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ABSTRACT
E6: |

is a valued graph. We are going to construct a Baechstrom order A associateed to Es. We
prove, by constructions, that the order A of infinite lattice-type but can be listed
(tame-type), i.e., we put all indecomposable A - lattices in finite number of general forms.
Finally we give a method to obtain easily and directly the lattices from its associated
representations.

The extended Dynkin diagram

1. Baechstrom order of E.;

Ringel and Roggenkamp have introduced for each basic Bachstrom order a valued
graph (4).
In this section we construct an R-order A for E,, where R is a complete valuation ring.

The orientation and the numerical of the vertices of the diagram EG are given as
follows:

|
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Indecomposable Representations of Order of E,

Let its modulation M be given as follows,

iSj = FandF; = F; = F(F = R/7 where @ is the maximal ideal of R), 1 Sis3,45j<x
7.

We construct an R-order I, satisfying the conditions:

7
(i) M is hereditary and (ii) T /rad I" = I ) (F)n as follows
J =

[R R R R R R]
7T R R R R R
r= m 7« R R R R
~ |# = 7 R R R
m @ w® R R R
|7 7 @w R R R_J
Then
[7 R R R R R]
m= = R R R R
m wm w® R R R
radT= |7 7 7 g T 7
T T T T 7T x
|7 T T T g n_[
[F 0 0 0 o0 o]
O F 0 0 o o
O O F 0 o o
andI"/rad T = O O O F F F
O O O F F F
O 0 0 F F F,
so the simple I" /rad T -modules are:
[F] [O] [0] [O]
O F (0] 0]
S4 = 0 . 85 = 0 5 S6 F ,and S7= O
O 0] (0] (0]
0 (@) 0] 0]
o] 0] 0] F |
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Now we construct a Bachstrom order A of E6, satisfying the conditions:
@ ACT

G) AMad A=13F ,F=F
i=1

(iii) rad A = rad T

(iv)iSj=Fig’§)sj=F,1sis3,4s]s7,
as follows:
'@ R R R R R]
= 5 R R R R
A= # w ¥y R R R
T w @ & T T
T w ®w °T g 7
|7 @ T T T Y

where & = @ (mod 7), p = B (mod 7), and Y =Y (mod 7).

2. The positive roots of .

Let (G,d) be an extended Dynkin diagram, and let ¢ be a Coxeter transformation of
the vector space Q° of all vectors x = (x;); € over the rational field Q. Then all
positive roots of negative, positive and zero defect with respect to c are the vectors

(see [1]):
WDx=c"P,,0=sr,1sts<n
@Qx=¢cqgu ,O0<r,l1<ts<nand

(B) x=x,+1g0,0<r1r,Xo<gn,od :X,=0,
where n is the canonic vector respectively.

In the case of Es we have

¢ = §;5; ... 87 the Coxeter transformation,

Ct = S+ls+2 ees S+7
The Coxeter functors,
C = S7—S_6 S—l

and
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Indecomposable Representations of Order of E6

qt = SISZ e st__l T

,1sts7,

P t $4S¢ ... st—lT
where T is the vector in Q° defined by:
Te=1and T; = o for all i # t.

The defect of EG with the given orientation has the following components:

—2—1
d =3—2—1
N2

2.1 The positive roots with negative defect:
These roots are Ct'q, , 0 <r1,1 < t < 7, we deduce the general forms as follows (n =
0):

t = 1: there are three general forms:

2n+1 —n Pz 2n+1— n+1 /2n+1 n
3InZ—2n —n, 3n+1Z- 2n+1— n+1 , 3n+2 - 2n+1 n+1
Non —n N 2n41—— nt1 2n+1 n+1

t = 2: We obtain the roots by interchanging the edges (1-4) and (2-5) in the case (t =
D

t

3: Similarly by interchanging the edges (1 - 4) and (3-6) in the case (t = 1)
t

4: There are six general forms:

2n-2 —n /2n+2—n+1 /2n+1 n
3n+1—\-,2n+1——- n, 3n+2%¥—2n+l-—n 3n+3—\-—2n+2 n+1
2n+1—n \2n+1-——-n 2n+1 n
2n+2 — n+1 2n+1—n 2n+1 n+1
3n-{2n —n ,3n+1£2n+1—- nt+l,  3n+2Z 2042 n+1
2n+1—n 2n+1—n+1 2n+2 n+1

t = 5: We obtain the roots by interchanging the edges (1-4) and (2-5) in the case (t =
4

t = 6: Similarly by interchanging the edges (1-4) and (3-6) in the case (t = 4)
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t = 7: There are two general forms:

2n+1—n 2n+4+2 —n+1
3n+1=—2n+1=—n ,3n+2—2n+2 —n+1
\2n+ —n 2n+2 —n+1

2.2 The positive roots with positive defect:
TheserootsareC—",osr,IStsl

We deduce the general forms as follows (n < 0):
t = 1: There are three general forms

2n+1—n+1 2n+1—n 2n+1—n+1
/

3n+1Z—=2n —n , 3n+2&2n+1—n+1, 3n+3—2n+2—n+l
\2n -—n \2n+1—n+1 \2n+2-—n+1

t = 2: We obtain the roots by interchanging the edges (1-4) and (2-5) in the case (t =
1y
t = 3: Similarly by interchanging the edges (1-4) and (3-6) in the roots of the case (t=
1Y)

t = 4: There are six general forms:

2n— n+1 2n+1—n /Zn —n
3n<2n —n. 3n+1<2n —n, 3n+1%=2n+1—n+l
2n —n 2n —n 2n+1 -—n+1
2n+1 —n+1 2n+2 —n+1 2n+1-——n
3n+2 &~~2n+1—n+1, 3n+2—2n+1—n+1, 3n+3—2n+2 —n+l
\2n+1-—n+1 \2n+1 —n+1 \2n+2-—n+1

t = 5: We obtain the roots by interchanging the edges (1-4) and (2-5) in the case (t =
4)

t

6: Similarly by interchanging the edges (1-4) and (3-6) in the case (t = 4).

t = 7: There are two general forms

2n n 2n+1—n+1
3n+1=2n——n , 3n+2'=2n+1—n+l
\2n n \2n+1—n+1
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3. Construction of all indecomposable representations with non-zero defect of EG.

These representations correspond the roots calculated in the previous sections, we use
the following notations:

(i) FFF ... instead of the vector space F+F+F+ ...., for any number of F, where F =
R/z. Also the vector of the representations is denoted by its dimensions, e.g. FFF : =
3.

(i) The linear mappings of the representations are:
@ LLF>F,ILFF->FF.., ...
f—f (fi, ) — (f;, £)
(b) o:F—>ooro—>F,oo:FF——>ooro—>FF,...

(c) 1=1F->FF,1=1=1:F — FFF s e
f— (ff) f - (11

d +:FF-F ,++:FFFF-—>FF,...
(fi.f) - (f;+£5,) (f.f.85.80) — (f,+5,, f3+1£,)

Moreover, we may also combine the above notations, for example:

10: FF5> ForF> FF
(f;, f,) —» f; f, - (f1, 0)

1+:FFF—>FF,101:F—>FFF,and
(fl’f27f3) - (fl9f2+f3) f - (f’O’f)

(10)" : 10101010 ... 10 (10 is repeated n times), similalry
(+)" and the other (...).

Since we have a one-to-one correspondence between all positive roots of non-zero
defect and all indecomposable representations of non-zero defect, it is enough to give
only the linear mappings

B,i=1,2,3j=4,56 7 of the general forms.
3.1 The indecomposable representations C+Q, of E6.
The general forms of these representations are:

t = 1: There are three general forms:

(@) 421 = o0(10y,5%2 = (01 , 6¢3 = (+),
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o forn = o
7%1 = 111 forn = 1

111(011)~ for n=2

0 forn = o
7§2 = ("fl,f1+f2,f2 for n 1

(_f17f1+f2af27g17g2:"-7gi7---’gn—1)for n=2

(note that we have defined the linear mapping with its value of (f,,...,f,) where

g = - f2'}-|—1 5 f2i—|—1 ’ f2i+2 s f2i+29 i=12,..,n-1),

and
0 forn =0
783= {11=1 forn = 1
f1.6,6,8,8,...,8,-..,8 forn=2
where

g =0 thiy, bige, i ,i=1,2, ..., n-1

(b) 4§1 =100y, 5%2 =01y, 6%3 = (+y0,
11 =1 10, 7%2 = 11110
1

forn =0

7¢3 =
f1.8", g, o, 5-..gn forn =1,
where g = f5 , T4 4 , i+ + £, ,i=012,...,n

) 4%1 0(+) 582 = (+), 623 = (01

forn =0
781 =

0, f, g, g2....,8, forn=1

where s oty iy 1i=1,2, .., n
752 11(1 = 11) and
11 forn =0
7¢3 =
fi, £, 815 s 8iseees gn - forn =1
where g = f, 44, Hi41 , fpp ,i=1,2, ..., n

t = 2, t = 3: by the same interchanging as in the roots.

17
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= 4 There are six general forms:

(a)

623 =

(b)

(©

(d)

(¢)

®

582 =

481 = (+1)r, 582 = O(+)
0] forn =0
f,+1; forn =1
f1+f3, h2, h3, veey hi,...,hn forn = 2
where hi = f2i——2+f2H-1 . i= 2, 3, e o 1IN ,

7%1 = 0(101) , 72 = 1(110)* and 7% 3 = 1(011)"
4%1 = (4 ,5%2 = 6#3 in case (2) , 683 = O(+)r,
781 = 11(101), 722 = 10(110) and 7&3 = 10(011)"
431 = O(+)o , 582 = (+)n+', 6 #3 = (+),
781 = (101)* , 7#2 = (110)* and 723 = (011)+
4%1 = 1001y, 5%2 = (10) , 623 = (01) ,

7%1 = 111 = 111 = ... = 111 (111 repeated n once),
7¢2 = (1 = 11) and 793 = (11 = 1y

481 = 0(10y 562 = 1(10) , 6%3 = 1(10),
781 = (1 111) , 782 = 1(1 = 11)" , and
783 = 105X "5—(?1)(111)

= n

4%1 = 100y , 582 = (10" , 6 3 = (O1*,

781 = 1 = 1Ty , 7%2 = ADAL...ADATD),
=n =

7%3 = 11(11 = 1y

5, t = 6: by the same interchanging as in the roots.
7: We have two general forms:

431 = (4,

o forrn = o
f,+1f5 forn =1
f1+f3,12,...,1i,...,1n for n = 2

18
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wl_lere li = f2i—2+f2i——1 , i= 2, 3, ey g
633 =52,7%1 = 10101, 742 = 1(110)" , and 7¢3 = 1(011)

®) 4%1=(0y+,5%2 = 6%3 = (o1y» , 7%1 = T1 111 111 ..°1T1,

——

04
n

7%2 $3 = 1141 111 111 ... 111,

!
fa—y
[y
(o=
[y
o
[y
[y
—
[y
[
—
a—y
p—
[y
-
~3

—_———

=<

3.2 The indecomposable representations (_IQt of ‘l.'l'.;.
The general forms of these representations are:

t = 1 We have the following three general forms:

(a) 4%1 =101y, 5%2 = (10)01)— , 693 = (100 ,
781 =11001 (11 = 1, (n # o)
[ O forn = o
f1,0,f2,f1 forn = 1
782 = fy+£0,80.6.5,0,6.f forn = 2
k f1.£4,84,6,1,my,....,m;... my, 50,6, ., forn =3
where m; = —f 4 iy, biyo, i=1,2, ... ,n — 2,
[ o forn = o
1=11=1 forn=1
783 = 4 £.8,6+6,5.5,0.f forn = 2
fl,fl,f2+f3+f6,f2,f3,f5,f4,f5,0,f6 forn =3

fl,fl,f2+f3+f6,f2,m2,...,mi,...,m,,__z,
) }for n=4

f2n—3’ f211—1’ f2n-—2, f2n—1’ o, f2n
where m‘i = f2;__1 . f2i—|—1+f2i—|-4 , f2i s 1= 2, vee n—2
(b) 4%1 = o(+),

1 forn =o
5% = f,+£5,f, forn = 1
f1+f3—f5 , mi”,...,m”i__l, f2n for n = 2

,where m”i =-f2i + f2i—[—3 , 1, 2,...,1’1—1

19
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1 for n=0,7%1=01(011),
6%3 =
+1 (01)~* forn =1
10 for n =
782 = 10101 for n
f1’01f2’f4sf3af410;f5 for n

f1,0,f2,f4,f3,f2,1115, ves ,n’l'l,. . ,l'l'l:,_l s f2n,0,f2n+1 for n

where m: = f2i+f2i+2i+3 5 f2i—2’ f2i—1 N i= 3, eee n—1

and 783 = (1 = 1 (110))

(c)
01 for n =
4%1 = 100y , 5%2 = 010 for n =
010(+)~"1 for n =

623 = (+),7%1 =01 =1 (o1 |,

2%, = 011 for n =
- 09f17f2+f3’1111,“'smly-'-’mn for n =
where m; = f2i—1 , f2i——2 , 0, i= 1, 2,..., n
and
101
7 § 3 - f17f4;f2,0’f3,f4
£1,84,85,85+15,13,4,0,15, 15
fl,f4,f2,f5+f6,f3,f4,n3,...,ni,...,nn, b, fzn_|_1, fzn_'_z
where n; = —(f25_+1+f25_‘,2), f2i——l’f2i . 1= 3,...,n.

t = 2, t = 3: by the same interchanging as in the roots.

t = 4: we have the following six general forms:

(a)

o forn = o
4% = {11 forn=1,5% = (4)
11(+)* forn = 2
o forn = o
643 = {+ forn =1
01,-++30j5.+50n_1,f1,F2n forn = 2

20
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where 0 = f2i+f2i+1’ 1= 1,2,...,n—1,

7#1 = (110) , 782 = (011) and 7%3 = (101)

() 421 =001 ,5%2 = (10, 6%3 = 10y, 7%1 =

o]

782 = { 7ol

for n

1011 = 111 = 111

,and 783= (1 = 11).
(©
481 = (+y , 582 = { !

f2’0.17' +50j5eee ’o,n———19 f1+f2n—1

for n

where O'i = f2i—l+f2i——2 . i= 1, 2, vee n—l,
623 = 1(+) , 7¢1 = 00011 , 7¥2 = 1(101)" and 7%3 = 1(110)

(d) 4%1 =1010r, 5%2 = 0010y , 623 = o(10),

.

for n

for n

=

=

[ ]

1=1 forn = o
721 = {11 =110 forn=1, 7%2 =010 = 11y
| 11 = 110110  forn = 2
(10 _ for n
783 _ '10 11 i 1+1 _ for n
1011 =1-1 =11 = 1+1 for n
1011=1-1=11=1-1=...=11=1-1=11=1-T for n
(e)
+ forn = o
481 = , 582 = 1(+) , 643 = 1(+),
0(+)1 forn =1
11 forn =o
781 = , 782 = 10(110),
11(101)~'101+1  forn = 1
and 7%3 = 01(110)".
® 4%1 =000 ,5%2 = Oy, 683 = (l0p+
781 = 0011 = 11, 72 = (11 = 1)+,

and

21
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—

111 forn=o0

793 = =
11 =11 =111 =..=111= 111 forn=1

n+1

t = 5, t = 6: By the same interchanging as in the roots.
t = 7 We have following two general forms:
@ 4%1=(+r,5%2= (01, 6%3 = (0),

0 forn=o0
7§1 = =
1=1=1+1—- (1 = 141 — 1) forn =1
o forn =o
782
1 = 110 (110) forn = 1
and
o] ao
0011 (01 1+1) (01141) ... (ol T + 1) forn =1
n—1
(b)
1 forn = o
481 = 1(+y,5%2 = 1+ forn=1, 683 =1(01),
1(01) forn = 2
= 10 forn = o
7#1 = 1 = 1(101+1) ,782 =4{10-1 -1 1 forn = 1
10(1 = 1 = 1+1) for n = 2
and

783 = 0T (011+1)(011+1) .. (011+1)
n

4. The regular representations of ig

The regular representations of E6 include the homogeneous and the nonhomogeneous
regular representations. Therefore we give first the simple regular representations and
then the indecomposable regular representations.

22
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4.1: The simple regular representations of Eg:
For Eq we have the following eight simple regular representations:

1-1 l1-o0
=1¢1 1, = )
SRR SRR e
/o—->0 1> o0 1-1
SRR ELSEEERS e
E', = 1"{';):: sy E" = 1<—11: ;), E’, = 1<—(1):(1)
° '\1—>1 ' \o—>o’ 2_'\0—»0

4.2: The indecomposable regular homogeneous representations of '1735.

We construct these representations for n = 2, they can be summarized in the following
two cases:

Case 1: n is odd

31=FODFD. PF)RQF->FOFHF P... OF OF

(fl, f2, ceey fn) xm; — (f1+f2), f3, f4, veey fna fl) my
i:=- FOFD .. OF )QF > FOFDF D... OF @F
(f17 f2’ ver fn) xm, — (fla f29 f31"'7fn—17 fn)mZ n
(Cn = {(f/1+1"y), '3, f4,., 'y 1), ({1, f2....f'5), (0,0,...,0)
l(f’l""’f’n) (F)n}

(CZ)n = {(fl’f27""fn)r (f19f21---afn)’(f11 f2’---,fn)
I(fl’fZ’-'°’f3n) € Fn} + (Cl)n

(C)a=GCi (i =1,2)in the case dim U = dim V = n
Case 2: n is even.

3. FOFD.. OPPRF>FOFQFOFDHF D ... PF OF

(fl’ f2, cee oy fn) Xxm; - (fl+f2,0,f3,+f4,0,f5+f6,...,fn —_ 1 fn,O)ml
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3.: FOFD..OF)QF - FOFDF BDFDFD.. FOF OF
(fla f2, ee fn) X n-— (0,f1,+f2,0,f3+f4,0,...,fn_3+fn_2,0,
(f1+f2+...+fn))m2

C, = {(f'1+2,0,f'5+F4, 0, ... , o 1H45,0) , (F'1.f2,.,80),

n
0, 50 | Eeify) € F)

(}2 = {(0,f1+f2,0,f3+f4,0,...,fn_3+fn_4,0,f1+f2+...+fn),
(F1,F20eof0),(Fiofase o )| (B fn) € FP} 4+ C

5. A method of constructing theA - lattices:

One can construct at once the A - lattices, where A is the Baechstromorder of E6 .
Using the following method:

Letx = (X1, X3, «-+» X7 ,jii, i=1,2,3,j=4,5,6,7) be a representations of‘ﬁ6 , and
let
dimx = (dimx) = () ,i=1,2, .., 7.

Then the A - lattice M, which corresponds to x has the following form:

n7
- —-A_T
R™ R R™® R..R
™ R® R R..R
™ s R R..R
M= ™ 7 7
ﬂ“‘ ,n-nS n.né
™ s s N
B ™ i ]

where N is the 3 X n; - matrix (Im 7 $ 1,Im7 $2,1m7 ) 3) ™. Itis clear that R and Im
7 #1 are related by 4 $ 1,R¥and Im 7 % 2 are related by S $2, and R*and Im 7 $3are
related by 6 3.

Some examples of A - lattices: It is enough to give for each A - lattice the block N and
the relations indicated above.

(1) The following A - lattices are the lattices, which are correspond to the
representations included in the general form (a) in 3.1 (t = 1), i.e. the representations
C+*Q, C*Q, ... . See also the general form (a) of roots in 2.1 (t = 1).
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*r S
R R R T R R g R R
R R
N = \ , o
-R; Ri+R; R, IR;—R; R;+Ry R4 R4—R5R5H-‘R6 R6 |
I +R
R R R R
R . R ; R :
i n =1 ' '
' n =2 . !
n=3
Note that we have used the following notations:
(i) R——R;meanst X 1; (m) forallt € R, r; € R;

R;

(i)} RT—R; means 1 = (15 ...+r,) (m) for all

\\' r € Randr, € R,,s=1i,..,t
R,

(iii) R; = Rforallr = 1, 2, ... and the R" with the same index means there exists the
relation = (7) between the elements in R”.

(2) The following A -lattices are the lattices, which correspond to the representa-
tions included in the general form (b) in 3.1 (t = 1), i.e. the representations C*Q,

C*Qy, ... . See also the general form (b) of roots in 2.1 (t = 1)
I i T
| |
R | R—R R R—R R R—R R
N= R
| ! i
R| R R T R R T R R m
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3) C*Q;, C¥*Qy, ... are:

N 2\ A
T R 7R+ Q1™ R+R Rﬁ T li+{l R
R R R R
/' \ /' \ /' \ /\
N=|R RI[R—R R|R—R RIR—R R
[R RIR R RIR R RIR R R |
v b Jo7 7
1 ! !
fn=o | g
1 n=1 !
n;2

The following A - lattices are the lattices, which correspnd to the representations
included in the general forms (a), (b) and (c) in 3.1 (t = 4) see also (a), (b), (c¢) in 2.1
(t = 4)), i.e. the representations C*Q,, C*'Qq, ..., C*Q,, CHQ,, ... and C*Q,,
cHQy, ...

C))
y R/:T\R R/n R R/:\R ]
R R
N = /\ [N /\

RIR R 7|R R RiIR R 7
Rinm R_ Ri7m R_Rim R_R )

vy i !

L i |

| n=1 !

26
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)
-
N =
P
(6)
a\ AN /
R = 1{ R 7 R = R
R R R
= /\
NRRnR/\Rn'R/\{ﬁ»
# R Ri{z7z R Rjiz R R
: \R/ X \R/ : \R/ :
) I | ! t
I n=o : :
] n=1 !
n=2
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