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1 Introduction

In 1969, Fan in [2] proposed the concept best proximity point result for non-self contin-
uous mappings 7 : A — X where A is a non-empty compact convex subset of a Haus-
dorff locally convex topological vector space X. He showed that there exists a such that
d(a, Ta) = d(1a,A). Many extensions of Fan’s theorems were established in the literature,
such as in work by Reich [3], Sehgal and Singh [4] and Prolla [5].

In 2010, [1], Basha introduce the concept of best proximity point of a non-self mapping.
Furthermore he introduced an extension of the Banach contraction principle by a best
proximity theorem. Later on, several best proximity points results were derived (see e.g.
[6-19]). Best proximity point theorems for non-self set valued mappings have been ob-
tained in [20] by Jleli and Samet, in the context of proximal orbital completeness condition
which is weaker than the compactness condition.

The aim of this article is to generalize the results of Basha [21] by introducing proximal
B-quasi-contractive mappings which involve suitable comparison functions. As a con-
sequence of our theorem, we obtain the result of Basha in [21] and an analogous result
on proximal quasi-contractions is obtained which was first introduced by Jleli and Samet
in [20].
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2 Preliminaries and definitions

Let (M, N) be a pair of non-empty subsets of a metric space (X,d). The following nota-
tions will be used throughout this paper: d(M, N) := inf{d(m, n) : m € M,n € N}; d(x,N) :=
inf{d(x,n) : n € N}.

Definition 2.1 ([1]) Let T': M — N be a non-self-mapping. An element a, € M is said to
be a best proximity point of T if d(a., Ta.) = d(M, N).

Note that in the case of self-mapping, a best proximal point is the normal fixed point,
see [22, 23].

Definition 2.2 ([21]) Given non-self-mappings S: M — N and T : N — M. The pair
(S, T) is said to form a proximal cyclic contraction if there exists a non-negative number
k <1 such that

d(u,Sa) =d(M,N) and d(v,Th)=d(M,N)=> d(u,v) < kd(a,b) + (1 -k)d(M,N)
forally,ae M and v,b e N.

Definition 2.3 ([21]) A non-self-mapping S: M — N is said to be a proximal contraction

of the first kind if there exists a non-negative number « < 1 such that
d(u,Sar) =d(M,N) and d(uy, Saz) = d(M,N) = d(u1, us) < ad(a,,as)
for all Ui, Uy, a1,a, € M.

Definition 2.4 ([24]) Let 8 € (0, +00). A B-comparison function is a map ¢ : [0, +00) —
[0, +00) satisfying the following properties:
(P1) ¢ is nondecreasing.
(Py) lim,,_, o0 gog(t) =0 for all £ > 0, where ¢ denote the nth iteration of ¢4 and wp(t) =
»(B1).
(P;) There exists s € (0, +00) such that Y -, @ (s) < 00
(P4) (id — @p) 0 pp(t) < @p o (id — @) (¢) for all £ > 0, where id : [0,00) —> [0, 00) is the

identity function.

Throughout this work, the set of all functions ¢ satisfying (P;), (P;) and (P3) will be de-
noted by ®g.

Remark 2.1 Let o, B € (0,+00). If & < B, then @y C P,
We recall the following useful lemma concerning the comparison functions @g.

Lemma 2.1 ([24]) Let B € (0, +00) and ¢ € ®g. Then
(i) @p is nondecreasing;
(ii) @g(t) <tforallt>0;
(iii) Y2, @p(t) < oo forall t > 0.
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Definition 2.5 ([20]) A non-self-mapping T : M — N is said to be a proximal quasi-

contraction if there exists a number g € [0, 1) such that
d(u,v) < qmax{d(u, b),d(a,u),d(b,v),d(a,v),d(b, u)}

whenever a,b,u,v € M satisfy the condition that d(u, Ta) = d(M,N) and d(v, Th) =
d(M,N).

3 Main results and theorems

Now, we start this section by introducing the following concept.

Definition 3.1 Let 8 € (0,+00). A non-self mapping T': M — N is said to be a proximal
B-quasi-contraction if and only if there exist ¢ € ®4 and positive numbers oy, ..., o4 such
that

d(u,v) < w(max{aod(a, b),ard(a, u), ard(b,v), aszd(a,v), asd(b, u)})
For all a,b, u,v € M satistying, d(u, Ta) = d(M, N) and d(v, Tb) = d(M, N).

Let (M, N) be a pair of non-empty subsets of a metric space (X, d). The following nota-
tions will be used throughout this paper: My := {s € M : there exists v € N with d(u,v) =
d(M,N)};Ny := {v € N : there exists u € M with d(u,v) = d(M,N)}.

Our main result is giving by the following best proximity point theorems.

Theorem 3.1 Let (M, N) be a pair of non-empty closed subsets of a complete metric space
(X, d) such that My and Ny are non-empty. Let S: M —> N and T : N — M be two map-
pings satisfying the following conditions:

(C1) S(Mp) C Ny and T(Ny) C Mo;

(Cy) there exist By, B2 > max{og, o1, 3,204} such that S is a proximal B-quasi-
contraction mapping (say, ¥ € @g,) and T is a proximal Py-quasi-contraction map-
ping (say, ¢ € Pp,).

(C3) The pair (S, T) forms a proximal cyclic contraction.

(Ca) Moreover, one of the following two assertions holds:

(i) ¥ and ¢ are continuous;

(ii) B1, B2 > max{ay, as}.
Then S has a unique best proximity point a, € M and T has a unique best proximity point
b, € N. Also these best proximity points satisfy d(a., b.) = d(M,N).

Proof Since M) is a non-empty set, M contains at least one element, say ag € M. Using
the first hypothesis of the theorem, there exists a; € My such that d(a;,Sag) = d(M,N).
Again, since S(My) C Ny, there exists a; € My such that d(a,, Sa;) = d(M, N). Continuing
this process in a similar fashion to find a,,; € My such that d(a,.1,Sa,) = d(M, N). Since

S is a proximal B;-quasi-contraction mapping for i € @4, and since

d(an+1) San) = d(ﬂmSﬂn—l) = d(M)N)¢ (1)
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then by Definition 3.1 we have

d(@n1,a,) <Y (max{aod(ﬂm an-1), 018G, Ays1), t2d(ay, ay-1), ad (.1, ﬂn—l)})

<y (max [Ol()d(ﬂn;ﬂn—l);ald(ﬂn;ﬂn+1),O[zd(aman_l)])

ud(an_y,a,) + ud(ay, ap.)

< 1// (max [aod(an:an—l):ald(an;anﬂ):O[Zd(aman—l)])

20 max{d(ay-1,a,), d(an, ans1)}

<y (B max{d(a,,,an_l),d(an,aml)})
= wﬁl (max{d(am an—l): d(ﬂm ﬂn+1)})c (2)

Now, if max{d(a,, a,_1), d(ay, ay1)} = d(a,, a,.1), then by Lemma 2.1 the above inequality
becomes

d(an+1r ﬂn) = wﬁl (d(ﬂn+1; ﬂn)) < d(a}’l+lr an);

which is a contradiction. Thus, max{d(a,,a,-1),d(a,,a..1)} = d(a,,a,-1), then the above
inequality (2) becomes

d(an+1y ﬂn) = 1ﬁﬂ1 (d(an—b an)))'
By applying induction on #, the above inequality gives
d(“n+1y ﬂn) < 1//;1 (d((l(), al)) Vn > 1. (3)

Now, from the axioms of metric and Eq. (3), for positive integers n < m, we get

m-1 m-1 o0
d(anan) <Y dlar,a) <Y v (dlar,a0)) < Y v (dar, a0)) < oo.
k=n k=n k=1

Hence, for every € > 0 there exists N > 0 such that

-1
d(ay,a,,) < d(ay,ar.1) <€ forallm>n>N.

n

3

>~
I

Therefore, d(ay,, a,) < € for all m > n > N. That is {a,} is a Cauchy sequence in M. But M
is a closed subset of the complete metric space X, then {a,} converges to some element
a, € M.

Since T'(Np) C My, by using a similar argument as above, there exists a sequence {,} C
Ny such that d(b,,,1, Th,) = d(M, N) for each n. Since T is a proximal 8,-quasi-contraction
mapping (say ¢ € ®g,) and since d(b,.1, Tb,) = d(by, Tb,_1) = d(M,N), we deduce from
Definition 3.1 that

d(anrl: bn) =< ¢(max{a0d(bm bn—l); ald(bm bn+1); a2d(bm bn—l), 0{46[(17”,1, bn+1)})

O{Od(bm bn—l): ald(bm bn+1): 0lZd(bm bn—l),
< ¢ | max
a4d(bn—1’ bn) + a4d(bn: bn+1)
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- C(od(bn,bn_l); a1d(by, bn+1): Olgd(b,,, by1),
< ¢ | max
2(14, max{d(bn_l, bn); d(bnr bn+1)}

< (B2 max{d(bs, by-1), (b, b))
= b, (max{d(b, by-1), d(by, brv1) ).

Using a similar argument as in the case of {4, }, one can show that {b,,} is a Cauchy sequence
in the closed subset N of the complete space X. Thus {b,} converges to b, € N. Now we
shall show that a, and b, are best proximal points of § and T, respectively. As the pair
(S, T) forms a proximal cyclic contraction, it follows that

Ad(ans1,bns1) < kd(an, by) + (1 - k)d(M,N). (4)

Taking the limit as n — +00, in Eq. (4) we get d(a., b,) < kd(a., b,) + (1 — k)d(M, N), and
s0, (1 — k)d(a., b,) < (1 — k)d(M,N). This implies

d(a,a.) <d(M,N). (5)
Using the fact that d(M, N) < d(a., b.) and (5), we get d(a, b.) = d(M, N). Therefore, we
conclude that a, € My and b, € Nj.

From one hand, since S(My) C Ny and T(Ny) C My, there exist u € M and v € N such
that

d(u, Sa,) = d(v, Th,) = d(M,N). (6)

On the other hand, by (1), (6) and using the hypothesis of the theorem that S is a proximal
B1-quasi-contraction mapping, we deduce that

d(an+l’ M)

< ¢ (max{aod(ay, a.), ard(an, an.), 02d(ay, u), asd(ay, u), aad(a., ana)}). ()
For simplicity, we denote
p =d(a.,u)
and
Ay = max{dod(ﬂmﬂ*),061d(6lmﬂn+1),(¥2d(tl*; u), a3d(ay, M),Oé4d(ﬂ*,fln+1)}~
Thus,
ngr?ooAn = max{oy, a3} p. (8)

Now, we show by contradiction that p = 0. Suppose that p > 0. First, we consider the case
where the assertion (i) of (Cy) is satisfied, that is, ¥ is continuous. Then, taking the limit
as n — o0 in (7) and using (8) and Lemma 2.1, we obtain

p < ¥ (max{os, as}p) < ¥ (Bip) = ¥p, (p) < p,
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which is a contradiction. Now, we assume the case where the assertion (ii) of (Cy) is sat-
isfied, that is, 81 > max{ay, ®3}. Then there exist € > 0 and integer N > 0 such that, for all
n >N, we have

A, < (max{ag,ag} + e)p and B > max{ay, a3} + €.
Therefore, the inequality (7) turns into the following inequality:

d(am—l’ Lt) =< W(An)

max{ay, o3} + €
2 ).

< ((maxta )+ ) = (22

Since ¥ € ®g,, by Lemma 2.1 we have

max{ay, a3} + €

B

d(uwrl ’ M) <

By letting n — oo, the above inequality yields

- max{ay, a3} + €

< <P,
B1

which is a contradiction as well. Thus, in both two cases we get 0 = p = d(a,, u), which
means that u = 4, and so from equation (6) we get d(a,, Sa,) = d(M,N). That is a, is a
best proximity point for S.

Similarly, by using word by word the above argument after replacing # by v, Sby T, p;
by B and ¥ by ¢, we get that v = b, and hence by (6) b, is a best proximity point for the
non-self mapping T.

Now, we shall prove that the obtained best proximity points a, of S is unique. Assume
to the contrary that there exists x € M such that d(x, Sx) = d(M, N) and x # a,. Since S is a
proximal f8;-quasi-contractive mapping, we obtain

d(a,,x) < I/f(max{ocod(a*,x),ocld(x,x),a2d(a*,a*),agd(a*,x),omd(a*,x)})
<y (max{ao, o3, o5 }d(as, %)
<V (Br1d(asx)) = ¥p, (d(a., %))
<d(ay,x),

which is a contradiction. Similarly, using the same as above and the fact that T is a proximal
B2-quasi-contractive mapping, we see that the best proximity point b, of T is unique. [

In Theorem 3.1 by taking g =1 =g =3 = 0,4 = 1,81 = B = 1 and ¥ (£) = ¢(£) = gt
which is a continuous function and belongs to @;, we obtain Corollary 3.3 in [21].

Corollary 3.1 Let (M, N) be a pair of non-empty closed subsets of a complete metric space
(X, d) such that My and My are non-empty. Let S: M —> N and T : N — M be mappings
satisfy the following conditions:
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(d1) S(Ag) C My and T(M,) C Np.
(do) Sand T are proximal quasi-contractions.
(ds) The pair (S, T) form a proximal cyclic contraction.
Then S has a unique best proximity point a, € M such that d(a, Sa.) = d(M,N)
and T has a unique best proximity point b, € N such that d(b., Tb,) = d(M, N). Also,
these best proximity points satisfies d(a., b,) = d(M,N).

Proof The result follows immediately from Theorem 3.1 by taking oo =1 = a3 =3 =1
anday =1, B1 =By =1and ¥ (¢) = (t) = qt. 0

The following definition, which was introduced in [24], is needed to derive a fixed point

result as a consequence of our main theorem.

Definition 3.2 ([24]) Let X be a non-empty set. A mapping 7 : X —> X is called B-quasi-
contractive, if there exist > 0 and ¢ € @4 such that

d(Ta, Th) < ¢(Hr(a, b)),
where

Hr(a, b) = max{ad(a, b), 1 d(a, Ta), crd(b, Tb), asd(a, Tb), csd(b, Ta)},
with ; >0 fori=0,1,2,3,4.

Corollary 3.2 Let (X,d) be a complete metric space. Let S,T : X — X be two self-
mappings satisfying the following conditions:
(E1) Sis pr-quasi-contractive (say, ¥ € ®p,) and T is Py-quasi-contractive (say, ¢ € Pg,).
(Ey) Foralla,be X,d(Sa, Th) < kd(a, b) for some k € (0,1).
(Es3) Moreover, one of the following assertions holds:
(i) v and ¢ are continuous;
(ii) B1, B2 > max{ay, as}.

Then S and T have a common unique fixed point.

Proof This result follows from Theorem 3.1 by taking M = N = X and noticing that the
hypotheses (E1) and (E;) of the corollary coincide with the first, second and the third con-
ditions of Theorem 3.1. O

Example 3.1 Let X = R with the metric d(x,y) = |x — y|, then (X, d) is complete metric
space. Let M = [0,1] and N = [2,3]. Also, let S: M — N and T : N — M be defined by
S(x) =3—-xand T(y) =3 —y. Then it is easy to see that d(M,N) = 1, My = {1} and Ny = {2}.
Thus, S(Mo) = S({1}) = {2} = Np and T'(Mp) = T({2}) = {1} = Mp.

Now we show that the pair (S,7) forms a proximal cyclic contraction. d(u,Sa) =
d(M,N) =1 implies that u =a =1 € M and d(v, Thb = d(M,N) = 1 implies that v =b =
2eN.
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Now, since d(u,Sa) = d(1,5(1)) = d(1,2) = 1 = d(M,N) and d(v,Th) = d(2,T(2)) =
d(2,1) =1 = d(M,N). Therefore,

1=d(u,v)=d(1,2)
< k(d(1,2)) + (1 - k)d(M,N)
=k+(1-k)=1
So, (S, T) are proximal cyclic contraction for any 0 < k < 1. Now we shall show that S is

proximal B;-quasi-contraction mapping with v (¢) = %t, B1=2and o; = é fori=0,1,2,3

and oy = ﬁ. Note that ¥ (£) = %t € @, since Vg, t = Yot = %t. As above the only a,b,u,v €

M such that d(u,Sa) =d(M,N)=1=d(v,Sb)isa=b=u=v=1¢€ M. But

0=du,v)=d(1,1)

1 1 1 1 1 1
< - maX{ gd(a, b), gd(a, u), gd(b, V), gd(a, V), ﬁd(b’ u)}

1 1
<max{ gd(l, 1), ﬁd(l’ 1)})

14
¥ (max{0,0,0,0,0})
0.

So, S is a proximal §; -quasi-contraction mapping. We deduce using our Theorem 3.1, that
S has a unique best proximity point which is a, = 1 in this example.

Similarly, by using the same argument as above, we can show that 7' is proximal ;-
quasi-contraction mapping with ¢(¢) = %t, Br=3and o; = % fori=0,1,2,3 and oy = ﬁ.
Note that ¢(¢) = ét € @3 since ¢p, t = ¢P3(t) = %t. As above the only a,b,u,v € N such that
du,Ta)=dM,N)=1=d(v,Th)isa=b=u=v=2¢c M. But

0=d(u,v)=d((2,2)

1 1 1 1 1 1
=< g max{ gd(ar b)) gd(ﬂ: M), gd(b; V): gd(a’ V)r md(bx M)}

1 1
¢ max{ gd(Z, 2), md(Z, 2) })

¢(max{0,0,0,0,0})
0.

So, T is a proximal S, -quasi-contraction mapping. We deduce, using Theorem 3.1, that
T has a unique best proximity point which is b, = 2.
Finally, ¥(¢) and ¢(¢) are continuous mappings as well as f1, B2 > maxo<;<s{e;}. There-

fore

d(a., b,)=d(1,2) =1=d(M,N).
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4 Conclusion

Improvements to some best proximity point theorems are proposed. In particular, the re-
sult due to Basha [21] for proximal contractions of first kind is generalized. Furthermore,
we propose a similar result on existence and uniqueness of best proximity point of prox-
imal quasi-contractions introduced by Jleli and Samet in [20]. This has been achieved by

introducing S-quasi-contractions involving S-comparison functions introduced in [24].
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