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Abstract
The primary objective of this paper is the study of the generalization of some results
given by Basha (Numer. Funct. Anal. Optim. 31:569–576, 2010). We present a new
theorem on the existence and uniqueness of best proximity points for proximal
β-quasi-contractive mappings for non-self-mappings S :M → N and T : N →M.
Furthermore, as a consequence, we give a new result on the existence and
uniqueness of a common fixed point of two self mappings.
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1 Introduction
In 1969, Fan in [2] proposed the concept best proximity point result for non-self contin-
uous mappings T : A −→ X where A is a non-empty compact convex subset of a Haus-
dorff locally convex topological vector space X. He showed that there exists a such that
d(a, Ta) = d(Ta, A). Many extensions of Fan’s theorems were established in the literature,
such as in work by Reich [3], Sehgal and Singh [4] and Prolla [5].

In 2010, [1], Basha introduce the concept of best proximity point of a non-self mapping.
Furthermore he introduced an extension of the Banach contraction principle by a best
proximity theorem. Later on, several best proximity points results were derived (see e.g.
[6–19]). Best proximity point theorems for non-self set valued mappings have been ob-
tained in [20] by Jleli and Samet, in the context of proximal orbital completeness condition
which is weaker than the compactness condition.

The aim of this article is to generalize the results of Basha [21] by introducing proximal
β-quasi-contractive mappings which involve suitable comparison functions. As a con-
sequence of our theorem, we obtain the result of Basha in [21] and an analogous result
on proximal quasi-contractions is obtained which was first introduced by Jleli and Samet
in [20].
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2 Preliminaries and definitions
Let (M, N) be a pair of non-empty subsets of a metric space (X, d). The following nota-
tions will be used throughout this paper: d(M, N) := inf{d(m, n) : m ∈ M, n ∈ N}; d(x, N) :=
inf{d(x, n) : n ∈ N}.

Definition 2.1 ([1]) Let T : M → N be a non-self-mapping. An element a∗ ∈ M is said to
be a best proximity point of T if d(a∗, Ta∗) = d(M, N).

Note that in the case of self-mapping, a best proximal point is the normal fixed point,
see [22, 23].

Definition 2.2 ([21]) Given non-self-mappings S : M → N and T : N → M. The pair
(S, T) is said to form a proximal cyclic contraction if there exists a non-negative number
k < 1 such that

d(u, Sa) = d(M, N) and d(v, Tb) = d(M, N) �⇒ d(u, v) ≤ kd(a, b) + (1 – k)d(M, N)

for all u, a ∈ M and v, b ∈ N .

Definition 2.3 ([21]) A non-self-mapping S : M → N is said to be a proximal contraction
of the first kind if there exists a non-negative number α < 1 such that

d(u1, Sa1) = d(M, N) and d(u2, Sa2) = d(M, N) �⇒ d(u1, u2) ≤ αd(a1, a2)

for all u1, u2, a1, a2 ∈ M.

Definition 2.4 ([24]) Let β ∈ (0, +∞). A β-comparison function is a map ϕ : [0, +∞) →
[0, +∞) satisfying the following properties:

(P1) ϕ is nondecreasing.
(P2) limn→∞ ϕn

β (t) = 0 for all t > 0, where ϕn
β denote the nth iteration of ϕβ and ϕβ (t) =

ϕ(βt).
(P3) There exists s ∈ (0, +∞) such that

∑∞
n=1 ϕn

β (s) < ∞.
(P4) (id – ϕβ ) ◦ ϕβ (t) ≤ ϕβ ◦ (id – ϕβ )(t) for all t ≥ 0, where id : [0,∞) −→ [0,∞) is the

identity function.

Throughout this work, the set of all functions ϕ satisfying (P1), (P2) and (P3) will be de-
noted by Φβ .

Remark 2.1 Let α,β ∈ (0, +∞). If α < β , then Φβ ⊂ Φα .

We recall the following useful lemma concerning the comparison functions Φβ .

Lemma 2.1 ([24]) Let β ∈ (0, +∞) and ϕ ∈ Φβ . Then
(i) ϕβ is nondecreasing;

(ii) ϕβ (t) < t for all t > 0;
(iii)

∑∞
n=1 ϕn

β (t) < ∞ for all t > 0.
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Definition 2.5 ([20]) A non-self-mapping T : M → N is said to be a proximal quasi-
contraction if there exists a number q ∈ [0, 1) such that

d(u, v) ≤ q max
{

d(a, b), d(a, u), d(b, v), d(a, v), d(b, u)
}

whenever a, b, u, v ∈ M satisfy the condition that d(u, Ta) = d(M, N) and d(v, Tb) =
d(M, N).

3 Main results and theorems
Now, we start this section by introducing the following concept.

Definition 3.1 Let β ∈ (0, +∞). A non-self mapping T : M → N is said to be a proximal
β-quasi-contraction if and only if there exist ϕ ∈ Φβ and positive numbers α0, . . . ,α4 such
that

d(u, v) ≤ ϕ
(
max

{
α0d(a, b),α1d(a, u),α2d(b, v),α3d(a, v),α4d(b, u)

})
.

For all a, b, u, v ∈ M satisfying, d(u, Ta) = d(M, N) and d(v, Tb) = d(M, N).

Let (M, N) be a pair of non-empty subsets of a metric space (X, d). The following nota-
tions will be used throughout this paper: M0 := {u ∈ M : there exists v ∈ N with d(u, v) =
d(M, N)};N0 := {v ∈ N : there exists u ∈ M with d(u, v) = d(M, N)}.

Our main result is giving by the following best proximity point theorems.

Theorem 3.1 Let (M, N) be a pair of non-empty closed subsets of a complete metric space
(X, d) such that M0 and N0 are non-empty. Let S : M −→ N and T : N −→ M be two map-
pings satisfying the following conditions:

(C1) S(M0) ⊂ N0 and T(N0) ⊂ M0;
(C2) there exist β1,β2 ≥ max{α0,α1,α2,α3, 2α4} such that S is a proximal β1-quasi-

contraction mapping (say, ψ ∈ Φβ1 ) and T is a proximal β2-quasi-contraction map-
ping (say, φ ∈ Φβ2 ).

(C3) The pair (S, T) forms a proximal cyclic contraction.
(C4) Moreover, one of the following two assertions holds:

(i) ψ and φ are continuous;
(ii) β1,β2 > max{α2,α3}.

Then S has a unique best proximity point a∗ ∈ M and T has a unique best proximity point
b∗ ∈ N . Also these best proximity points satisfy d(a∗, b∗) = d(M, N).

Proof Since M0 is a non-empty set, M0 contains at least one element, say a0 ∈ M0. Using
the first hypothesis of the theorem, there exists a1 ∈ M0 such that d(a1, Sa0) = d(M, N).
Again, since S(M0) ⊂ N0, there exists a2 ∈ M0 such that d(a2, Sa1) = d(M, N). Continuing
this process in a similar fashion to find an+1 ∈ M0 such that d(an+1, San) = d(M, N). Since
S is a proximal β1-quasi-contraction mapping for ψ ∈ Φβ1 and since

d(an+1, San) = d(an, San–1) = d(M, N), (1)
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then by Definition 3.1 we have

d(an+1, an) ≤ ψ
(
max

{
α0d(an, an–1),α1d(an, an+1),α2d(an, an–1),α4d(an+1, an–1)

})

≤ ψ

(

max

{
α0d(an, an–1),α1d(an, an+1),α2d(an, an–1)

α4d(an–1, an) + α4d(an, an+1)

})

≤ ψ

(

max

{
α0d(an, an–1),α1d(an, an+1),α2d(an, an–1)

2α4 max{d(an–1, an), d(an, an+1)}

})

≤ ψ
(
β1 max

{
d(an, an–1), d(an, an+1)

})

= ψβ1

(
max

{
d(an, an–1), d(an, an+1)

})
. (2)

Now, if max{d(an, an–1), d(an, an+1)} = d(an, an+1), then by Lemma 2.1 the above inequality
becomes

d(an+1, an) ≤ ψβ1

(
d(an+1, an)

)
< d(an+1, an),

which is a contradiction. Thus, max{d(an, an–1), d(an, an+1)} = d(an, an–1), then the above
inequality (2) becomes

d(an+1, an) ≤ ψβ1

(
d(an–1, an)

)
).

By applying induction on n, the above inequality gives

d(an+1, an) ≤ ψn
β1

(
d(a0, a1)

) ∀n ≥ 1. (3)

Now, from the axioms of metric and Eq. (3), for positive integers n < m, we get

d(an, am) ≤
m–1∑

k=n

d(ak , ak+1) ≤
m–1∑

k=n

ψk
β1

(
d(a1, a0)

) ≤
∞∑

k=1

ψk
β1

(
d(a1, a0)

)
< ∞.

Hence, for every ε > 0 there exists N > 0 such that

d(an, am) ≤
m–1∑

k=n

d(ak , ak+1) < ε for all m > n > N .

Therefore, d(an, am) < ε for all m > n > N . That is {an} is a Cauchy sequence in M. But M
is a closed subset of the complete metric space X, then {an} converges to some element
a∗ ∈ M.

Since T(N0) ⊂ M0, by using a similar argument as above, there exists a sequence {bn} ⊂
N0 such that d(bn+1, Tbn) = d(M, N) for each n. Since T is a proximal β2-quasi-contraction
mapping (say φ ∈ Φβ2 ) and since d(bn+1, Tbn) = d(bn, Tbn–1) = d(M, N), we deduce from
Definition 3.1 that

d(bn+1, bn) ≤ φ
(
max

{
α0d(bn, bn–1),α1d(bn, bn+1),α2d(bn, bn–1),α4d(bn–1, bn+1)

})

≤ φ

(

max

{
α0d(bn, bn–1),α1d(bn, bn+1),α2d(bn, bn–1),

α4d(bn–1, bn) + α4d(bn, bn+1)

})
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≤ φ

(

max

{
α0d(bn, bn–1),α1d(bn, bn+1),α2d(bn, bn–1),

2α4 max{d(bn–1, bn), d(bn, bn+1)}

})

≤ φ
(
β2 max

{
d(bn, bn–1), d(bn, bn+1)

})

= φβ2

(
max

{
d(bn, bn–1), d(bn, bn+1)

})
.

Using a similar argument as in the case of {an}, one can show that {bn} is a Cauchy sequence
in the closed subset N of the complete space X. Thus {bn} converges to b∗ ∈ N . Now we
shall show that a∗ and b∗ are best proximal points of S and T , respectively. As the pair
(S, T) forms a proximal cyclic contraction, it follows that

d(an+1, bn+1) ≤ kd(an, bn) + (1 – k)d(M, N). (4)

Taking the limit as n −→ +∞, in Eq. (4) we get d(a∗, b∗) ≤ kd(a∗, b∗) + (1 – k)d(M, N), and
so, (1 – k)d(a∗, b∗) ≤ (1 – k)d(M, N). This implies

d(a∗, a∗) ≤ d(M, N). (5)

Using the fact that d(M, N) ≤ d(a∗, b∗) and (5), we get d(a∗, b∗) = d(M, N). Therefore, we
conclude that a∗ ∈ M0 and b∗ ∈ N0.

From one hand, since S(M0) ⊂ N0 and T(N0) ⊂ M0, there exist u ∈ M and v ∈ N such
that

d(u, Sa∗) = d(v, Tb∗) = d(M, N). (6)

On the other hand, by (1), (6) and using the hypothesis of the theorem that S is a proximal
β1-quasi-contraction mapping, we deduce that

d(an+1, u)

≤ ψ
(
max

{
α0d(an, a∗),α1d(an, an+1),α2d(a∗, u),α3d(an, u),α4d(a∗, an+1)

})
. (7)

For simplicity, we denote

ρ = d(a∗, u)

and

An = max
{
α0d(an, a∗),α1d(an, an+1),α2d(a∗, u),α3d(an, u),α4d(a∗, an+1)

}
.

Thus,

lim
n−→+∞ An = max{α2,α3}ρ. (8)

Now, we show by contradiction that ρ = 0. Suppose that ρ > 0. First, we consider the case
where the assertion (i) of (C4) is satisfied, that is, ψ is continuous. Then, taking the limit
as n → ∞ in (7) and using (8) and Lemma 2.1, we obtain

ρ ≤ ψ
(
max{α2,α3}ρ

) ≤ ψ(β1ρ) = ψβ1 (ρ) < ρ,
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which is a contradiction. Now, we assume the case where the assertion (ii) of (C4) is sat-
isfied, that is, β1 > max{α2,α3}. Then there exist ε > 0 and integer N > 0 such that, for all
n > N , we have

An <
(
max{α2,α3} + ε

)
ρ and β1 > max{α2,α3} + ε.

Therefore, the inequality (7) turns into the following inequality:

d(an+1, u) ≤ ψ(An)

≤ ψ
((

max{α2,α3} + ε
)
ρ
)

= ψβ1

(
max{α2,α3} + ε

β1
ρ

)

.

Since ψ ∈ Φβ1 , by Lemma 2.1 we have

d(an+1, u) <
max{α2,α3} + ε

β1
ρ < ρ.

By letting n → ∞, the above inequality yields

ρ ≤ max{α2,α3} + ε

β1
ρ < ρ,

which is a contradiction as well. Thus, in both two cases we get 0 = ρ = d(a∗, u), which
means that u = a∗ and so from equation (6) we get d(a∗, Sa∗) = d(M, N). That is a∗ is a
best proximity point for S.

Similarly, by using word by word the above argument after replacing u by v, S by T , β1

by β2 and ψ by φ, we get that v = b∗ and hence by (6) b∗ is a best proximity point for the
non-self mapping T .

Now, we shall prove that the obtained best proximity points a∗ of S is unique. Assume
to the contrary that there exists x ∈ M such that d(x, Sx) = d(M, N) and x 
= a∗. Since S is a
proximal β1-quasi-contractive mapping, we obtain

d(a∗, x) ≤ ψ
(
max

{
α0d(a∗, x),α1d(x, x),α2d(a∗, a∗),α3d(a∗, x),α4d(a∗, x)

})

≤ ψ
(
max{α0,α3,α4}d(a∗, x)

)

≤ ψ
(
β1d(a∗, x)

)
= ψβ1

(
d(a∗, x)

)

< d(a∗, x),

which is a contradiction. Similarly, using the same as above and the fact that T is a proximal
β2-quasi-contractive mapping, we see that the best proximity point b∗ of T is unique. �

In Theorem 3.1 by taking α0 = α1 = α2 = α3 = 0,α4 = 1,β1 = β2 = 1 and ψ(t) = φ(t) = qt
which is a continuous function and belongs to Φ1, we obtain Corollary 3.3 in [21].

Corollary 3.1 Let (M, N) be a pair of non-empty closed subsets of a complete metric space
(X, d) such that M0 and M0 are non-empty. Let S : M −→ N and T : N −→ M be mappings
satisfy the following conditions:
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(d1) S(A0) ⊂ M0 and T(M0) ⊂ N0.
(d2) S and T are proximal quasi-contractions.
(d3) The pair (S, T) form a proximal cyclic contraction.

Then S has a unique best proximity point a∗ ∈ M such that d(a∗, Sa∗) = d(M, N)
and T has a unique best proximity point b∗ ∈ N such that d(b∗, Tb∗) = d(M, N). Also,
these best proximity points satisfies d(a∗, b∗) = d(M, N).

Proof The result follows immediately from Theorem 3.1 by taking α0 = α1 = α2 = α3 = 1
and α4 = 1

2 , β1 = β2 = 1 and ψ(t) = φ(t) = qt. �

The following definition, which was introduced in [24], is needed to derive a fixed point
result as a consequence of our main theorem.

Definition 3.2 ([24]) Let X be a non-empty set. A mapping T : X −→ X is called β-quasi-
contractive, if there exist β > 0 and ϕ ∈ Φβ such that

d(Ta, Tb) ≤ ϕ
(
HT (a, b)

)
,

where

HT (a, b) = max
{
α0d(a, b),α1d(a, Ta),α2d(b, Tb),α3d(a, Tb),α4d(b, Ta)

}
,

with αi ≥ 0 for i = 0, 1, 2, 3, 4.

Corollary 3.2 Let (X, d) be a complete metric space. Let S, T : X −→ X be two self-
mappings satisfying the following conditions:

(E1) S is β1-quasi-contractive ( say, ψ ∈ Φβ1 ) and T is β2-quasi-contractive (say, φ ∈ Φβ2 ).
(E2) For all a, b ∈ X, d(Sa, Tb) ≤ kd(a, b) for some k ∈ (0, 1).
(E3) Moreover, one of the following assertions holds:

(i) ψ and φ are continuous;
(ii) β1,β2 > max{α2,α3}.

Then S and T have a common unique fixed point.

Proof This result follows from Theorem 3.1 by taking M = N = X and noticing that the
hypotheses (E1) and (E2) of the corollary coincide with the first, second and the third con-
ditions of Theorem 3.1. �

Example 3.1 Let X = R with the metric d(x, y) = |x – y|, then (X, d) is complete metric
space. Let M = [0, 1] and N = [2, 3]. Also, let S : M −→ N and T : N −→ M be defined by
S(x) = 3 – x and T(y) = 3 – y. Then it is easy to see that d(M, N) = 1, M0 = {1} and N0 = {2}.
Thus, S(M0) = S({1}) = {2} = N0 and T(M0) = T({2}) = {1} = M0.

Now we show that the pair (S, T) forms a proximal cyclic contraction. d(u, Sa) =
d(M, N) = 1 implies that u = a = 1 ∈ M and d(v, Tb = d(M, N) = 1 implies that v = b =
2 ∈ N .
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Now, since d(u, Sa) = d(1, S(1)) = d(1, 2) = 1 = d(M, N) and d(v, Tb) = d(2, T(2)) =
d(2, 1) = 1 = d(M, N). Therefore,

1 = d(u, v) = d(1, 2)

≤ k
(
d(1, 2)

)
+ (1 – k)d(M, N)

= k + (1 – k) = 1.

So, (S, T) are proximal cyclic contraction for any 0 ≤ k < 1. Now we shall show that S is
proximal β1-quasi-contraction mapping with ψ(t) = 1

7 t,β1 = 2 and αi = 1
5 fori = 0, 1, 2, 3

and α4 = 1
100 . Note that ψ(t) = 1

7 t ∈ Φ2 since ψβ1 t = ψ2t = 2
7 t. As above the only a, b, u, v ∈

M such that d(u, Sa) = d(M, N) = 1 = d(v, Sb) is a = b = u = v = 1 ∈ M. But

0 = d(u, v) = d(1, 1)

≤ 1
7

max

{
1
6

d(a, b),
1
6

d(a, u),
1
6

d(b, v),
1
6

d(a, v),
1

100
d(b, u)

}

= ψ

(

max

{
1
6

d(1, 1),
1

100
d(1, 1)

})

= ψ
(
max{0, 0, 0, 0, 0})

= 0.

So, S is a proximal β1-quasi-contraction mapping. We deduce using our Theorem 3.1, that
S has a unique best proximity point which is a∗ = 1 in this example.

Similarly, by using the same argument as above, we can show that T is proximal β2-
quasi-contraction mapping with φ(t) = 1

8 t,β2 = 3 and αi = 1
6 fori = 0, 1, 2, 3 and α4 = 1

100 .
Note that φ(t) = 1

8 t ∈ Φ3 since φβ2 t = φ3(t) = 3
8 t. As above the only a, b, u, v ∈ N such that

d(u, Ta) = d(M, N) = 1 = d(v, Tb) is a = b = u = v = 2 ∈ M. But

0 = d(u, v) = d((2, 2)

≤ 1
8

max

{
1
6

d(a, b),
1
6

d(a, u),
1
6

d(b, v),
1
6

d(a, v),
1

100
d(b, u)

}

= φ

(

max

{
1
6

d(2, 2),
1

100
d(2, 2)

})

= φ
(
max{0, 0, 0, 0, 0})

= 0.

So, T is a proximal β2-quasi-contraction mapping. We deduce, using Theorem 3.1, that
T has a unique best proximity point which is b∗ = 2.

Finally, ψ(t) and φ(t) are continuous mappings as well as β1,β2 > max0≤i≤3{αi}. There-
fore

d(a∗, b∗) = d(1, 2) = 1 = d(M, N).
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4 Conclusion
Improvements to some best proximity point theorems are proposed. In particular, the re-
sult due to Basha [21] for proximal contractions of first kind is generalized. Furthermore,
we propose a similar result on existence and uniqueness of best proximity point of prox-
imal quasi-contractions introduced by Jleli and Samet in [20]. This has been achieved by
introducing β-quasi-contractions involving β-comparison functions introduced in [24].

Acknowledgements
Not applicable.

Funding
Not applicable.

Abbreviations
Not applicable.

Availability of data and materials
Please contact the authors for data requests.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally to the preparation of the paper. The authors read and approved the final manuscript.

Author details
1Institute National Des Sciences Appliquée et de Technologie, de Tunis, Carthage University, Tunis, Tunisie. 2Department
of Mathematics, Satistics and Physics, Qatar University, Doha, Qatar.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 12 November 2018 Accepted: 30 January 2019

References
1. Basha, S.S.: Extensions of Banach’s contraction principle. Numer. Funct. Anal. Optim. 31, 569–576 (2010)
2. Fan, K.: Extension of two fixed point theorems of F.E Browder. Math. Z. 112, 234–240 (1969)
3. Reich, S.: Approximate selections, best approximations, fixed points and invariant sets. J. Math. Anal. Appl. 62,

104–113 (1978)
4. Sehgal, V.M., Singh, S.P.: A generalization to multifunctions of Fan’s best approximation theorem. Proc. Am. Math. Soc.

102, 534–537 (1988)
5. Prolla, J.B.: Fixed point theorems for set valued mappings and existence of best approximations. Numer. Funct. Anal.

Optim. 5, 449–455 (1983)
6. Basha, S.S.: Best proximity point theorems generalizing the contraction principle. J. Nonlinear Anal. Optim., Theory

Appl. 74, 5844–5850 (2011)
7. Basha, S.S.: Best proximity point theorems an exploration of a comon solution to approximation and optimization

problems. Appl. Math. Comput. 218, 9773–9780 (2012)
8. Basha, S.S., Sahrazad, N.: Best proximity point theorems for generalized proximal contractions. Fixed Point Theory

Appl. 2012, 42 (2012)
9. Sadiq Basha, S., Veeramani, P.: Best approximations and best proximity pairs. Acta Sci. Math. 63, 289–300 (1997)
10. Sadiq Basha, S., Veeramani, P., Pai, D.V.: Best proximity pair theorems. Indian J. Pure Appl. Math. 32, 1237–1246 (2001)
11. Sadiq Basha, S., Veeramani, P.: Best proximity pair theorems for multifunctions with open fibres. J. Approx. Theory 103,

119–129 (2000)
12. Raj, V.S.: A best proximity point theorem for weakly contractive non-self-mappings. Nonlinear Anal. 74, 4804–4808

(2011)
13. Karapinar, E.: Best proximity points of Kannan type-cyclic weak phi-contractions in ordered metric spaces. An. Ştiinţ.
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