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We establish uniform bounds for oscillatory singular integrals as well as oscillatory singular integral operators. We allow the singular
kernel to be given by a function in the Hardy space H'(S""), while such results were known previously only for kernels in L log
L(S"™), a proper subspace of H'(S"™"). One of our results established a L?(w) — Lf(w) bound for certain weights. At the same

time, it provides a solution to an open problem in Lu (2005).

1. Introduction

In this paper we establish uniform bounds for oscillatory
singular integrals. We consider two types of oscillatory
singular integrals, which will be described later.

Letn > 2and $"' denote the unit sphere in R” equipped
with the induced Lebesgue measure o. For an integrable
function Q : §*' — C satisfying

J Qdo = 0, )
va—l
we define
Q !
K(x) = (’i ) (2)
|x|

where x' = x/|x| for x € R"\ {0}. Ford,m € N, let
P (d,m)

={P:R"™ — R : P be a polynomial with deg(P)< d}.
3)

Type 1. An oscillatory integral of type I is given by

L(Q,P) = pv. I PR (x) dx, @)
RVI

where K is given by (2) and P is a polynomial on R". For a
given Q : 8! — Cand d € N the main concern is to estab-
lish a bound for

L (Q,P).
poup 1 (Q.P)] )

Previous results in this regard include Stein [1] for Q €
L®(S™!) and Papadimitrakis and Parissis [2] for Q €
Llog L(S"™") which improved Stein’s result.

Type II. A type II oscillatory singular integral is actually an
integral operator of the form

Togi f —pv. [ X K(x=y)f Ny ©

where K is given by (2) and Q is a real-valued polynomial on
R” x R". Ricci and Stein [3] showed that, if Q € C}(§"™),
Tq is bounded on LP(R"). Subsequently Lu and Zhang
[4] and Jiang and Lu [5] established the same bounds for
IITQ)QIIM under the weaker conditions Q € L'*¢(S"!) and
Q € Llog L(S"™"), respectively.

We will now state our main results, beginning with oscil-
latory singular integrals of Type II.



A set Rin R" is called a rectangle if there is an orthonor-
mal basis {e;,...,e,} of R” (which may depend on R) such
that

R={ijej:ajs:cjsbj,forlstn}. (7)
=1

In other words, what we call a rectangle in R” is simply any
rotation of an arbitrary n-cell [a;,b] X --- X [a,,b,]. Let &,
denote the collection of all rectangles in R”.

Definition 1. Let p € (1,00), and let w be a nonnegative,
locally integrable function on R”. We say that w is in the
weight class V,, if

1 1 “1/(p-1) )P o
iﬁQme“Ma<mLf“) dx) <o
®)

Itis easy to see that V, is a subcollection of the well-known
weight class A, of Muckenhoupt [6, 7]. Examples of weights
inV, include all weights of the form |G(x)|*, where G(x) is a
polynomial in R” and -1 < « deg(G) < p - 1.

Theorem 2. Let Q(x, y) be a real-valued polynomial on R" x
R". Suppose that w € V,, Q€ H'(S") and Q satisfies (1).
Then the operator T, is bounded on LP(R",w) for 1 < p <
00, with a bound on its norm which may depend on the degree
of Q but is otherwise independent of the coefficients of Q.

The space H'(S"!) is the Hardy space on the unit
sphere. Since Llog L(S"") is a proper subspace of H'(S" '),
Theorem 2 represents an improvement over results men-
tioned earlier. By taking w = 1, it answers an open question
in [8, page 52] in the affirmative.

Our second result has the same flavor as the first, but it
concerns Type I oscillatory singular integrals instead.

Theorem 3. Suppose that QO € H LS and Q satisfies (1).
Then

sup |L, (Q,P)| < ¢, (1 +1logd) Qg (1) )
PeP(d,n)

where ¢, is a constant independent of d and Q).

Our result in this regard is built on the work of Papadim-
itrakis and Parissis who gave the following bound in [2]:

sup |1, (Q, P)| < ¢ (1 +logd) (I1Qlp10g2is) + 1) - (10)
PeP(d,n)
They also showed the logarithmic growth of the bound in
d to be best possible. Our bound, while dependent on
the dimension #, provides an improvement over the factor
(12101 + 1)-

2. Proofs of Theorems 2 and 3

We will begin by recalling the atomic decomposition for
Hl (Snfl).
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Definition 4. A measurable function a(:) on $" s called a
regular H' atom if it satisfies the following:

(0) [y a(y)do(y) = 0,

(i) supp(a) € S"' N B(8,, p) for some §, € S"' and
p > 0, where By, p) = {y € R" : |y - 6,| < p},

—n+1
(iii) flallo, < p™".

An exceptional atom is just an L™ function a(-) on 8"
satistying [lall,, < 1.

The following result is from [9, 10].

Lemma 5. For every h € HY(S"™) there exist A} € Cand
H' atoms (both regular and exceptional) {a;(-)} such that

h = ;Akak, (11)

and Ml gy = i el

Proof of Theorem 2. Let d = deg(Q). It suffices to show that,
for 1 < p < 00, there exists a C(n,d, p, w) > 0 such that

T f | p@ew) < C(mds prw) 1 )| ooy (12)

for all f € C;°(R"). Since the sum in (11) converges in the
sense of distribution, by Lemma 5, we only need to prove

ITaoll @) - 1oy < Cmdspow) . (13)

when Q) is a regular atom.

Below we will assume that Q(-) = a(-) satisfies Conditions
(i)-(iil) in Definition 4. Obviously we may also assume that
p € (0,1/4). We also extend Q) to be a homogeneous function
of degree 0 by setting Q(x) = Q(x/|x|) for x € R"\ {0}. Let M
be an nxn orthogonal matrix such that §yM* = (0,...,0,1) =
e. We define the linear transformation I' on R” by

I, 0
Ty = y<P ot 1>M, (14)

where I,_; denotes the (n — 1) x (n — 1) identity matrix and

vy =¥ = (3, ,). By letting ¥(x, y) = Q(I'x,T'y),
fr(x) = f(Ix), wp(x) = p"'w(I'x), and
[ x"Q(Tx)
he)=p <|mw ) =
we get
(To,of) (Tx) = (Tyy fr) (x). (16)
If h(x) # 0 for some x = (%, x,,) € R"\ {0}, then by (i) we have
(X, x,)
Il(p%, BT )

which implies that

2
X, > <1—‘%)|(p7c,xn)|. (18)



Journal of Function Spaces and Applications

Thus,

el = 7 (IR ) + (07 - 1))

<P_1|:1+(p2—1)<1_2P2)2:| (19)

Therefore we have
IAll,, <272, (20)

By its definition and a well-known argument, /& is homo-
geneous of degree 0 and satisfies (1). Also observe that
deg(¥) = deg(Q) and wy isan A P weight with an A » bound
independent of I'. Thus, by Theorem 5 in [11] and Theorem 5
of [5], there is a C(n, d, p, w) > 0 such that

Fochywa- v = Wislam-voms

<C(nd, pw).
This proves Theorem 2. O
Proof of Theorem 3. Let P € 9(d,n), and let Q(x, y) = P(x —
y).ForaQ e H (8"!) which satisfies (1), we write
Q=) Aa;, (22)
j

where {aj} are regular H' atoms and Q| ;p = Zj |/lj|. By the
proof of Theorem 2, for each j, there exist a P; e P(d,n) and
a function w; on $"! which satisfies (1) and IijIIOO < 22
such that

ITadl,, < Y Ml |Tual,, (23)
J

where Qj(x, y) = Pj(x — ¥). By (23) and Theorem 1in [2], we
have

|, (Q, P)| < "TQ,Quz,z < Z |)‘J‘| “ij’Qj
]

2,2

IN

24
c(1+logd)<Z|Aj' ”‘"J’“LlogL(s“)> o
j

¢, (1 +1logd) (o] e

IN

which proves Theorem 3. O
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