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The performance of friction drag, heat transfer rate, and mass transfer is illustrated the in boundary layer flow
region via density of motile microorganisms. Magnetic dipole in presence of Curie temperature and density of
motilemicroorganisms plays important role in stabilizing and controlling themomentum and thermal boundary
layers. In this direction, the characteristics of themagnetic dipole on the suspensions ofmotilemicroorganisms in
theflowof ferrofluid are incorporated. Heatflux in the suspensions ofmotilemicroorganisms and at the surface is
computed via Fourier's law of heat conduction. Characteristics of sundry physical parameter on the
ferrohydrodynamic, thermal energy, mass transfer, and bioconvection are computed numerically and analyti-
cally. It is depicted that an enhancement in thermal Rayleigh number results in the reduction of friction drag,
thereby enhances the heat transfer rate and Sherwood number at the surface, while the local density of motile
microorganisms enhance for larger values of bioconvection Lewis number. Further, it is characterized that
bioconvection Rayleigh number has increasing behavior on the heat transfer in the boundary layer. Comparison
with available results are found in an excellent agreement.

© 2019 Published by Elsevier B.V.
1. Introduction

The swimming orientation of a single cell or motile micro-organism
is governed by the advection (due to bulk fluid motion) and the action
of its flagella. The trajectory concerning its swimming velocity compar-
ative to theworking liquid can be influenced by several exterior compo-
nents including gravity, rate of strain, nutrient concentration and
vorticity of the fluid. For example, the trajectory of cells to swim up or
down a chemically reactive fluid flow is termed as chemotaxis. Bacterial
micro-organisms, for example, Escherichia coli andBacillus subtilis swim
by means of rotating flagella pushed with the aid of reversible motors
inserted in the cell wall. The movements of these microorganisms can
be depicted by run intervals which the cells swim around a straight
line, scattered with tumbles during which the living micro-organism
uaid-I-Azam University 45320,
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experiences arbitrary reorientation. Run intervals are a little bit longer
when organism swim up or down a chemoattractant gradient [1].

Secondly, consider the bacteria, for example, the algal bacteria
Chlamydomonas nivalis, which push themselves by playing out a
breast-strokewith thehelp of their frontflagella. These bottom substan-
tial organisms tend to swim upwards because of the anisotropic mass
circulation organelles inside their cell body. An upwards swimming in-
clination is named negative gravitaxis or negative geotaxis [2]. In the
present analysis, the angle between the vertical direction and the axis
of the cell relies on the rotational viscous drag and the distance between
the center of mass and volume. Swimming focused by this system is
named gyrotaxis [3].

Although in a suspension unaccompanied cells are separately guided
bymeans of this exterior cues, their interactions are intervened through
the liquids. Bioconvection, the common performance of a concentrated
population of micro-organisms, leads to maintain, relatively time-
varying or steady spatial patterns. For example, bioconvection happens
when the upward-swimming organisms cause an unbalanced density
stratification sufficiently extensive to trigger a Rayleigh-Taylor instabil-
ity through dropping crest. In such a crest, the liquid speed beats the
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Fig. 1. Physical model.
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upward swimming speed of individual cells. In the beginning, the sus-
pension is uniform, gradually upswimming happens due to the well-
spring of oxygen at the upper surface. It should be kept in mind that
the instabilities occur initially at the surface eventually cause
downwellingplumes. These crest/plumes advect oxygenwhole through
the neighborhood [4–9]. Pedley et al. [10] considered a uniform suspen-
sion of gyrotatic cells and analyzed the growth of patterns of
bioconvection. Raju et al. [11] studied the gyrotactic microbes in a radi-
ative Casson fluid past a moving wedge. The impact of variable thermal
conductivity and gravity effect on a gyrotactic microbes in a nanofluids
were analyzed by Chamkha et al. [12]. Nield and Kuznetsov [13,14] de-
liberated the convection and bio-thermal convection in the flowof a vis-
cous flow filled with microbes. Mosayebidorcheh et al. [15] scrutinized
the characteristics of gyrotactic microbes and nanoparticles in the
boundary layerflow. Abe et al. [16] depicted bioconvection in a capillary
assay induced by chemotaxis bacteria. Xun et al. [17] analyzed the im-
pacts of variable viscosity and thermal conductivity in the flow of a vis-
cous fluid filled with gyrotactic microbes.

Ferrofluids are magnetic suspensions of ferrite nanoparticles
suspended in a carrier liquid. In the present evaluation, the ferrite nano-
particles andmotilemicroorganisms are suspended in the suspension of
ferromagnetic nanofluid. Heat transfer in the flow of ferromagnetic
nanofluids enhances in the presence of ferrite nanoparticles and motile
microorganisms. In case of creeping flow (advective inertial forces are
small compared with viscous forces), the presence of motile microor-
ganisms in the flow of ferromagnetic nanofluidwill enhance the friction
drag and heat transfer rate at the surface. On the other hand, if the ad-
vective inertial forces are greater as compared with the viscous forces,
the resulting drag friction will reduce and heat transfer rate will en-
hance,which is analyzed in the present analysis. Arrue et al. [18] studied
the magnetic nanoparticles and reported its applications in drug deliv-
ery. Neuringer [19] analyzed the liquid flows in presence of magnetic
and thermal gradient. Sivakumar et al. [20] discussed the radiative fer-
romagnetic fluid in presence of dissipation and partial slip over a heated
surface. The engineers are interested in the enhancement of heat trans-
fer rate and in the reduction of friction drag which is applicable to the
electronic devices and other industrial and engineering applications
[21–35].

The purpose of the analysis is to investigate theoretically the friction
drag, heat transfer rate, mass transfer rate, and the density of motilemi-
croorganisms in the suspension of motile microorganisms. The analysis
is carried out in the presence of Curie temperature andmagnetic dipole.
A comparison has beenmade in such a way that the axial velocity, tem-
perature filed, concentration profile, and motile microorganisms den-
sity is analyzed in the presence and absence of bioconvection Rayleigh
number. The constitutive equations of ferrohydrodynamics, thermal en-
ergy, concentration, and motile microorganisms are obtained in light of
boundary layer assumption. Making use of appropriate similarity vari-
ables, the boundary value problem is solved via BVPh2-midpoint
method and optimal homotopy analysismethod (OHAM). The influence
of sundry physical parameters on the suspension of motile microorgan-
isms is incorporated via graphs and tables.

2. Ferrohydrodynamic, thermal energy, and bioconvection
equations

2.1. Flow analysis

A horizontal layer occupied by a ferromagnetic suspension is taken
in such a way that it contains both gyrotactic micro-organisms and fer-
rite nanoparticles. Fig. 1 shows the geometry of the analysis. The effect
of the magnetic dipole is taken in such a way that its center exactly
lies on the y−axis at a distance b from the x−axis. The magnetic field
points of magnetic dipole are applied in positive x−direction. To make
ferrofluid saturate, the magnetic dipole improve the magnetic field of
significant strength. It is considered that the temperature at stretching
surface Tw is less than the Curie temperature Tc, whereas, the tempera-
ture T ¼ T∞ is presumed to be ambient temperature, i.e., TwbT∞bTc. The
fluid above the Curie temperatureTc is not capable of beingmagnetized.
Concerning nanoparticles, it is assumed that the nanoparticle suspen-
sion stay stable and they do not agglomerate in the flow of ferromag-
netic nanofluid. In ferrofluid flow, it is consumed that the
nanoparticles have no impact on their swimming velocity and on the di-
rection of swimming of cells. The suspension of solid volume fraction
nanoparticles is assumed to be diluted. This is due to the fact that
bioconvection is possible in a dilute suspension. It is because of the com-
parison of suspension viscosity to the concentration of nanoparticles, if
the viscosity becomes larger, the bioconvection suppressed [3]. Further,
the analysis is carried out in presence ofmagnetic dipole, that is taken in
such a way that its center lies on the x−axis at a distance b from the x−
axis. The flow in the working fluid is induced by stretching of the sheet.
Themagneticfield points ofmagnetic dipole are taken alongpositivex−
direction. The dimensionless governing boundary layer equations are
given in Refs. [3,9,13]. The boundary layer equations in a
ferrohydrodynamic, thermal energy, concentration, and micro-
organisms conservation equations are [14] directly defined as
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The respective velocity components (u, v) are taken alongx−andy−
directions, μ signify viscosity of the suspension of microorganisms and
ferromagnetic nanofluids, υ f depicts the kinematic viscosity of
ferrofluid, ρ f signify base fluid density, the density of ferrite nanoparti-

cles Δρ ¼ ρm−ρ f

� �
demonstrates the density difference between

micro-organisms and base fluid, ρp denotes the density of the ferrite
nanoparticle, P indicates pressure, β symbolizes volumetric thermal ex-
pansion coefficient of the base fluid,α f ¼ k= ρcp

� �
f exhibits thermal dif-

fusivity of the nanofluid, ρcp
� �

f discloses volumetric heat capacity of

base fluid, whereas ρcp
� �

p volumetric heat capacity of nanoparticles, g

indicates gravity,Wc is themaximum cell swimming speed, b is the che-
motaxis constant, T symbolize the temperature of ferromagnetic
nanofluid, C is the concentration, n is concentration of microorganisms,
whereas, M expresses the magnetization, μ0 exemplify the magnetic
permeability, and H represents the magnetic field.

The admissible boundary conditions are assumed to be of the form

u jy ¼ 0 ¼ Uw ¼ ax; vjy ¼ 0 ¼ 0; Tjy ¼ 0 ¼ Tw;Cjy ¼ 0 ¼ Cw;njy
¼ 0 ¼ nw;ujy→∞→Ue ¼ 0; T jy→∞→T∞

¼ Tc Cjy→∞→C∞ njy→∞→n∞ : ð6Þ

In above equations, Uw is the stretching velocity, a is the stretching
rate,Tw,Cw, andnw are the respective wall temperature, wall concentra-
tion of ferrite nanoparticles and surface concentration of microorgan-
isms, T∞ , C∞, and n∞ are the respective ambient temperature, ambient
concentration of ferrite nanoparticles and ambient concentration of
microorganisms.

2.2. Magnetic dipole

The presence of magnetic dipole effects the ferrofluid flow due to its
magnetic field. Themagnetic field that effects the ferrofluid flow caused
bymagnetic dipole is illustrated by amagnetic scalar potential χ, where

χ ¼ ϱ
2π

x

x2 þ yþ bð Þ2
; ð7Þ

here ϱ describes the magnetic field strength at the source. The compo-
nents for the magnetic field H are

Hx ¼ −
∂χ
∂x

¼ ϱ
2π

x2− yþ bð Þ2

x2 þ yþ bð Þ2
� �2; ð8Þ

Hy ¼ −
∂χ
∂y

¼ ϱ
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� �2; ð9Þ

since the gradient of the magnetic of H is directly proportional to the
magnetic body force, we thus have

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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s
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Making use of Eqs. (8) and (9) in Eq. (10), and after expanded in

powers of x and retained terms up to order x2, we have the following
expressions
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the temperature and impact of magnetizationM can be related in a lin-
ear way given below,

M ¼ K T−T∞ð Þ; ð13Þ

here K exhibits the pyromagnetic co-efficient. The physical schematic of
a heated ferrofluid is shown in Fig. 1, where the circular lines denote the
magnetic field.

3. Solution procedure

Herewe defined the similarity variables as considered by Andersson
and Valnes [22].

ψ ξð Þ ¼ aμ
ρ

� �1=2

xf ξð Þ; ξ ¼ y
ρa
μ

� �1=2

; θ ξð Þ ¼ T−Tc

Tw−Tc ;φ ξð Þ¼ C−C∞
Cw−C∞ ; j ξð Þ¼ n−n∞
nw−n∞ ;

ð14Þ

in which μ describes the dynamic viscosity and θ ξð Þ exhibits dimension-
less temperature, φ ξð Þ illustrates the dimensionless concentration, j ξð Þ
shows the dimensionless microorganisms concentration, the stream
function ψ ξð Þ are defined in such a way that the incompressibility con-
dition (Eq. (1)) is directly satisfied, the comparable velocity compo-
nents u and v are defined as follow

u ¼ ∂ψ
∂y

¼ Uw f 0 ξð Þ; v ¼ −
∂ψ
∂x

¼ −
ffiffiffiffiffiffi
μa
ρ

r
f ξð Þ: ð15Þ

Using the similarity transformations given in Eqs. (14) and (15), the
components of magnetic field due to magnetic field given in Eqs. (11)
and (12) and magnetization M from Eq. (13) in Eqs. (2)–(5) along
with the boundary conditions given in Eq. (6) reduces to the following
boundary value problem

f ″− f 02þ f f ″−2β f θ

ξþ rð Þ4 þ λbθ−Rnφ−
Rb

Lb
j−Rm ¼ 0;

ð16Þ

θ″ þ Pr f θ0 þ 2λβ f f θ−εð Þ
ξþ rð Þ3 þ Nbθ

0φ0 þ Ntθ02 ¼ 0;
ð17Þ

φ″ þ Scfφ0 þ Nt

Nb
θ″ ¼ 0; ð18Þ

j″ þ Lb f j
0−Pe φ″ jþ φ0 j0

� � ¼ 0; ð19Þ

f ξð Þ ¼ 0; f 0 ξð Þ ¼ 1; θ ξð Þ ¼ 1; φ ξð Þ ¼ 1; j ξð Þ ¼ 1; at ξ ¼ 0; ð20Þ

f 0 ξð Þ→0; θ ξð Þ→0; φ ξð Þ→0; j ξð Þ→0; when ξ→∞: ð21Þ

In the above boundary value problem the parameters λb (thermal
Rayleigh number), Rm (basic-density Rayleigh number), Rb

(bioconvection Rayleigh number), Rn (nanoparticle concentration Ray-
leigh number), β f (ferrohydrodynamic interaction), λ (viscous dissipa-
tion), Nt (thermophoresis), ε (Curie temperature), Nb (Brownian
motion), Sc (Schmidt number), Pr (Prandtl number), Pe (bioconvection
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Peclet number), and Lb (bioconvection Lewis number) are defined as

λb¼
ρ fβg 1−C∞ð Þ Tw−Tcð Þ

μα f
; Rn ¼

g ρp−ρ f
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α f
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¼ ϱ
2π

μ0K Tw−Tcð Þρ f
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
aρ f b
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s
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¼ α f

υ f Dm

; Pe ¼ bWc

Dm
: ð22Þ

Friction drag, local Nusselt number, Sherwood number, and themo-
tile microorganisms density number are defined as

C f ¼
2τw
ρU

2

w
; Nux ¼ xqw

k Tw−Tcð Þ; Shx¼ xζw
DB Cw−C∞ð Þ; Nnx¼ xjw

Dm nw−n∞ð Þ:

ð23Þ

where τw exhibits drag force at the wall, qw identify heat flux at the sur-
face, jw signify mass flux at the surface, and the motile microorganisms
density flux is symbolized by ζw, their mathematical expressions are

τw ¼ μ
∂u
∂y

jy ¼ 0; qw ¼ −k
∂T
∂y

jy ¼ 0; ζw ¼ −DB
∂C
∂y

jy ¼ 0; jw

¼ −Dm
∂n
∂y

jy ¼ 0: ð24Þ

Making use of Eqs. (23,24), the dimensionless form of friction drag,
local Nusselt number, local Sherwood number, and the local motile mi-
croorganisms density are

1
2
Re1=2C f ¼ f

00
0ð Þ; Re−1=2Nux ¼ −θ0 0ð Þ; Re−1=2Shx

¼ −φ0 0ð Þ; Re−1=2Nnx ¼ − j0 0ð Þ: ð25Þ

4. Optimal homotopy analysis method

The optimal homotopy analysis method (OHAM) [36,37] is de-
scribed for the systemof highly nonlinear problems emerging in nonlin-
ear optimal control problems. The Optimal HAM contains convergence
control parameters and is computationally rather productive. A sort of
averaged residual error is characterized. The optimal convergence-
control parameters is acquired to reduce the averaged residual error.
The optimal HAM can be utilized to get quick convergent series solu-
tions of various sorts of equations with strong nonlinearity. In present
analysis, the boundary value problem is solved via optimal HAM. In op-
timal HAM, the non-linear equation can be reduced to a series of linear
subproblems. It should be noted that initial guesses for the optimal
problem can be produced utilizing a straightforward approach In light
Table 1
Shows average residual square errors (Δt

m).

Order Values

ℏ f ℏθ

4 −0.115632 −0.326544
6 −0.210801 −0.321669
8 −0.283174 −0.430212
10 −0.300130 −0.674320
12 −0.530621 −0.753901
of just the initial boundary conditions. The established initial guesses
and their relating linear operators for the boundary value problem are

L f fð Þ ¼ d3 f
dξ

3

þ d2 f
dξ

2

; Lθ θð Þ ¼ d2θ
dξ

2

−θ; Lφ φð Þ ¼ d2φ
dξ

2

−φ; L j jð Þ

¼ d2 j
dξ

2

− j; ð26Þ

f 0 ξð Þ ¼ 1−exp −ξð Þ; θ0 ¼ exp −ξð Þ; φ0 ¼ exp −ξð Þ; j0
¼ exp −ξð Þ; ð27Þ

where Lf fð Þ; Lθ θð Þ; Lφ φð Þ and Lj jð Þ describes the linear operators,
whereas f 0 ξð Þ; θ0 ξð Þ; φ0 ξð Þ and j0 ξð Þ illustrate the initial guesses of f ; θ
; φ and j respectively.

4.1. Convergence analysis

The convergence control auxiliary parameters hf , hθ, hφ, and hj are
uses in optimal HAM to stabilize the convergence of homotopic solu-
tions. The convergent solutions can be obtained by taking suggested
values of these auxiliary parameters, these values can be calculated via
optimal HAM. For this reason, residual square errors are noticed formo-
mentum, energy and concentration equations by defining the expres-
sions

Δ f
m ¼

Z 1

0
½Rm

f ξ; hf
� ��2dξ; ð28Þ

Δθ
m ¼

Z 1

0
½Rm

θ ξ;hθð Þ�2dξ; ð29Þ

Δφ
m ¼

Z 1

0
½Rm

φ ξ;hφ
� ��2dξ; ð30Þ

Δ j
m ¼

Z 1

0
½Rm

j ξ; hj
� ��2dξ: ð31Þ

The convergence of the parametric values is displayed by optimal
HAM, listed in the following Tables 1 and 2.

The graphical representation for the 12th order approximation dis-
plays the error decay in the Fig. 2.

Here Δt
m indicate the total discrete squared residual error.

Δt
m ¼ Δ f

m þ Δθ
m þ Δφ

m þ Δn
m: ð32Þ

Here the Δt
m is used to obtain the optimal convergence control

parameters.

5. Results and discussion

This paper predominantly talks about the impacts of the λb (thermal Rayleigh num-
ber),Rm (basic-density Rayleigh number),Rb (bioconvection Rayleigh number),Rn (nano-
particle concentration Rayleigh number), β f (ferrohydrodynamic interaction), λ (viscous
ℏφ ℏ j Δt
m

−0.732014 −0.210153 3.831 × 10−6

−0.770312 −0.219810 4.5280 × 10−10

−0.780431 −0.317801 7.6590 × 10−13

−0.803217 −0.435011 2.3528 × 10−18

−0.982001 −0.602170 5.0841 × 10−22



Table 2

Shows individual residual square errors for Δ f
m;Δ

θ
m;Δ

φ
m and Δ j

m .

order values

ℏ f ¼ −0:530621 ℏθ ¼ −0:753901 ℏφ ¼ −0:982001 ℏ j ¼ −0:602170

Δ f
m Δθ

m Δφ
m Δ j

m

6 4.45109 × 10−5 6.71209 × 10−6 4.00921 × 10−5 6.76104 × 10−7

10 2.08002 × 10−9 9.77311 × 10−8 7.43022 × 10−9 8.66310 × 10−11

18 8.99102 × 10−14 8.55310 × 10−14 8.93301 × 10−15 4.88711 × 10−16

24 1.99821 × 10−20 5.03319 × 10−18 3.44109 × 10−20 5.08381 × 10−21

Fig. 3. Impact of parameter β f on axial velocity.
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dissipation), Nt (thermophoresis), ε (Curie temperature), Nb (Brownian motion), Sc
(Schmidt number), Pr (Prandtl number), Pe (bioconvection Peclet number), and Lb
(bioconvection Lewis number) on the axial velocity, temperature, concentration and den-
sity of motile microorganisms fields. The analysis is carried out for the case γ ¼ 1:0;λ ¼ 0
:01; and ε ¼ 2:0 , whereas the values assigned to remaining parameters are as in Ref. [15].
Various physical parameters of engineering interest on the lower plate of the system,
namely the local skin friction coefficient, Nusselt number, Sherwood number andwallmo-
tile microorganisms flux are also analyzed in detail. The boundary value problem is solved
via numerical and analytical methods, i.e., the BVPh2−Midpoint method and the optimal
HAM respectively. This section includes the physical interpretation of physical parameters
on the flow field. The impacts of dimensionless submerging parameters λb (thermal Ray-
leigh number),Rm (basic-density Rayleigh number),Rb (bioconvection Rayleigh number),
Rn (nanoparticle concentration Rayleigh number), β f (ferrohydrodynamic interaction), λ
(viscous dissipation),Nt (thermophoresis), ε (Curie temperature),Nb (Brownianmotion),
Sc (Schmidt number), Pr (Prandtl number), Pe (bioconvection Peclet number), and Lb
(bioconvection Lewis number) are inspected.Moreover, rest of thematerialize parameters
in the flow of the boundary value problem are elevated fixed, i.e., γ ¼ 1:0;λ ¼ 0:01; and ε
¼ 2:0.

The impacts of ferrohydrodynamic interaction parameterβ f on the axial velocity and
temperature field are analyzed in Figs. 3 and 4. The presence of parameters γ (dimension-
less distance from the center of magnetic dipole to the origin), β (ferrohydrodynamic in-
teraction), and ε (Curie temperature) play a vital rule in holding the impact of
ferromagnetic effect on the flow. The presence of ferrite (magnetite) nano sized particles
in a carrier liquid correspond to ferrofluid, that leads to enhancing viscosity of the fluid, as
a result, the axial velocity vanishes for larger values of parameter β f (ferrohydrodynamic
interaction) evident in Fig. 3. On the other hand, the impacts ofβ f (ferrohydrodynamic in-
teraction) on temperaturefield is depicted in Fig. 4. It is designated that temperature of the
fluid is enhanced for larger values of parameter β f (ferrohydrodynamic interaction). In
fact, an increase in parameterβ f (ferrohydrodynamic interaction) leads to improve the in-
teraction between ferrites nanoparticles of fluid and magnetic field action, which is re-
sponsible for enhancing frictional heat among fluid layers, as a result the thermal layer
enhances.

The impacts of parameters Rm (basic-density Rayleigh number) and Rn (nanoparticle
concentration Rayleigh number) on the axial velocity in the flow of bioconvection ferro-
magnetic nanofluid are designated in Figs. 5 and 6. It should be kept inmind that positive
values of parameter Rn (nanoparticle concentration Rayleigh number) depicts the top-
heavy ferrites nanoparticle layer. Therefore an enhancement in the Rn (nanoparticle con-
centration Rayleigh number) characterizes the destabilizing effect, as a result, the axial ve-
locity reduces as shown in Fig. 5. An increase inRm (basic-density Rayleigh number) leads
to rising the viscosity of thefluid. Such enhancement in viscosity of fluids leads to enhance
the interaction between ferrite nanoparticles and the magnetic field due to magnetic
Fig. 2. Shows the error decay for the 10th.orderapproximation:
dipole. The resulting interaction causes reduction in motion among fluid layers, which is
responsible for the reduction in axial velocity depicted in Fig. 6. Moreover, the impacts
of parameters λb (thermal Rayleigh number) and Rb (bioconvection Rayleigh number)
on the axial velocity in the flow of ferromagnetic fluid is carried out. It is incorporated
that by giving variation to these two parameters leads to reduce the axial velocity
shown in Figs. 7 and 8. If we take Rb ¼ 0, it means that the suspension has no gyrotactic
microorganisms, Rb N0 corresponds to the case of upward-heavy (destabilizing) ferrite
nanoparticle field, whereas, Rbb0 bottom-heavy (stabilizing) ferrite nanoparticle profile.
On the other hand, when λb ¼ 0 it means that there is no heating in the suspension, λb N

0 depicts heating from the bottom, and λbb0 corresponds to heating from top. In both the
cases, we see that positive values of Rb (bioconvection Rayleigh number) leads heavy-
upward ferrite nanoparticles distribution, which is responsible for the possible reduction
in the axial velocity shown in Fig. 7. While, positive values of λb (thermal Rayleigh num-
ber) leads to heating from the bottom, which leads to enhancing the possible collision
among ferrite nanoparticles and gyrotactic microorganisms, as a result the axial velocity
thinning as shown in Fig. 8.
Fig. 4. Impact of parameter β f on temperature field.



Fig. 5. Influence of parameter Rm on axial velocity.

Fig. 6. Influence of parameter Rn on axial velocity.

Fig. 8. Effect of parameter Rb on axial velocity.

Fig. 9. Consequence of parameter Nb on temperature field.
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The influence of parameters Nb (Brownian motion) and Nt (thermophoresis) on the
ferromagnetic nanofluid bioconvection flow are carried out in Figs. 9 and 10. The
Brownian motion parameter Nb is proportional to the concentration gradient, whereas,
thermophoresis parameter Nt is relative to the temperature gradient, giving variation to
these parameters results in the enhancement of thermal energy, which is responsible for
the increase in temperature field shown in Figs. 9 and 10. The behavior of parameter Pr
(Prandtl number) on temperaturefield is depicted in Fig. 11. It is designated that enlarging
the values of parameter (Prandtl number) leads to reduce the thermal conductivity of the
fluid, which declines the temperature field shown in Fig. 11.

The impact of parameter Lb (bioconvection Lewis number) on bioconvection ferro-
magnetic nanofluid flow. Fig. 12 is visualized to depicts the impacts of Lb (bioconvection
Fig. 7. Impact of parameter λb on axial velocity.
Lewis number) on the bioconvection ferromagnetic nanofluid flow. An increase in Lb
(bioconvection Lewis number) leads to decline the diffusion coefficient of gyrotactic mi-
croorganisms, as a result of the density of the motile microorganisms decreases, as
depicted in Fig. 12.

5.1. Comparison of viscous and ferromagnetic nanofluids

In the present section, various attempts have been made in such way to analyze the
impacts of density ofmotilemicroorganisms andmagnetic dipole on theflowof ferrofluid.
Initially, viscous fluid in absence of magnetic dipole and gyrotactic microorganisms i.e., Rb

¼ 0, is incorporated, secondly viscous fluid in absence of magnetic dipole and in presence
Fig. 10. Influence of parameter Nt on temperature field.



Fig. 11. Consequence of Pr on temperature field.

Fig. 12. Impact of parameter Lb on density of motile microorganisms.

Fig. 14. Influence of sundry parameters on temperature field.

Fig. 15. Effect of sundry parameters on concentration field.
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of gyrotacticmicroorganisms i.e.,Rb≠0, is taken, thirdly ferromagnetic nanofluid in absence
ofmagnetic dipole andgyrotacticmicroorganisms i.e.,Rb ¼ 0, is considered, andfinally fer-
romagnetic nanofluid in presence of magnetic dipole and gyrotactic microorganisms i.e.,
Rb≠0, has beenmade. The above analysis is plotted in Figs. 13–16. The lowest axial velocity
is observed for ferromagnetic nanofluid in presence of gyrotactic microorganisms, i.e., Rb≠
0, whereas the highest axial velocity is depicted for the viscous fluid in absence of motile
microorganisms, i.e., Rb ¼ 0 as shown in Fig. 13. The highest temperature field is obtained
for viscousfluid in absence ofmotilemicroorganisms, i.e.,Rb ¼ 0, whereas the lowest tem-
perature profile is characterized for ferromagnetic nanofluid in presence of gyrotactic mi-
croorganisms, Rb≠0 , as shown in Fig. 14. Fig. 15 characterizes that concentration
distribution is higher for ferromagnetic nanofluid when the gyrotactic microorganisms
Fig. 13. Effect of sundry parameters on axial velocity.
are there, i.e., Rb≠0, whereas the lower concentration field is depicted for viscous fluid
when there is no motile microorganisms, i.e., Rb ¼ 0. In Fig. 16, It is determined that the
density of motile microorganisms is maximum in ferromagnetic nanofluid in presence
of magnetic dipole and the gyrotactic microorganisms, i.e., Rb≠0, whereas the lowest den-
sity of motile microorganisms is depicted for viscous fluid in absence of magnetic dipole
and gyrotactic microorganisms, i.e., Rb ¼ 0. These graphical results depict that the pres-
ence of gyrotacticmicroorganisms, i.e.,Rb≠0, in the flow of ferromagnetic fluid play an im-
portant role and leads to a more realistic and physical situation.
Fig. 16. Influence of sundry parameters on motile microorganisms field.



Fig. 17.Wall shear stress versus basic-density Rayleigh number.
Fig. 19. Sherwood number versus bioconvection Peclet number Pe .

8 S. Nadeem et al. / Journal of Molecular Liquids 298 (2020) 112033
5.2. Parameters of engineering interest

In the present analysis we are interested in, reduce the skin friction, enhance
the heat transfer rate, mass transfer rate, and density of motile microorganism as
will. The decline in drag friction, enhancement in rate of cooling or heating, en-
hancement in gradient of nano concentration, and an increase in the density of mo-
tile microorganisms are applicable in the advanced technological processes. Thus
the present analysis is carried out in presence and in absence of gyrotactic micro-
organisms i.e., Rb≠0 and Rb ¼ 0 respectively. To get these results, various attempts
have been made about the reduction of drag forces or skin friction, and enhance-
ment of heat and mass transfer rates, which are shown in Figs. 17–20. The numer-
ical equations for friction drag, local Nusselt number, local Sherwood number, and
the motile microorganisms density are introduced in Eqs. (23)–(25). Fig. 17 char-
acterizes the influence of Rm (basic-density Rayleigh number) on wall shear stress.
It is scrutinized that variation in Pr (Prandtl number) in presence of magnetic di-
pole leads to decline the friction drag. The heat transfer rate via Pr (Prandtl num-
ber) is shown in Fig. 18. It is analyzed that the presence of Rb (bioconvection
Rayleigh number) results in fast enhancement of heat transfer rate for larger
values of λb (thermal Rayleigh number). Fig. 19 depicts the impacts of Pe

(bioconvection Peclet number) on the Sherwood number. It is designated that
larger values of Pe (bioconvection Peclet number) results in the enhancement of
concentration gradient at the surface. The effect of Lb (bioconvection Lewis num-
ber) on the local density of motile microorganism are depicted in Fig. 20. It is dem-
onstrated that an increment in Lb (bioconvection Lewis number) results in the

enhancement of local density of motile microorganism. The drag friction
1
2
Re1/2

C f for noticeable values of Rb ; Rm; and λb are characterized and analyzed in
Table 3. Table 4 shows the comparison of Nusselt number for different values of
Pr is characterized by means of numerical solution based on BVPh2−midpoint
method and analytic solution based on optimal HAM. Table 5 describes the com-
parison of Sherwood number for different values of Rm; Rb and λb . Comparison of
motile microorganisms density for several values of Rm;λb; and Rb are incorporated
in Table 6.
Fig. 18. Heat transfer rate versus Pr Prandtl number.
6. Concluding remarks

The analysis concentrates on the evaluation of drag friction, heat
transfer rate, mass transfer at the surface, and motile microorganisms
density at the surface in the suspension of motile microorganisms. The
analysis is carried out in the presence of Curie temperature and mag-
netic dipole. The aim of the present analysis is to reduce the drag friction
and to enhance the heat transfer rate, Sherwood number, local density
of motile microorganism. The displayed investigation prompts the ac-
companying conclusion.

► An enhancement inRm,β f ,Rn,λb, andRb results in the reduction of the
axial velocity.

► The temperature field enhances for higher values of β f , Nb , and Nt ,
whereas reduction take place for increasing values of Pr.

► The motile microorganism density reduces with an increase in Lb.
► The lowest axial velocity is observed for the suspension ofmotilemi-

croorganisms in the presence of gyrotactic microorganisms and
magnetic dipole, whereas the highest axial velocity is depicted for
the viscous fluid in absence of motile microorganisms and magnetic
dipole.

► The highest temperaturefield is obtained for viscous fluid in absence
of motile microorganisms and magnetic dipole, whereas the lowest
temperature profile is characterized for the motile microorganisms
in presence of magnetic dipole and gyrotactic microorganisms.

► Concentration distribution is higher for ferromagnetic nanofluid
when the gyrotacticmicroorganisms andmagnetic dipole is present,
whereas the lower concentration field is depicted for viscous fluid
when there is no motile microorganisms and magnetic dipole.

► The density of motile microorganisms is maximum in ferromagnetic
Fig. 20. Motile microorganisms density versus bioconvection Peclet number Pe .



Table 3

The drag friction
1
2
ReC f 1=2 for noticeable values ofRb;Rm ; andλb are characterized and analyzed bymeans of numerical solution based on BVPh2−midpoint method and analytic solution

based on optimal HAM.

Rb≠0 OHAM results

1
2
Rex

1=2

C
f

BVPh2�Mid point

1
2
Rex

1=2

C
fRm Rn λb

1.0 1.2 1.0 0.79302 0.793023
1.5 0.95105 0.951027
2.0 1.00817 1.008213
1.0 1.2 1.0 0.79302 0.793023

2.0 1.33001 1.330215
3.0 1.51810 1.518121

1.0 1.2 1.0 0.79302 0.793023
1.5 0.76051 0.760569
2.0 0.79013 0.790157

Table 4
Comparison of Nusselt number for different values of Pr is characterized bymeans of numerical solution based on BVPh2−midpoint method and analytic solution based on optimal HAM.

Pr Rashidi [24] OHAM results

Re−1=2Nu x

BVPh2 �Mid point

Rex−1=2N
u
x

0.72 0.808631 0.808581 0.808639
1.0 1.000000 1.000021 1.000021
3.0 1.923682 1.923485 1.923485
5.0 – – – 1.003309 1.003309
7.0 – – – 1.362420 1.362420
9.0 – – – – – – 1.421430

Table 5
Comparison of Sherwoodnumber for different values ofRm;Rb andλb are analyzed bymeans of analytic solution based on optimalHAMandnumerical solution based on BVPh2−midpoint
method.

Rb≠0 OHAM results

Re−1=2Sh x

BVPh2 �Midpoint

Re−1=2Sh x

Rm Rn λb

1.0 1.2 1.0 1.360831 1.360847
1.5 1.009382 1.009360
2.0 0.906220 0.906204
1.0 1.2 1.0 1.360831 1.360847

2.0 0.994018 0.994076
3.0 0.872091 0.872043

1.0 1.2 1.0 1.360831 1.360847
1.5 0.950291 0.950252
2.0 0.851087 0.851064

Table 6
Comparison of motile microorganisms density for several values of Rm;λb ; and Rb are incorporated by means of BVPh2−midpoint method and optimal HAM.

Rb≠0 OHAM results

Re−1=2Nn x

BVPh2 �Midpoint

Re−1=2Nn x

Rm Rn λb

1.0 1.2 1.0 0.79302 0.793023
1.5 0.95105 0.951027
2.0 1.00817 1.008213
1.0 1.2 1.0 0.79302 0.793023

2.0 1.33001 1.330215
3.0 1.51810 1.518121

1.0 1.2 1.0 0.79302 0.793023
1.5 0.76051 0.760569
2.0 0.79013 0.790157
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nanofluid in presence ofmagnetic dipole and the gyrotacticmicroor-
ganisms, whereas the lowest density of motile microorganisms is
depicted for viscous fluid in absence of magnetic dipole and
gyrotactic microorganisms.

► The variation in Rm (basic−density Rayleigh number) in presence of
magnetic dipole leads to decline the friction drag.

► The heat transfer rate enhances for increasing values of parameterβ f

(ferrohydrodynamic interaction).
► The larger values of Pe (bioconvection Peclet number) results in the

enhancement of concentration gradient at the surface.
► An increment in Lb (bioconvection Lewis number) results in the en-

hancement of local density of motile microorganism.
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