenever {x,} is a nondecreasing sequence in X such that x,, — x € X, one has
xp X, for all n € N. Then f has a fixed point in X. Moreover, the set of fixed points of f is
well ordered if and only if f has one and only one fixed point.
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Proof Following similar arguments to those given in the proof of Theorem 5, we construct
an increasing sequence {x,} in X such that x, — u, for some u € X. Using the assumption

on X, we have x, < u, for all n € N. Now, we show that fu = u. By (3.24), we have

w(sd(xml, u,a)) = t/f(sd(fx,,, u,a))

= 1/f(jwa(xn: Lt)) - QO(Ma(xm u)) + Lw(Na(xm M)), (3.44)
where

M (%, 1)

= max{d(xmu, @), d(xp, fin, @), d(u, fu, a), d(x,, fu,a) + d(fx,, u,a) }

2s
A%, fu,a) + d(Xp1, 1, a) }

(3.45)

= max{d(xnr u, ﬂ)’d(xnrxnﬂr a)r d(u,fu, a)r 7

and

N, (x,,u) = min{d(xn,fxn,a),d(x,,,fu, a),d(u, fx,, a), d(u, fu, a)}

= min{d(xn,xml,zz),d(x,,,fu, a),d(u, xy.1,a), d(u, fu, a)}. (3.46)

Letting n — 00 in (3.45) and (3.46) and using Lemma 1, we get

%d(u,fu, ﬂ) . . .
S <liminfM,(x,, u) < limsup M,(x,, u)
2s n—00 n— 00

d(u, fu, a)
2s }

< max{d(u, fu,a), - d(u, fu,a), (3.47)

and
N, (x,,u) — 0.

Again, taking the upper limit as i — oo in (3.44) and using Lemma 1 and (3.47) we get

n—00

W (d(u, fu,a)) = (s~ %d(u,fu, a)) <y (slim sup d (X1, fit, a))

<y (lim sup M, (x,,, u)) - linn_l)gf(p(Ma(xn, i)

n—00

<y (dufu,a)) - ¢ (linn_l)ir.}fMa(xn, u)>,

Therefore, p(liminfy,_, oo M,(x,,, u)) < 0, equivalently, liminf,_, oo M,(x,,, &) = 0. Thus, from
(3.47) we get u = fu and hence u is a fixed point of f. O

Corollary 4 Let (X, <X) be a partially ordered set and suppose that there exists a by-metric
d on X such that (X, d) is a by-complete by-metric space. Let f : X — X be a nondecreasing
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continuous mapping with respect to <. Suppose that there exist k € [0,1) and L > 0 such
that

d(f, fy,a) < /Sf max{d(x, y,a),d(x,fx,a),d(y, 7, a), @ fy,a) + diy fx,a) }

2s

+ % min{d(x,fx, a), d(y,fx,a)},

for all elements x,y,a € X with x, y comparable. If there exists xo € X such that xy =< fxo,
then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f
has one and only one fixed point.

Proof Follows from Theorem 5 by taking (£) = ¢ and ¢(¢) = (1 — k)¢, for all £ € [0, +00).
O

Corollary 5 Under the hypotheses of Corollary 4, without the continuity assumption of f,
let for any nondecreasing sequence {x,} in X such that x, — x € X we have x, < x, for all
n e N. Then f has a fixed point in X.

4 An application to integral equations

As an application of our results, inspired by [26], we will consider the following integral

equation:

x(t) = h(t) + /OTg(t,s)F(s,x(s)) ds, tel=[0,T]. (4.1)

Consider the set X = Cr(/) of all real continuous functions on I, ordered by the natural
relation

x=<y <<= «x(t)<y@) foralltel,
and take arbitrary real p > 1. We will use the following assumptions.

Dh:I1—R,g:1xR—[0,+00)and F:I x R — R are continuous functions;
(II) for x,y € X,

T T
x<y = /0 g(,8)F(s,x(s)) ds < /0 g(8)F(s,y(s)) ds;

(IIT) for some 0 < r <1and all x,y,a € X, with x and y comparable (w.r.t. <),

’

T
/0 g(t,s) [F(s,x(s)) - F(s,y(s))] ds

3771 max min
0<t<T

T
‘h(t) + /0 g(t, S)F(s,y(s)) ds — a(t)

’

T p
‘h(t) + / g(t, S)F(s,x(s)) ds — a(t) ”
0

’ ’

. P
< 1| max min{|x(6) - y(6)], [y(6) - a(®)], |x(6) - a(e)]} |
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(IV) there exists xg € X such that xo(¢) < h(t) + fOTg(t,s)F(s, xo(s))ds forall t € I.
Letd: X x X x X — [0,00) be defined by

y(t) —z(2)

’

d(x,9,2) = [ max min{|x(6) - (0, x() - 20)]}] -

Then (X, d) is a by-complete b,-metric space, with s < 37! (similarly as in Example 2). We

have the following result.

Theorem 7 Let the functions h, g, F satisfy conditions (1)-(IV) and let the space (X, <, d)
satisfy the requirement that if {x,} is a sequence in X, nondecreasing w.r.t. <, and converging

(in d) to some u € X, then x, < u for all n € N. Then the integral equation (4.1) has a

solution in X.

Proof Define the mapping f : X — X by

T
fx(t) = h(t) + /0 g(t,)F(s,x(s))ds, tel.

Then all the conditions of Corollary 3 are fulfilled. In particular, condition (III) implies

that, for all %, y,a € X, with x, y comparable, we have

sd(fx, fy,a) < BP’Id(fx, [y, a) <rd(x,y,a) <rM(x,y,a).

Hence, using Corollary 3, we conclude that there exists a fixed point x € X of f, which is

obviously a solution of (4.1). O
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