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ABSTRACT 
Assume that X and Y have the same homotopy type, if X (respectively Y) is cleavable over p, 

we have proved that the decomposition space of Y/g (respectively X/f) is cleavable over p. A result 
concerning Arhangel'skii - Teroni's problem is obtained, also some results concerning cleavable 
spaces and (strong) straightenable spaces are obtained. Some open problems related with homotopy a 
and homology theories are given. 

1. Introduction 
In 1985 Arhangel'skii [1] introduced the notion of cleavability to be as a generalization of 

one - to - one continuous mapping. More recently Arhangcl'skii and Teroni [2] introduced the 
notion of straightenability spaces that concerned with embeddings of spaces in product of two 
spaces, and proposed a general problem, then, they obtained some partial results concerning their 
problem. In this paper some results concerning some separation axioms, homotopy theory are 
obtained, and a result concerning Arhangel'skii-Teroni's problem is obtained. 

Let p be a class of topological spaces. A space X is said to be straightenable over p if for 
every non-closed subspace A of X there is a space Y E p such that A is homeomorphic to a closed 
subspace of X x Y. A space X is straightenable over a space Z if it is straightenable over the class 
of all subspaces of Z. A space X is said to be cleavable over a class p of spaces if for any subset A 
of X there are Y E p and a continuous mapping/ of X onto Y such that j{A) n j(X \A) <D or, 
equivalently f-1(/(A)) A. A class p of spaces is caJled hereditary if whenever X E p, every 
subspace of X is in p. The key connection between cleavability and straightenability is: if a space 
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X is cleavable over a hereditary class p of Hausdorff spaces, then for any subspace A of X and for 
any subspace B of X containing A, there is Z E p such that A is homeomorphic to a closed 
subspace of B x Z. Also, Arhangel'skii and Teroni [2] introduced a slightly stronger version of 
straightenability in the following way: A space X is strongly straightenable over a class p of 
spaces if for any subspace A of X, there is a space Z E p such that A is homeomorphic to a closed 
subspace of Y x Z, where Y is the closure of A in X It is worth to mention here that Arhangel 'skii 
and Teroni [2] proposed the following problem. 
Question 1. When a compact space is straightenable over a "nice" class of spaces? 

If A is a subset of the topological space (X, t), then the closure of A will be denoted by 
cl(A ). The identity mapping from the set X into itself will be denoted by 1 x. 
Notation. Letf: Y ~X be a mapping. The decomposition space Y I~, where Y1 ~ Y2 in Y if and 
only ifj(y1) = j(y2) will be denoted by Y If 

2. Cleavable Spaces 
In this section we shall give a result concerning Question 1, if we consider nice class of 

spaces to be T5-spaces. Some results concerning some separation axioms will be given. To give 
the next results, we need the following definition. 
Definition 2.1. 

a. A space X is called a Urysohn !}pace iff for each pair of distinct points x, y in X, 
there exist open sets U and V such that x E U, y E: V and cl([J) n cl( V) = <D. A Urysohn space 
also is called a T 

1 
-space. 

b. A space X is called a functionally Hausdorff space iff for each pair of distinct points x, y 
in X, there exists a continuous function f: X~ [ 0,1] such that.f{x) = 0, and ,/(y) l . 

c. A space X is called completely normal iff every subspace of X is normal. A 
completely normal T1-space is called a T5-space. 
Theorem 2.2 If X is cleavable over a class of Urysohn spaces, then X is a Urysohn !}pace. 
Proof. Let x andy be two distinct points in X Consider the set A = {y}, since X is cleavable over p 
, there exists a Urysohn space Z E p and a continuous srnjective mapping/ from X onto Z such 
that.f{X\ {y}) nf( {y}) =<D. Since Z is a Urysohn space, there are disjoint open sets U and V in Z 
such thatf{x) E U andj(y) E Vwith cl(U) n cl(V) =<D. Hence, x eF1(U) andy E .F1(V), sincefis 
continuous, soF1(U) and.f 1(V) are open in X, and cl(/'-1(U)) n cl(f- 1(V)) <D. 
Theorem 2.:.t !f X is cleavable over a class p of functionally Hausdorff spaces, then X is 
funclionally Hausdorff D 

Theorem 2.4. ff X is cleavable over a class p of functionally Hausdorff (Urysohn) spaces, 
then Xi . ., (strongly) straightenable over p 

Proof. Let A k ¥.Sin">.~ .. \'" is cleavable over p, there exist Z E panda continuous mapping/from 
X onto Z such that.F 1(t{A)) =A. Consider the graph o(f; 

G(f) {(x,j{x)) lxeA}. 
Since X is Hausdorff, so G(f) is closed in X x Z, and hence is closed in cl(A) x Z. 

1 1 
It is obvious that, if X is cleavable over a hereditary class p of Ti - spaces; i 2, 2 2, 3, 3 2, 4, 5, 

then X is strongly straightenable over p. Now, we shall give a partial answer of Question 1, in 
case of 15- spaces. 
Theorem 2.5. Let X be a compact space. If X is cleavable over a class p ofT5 -.spaces, then X 
is T5. 

2 
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Proof. Let A and B be two subsets of X such that cl(A) n B =A n cl(B) <I>. For the subset cl(A), 
there exist a 75-space Z and a continuous smjective mapping/of X onto Z such that}1(t(cl(A))) == 
cl(A). Since X is compact, thus cl(A) and cl(B) are compact subsets of X, by continuity off,j(cl(A)) 
andj(cl(B)) are closed subsets of Z. Thus,j(cl(A)) == cl(t(A)) andj(cl(B)) = cl(t(B)). Now, it is easy to 
see that, cl(t(B)) n.f(A) =<I> and cl(t(A)) nj(B) <I>. 

Since Z is completely normal, there are two disjoint open sets G and H in Z such that j(A) ~ G 
andj{B) ~H. Hence,F1(G) and/"1(11) are disjoint open sets in X containing A and B respectively. 
Therefore, X is T5• 

Corollary 2.6. Let X be a compact .~pace. {f X is cleavable over a hereditary class p of T5-

spaces, then X is (strongly) straightenable over p. 

3. Cleavability and Same Homotopy Type 
In this section we shall study the cleavability of quotient spaces obtained by functions. 

Also, we shall study the concept "same homotopy type" with cleavability. Some open 
problems will be given. 
Theorem 3.1. Let X be a cleavable space over a hereditary class p of spaces. (f there is a 
continuous swjective mapping f: Y --+X from a .space Y onto X then, the decomposition 
space Y If is cleavable over p. 
Proof. We have the following diagram: 

Y~ Ylf \iF. 
where Pis the natural map, given by P(y) [y], and F: Y If~ X is the map defined by ~F([v]) 
=fly). So, for eachy E Y, we have 

(F o P)(y) F(P(y)) = F([y]) =fly) 
hence F o P = f Since fis continuous, so F is continuous. Now, if (y1] :t:. [y2] in Y If, hence (y1] n [y2] 

<I>, thus.f(YJ) :t:../()'2) and so F((yi]) f(YI) :t:..f(y2) = F((y2]), so F is one- to -one. Let x E X, since.fis 
surjective, there is y0 E Y such that.f(y0) x, sox= j(y0) (F o P)(y0) F([y0]), and hence F is onto. By 
Theorem 3.1, Y I jis cleavable over p. 
Corollary 3.2. Let X be a cleavable 3pace over a hereditary class p of spaces. If there is a 
continuous bfjective mapping g: Y -+Xfrom a 3pace Y onto X then Y is cleavable over p. D 

Now, it is obvious that cleavability over a hereditary class p of spaces is a topological 
property. 
Definition 3. 3 [3]. Two spaces X and Y are of the same homotopy type if there exist continuous 
maps f: X~ Y, and g : Y ~ X such that gof is homotopic to 1 x and fog is homotopic to 1 y. The 
maps f and g are called homotopy equivalences. 
Theorem 3.4. Assume that the spaces X andY have the same homotopy type. lfX is cleavable 
over a hereditary class p of 3paces, and g : Y ~ X is a homotopy equivalence, then the 
decomposition space Y I g of Y is cleavable over p. 
Proof. Since X and Yhave the same homotopy type, there are homotopy equivalences/: X~ Y, g 
: Y ~X Consider the following commutative diagram: 

I' 

y IYig 

\ G 
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where P is the natural map, and the map G : Y I g ~ X is defined by 
G([y]) g(y) for all [y] e Y I g. 

Then G is continuous, because g is continuous and g GoP. Also, G is injective. 
Now, let B c Y I g. Since X is cleavable over p, there exists Z e p and a continuous sutjective 

mapping h :X~ Z such that h( G(B)) n h(X\ G(B)) =<D. 

Let W h(G(Y I g))~ Z, soW E p. Define a continuous sutjective mapping k: (Y/g) ~ W 
by 

k = h I G( Ylg) 0 F H 0 F, 
where F: (Y I g)~ G(Y I g), given by F([y]) = G([y]) for all [y] e Y I g, and H =hI G(Y/g) : 

G(Y I g) ~ W, given by H(x) = h(x) for all x e G(Y I g). In fact we have the following 
diagram: 

p 
Y~ Ylg 

1%Gt~) 
l~t~H 

where i, andj are the inclusion maps. Hence, k(B) n k((Y I g)\ B) <D. D 
Corollary 3.5. Assume that f: X ---)> Y, g : Y ---)>X are homotopy equivalences. Jf one of the 
spaces X, and Y is cleavable over the hereditary class p of spaces, then the decomposition 
space of the other is cleavable over p, where the decomposition space of X or Y is the space X 
If and Y I g, respectively. 0 
Corollary 3.6. Assume that X is cleavable over a hereditary class p of spaces. Jf there is a 
continuous mapping/: Y --)>X Then the decomposition spaceY If is cleavable over p. 0 

Let us close this paper by the following general open problems: 
Question 2. Assume that X is cleavable over a (hereditary) class p of spaces and assume that X 
andY have the same homotopy type. What are the conditions on p that makes Y cleavable over p? 
Question 3. Assume that X is cleavable over a (hereditary) class p of spaces and assume 
that the first fundamental group ttJ{X, x0) of X at some point x0 EX is isomorphic to the first 
fundamental group m(Y, yo) of Y at some point Yo E Y What are the conditions on p that 
makes Y cleavable over p? 
Question 4. Assume that X is cleavable over a (hereditary) class p of spaces and assume 
that the nth singular homology group H,(X) of X is isomorphic to the nth singular homology 
group H,(Y) of Y for all n ~ 1. What are the conditions on p that makes Y cleavable over p? 
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