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Abstract

This paper studies the numerical computation of several conformal invariants of sim-
ply connected domains in the complex plane including, the hyperbolic distance, the
reduced modulus, the harmonic measure, and the modulus of a quadrilateral. The used
method is based on the boundary integral equation with the generalized Neumann ker-
nel. Several numerical examples are presented. The performance and accuracy of the
presented method is validated by considering several model problems with known
analytic solutions.
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1 Introduction

Classical function theory studies analytic functions and conformal maps defined on
subdomains of the complex plane C . Most commonly, the domain of definition of the
functions is the unit disk D = {z € C||z| < 1}. The powerful Riemann mapping
theorem says that a given simply connected domain G with non-degenerate boundary
can be mapped conformally onto the unit disk and it enables us to extend results
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originally proven for functions defined in the unit disk to the case when the domain
of definition is a simply connected domain. Therefore for the convenient analysis
of distances and other metric characteristics of sets it is natural to use conformally
invariant distances and set functions. This works fine in the cases when the Riemann
mapping function is known explicitly, such as in the cases described in [12]. Polygons
form a large class of plane domains for which the Riemann mapping function can be
given in terms of the Schwarz—Christoffel formula which is semi-explicit, although it
involves unknown accessory parameters. A numerical implementation of conformal
mapping methods based on the Schwarz—Christoffel formula is documented in [6]
and the Schwarz—Christoffel Toolbox [5] is widely used to solve mapping problems in
concrete applications. The so called crowding phenomenon, an inherent computational
challenge in these mapping problems, is described in [6, pp. 20-21], [21, pp. 75—
77]. This phenomenon can be observed already in numerical conformal mapping of
rectangles onto a half-plane when the quotient m > 1 of the side lengths is large
enough. The critical value of m depends on the computer floating point arithmetic
and for double precision arithmetic the critical value lies in the range [10, 20] [6,
pp- 20-21], [21, pp. 75-77].

We apply here the boundary integral equation method as developed in [14,16,17,
19,25] to compute numerically conformal invariants such as the hyperbolic metric,
harmonic measure, reduced modulus, and the modulus of a quadrilateral [7,8,21,23].
The cases considered here include, in particular, classes of domains to which the earlier
methods do not seem to apply. Our methods are described in the respective sections
of the paper, they are implemented in MATLAB, and the results are summarized by
tabular data and graphics. We also give experimental error estimate in some simple
cases. We include some code snippets within the text to indicate implementation
details. All the computer codes of our computations are available in the internet link
https://github.com/mmsnasser/ci-simply.

Section 2 reviews the boundary integral equation method for computing the confor-
mal mapping from bounded and unbounded simply connected domains onto circular
domains. This method will be applied in the remaining sections, sometimes together
with auxiliary procedures. In Sect. 3 we use our method to compute the hyperbolic
distance for several examples. Section 4 deals with the reduced modulus for bounded
and unbounded simply connected domains. Section 5 deals with the harmonic measure
for a simply connected polygonal domains. In Sect. 6, we present an iterative method
for numerical computation of the conformal mapping from a quadrilateral onto a
rectangle. We also present an analytic example to illustrate the effect of crowding
phenomenon on the accuracy of such mapping.

2 Conformal Mappings of Simply Connected Domains

In this section, we review a numerical method for computing the conformal mapping
from bounded and unbounded simply connected domains onto the unit disk and the
exterior unit disk, respectively. The method is based on the boundary integral equation
with the generalized Neumann kernel [16—-18,25].
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2.1 The Generalized Neumann Kernel

Let G be a bounded or an unbounded simply connected domain bordered by a closed
smooth Jordan curve I" = dG. The orientation of the boundary I" is counterclockwise
when G is bounded and clockwise when G is unbounded. We parametrize I” by a 27 -
periodic complex function n(¢), ¢ € [0, 27 ]. We assume that 7(¢) is twice continuously
differentiable with n’(z) # O (the presented method can be applied also if the curve
I" has a finite number of corner points but no cusps [19]). We denote by H the space
of all Holder continuous real functions on the boundary I".
Let A be the complex function [17]

ey

A(r) = n(t) —a, if G is bounded,
L if G is unbounded.

The generalized Neumann kernel N (s, t) is defined for (s, ¢) € [0, 27 ] x [0, 27] by

@)

N(s,t) = %Im (A(S) L)

A(t) n(@) —n(s)

The kernel N (s, t) is continuous [25]. Hence, the integral operator N defined on H
by

Np(s) = f N(s,t)p(t)dt, s €]0,2nx],
J

is compact. The integral equation with the generalized Neumann kernel involves also
the following kernel

AGs) (@)

M(s, 1) ::lRe —_
T <A(t) n(t) —n(s)

) , (s,1) €[0,2n] x [0, 2r]. 3)

which is singular and its singular part involves the cotangent function [25]. The integral
operator M defined on H by

Mp(s) := / M(s,t)p(t)dt, s €[0,2x],
J
is singular, but it is bounded on H [25].

2.2 Bounded Simply Connected Domain

Let w = @(z) be the unique conformal map of the bounded simply connected domain
G onto the unit disk |w| < 1 such that

®d()=0 and P'(x) > 0. 4)
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Then, the mapping function @ with normalization (4) can be written for z € G U I"
as [18, § 3] .
D(2) = c(z — a)e TN/ @ 5)

where the function f(z) is analytic in G with the boundary values A(¢) f (n(¢)) =
y()+h+ip(t), A(t) = n(t) —«a, the function y is defined by y () = —log (1) — |,
p is the unique solution of the integral equation

I=N)p =-My, (6)

and ¢ = e~ where the constant & is given by
1
h=3Mp—I=Nyy]. @)

Notice that ' () = c = e~ " > 0.
Instead of the normalization (4), we can assume that the mapping function @
satisfies the normalization

D) =0 and &'(a) = 1. ®)

In this case, the function @ maps the domain G onto the disk [w| < R with a positive
constant R. The constant R is uniquely determined by G and the point « and is called
the conformal radius of G with respect to & and is denoted by R(G, «). For this case,
in view of (5), we can write the mapping function @ forz € G U I" as

D(2) = (z — a)el T ©)

where the function f is as in (5), i.e., we divide the right-hand side of (5) by ¢ = e

Hence, the boundary values of the mapping function @ satisfy |® (n(1))| = 1/c = e"
which implies

R(G,a) =¢", (10

where the constant £ is as in (7).

2.3 Unbounded Simply Connected Domain

For an unbounded simply connected domain G C C with co € G, there exists a
unique conformal map w = @(z) from G onto the exterior of the unit disk |w| > 1
such that

®(00) =0 and @'(o0) > 0. (11)

Then, the mapping function @ with normalization (4) can be written for z € G U I"
as [18, § 3]

®(2) =c(z— plel @ (12)
where $ is an auxiliary point in G¢ = C\G and f(z) is an analytic function in G
with f(oco0) = 0. The boundary values of the function f are given by A(¢) f (n(¢)) =
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y(t)+h+ip(t) where A(t) = 1, the function y is defined by y (r) = —log |n(¢) — B,
p is the unique solution of the integral equation (6), and ¢ = ¢~"* where the constant
h is given by (7). Notice that @'(c0) =c = e > 0.

Similar to the bounded case, the normalization (11) can be replaced by

®(o0) =00 and @'(c0) = 1. (13)

For the new normalization (13), the mapping function @ maps the unbounded domain
G onto the exterior disk |w| > R with a positive constant R. The constant R is uniquely
determined by G and is called the conformal radius of G with respect to co and is
denoted by R(G, 00). If @ satisfies the normalization (13), then it can be written as

() =(z—-pe/?®, zeGur, (14)

and its boundary values satisfy |@ (n(¢))| = 1/c = " where the function f is as in (5)
and £ is given by (7). Hence,
R(G, o) = . (15)

2.4 Numerical Solution of the Boundary Integral Equation

The integral equation (6) is solved using the MATLAB function fbie in [17]. The
function £bie is based on using the MATLAB function z fmm2dpart in the toolbox
FMMLIB2D [9]. The computational cost for the overall method is O (nlogn) opera-
tions where n is the number of nodes in the interval [0, 277]. Let et, etp, A, and gam
be the discretization vectors of the functions n(z), n'(¢), A(r), and y (¢), respectively.
Then discretization vectors rho and h of the solution p(#) of the integral equation (6)
and the constant 4 in (7), respectively, can be computed by

[rho,h] = fbie(et, etp, A, gam, n, iprec, restart, gmrestol, maxit).

In the numerical experiments in this paper, the parameters in fbie are chosen as
following: iprec = 5 (the tolerances of the FMM is 0.5 x 10~1), gmrestol =
0.5 x 1074 (the tolerances of the GMRES), restart = [] (the GMRES is used
without restart), and maxit = 100 (the maximum number of iterations for GMRES).

Finally, the values of the auxiliary points « in (5), (9) and B in (12), (14) have no
effects on the values of the conformal mapping @ as long as these points are sufficiently
far away from the boundary I".

3 Hyperbolic Distance
For x, y € D the hyperbolic distance pp(x, y) is defined by [4,8,11]

pp(x,y) lx =yl

sinh = .
2 VA= 1x) (A = [yP?)
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The main property of the hyperbolic distance is the invariance under Mobius transfor-
mations of D onto D defined by

Z—a
7=

1 —az

where a € D is fixed. In the metric space (D, pp) one can build a non-euclidean
geometry, where the parallel axiom does not hold. In this geometry, usually called the
hyperbolic geometry of the Poincare disk, lines are circular arcs perpendicular to the
boundary 0D . This geometry is fundamentally different from the Euclidean geometry,
but many results of Euclidean geometry have counterparts in the hyperbolic geometry
[4].

Let G be a Jordan domain in the plane. One can define the hyperbolic metric on
G in terms of the conformal Riemann mapping function @ : G — D = @(G) as
follows:

PG (x,y) = pp(P(x), P(y)) -

This definition yields a well-defined metric, independent of the conformal mapping
@ [4,8,11]. In hyperbolic geometry the boundary dG has the same role as the point
of {oo} in Euclidean geometry: both are like “horizon”, we cannot see beyond the
horizon. It turns out that the hyperbolic geometry is more useful than the Euclidean
geometry when studying the inner geometry of domains in geometric function theory.

3.1 Computing the Hyperbolic Distance for Simply Connected Domains

Let G C C be a bounded simply connected domain, let @ € G, and let w = @(z) be
the unique conformal map of G onto the unit disk |w| < 1 with the normalization (4).
Then for any two points z; and z3 in G, we can define the hyperbolic metric pg in the
usual way,

|P(z1) — P(z2)]
JO=12@)P) (1= [2@)P)
(16)
A MATLAB function for computing the hyperbolic metric pG(z1, z2) for any two
points z; and z> in the bounded simply connected domain G is given below.

pG (21, 22) = pp(P(21), P(22)) = 2sinh~!

function dis = hypdist (et,etp,n,alpha,zo, z)

% This function computes the hyperbolic distance dis
between a

point zo and a row vector of points z, in a simply
connected

domain G where:

et, etp: the parametrization of the boundary of G ...
and its

o

o

oe

o

derivative
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Fig. 1 The contour lines of the function u(x, y) for the L-shaped polygon for z1 = 2i (left) and z; = 2
(right)

n: the number of discretization points
alpha: a given point in G

> o 0P

et -alpha;
gam =-log (abs (et-alpha)) ;
[mu,h] = fbie(et,etp,A,gam,n,5,[],1e-14,200) ;
fet =(gam+h+i*mu) ./A;
Phi = exp(-mean(h(l:n))).*(et-alpha).*exp(gam+h+i.*mu) ;
Phio = fcau(et,etp, Phi, zo);
Phiz = fcau(et,etp,Phi,z);
dis =

2*asinh (abs (Phiz-Phio)./sgrt ((l-abs (Phiz)."2).
*(l-abs (Phio) ."2)));
end

In the remaining part of this section, we use the MATLAB function hypdist to
compute the hyperbolic metric pg (21, z2) for several examples. In these examples, for
a given point z1 in G, we define the function u(x, y) for all x and y such that x + iy
isin G by

u(x,y) = pg (21, x +1iy) (17

Then we use the MATLAB function hypdist to compute the values of the function
u(x, y) in the domain G and plot the contour lines for the function u(x, y) correspond-
ing to the several levels.

3.2 L-Shaped Polygon

As our first example, we consider the simply connected domain G in the interior of
the L-shaped polygon with the vertices 6 41, 1 +1, 1 +4i, —1 +4i, —1 —i,and 6 —i.
The contour lines of the function u(x, y) obtained with n = 6 x 27 discretization
points on the boundary of the L-shaped polygon are shown in Fig. 1 (left) for z; = 2i
and in Fig. 1 (right) for z; = 2. Table 1 presents the values of the hyperbolic metric
pG (21, z2) for z1 = 2i (left), z; = 2 (right), and for several values of z;.
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Table 1 The values of the

. . z1 =2i 71 =2
hyperbolic metric G (21, 22) 2 oG 1. 22) 2 oG (1. 22)
1 3.50661554819086 0 2.99228771572299
2 4.91711064317017 i 3.50483278097652
3 6.47927360380709 2i 4.91711064317017
4 8.05147684115352 31 6.52150321421451
5 9.66456147776192
2 10
8
]
6
0 4
2
-1

Fig. 2 The contour lines of the function u(x, y) for the amoeba-shaped boundary for z; = 2 (left) and
z1 = —1 41 (right)

3.3 Amoeba-Shaped Boundary

In the second example, we consider the simply connected domain G in the interior of
the curve I" (amoeba-shaped boundary [3]) with the parametrization

n(t) = (ec"s’ cos’ 2t + 5" sin? 2t> e, 0<t<2m.

The contour lines for the function u(x, y) computed with n = 2'2 are shown in Fig. 2
(left) for z; = 2 and in Fig. 2 (right) for z; = —1 + 1.

3.4 Circular Arc Quadrilateral

For the third example, we consider the simply connected domain G in the interior of
the circular arc quadrilateral consisting of the right-half of the circle with center 1 and
radius 1, the upper-half of the circle with center i and radius 1, the left-half of the
circle with center —1 and radius 1, and the lower-half of the circle with center —i and
radius 1. The contour lines for the function u(x, y) computed with n = 2!2 are shown
in Fig. 3 (left) for z; = 1.5 and in Fig. 3 (right) for z; = 0.

3.5 Circular Arc Polygon

In the fourth example, we consider the simply connected domain G in the interior of
the circular arc polygon with seven sides. The contour lines for the function u(x, y)
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Fig.3 The contour lines of the function u(x, y) for the circular arc quadrilateral z; = 1.5 (left) and z; =0

(right)

~

N W A O

-1 0 1 2 3 4 5 6 7 8 1 0 1 2 3 4 5 6 7 8

Fig.4 The contour lines of the function u (x, y) for the circular arc polygon z; = 4+-5i (left) and z; = 3+3i
(right)

computed with n = 7 x 219 are shown in Fig. 4 (left) for z; = 4 + 5i and in Fig. 4
(right) for z; = 3 + 3i.

4 Reduced Modulus

The reduced modulus for simply connected domains is defined in terms of the confor-
mal radius of simply connected domains introduced in Sect. 2.

Let G c C be a bounded simply connected domain and & € G. The reduced
modulus of the domain G with respect to the point « is defined by [23, p. 16], [8,
p.168, 5601, [7, pp. 26-27]

m(G,a) = %logR(G,a), (18)

where R = R(G, «) is the conformal radius of G with respect to the point «. It
follows from this definition that m(G, @) < 0 when R(G, @) < 1, m(G, @) = 0 when
R(G,a) =1,and m(G, @) > 0 when R(G, ) > 1.
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For an unbounded simply connected domain G ¢ C with co € G, the reduced
modulus of the domain G with respect to oo is defined by [23, p. 17]

1
m(G, 0) = ——log R(G, 00), (19)
2
where R = R(G, o) is the conformal radius of G with respect to co.

4.1 Computing the Reduced Modulus of Simply Connected Domains

As was explained in Sect. 2, the conformal radius of simply connected domains can
be computed using the integral equation with the generalized Neumann kernel. For
bounded simply connected domains, it follows from (10) that the reduced modulus of
the domain G with respect to the point « is given by

h
m(G,a) = 7

where the constant £ is given by (7). For unbounded simply connected domains, it
follows from (15) that the reduced modulus of the domain G with respect to the point
o0 is given by

h
m(G,OO)Z-—EE.

The above method for computing the conformal radius and the reduced modulus of
bounded and unbounded simply connected domains can be implemented in MATLAB
as in the following function.

function [cr,m] = confrad (et,etp,n,alpha, type)
% This function computes the conformal radius cr=R (G, a)
and the

% reduced modulus m=m(G,a) for a given simply connected
domain G

with respect to the point a=alpha for bounded G and
a=inf for

unbounded G where:

et, etp: the parametrization of the boundary of G
and its

oo

o

o

oo

derivative
n: the number of discretization points
alpha: a given point in G for bounded G and
alpha=beta (beta is an
auxiliary point in the exterior of G for unbounded G)
type='b' for bounded G and type='u' for unbounded G
if type=='b' A = et-alpha; elseif type=='u' A =

oe

o0

o

e

ones (size(et)); end
gam = -log(abs(et-alpha));
[~,h] = fbie(et,etp,A,gam,n,5,[]1,1e-14,200) ;
cr = exp(mean (h));
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if type=='b' m = mean(h)/(2*pi); elseif type=='u' m =
-mean (h) / (2*pi); end
end

4.2 Domain Exterior to an Ellipse

As our first example, we consider the simply connected domain G, in the exterior of
the ellipse

n(t) =cost —irsint, 0<tr<2mx, O<r<l.

For r = 0, the ellipse reduces to the segment [—1, 1] and for » = 1 to the unit circle.
We can easily show that the function

1-r21

:l]/ =
z (w) =w+ T

maps the domain exterior to the circle |[w| = (1 4 r)/2 onto the domain exterior of
the ellipse. Hence, the inverse mapping

1—r

1 1
=P(z) = —+ /1 - 2
w (z) =z 2+2 (20)

maps the domain exterior to the ellipse onto the domain |w| > (1 + r)/2, where the
branch of the square root is chosen such that +/1 = 1. It is clear that the function &
satisfies @ (00) = 0o and @’ (c0) = 1. Hence, R(G, o0) = (1 +r)/2 and

.00 Lo ler 1 2
m(G,o0) = ——log —— = —lo .
L S S R

We use the MATLAB function confrad to compute the reduced modulus
m(G,, o0) with n = 212 for 0.005 < r < 1. The obtained results are shown in
Fig. 5.

4.3 Domain Interior to an Ellipse

For the second example, we consider the simply connected domain G, in the interior
of the ellipse

n(t) =coshrcost +isinhrsing, 0<t<2m, O0<r.
Let w = &(z) be the unique conformal mapping from the interior of the ellipse
onto the interior of the unit circle with the normalization @ (0) = 0 and &'(0) > 0.

The exact form of the inverse conformal mapping z = @ ~!(w) is given in [10]. In
particular, it was shown in [10] that (@1 (0) = 7/(2+/sK (s)) where s = u_l 2r)

@ Springer



758 M. M. S. Nasser, M. Vuorinen
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Fig.5 The computed and the exact reduced modulus of the domain G, exterior to an ellipse (left) and the
absolute error in the computed values (right)

i : i : H _ 1 12
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S_D, 1.5 S
05 <4 \/ - L
0
kS A
-0.5
-15
0 5 10 15 20 0 5 10 15 20
r T

Fig. 6 The computed and the exact reduced modulus of the domain G, interior to an ellipse (left) and the
absolute error in the computed values (right)

where 1! is the inverse of the Grotzsch modulus function, see (28) below. Hence,
@'(0) = 2./sK(s)/m. Thus, the mapping function @ defined by

D(2) . T

w=PQ =50 T asKke) Y

(2)

is the unique conformal mapping from the interior of the ellipse onto the

lw| < ——
2./sK (s)

with the normalization @ (0) = 0 and ®’(0) = 1. Thus, R(G,,0) = 7/(2/sK(s))
and hence

1
m(Gr,0) = -1 s =p~l2r).

T
7 22 /5K(s)

We use the MATLAB function confrad to compute the reduced modulus
m(G,,0) withn = 212 for 0.2 < r < 20. The obtained results are shown in Fig. 6.
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4.4 Slitted Unit Disk

In the third example, we consider three types of slitted unit disks. In each case the
exact reduced moduli are given in [23, p. 33].

1) G1 = D\(—1, 0] where D is the unit disk. The exact value of the reduced modulus
of G with respect to r € (0, 1) is given by [23]

1 4r(1 —r)
m(Gl,r) = Elog T

To use the integral equation to compute m (G, r), we first use the auxiliary map

¢ =@1(2) = 21z,

where the branch of the square root is chosen on the negative real line, to open up the
slit and map the region G| onto a region G bordered by piecewise smooth Jordan
curve where @(r) = 2r and @{ (r) = 1. Then, it follows from [23, Cor. 2.2.1] that
m(Gi,r) = m(él, 2r). We use the MATLAB function confrad to compute the
reduced modulus m(él ,2r)y withn = 212 for 0.01 < r < 0.99. The obtained results
are shown in Fig. 7 (left).

2) G, = D\[r, 1) for 0 < r < 1. The exact value of the reduced modulus of G»
with respect to the origin is given by [23]

1 4r
m(Gz, 0) = E log m

To compute m (G2, r), we first use the auxiliary map
¢ =®1(2) =2iVrvz —r,

where the branch of the square root is chosen on the positive real line, to map the region
G onto aregion Gz bordered by piecewise smooth Jordan curve where @1 (0) = —2r
and @{(0) = 1. Then, m(G,,0) = m(éz, —2r). We use the MATLAB function
confrad to compute m(Gz, —2r) withn = 212 for 0.01 < r < 0.99. The obtained
results are shown in Fig. 7 (center).

3) Gz = D\(—1, a] for 0 < a < 1. The exact value of the reduced modulus of G3
with respect to r € (a, 1) is given by [23]

4r —a)y(1 —ra)(1 —r)
(14+rd—a)?

1
m(G3,r) = e log

To compute m (G3, r), we first use the auxiliary map
{=D1(z) =2Vr —avz —a,

where the branch of the square root is chosen on the negative real line, to map the
region G3 onto a region G3 bordered by a piecewise smooth Jordan curve where
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log,o(Absolute error)
|

log,o(Absolute error)

a3

[

logy,(Absolute error)
[
J

-20 -20 -20
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

T T r

Fig.7 The absolute error for G (left), G, (center), and G3 (right)

-0.025 -
S
0 & -0.05
-0.075 ’
-0.1
-1 0 5 10 15 20 25 30 35 40
-1 0 1 ¢

Fig.8 The domain G for £ = 8 (left) and the computed reduced modulus for the domain G, for3 < ¢ < 40
(right)

@1(r) = 2(r —a) and cbi(r) = 1. Hence, m(G3,r) = m(é3, 2(r — a)). We use
the MATLAB function confrad to compute m(é3, 2(r — a)) with n = 2'2 for
a=0,0.25,0.5,075and a + 0.01 < r < 0.99. The obtained results are shown in
Fig. 7 (right).

4.5 Polygon

For the fourth example, we consider the simply connected domain G in the interior
of a polygon with £ vertices where £ > 3 (see Fig. 8 (left) for £ = 8). We assume that
the vertices of the polygon are given by

v = 2Tk =0,1,2,...,0—1.

In this example, the exact value of the reduced modulus is unknown. We use the
MATLAB function confrad to compute the reduced modulus m (G, 0) with n =
¢ x 2% for £ = 3,4, ...,40. The obtained results are shown in Fig. 8. It is clear from
this figure that m(Gy, 0) < 0 which means that R(G¢, 0) < 1 for the above values
of £. In other words, the conformal mapping @ with the normalization (8) maps the
domain G, onto a disk interior to the unit disk.
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5 Harmonic Measure

Let G be a Jordan domain in C and I be its boundary. Let also L be a boundary arc
on " such that L # ¢ and I"\ L # ¢J. The harmonic measure of L with respect o G is
the C2(G) function u : G — (0, 1) satisfying the Laplace equation

Au =0

in G and u(z) — 1 when z — L and u(z) — 0 when z — I" \ L. The harmonic
measure is one of the key notions of potential theory and it has numerous applications
to geometric function theory [8]. The harmonic measure of L with respect to G will
be denoted by w(z, L) (see e.g., [2, p. 123], [8, Ch. I], and [22, p. 111]).

5.1 Harmonic Measure for the Unit Disk

Assume that G is the unit disk |z| < 1, I" is the unit circle |z| = 1, and L is the right
half of the unit circle. It is clear that the M&bius transformation

z—1
Z =

iz —1

maps the unit circle onto the real line and the interior of the unit circle onto the upper
half plane. More precisely, it maps the right half of the unit circle onto the negative
real line, maps the point i onto 0, maps the left half of the unit circle onto the positive
real line, and maps —i onto co. Hence, the harmonic measure of L with respect to G
is given by [2, p. 123], [8, Ch. I],

z—1

1
w(z, L) = —Im log - , 21
T iz—1
where the branch with log 1 = 0 is chosen.
5.2 Harmonic Measure for a Polygon
Assume that G is the interior domain of a polygon I" with m vertices {z1, z2, .. ., Zm},

labelled in counterclockwise orientation, and L is the segment [zx, zx+1] for k& =
1,2,...,m (we define z,,+1 = z1) [(see Fig. 9 (left)].

To compute w(z, L), we discretize the parametrization n(¢), 0 < ¢ < 2, of the
polygon I on each segment [z, zx+1] by ns graded points on [2(k — 1)z /m, 2k /m].
Thus, the whole polygon I is discretized by n = mng pointt;, i = 1,2,...,nin
[0, 27r] such that zx = n(t14(k—1)n,) for k = 1,2,..., m. Then we use the method
presented in Sect. 3 to compute the conformal mapping ¢ = @(z) from the interior
of I onto the unit disk |{| < 1. The mapping function @ maps the two points z; and
Zk+1 onto two points ¢; and &3, respectively, on the unit circle || = 1. The segment
L is then mapped onto the arc L on the unit circle [¢] = 1 from ¢&; to ¢3. Let &
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2 1 1
1 Zk+1
0
0 0
-1
2 2
3 1 -1
-2 -1 0 1 2 3 -1 0 1 -1 0 1

Fig.9 The arc L between z; and z3 and

be the point on the middle of L between 1 and ¢3 so that ¢, ¢ and ¢3 arranged in
counterclockwise orientation [(see Fig. 9 (center)]. Then the Mobius transformation

& =) —83) —i(C = 83)(&2 — &)
(& =83 —8) —iC =82 —&3)

w=wv(Q) =

maps the unit disk || < 1 onto the unit disk [w| < 1 and maps the unit circle |[¢| = 1
onto the unit circle [w| = 1 such that the points ¢;, {» and {3 are mapped onto the
points —i, 1 and i, respectively. Thus, the mapping function ¥ maps the arc L on
|¢] = 1 onto the right half of the unit circle |w| = 1 [see Fig. 9 (right)].

Finally, the mapping function

w =¥ (P(2))

maps the domain G onto the disk [w| < 1 and maps the segment L on I" onto the
right half of the unit circle |w| = 1. Hence, by (21), the harmonic measure of L with
respect to G is given by

V(P(z) —i

1
C()(Z, L) = ;Im 10g W

The above method for computing the harmonic measure of a segment L =
[zk, zk+1] with respect to the polygon domain G can be implemented in MATLAB
as in the function hm.m where the discretization of the parametrization of the poly-
gon is computed using the MATLAB function polygonp . m (both functions can be
downloaded from https://github.com/mmsnasser/ci-simply/tree/master/harmonic

5.3 Polygon with 5 Sides

As our first example, we consider the simply connected domain G in the interior of the
polygon with 5 sides (the polygon shown in Fig. 10 and the vertices of the polygon are
2 —2i,241,2i,—2,and —1 — 3i). We use the MATLAB function hm with ny = 2% to
compute the harmonic measure w(z, L) of each side L of the polygon with respect to
the polygon domain G. The level curves of the function w(z, L) are shown in Fig. 10.
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Fig. 10 The level curves of the function w(z, L) for the polygon with 5 sides

5.4 Polygon with 13 Sides

For the second example, we consider the simply connected domain G in the interior
of the polygon with 13 sides where the vertices of the polygon are 4, 4 4 21, 2 + 41, 4i,
—1+3i,—-243i,-3+41, -3, —-2—-2i, —1 —3i, —3i, 1 —2i, and 3 — 2i. The MATLAB
function hm with n; = 2 is used to compute the harmonic measure w(z, L) for each

side L of the polygon with respect to the polygon domain G. The level curves of the
function w(z, L) for the first 6 sides are shown in Fig. 11.

6 Quadrilateral Domains

Let w = @(z) be the conformal mapping from the interior of the unit circle D = {z €
C : |z| = 1} onto the interior of the rectangle

R ={w : 0<Rew<1l, O<Imw < r} 22)
such that

D(z1) =0, DP(z2)=1, P(z3)=1+1ir, P(z4) =1ir,
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Fig. 11 The level curves of the function w(z, L) for the polygon with 13 sides

where z1, 22, z3, and z4 are points on d D (in the counterclockwise orientation) and
r > 0 is an undetermined positive real constant. The constant r is known as the
modulus of the quadrilateral (D; z1, z2, 23, 24) and denoted by M (D; z1, 22, 23, z24)-
The modulus of the quadrilateral domains is invariant under conformal mappings, and
hence general bounded simply connected domains can be handled by mapping them
onto the unit disk with the help of method presented in Sect. 2.

If the domain R, is known (i.e., if r is known), then we can map R, onto the unit
disk using the method described in Sect. 2. Let { = ¥ (w) be the conformal mapping
from R, onto the disk |¢| < 1 such that

W) =0, ¥/(@)>0

where « is a given point in R,. The mapping function z = ¥ (w) maps the points 0,
1, and 1 + ir on dR, onto points {1, {2, and {3 on the unit circle. Then the Mobius
transform

(z3 —z1)(z2 — 23)(&2 — §1)(C — &3)
(Z2 =z —83)(C —¢1) — (22 —23) (&2 — L& — &3)

z=W"m)=z3+

maps the unit disk |{| < 1 onto the unit disk |z| < 1 such that the points ¢1, {> and {3
are mapped onto the points z1, z» and z3, respectively. Thus, the mapping function

=¥ (w) =W (w) (23)

maps the domain R, onto the unit disk D such that the points O, 1, 1 + ir are mapped
onto the points z1, z» and z3, respectively. If z = ¥ (w) maps also the point ir onto
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Fig. 12 The first two iterations

the point z4, then ¥ —! will be the required map, i.e.,

w=®() =¥ Q).

6.1 Iterative Method

In this section, for a given quadrilateral (D; z1, z2, 23, z4), We present an iterative
method for computing the unknown constant » and the mapping function z = ¥ (w)
such that ¥ (0) = z1, ¥ (1) = zo, ¥ (1 +ir) = z3, and ¥ (ir) = z4. First we choose
an initial value ro = 1, then we use the function ¥ to map R, to a quadrilateral
(D; z1, 22, 23, 24,0) Where z4 o is a point on the arc [z3, z1] containing z4 (see Fig. 12).
The point z4,0 could be on either side of z4 on the arc [z3, z1]. We add a correc-
tion Ag to rp to get a new approximation ri. Then we map R,, to a quadrilateral
(D; z1, 22, 23, 24,1) using the function ¥. The point z4 1 is now close to the point
z4. We continue with this iterative method to generate a sequence of approximation
ro, 1,72, ... and the mapping function ¥ maps the rectangle R,, to a quadrilat-
eral (D; z1, 22, 23, 24.k)- We stop the iteration when the distance (on the unit circle)
between the two points z4 and z4 « is small. Then, we consider r; as an approximation
tor.

Since, for each iteration k, the point z4 4 is on the arc [z3, z1], we can always choose
suitable corrections A to ensure the convergence of the iterative method. In this paper,

for k > 1, we choose
1
Ap= L arg <Z“_’<> . (24)
21 24

To accelerate the convergence of the iterative method, we introduce a factor §; and
we calculate ry using the formula

Tk+1 =1k + 6k Ak, k>0, (25)
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where ro = 1,80 =68, = 1, and for k > 2,

2851, if arg (Z“*k’z) arg (Z“""] ) > 0 and arg (“‘v"" ) arg (Z“—‘) >0,

2 2 2
Tok—1, if arg (“‘Z’;‘Z) arg (Z“’Z':l) < 0and arg (24’;:1 ) arg (zg_;) <0,

S8k—1, otherwise.

Ok

(26)
In other words, when the three points z4 x—2, z4 x—1 and z4 are in the same side of
24, we double 8;_ to increase the correction added to r and so push z4 ; toward z4.
However, when the three points z4 x—2, z4 x—1 and z4 ; oscillate around z4, we bisect
8k—1 to reduce the correction added to ry. To avoid getting very long rectangle or very
narrow rectangle during the iterations, we do not allow & Ay to be more than 0.2r or
less than —0.2r.

6.2 Algorithm

The above iterative method is summarized as follows.

Initialization:

Setro=1,60 =61 = 1.

Iterations:

Fork =1, 2,3, ..., where k denotes the iteration number:

Map the domain interior to the rectangle with the vertices {0, 1, 1 + irg_1, irg—1}
onto the unit disk D by the function ¥ in (23) such ¥ (0) = z1, ¥ (1) = z2,
(1 +irg_1) = z3.

— Letzg4 1 = ¥ (@rg—1).

— Compute Ag_1 from (24).

— For k > 2, compute §;_1 from (26).

— If §g—14k—1 > 0.2rr—1, then set §x—1 Ax—1 = 0.2rr—1 and Sx—1 = Sx—1/2.

— If §g—14k—1 < —0.2rf_1, then set 81 Ax—1 = —0.2rr—1 and §x—1 = Sr—1/2.

— The approximate value of r is updated through ry = r¢—1 + x—1Ak—1.

— Stop the iteration if |ry — rg—1| < € or k > Max where Max is the maximum
number of allowed iterations and ¢ is a given tolerance.

In our numerical experiments, we choose Max = 50 and ¢ = 0.5 x 10713, The
iterative method produces a sequence of numbers rg, 1, 12, 13, . . . which converges to

the required constant r. The iterative method provides us also with a conformal map
z = ¥ (w) from R, onto the given domain D. Then the required map @ is given by

w=®(k) =¥ Q).

The numerical examples presented in this section show that the iterative method con-
verges for several examples. However, no proof of convergence is available so far.
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Table 2 The numerical results

Domain r Number of iterations Total CPU time
01 1 1 0.6

0> 1.41421356237738 23 6.5

03 4.99266938932358 36 10.4

[on 0.272437506734334 40 12.1

6.3 Examples

We consider the computing of the conformal mapping from the quadrilateral domains
(D eif)] ei92 ei@} ei94)

onto rectangular domains for the following values of 61, 6>, 63, and 64:

. Q1 :91 = -7, 92 = —0.57‘[, 93 = 0, 94 =0.57.

. 02:01 =-0.51,6, = —-0.257,603 = 0.257,04 = 0.57.

. 03:01 =—-0.50057, 6 = —0.49957, 63 = 0.49957, 64 = 0.50057.
. Q4:0 =—m, 0, =—-0.00017,03 =0,604 = 0.57.

W N =

The values of the modulus » = M(Q;), j = 1,2, 3, 4, the number of iterations
required for convergence, and the total CPU time (sec) required for convergence are
listed in Table 2. For the four domains, we use n = 2!!. Orthogonal polar grids in
the circular domains and their images under the conformal mapping are shown in
Figs. 13, 14, 15 and 16. The points z1, z2, 23, 24 on the unit circle and their images
on the rectangle are shown as small colored squares such that a point z; and its image
has the same color. For 03, z1 = ¢~ 0997 and 7, = ¢~04997 which are very close
to each other. Similarly, z3 = 04997 and 74 = €90057 gre very close to each other.
The length of the arcs between z; and z; and between z3 and z4 is 0.0017. Thus, we
can not distinguish between z; and z> and between z3 and z4 in Fig. 15 (left). The
small arc between z; and z; is mapped by the conformal mapping to the lower side of
the rectangle. Similarly, the small arc between z3 and z4 is mapped by the conformal
mapping to the upper side of the rectangle. Although these arcs are too small, the
proposed iterative method converges after only 36 iterations. In Qy4, the two points
72 = e 000017 and z3 = 1 are very close to each other where the length of the arcs
between them is 0.0001s, and hence we can not distinguish between z> and z3 in
Fig. 16 (left). The small arc between z» and z3 is mapped by the conformal mapping
to the right side of the rectangle. The proposed iterative method converges after only
40 iterations.

For the three domains Q», O3, and Q4, the error per iteration is shown in Fig. 17.
For Q3 and Q4, we have points on the unit circle that are very close to each other.
This explains why the number of iterations for Q3 and Qg4 is larger than the number
of iterations for Q;. For Q1, the method converges after only one iteration since the
exact value of r is 1 which is the same as our initial value rg.
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Fig. 14 The quadrilateral domain Q7 and its image

6.4 Explicit Formula for the Modulus

Consider the quadrilateral domain
(D; 1, %, % ™),

which can be mapped conformally onto the rectangular domain R, = {w : 0 <
Rew < 1, 0 < Imw < r} such that the point 1 is mapped to 0, ¢! is mapped to
1, %2 is mapped to 1 + ri, and ¢'” is mapped to ri. The quadrilateral domain can be
mapped also by Mdbius transform onto the upper half-plane such that the point 1 is
mapped to —1, ¢! is mapped to 0, ¢!2 is mapped to a positive real number s, and ¢!
is mapped to oco. See Fig. 18.

The exact value of the positive constant s can be obtained in terms of the values of
01, 62, and 6. For distinct points z1, 22, z3, and z4 in C, we define the absolute (cross)
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Fig. 16 The quadrilateral domain Q4 and its image

Fig. 17 The successive error 1 T T
|rg — rr—1| for the three — Qs
domains Q7, Q3, and Q4 vs the — -1 Q51
number of iteration k § Q
0;3 3 414
2
5 5t
&
S 7
)
=9
a0
<
-
-13

5 10 15 20 25 30 35 40
k: the iteration number
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ir 1+ ir

Q3

<
S 3

Fig. 18 The quadrilateral domain (left), the rectangular domain (center), and the upper half-plane (right)

ratio by [4]

lz1 — z3llz2 — 24l
|z1, 22,23, 24| = —————————.
lz1 — z2llz3 — z4l

This definition can be extended if z4 = oo by taking the limit, i.e.,

lz1 — z3]

|z1, 22, 23, 00| = .
lz1 — 22

Thus, for the four points 1, €% ¢192 and €% on the unit circle, we have

o ) sm(ezz) sin (9329‘)
|1,€191, 6102,6193| _

%0 : 03—0,
sin ( ) ) Sin ( 5 )

Similarly, for the four points —1, 0, s, and co on the real line, we have

| —1,0,5,00] =1+4+s.

An important property of Mobius transformations is that they preserve the absolute
ratios [4], thus
| = 1,0, 5,00 = |1, e, &%, %),

and hence the exact value of 1 + s is given by the formula

sin (022) sin (0‘ 201 )

27
sin (92‘ ) sin (0‘ 202)
Let £21 be the family of curves lying in D and joining the arcs (1, ¢'1) and (¢!2, ¢!%)

(see Fig. 18). Similarly, let £2, be the family of curves lying in R, and joining the
segments (1, 1 +ir) and (ir, 0), and let £23 be the family of curves lying in the upper

1+s=
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Fig. 19 Comparison with the exact formula (29) for n = 213

half-plane and joining the sets (—1, 0) and (s, c0). The modulus is invariant under
conformal mapping [1,13,24] and hence [7, p. 20]

1
M(§2)) = M(§2) = M(§23) = P

The exact value of M (£23) can be obtained also in terms of the real constant s as in
the following formula from [24, Eq. (5.52) and Ex. 5.60(1)],

M4
()

were /4(s) is the Grétzsch modulus function [2, Ch. 5]

M($23) =

T K(S/) /1 dx /
_r CK(s) = , s =V1—s2 (28
nis) 2 K(s) @ 0 V(1 —x2)(1 —s2x2) =Vi-sd @Y

Consequently, the exact value of the constant r is given by

(7
r=_un (29)
b/ 1+s

where the value of the s + 1 is given by (27). In this paper, the values of the function
w are computed as described in [20].

To test the Algorithm 6.2, we fix 8; = 0.57 and 63 = 1.57. Then, we choose values
for 6, between 0.50017 and 1.49997. The numerical results obtained with n = 213
are shown in Fig. 19. Figure 19 shows the relative error in the computed values of r
vs 6, (left), the total CPU time (in seconds) required for computing each value of 7 vs
6> (center), and the successive error |ry — ry—1| for each value of 6, vs the iteration
number k (right). We see from the figure, with less than 40 iterations, the successive
error for the iterative method method is less than 10~!3 for all values of 6, except for
6> = 0.50017 (red line). As expected, the relative error in the computed values of r
is very small when 6, is a way from 6; and 63. The numerical results obtained with
n = 2'0 are shown in Fig. 20.
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Fig.20 Comparison with the exact formula (29) for n = 210

6.5 The Crowding Phenomenon

According to [6, pp. 20-21], the term crowding was coined in 1980 [15] to describe
the error/instability in numerical computing of conformal mapping. Thereafter it has
become a “benchmark issue” for all numerical conformal mapping software. As
explained in [21, p. 77], mapping a rectangle with aspect ratio m to the unit disk
seems to be impossible for m = 24. Problems start already with m = 8 and become
more serious with increasing m. The critical value of m depends on the computer float-
ing point arithmetic with 10 < m < 20 for double precision arithmetic [6, pp. 20-21],
[21, pp. 75-77].

For rectangle R, in (22), the aspectratioism = r forr > landm = 1/r forr < 1.
Assume that 61 = /2 and 63 = 37 /2 are fixed as above and 7 /2 < 6 < 37 /2. In
this subsection, we use the analytic example presented in Sect. 6.4 to find the critical
value of r for mapping the quadrilateral (D; 1,1, ¢'2, —i) onto the rectangle R, with
double precision arithmetic.

In view of (27), we have

2
1 4 cot (972)

Thus, by (29) the value of the modulus r can be written in terms of 6;,

14+s=

r=2u —cht(%z) . (30)

Also, the value of 6, can be written in terms of the modulus r,

6, = 2 cot”! (2 (M—l (%))2 _ 1) . 31)

The values of the modulus » obtained with the formula (30) for 7/2 + 10~ < 6, <
37/2 — 10715 are shown in Fig. 21 (left). Similarly, Fig. 21 (right) shows values 6>
obtained with the formula (31) for 1/12 < r < 12. We see from Fig. 21 (right) that
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15 37/2
10
= S
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0 2
w2 ™ 3n/2 0 2 4 6 8 10 12
92 T

Fig.21 The values of r in terms of 6, (left) and the values of 6, in terms of r (right)

logy(02 — 7/2)

logo(37/2 — 6)

1.5 10 20 30 40 50 1.5 10 20 30 40 50
1/r

r

Fig.22 The relation between r and 6, for r > 1 (left) and 0 < r < 1 (right)

the values of 8, become very close to 83 = 37/2 even for small values of r. In fact,
for r = 12, the value of 6, obtained with formula (31) satisfies

3
7” — 0, =1.776 x 10715,

Similarly, for r = 1/12, we have
b= 3 = 1776 x 107

For further investigation, we use the MATLAB symbolic toolbox to obtain more
accurate results for the formulas (30) and (31). Forr > 1, the values oflog; (37 /2—6;)
are shown in Fig. 22 (left). It is clear from Fig. 22 (left) that, up to double precision
accuracy of the computer, 6> = 37 /2 for the value of r as small as r = 13. Similarly,
for 0 < r < 1, the values of logy(6» — 7/2) are shown in Fig. 22 (right). Up
to double precision accuracy of the computer, it follows from Fig. 22 (right) that
0r = m/2 for r = 1/13. As a consequence, up to double precision accuracy of the
computer, mapping a rectangle onto a quadrilateral (D; 1,1, /2, —i) is impossible
when the aspect ratio of the rectangle is as small as r = 13.
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We see from Fig. 22 (left) that the relation between r and log;( (37 /2 — 6,) is linear
for r > 1. We use MATLAB function polyfit to find the coefficients of the line,
and hence, we can estimate

3
0r(r) ~ 7” —32.3663566817311 x 107 1:30452159123521r = o = (3D

Similarly, Fig. 22 (right) shows that there is a linear relationship between 1/r and
log;y(62 — 7/2) for 0 < r < 1. By using MATLAB function polyfit to find the
coefficients of the line, we can estimate

02(r) ~ % +32.3665310118084 x 107 1:36452172896714/r =y o 1 (33)

Equation (32) illustrates how fast the value of 6, approaches 63 = 37/2 even for
small values of r, r > 1. Similarly, Eq. (33) illustrates that the value of 8, approaches
61 = 7 /2 even for small values of 1/r,0 <r < 1.

Funding Open Access funding provided by the Qatar National Library.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

. Ahlfors, L.V.: Conformal Invariants. McGraw-Hill, New York (1973)
. Anderson, G.D., Vamanamurthy, M.K., Vuorinen, M.: Conformal Invariants. Inequalities and Quasi-
conformal Maps. Wiley-Interscience, New York (1997)
3. Atkinson, K., Jeon, Y.: Algorithm 788: Automatic boundary integral equation program for the planar
Laplace equation. Electron. ACM Trans. Math. Softw. 24(4), 395417 (1998)
4. Beardon, A.F.: The Geometry of Discrete Groups. Springer, New York (1983)
5. Diriscoll, T.A.: Schwarz—Christoffel Toolbox, Version 2.4.1, http://github.com/tobydriscoll/sc-toolbox.
Accessed 3 2019 (2019)
6. Driscoll, T.A., Trefethen, L.N.: Schwarz—Christoffel Mapping. Cambridge University Press, Cam-
bridge (2002)
7. Dubinin, V.N.: Condenser Capacities and Symmetrization in Geometric Function Theory. Springer,
Basel (2014)
. Garnett, J.B., Marshall, D.E.: Harmonic Measure. Cambridge University Press, Cambridge (2008)

9. Greengard, L., Gimbutas, Z.: FMMLIB2D: a MATLAB toolbox for fast multipole method in two
dimensions, Version 1.2, http://www.cims.nyu.edu/cmcl/fmm2dlib/fmm?2dlib.html. Accessed 1 2018
(2018)

10. Kanas, S., Sugawa, T.: On conformal representations of the interior of an ellipse. Ann. Acad. Sci. Fenn.
Math. 31, 329-348 (2006)

11. Keen, L., Lakic, N.: Hyperbolic Geometry From a Local Viewpoint. Cambridge University Press,
Cambridge (2007)

12. von Koppenfels, W., Stallman, F.: Praxis der konformen Abbildung. Springer, Berlin (1959)

13. Lehto, O., Virtanen, K.I.: Quasiconformal Mappings in the Plane, 2nd edn. Springer, Berlin (1973)

o -

oo

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://github.com/tobydriscoll/sc-toolbox
http://www.cims.nyu.edu/cmcl/fmm2dlib/fmm2dlib.html

Conformal Invariants in Simply Connected Domains 775

14.

17.
18.
19.
20.
21.

22.
. Vasil’ev, A.: Moduli of Families of Curves for Conformal and Quasiconformal Mappings. Springer,

24.
25.

Liesen, J., Séte, O., Nasser, M.M.S.: Fast and accurate computation of the logarithmic capacity of
compact sets. Comput. Methods Funct. Theory 17, 689-713 (2017)

. Menikoff, R., Zemach, C.: Methods for numerical conformal mapping. J. Comput. Phys. 36, 366—410

(1980)

. Nasser, M.M.S.: Numerical conformal mapping via a boundary integral equation with the generalized

Neumann kernel. SIAM J. Sci. Comput. 31, 1695-1715 (2009)

Nasser, M.M.S.: Fast solution of boundary integral equations with the generalized Neumann kernel.
Electron. Trans. Numer. Anal. 44, 189-229 (2015)

Nasser, M.M.S.: Fast computation of the circular map. Comput. Methods Funct. Theory 15, 187-223
(2015)

Nasser, M.M.S., Murid, A.H.M., Zamzamir, Z.: A boundary integral method for the Riemann-Hilbert
problem in domains with corners. Complex Var. Elliptic Equ. 53, 989—-1008 (2008)

Nasser, M.M.S., Vuorinen, M.: Computation of conformal invariants. Appl. Math. Comput. 389,
125617 (2021)

Papamichael, N., Stylianopoulos, N.: Numerical Conformal Mapping. Domain Decomposition and the
Mapping of Quadrilaterals. World Scientific, Hackensack (2010)

Tsuji, M.: Potential Theory in Modern Function Theory. Chelsea Publ. Co., New York (1975)

Berlin (2002)

Vuorinen, M.: Conformal Geometry and Quasiregular Mappings. Springer, Berlin (1988)

Wegmann, R., Murid, A.H.M., Nasser, M.M.S.: The Riemann—Hilbert problem and the generalized
Neumann kernel. J. Comput. Appl. Math. 182, 388—415 (2005)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Conformal Invariants in Simply Connected Domains
	Abstract
	1 Introduction
	2 Conformal Mappings of Simply Connected Domains
	2.1 The Generalized Neumann Kernel
	2.2 Bounded Simply Connected Domain
	2.3 Unbounded Simply Connected Domain
	2.4 Numerical Solution of the Boundary Integral Equation

	3 Hyperbolic Distance
	3.1 Computing the Hyperbolic Distance for Simply Connected Domains
	3.2 L-Shaped Polygon
	3.3 Amoeba-Shaped Boundary
	3.4 Circular Arc Quadrilateral
	3.5 Circular Arc Polygon

	4 Reduced Modulus
	4.1 Computing the Reduced Modulus of Simply Connected Domains
	4.2 Domain Exterior to an Ellipse
	4.3 Domain Interior to an Ellipse
	4.4 Slitted Unit Disk
	4.5 Polygon

	5 Harmonic Measure
	5.1 Harmonic Measure for the Unit Disk
	5.2 Harmonic Measure for a Polygon
	5.3 Polygon with 5 Sides
	5.4 Polygon with 13 Sides

	6 Quadrilateral Domains
	6.1 Iterative Method
	6.2 Algorithm
	6.3 Examples
	6.4 Explicit Formula for the Modulus
	6.5 The Crowding Phenomenon

	References




