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ABSTRACT 

In papet· (5( it was PstahlishPd tlw majorant w. But Pxamples of a function f E 

Zw'Were not constntcted. In this papPI', in the ease of a smooth clospd curve, an exam piP 
of such a function is constl·ucted. 

Historical Approach and !\lain Results: 

The Premeli Privalov theon•m j8j, j9J, I !OJ is tlw classical rPsult of the 

behaviour of a singular operator in the space of continuous functions. 

By Rx we denote the class of functions dpfincd on a piecewise smooth closed 
curve '(' and satisfying Holder condit:on with index oc . 

After that the Prenwli Pr·ivalov tlwm·pm was proved fork -curves j3J, j6J. I A 

closed rectifiable Jordan cm·vc is called k-eurve if then~ exists a constant 

k ~ i such that for any t 1, t2 E '(', s ( t 1, t2 ) ::S k lt
1 

- t2 IJ. 
On the other hand, at 1924, Zygmund J\. 1141 PstahlishPd tiJP following 

relationship between continuity modules of the singular integrals with llilhert 

Kernels and the continuity modulus of the density (in the case of a circle): 

where 

and 

1 J" g( t) = -- f ( J) ctg 7T _, 

+ 0 of" 
(J -t) 

2 
d], 

sup I f( t:1 - f ("'C2 ) 1. 
lt1- t21:::::; 0 

dJ ). 



Sonw f1I'Of11'rl ic•s of dus.~ Zw 

In particular from this inequality th<' PrPmPli Privalov thPorPm follows: 

Later this Pstimation was proved [7] for thP cas<' of int<'grals with smooth 

curves Cauchy Kernel. 

In [1] Zygmund type rpsults were provPd for th<' cas<' of arbitrary dos('(l 
rectifiablP Jordan curws in tPrms of the charact<'ristic mPtrics :x: (a), /3( a ) of 

the curve, where 

inf It-t I , a E ( o. t12) 

s( t, T) ~a 

where t is the length of the curve'/", 

/3( a) = sup s ( t, t) , 8 E ( o,d = max I t' - t I ] 

in the form 

where f(t) = 

lt-tl:::s8 t',tE 'f' 

_1 __ J f(])-f(t) 
1TI r J-t 

d l + Jt wf [oc ( l)] 
8 oc2( J) 

13( li) 

d] + f(t), t E "'(. 

d]), 

From this inequality, in particular, the Premeli Privalov theorem for the case 
of a k-curve follows. In [13] new characteristics of curves were introduced: 

where 

e ( 8 ) = sup e .< a ) 
tE r 

e .(a) = mes { t' E '(', It - t I::::; a } ' 8 E ( o,d ). 
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For any arbitrary closed rectifiable Jordan curve the following inequality was 
proved in [13]: 

= cz( ~.w) 

Hence, the Premeli Privalov theorem follows for the curves satisfying 8 ( ~) 
- ~- (i.e. there exists c 1 , c2 > o such that for any~ E ( o,d], c1 ~ ~ 8 ( ~) ~ 
c2 ~-Notice that for all curves 8 ( ~) ~ ~- So we can take c 1 = 1 ). The class of 
these curves is larger than the class of piecewise smooth curves and the class of 
k-curves. 

In [11] the following in<'quality of the Zygmund type, was obtained 

IJ 8( l) J2 rd e ( J) w7( ~) ~ c J w~ ) d] + ~ 
0 l2 e(JT a J2 

Wd ]2 
-- ) d]). 
e CJ) 

Zygmund (or Zygmund type) estimations allow us to study the behaviour of 
singular integrals in generalized Holder spaces: 

Hw = {fE c)'" I wr(~) = e [w(~)]}, 

where w ( ~ ) is a continuity modulus such that w ( ~ ) > o, 

Lim 
~-o 

Define a norm in Hw as follows: 

II f IIHw = II f II Cj + sup 

It is clear that Hw is a B-space 

- 13-



Smm• properties of class Zw 

THEOREM 1. [13]: Let Y" be a curve with 8( S) - S and let 

t 
0 

w ( J) 

J 
dl < oo. 

Then the operator Af = 'f maps Hw into Hw
1 

, it is bounded, and 

fa w ( l) 
Z(S,w) = O(w1 (S)),wherew 1(S) = dl. 

0 l 

On the other hand in [2] for the case of a circle (and in [13] for the case of 
curves such that 8 ( S) -Sand at any point of which the tangent is continuous) 
and in [12] an inequality was obtained which is the inverse of Zygmund's 
inequality in some sense. These results gave necessary and sufficient conditions 

for the existence of a singular orwrator from Hw to Hw . Hence we have shown 
I 

the following: 

THEOREM 2. ( [2], [13], [12] ) 

Let '(be a smooth dosed curve. Then the operator Af = fmaps Hw into Hw iff 
I 

w ( J) 

l 
dJ < 00 and z ( w ) = 0 ( w ( s ) ). 

In [4,5] the invariance of the class Zw with respect to the characteristics of 

n was discussed where 

f!t(S)= sup I f f( J ) - f( t ) 
tE r -r. < t ) 1 - t 
E.:s;S t 

, 5 E ( o,d ). d] 

and 
Zw = {f E Cr lwf( s) = 8 ( w ( s)) , n~ s) = 8( w( s)) } 

We notice that Zw is a B-space with respect to the norm 

II t II zw = II t II Hw + sup 
'(' 
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It is easy to see that Zw C Hw and for any 

f E Zw . !I f II ~ II f II 
Hw Zw 

i.e. the imbedding of Zw into Hw is continuous. If 

then Zw = Hw their norms are equivalent. 

THEOREM 3. ( [4], [5]) 
Let '( be a smooth closed curve,such that 

w(J) 
]2 d J = 8 ( w ( 8 ) ) , 8 E ( o,d ) . 

. ,... 
Then the operator M = f is a mapping from Zwto Zw and is bounded. 

It can be easily seen that the condition of theorem 2 is not weaker than the 
condition of theorem 3. 

In [5] a majorant w was established for which 

Ja w (] ) d] = oo 

0 l Jd w( J) 
8 2 

0 J 
d J = 0 ( w( a ) ), 

however, an example of a function f E Zw was not constructed. 

In this paper, in the case of a smooth closed curve, an example of such a 
function is constructed. 

Let '('be a closed smooth curve and t = t ( s ), o ~ s ~ l, 

where /, is the length of the curve r, and the equation of the curve in the arc 
coordinate has the form t ( s) = x ( s) + iy ( s ). 

Put t ( o ) = t0 , and 
can take l ;::::: 2. 

t ( -s) = t (t -s ). Without losing generality we 
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Some propt"rlics of clnss Zw 

Consider the function: 

2 
( 1-8) , 8 E [1 t12] 

Ln2 

w(8) = , 8 E [/e t/2] 

_1_ 
Ln J( 

ll 
, 8 E [o Lte] 

First we prove that the function w ( 8 ) satisfies the following properties: 

1) w (8) > o; 

2) w ( 8) is a non -decreasing function of 8 . 

3) Lim w (8 ) = o ; 
8--+o 

4) w (8) ~. 

s 

The proof of preperties 1, 2, 3 is easy. 

Now we prove the 4th property. Since w ( 8 ) is constant on 11/e , t;2 I, then 

it is enough to prove that w ( 8) ~ on I o, 11 e j, by calculating the following 

derivative. 8 

1 1-Ln( 1/8) 
~ 0. 

I = 
8Ln 

Now we shall prove that the function w ( 8 ) satisfies the conditions of theorem 3. 

Consider the expression 

dl 
A(8) = 

w ( 8) 
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By using L Hospital's rule, we have. 

8 s''2 w(J) d] 
w( a) 

Lim A ( 8 ) = Lim ll 
]2 Lim 

a2 

= a- o a-o w (8) a- o 1-Ln ( 1/8) 

a a2Ln2 ( 1/a) 

Lim Ln( 1/a) = 1 
I> - o Ln( 1/8 ) - 1 

Therefore 

8 f~2 w(l) d l = o ( w (a)). 
a J2 

Therefore by theorem 3, the class Zw is invariant under the considered 

singular operator. 

Fix the above curve Y'and consider the following function: 
t , s E [1 ; "2 ], 0 

2 
( 1 - s) 

1 t - s E [-;2], 
Ln 2 e 

1 
f(t(s))= Ln-

1
-

1 1 
s E [--; -], 

lsi ' e e 

2 
1 

(1 + s) s E [-1, ; - -), 

Ln2 
e 

t 
0 ' 

s E [-1 ; --2], 

Now we prove that 

sup It< t < s1 >) - t < t < s2 > > I - w <a> wt 8) = ls1-~1 :::;;8 
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SomE' properties of class Z.v 

Actually, it is sufficient to show the last relation for any small 6 . On the 

other hand outside the segment [ - ~ , ..!._ ] we consider a function which 
e e 

1 1 
satisfies Lipschitz condition on the segment [ - - , - ] and for 

a e 
- 1 

o < s2 - s1 < s1 < s 2 ~ - we have: 
e 

f(t(s2 )) -· f(t(s1 )) = 

where l E [ s1 , s2 ] , i.e. - 1-
Ln-1-

l 

t. Then 
1 ~ 1. 
Ln-1-

'l 

1 
On the other hand, -- ! and therefore 

·]Ln-1-

Hence, 

1 

Jln-1
-

'l 

'J 

For s1 ~ s2 - s1 we have: 

1 

1 ( s2 - s1 ) Ln ( ·-·-). 
( s2 - s1) 

~----

1 o ~ f ( t ( ~ )) ··· f ( t( sd ) ~ f ( t ( s2 )) = ---
1

-

1 
----------~ ---~--1 

1 = 

-18.;., 

Ln
s2 

c 
~------

1 Ln---
( s2-s~) 
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1 
Therefore, for s 1, s2 E [ o , -) and o < s2 - s 1 < 8 , we have: 

e 

Ln 

c 

1 

8 

1 1 
For s 1 , s2 E [ --,-).In the same way, we obtain 

e e 

On the other hand, 

c 
wf(S) ~ ~ 

1 
Ln-

8 

w
1 

( 8 ) = sup I f ( t ( s2 ) ) - f ( t ( sd ) I ~ f( t ( 8 ) ) - f ( t ( o ) ) = ~ 
Ln-

8 

From this we obtain that 

wt ( 8 ) ~ w ( 8 ). 

Now we show that f E Zw. 

LPt t ( s ) be any fixPd point o:1 th<' curve 'r . ConsidPr thP integral: 

_j_ 
t( s-f. ) t ( s+ E. ) 

f('t)- f(t) 
----dt 

t- t 
_L 

t( s- E ) t ( s+ £) 

f('r(l))- f(t(s)) 

t(l)- t(s) d t(l ). 

1 
Let 8

0 
bP any positivP numbPr sufficiently small and o < s < 8" < 2e. 

ConsidPr thP following casPs: 

s 
1) If E < -- th<'n 

2 
1 

f(t(l))- f(t(s)) =--
Ln-1-

J 

- 19-
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Thereforp 

Somt• propPrlic•.<; or c/uss z,.. 

. s t 3 1.9.2 < < 28. 

I t(t(l))- t(t(s>> 1:::::; c 
I J - s I 

sln..!.. 
s 

For the integral we have. 

_j_ .. !Jt(s)) -· f(t(S) 
t(s-£)t(s+£) t(s)-t(s) d'r(s) 

c 

f I d't'(s) I 
t(s-£.) t (s+£) 

s 
2) If - :::::; £ :::::; s then 

2 

:::::;----
1 

sln --· s 

c ·c c 
--:::::; -- = -- = c w (£). 
. 1 ~Ln 1 1 

SLn- c;. - l s £ n-
£ 

J_ f('r)- f(t) d'r = [ f + _j_ 
t - t t ( .!.)t ( 38

) t( s - £ ) t (~) t(s-£)t(s+£) 

+ 3sj_ 
t (-p (S+E} 

2 

2 2 2 

f('t)- f(t) 
---- dt = A1 + ~ + Aa 

t- t 

A 1 is estimated as in case 1 with f. = .!. . Therefore we get 
2 

1 :::::;c---
Ln-1

-
£ 

-20-

=cw(£). 
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Since on smooth curves, 11: - t I ~ s ( t , 't ) ~ k I t - 1: I 

where k ~ 1 is a constant, we have 

1~1= t( ~) s f{'t)-f(t) t 
s- t(2) t-t d ~ 

__[_ 
t(s- £) t (.!.) 

2 

I f( 1: l - t < t > I I d I 
lt-tl 1: 

~ k t(s-~~) 
2 

1 t< 1: > - t < t > I I d 1: I ~ 
s(t,'t:) 

4k 

1 
slns 

4k 

Ln.!._ 
s 

1 1 
.,.....---- + --) dl 

1 
Ln

] 
Ln-

1
-s 

s 
4k(£- -) 

2 

1 
slns 

c = cw(£) 
1 

Ln
E. 

For the 3rd integral A3 we have: 

1~1 = 
__[_ f('t) _ f(t) 1 

t ( ~ ) t ( e: + s ) t - t d't: ~ 

__[_ c 

t( ~ s) t(st£) 

lf('t:)-f(t)l ld'tl~ 
s(t,T) 1 Ln

£ 

= cw ( £ ). 
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Therefore 

Some propertie_, of class Zw 

_L 
t(s-E) t (s+€.) 

f('t:)- f(t) 

1:- t 

3) lf o0 > £ > s then 

.J_ f ( 1: ) - f ( t ) dt = [ 
t-t 

dt ~ cw( E). 

j_ + 
t(s-E) t (s+£) t ( o) t ( 2s) 

_[ 
t(s-t:) t (o) 

1. 
t ( 2s ) t ( s + E: ) 

f ( 1: ) - f ( t ) dt 
t- t 

B 1 is estimated as in case ( 2 ) with£. = s. Then•fm·p, W<' get 

1 1 I 81 I< C------ < c --- = cw (£). 
ln _.!_ l I n-s J 

ConsidPr now B2 + B3 = 

_[ t ( 1: )] ) ) dt (] ) + 
t( s - £ ) t ( o ) t ( l ) - t ( s) 

1. 
t ( 2s ) t ( s + E ) 

dt 

f('t(])) 

t'(l)-t(s) 

+ 

dt( J) -

dt 
f (t ) J t ( l ) - t ( s) 

t(s-€Jt (o) 
.J_ 

t ( 2s ) t ( s + £ ) 
't:(l)-t(s) 

= B1 - B2 
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where B~· = f ( t )'t', and 

'J = Ln ( t( 0 ) - q~ 
t(s-f.)-t{s) 

t{s+E)- t(s) 
+ Ln --:--=-=-~~:--:--

t( 2s) - t ( s) 

_ Ln I t(o)- t(s) I . t(o)- t(s) 
- wt(s-£)-t(sll +larg (t(s-£..)-t'(s) + 

+Ln jt(s+£)-t(s)l 
t ( 2s ) - t ( s ) I 

t(s+£)- qs) 
+ i arg t ( 2s ) - t ( s ) = 

I t < o > - t ( s >I . I t < s + £ > - t < s > I 
= Ln I t < s - £ > - t < s > . I t < 2s > - t < s > f + i < ex + 13 

> 

Since the curves is smooth, then I t ( 0 ) - t ( 8.) I -+ 1 
I t < 2s > - t < s 1 I 

lt{s+E)- t(s)l 
ass-+ o and 

l<s-f.)- t(s)l 
-+1ass-+o. 

Therefore, the logarithmic part in the last equation is bounded when s is small. 

In the case of smooth curve we have 

t(o)-t(s) 
cx: = arg -+ o 

t(s-£)-t(s) 
when s-+ o, 

t(s+e)-t(s) h 
13 = arg t ( 

25 
) _ t ( 

5 
) -+ o w en s -+ o , 

-23-



because ex: and {3 are bounded for small s. 

Therefore, if we take 8
0 

sufficiently small, and o < s < 8
0 

we find that I ':1 I ~ 
constant. 

Hence, 

For 

I s;1 =I f(t(s)) I.I':J I~ const I f{t)) I =-c-
1
- ~ 

Ln-s 

I B~ I= f 
S-E 

c 
~ 

1 
=cw(£) 

Ln-
£ 

f ( 1: )] ) ) i ( ] ) dl: + 
t(])-t{s) J

s+l: f {1: { l ) ) t { ] ) d] 
't:{l)-t{s) = 

2s 

Now, in the integral 11, let y = s - l and in the integral 12 , y = l - s. 
Then we have: 

I s:1 = 
{ f{t {s-y}) 
~ 1: {s-y) - t{s) 

i:(s-y)dy + 

s' f~ 1: {y+s}) 
s t ( y+s) - t{s) 

t {y+s)dy = 

= Jt { f{'l: {y+s}) i: {y+s) -
f( 't(s-y)) 

a 1:·{y+s) - t(s) 1: (s-y) - t(s) .. 

= s' ( f( t {y+s)) - f{'t(s-y)) 
s 1: {y+s) - t(s) 

t (s-s)) dy + 

+ J' ( . f{ 't (s-y) - f(t{s)) 
s t {s-y) - t(s) 

i: {y+s) dy-

-24-
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_ ft. ( f( '( (s-y) - f(t(s)) 
s '( (s-y) - t(s) 

t (s-y) sy + 

+ f( t ) Jf ( t (y+s) 
s 't (y+s) - t(s) 

-
_t,__<Y.::..-_: s.:....) _ 

) dy = 
't <Y-:-s) - t(s) 

f ' f( '( {y+s)) f(1: (s-y)) J£ I Al I ~ .........:...___;.;.-=---~- dy ~ k 
s t ( y+s) - t(s) s 

1 
Ln 1 

1 
Ln 1 

y+s y-s 

If £. ~ 2s then Y 

1 1 
I All~ J2s Ln 1 Ln 1 

1 1 1 
dy~-s( )s=---

Ln - 1- Ln 1 

If 

s y+s y-s 
y 

E > 2s ; then 

I All~ 

+ 

\ 

~ 

J2s + f£ 
( 

s 2s ) 

IE. 
1 

Ln 1 
2s y+s 

1 

y 

1 

1 
Ln 1 

y+s 

1 
Ln 1 

y-s 

I Ln_1_ Ln 1 \~ 
y+s y-s 

y+s 
Ln y-s 

1 1 
~c 

Ln ·-·. Ln-
2y y 

1 
~c-

Ln-L 
£ 

1 

3s 3s 

Ln 1 dy 
1 

~c--

Ln-L 
~ 

y-s 

y 

dy 

\Ln ___!__-
y+s 

Ln _2_ I 
y-s 

~ 

1 1 
Ln-- Ln-

y-s y + s 

y+s 
Ln y-s c 

~ 
1 1 Ln2 -. Ln2 -y y 

-25-

dy 



for y E[ 2s, £ ] 

Some properties of class z 
w 

y+s 2s 2s 
Ln-- =Ln(1+-),s;;-~2. 

y-s y-s y-s 

Therefore, 

1 dy 1 J' Jf dy 1 IA1I~c-1 + =C-- dln(:-) 1 Ln-1 L 2 1 Ln- 2s y 
€ 

1 
-c-
- Ln-1-

E 

1 
=c-

Ln-1-
E: 

I 1 
c ( 1 

Ln
e 

-c 

+ c 

yln2 - 2s y E n-y 

Jt dt 1 1 
E. 

=-, c- +C 
t2 Ln-1 2S t 

£ 2s 

I ln1 

~ \:. 

1 
=·C- + 

Ln - 1-

1 
--) 

Ln-1-
2s 

E. 

~ c-1-
Ln - 1-

E 

=CW(E:). 

Estimating the integrals Az and A3 similarly, we find that IA1 I + Az + A3l 

~ CW (E). 

I A4 I ~ I f ( t ) I I J£ ( t (y+s; - t(s) - '( (s-y; - t(s) ) dy I = 

=lf(t)l .J£ ~ (s-y) - t(s+y) d I 
5 

( t (y+s)-t(s)) . ( '( (s-y)-t(s)) Y 

-26-



~ I q t ) I . 2sk2 J' dy 
ST 

1 1 
c---~c----

Ln _1_ Ln -1-
s E. 

This ends the proof. 

R.P. EISSA 

__ 1 __ .2sk2 ( _1 __ 
1 s 

Ln-
s 

cw (E.). 
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