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ABSTRACT

Shaikh, A., Muhammad, Masters, March: 2022, Applied Statistics

Title: Parametric and Nonparametric Portmanteau Tests for Lack of Fit in Time Series
Models: A Comparative Study

Supervisor of Thesis: Esam Bashir Mahdi

Several diagnostic tests for the lack of fit time series models have been introduced
using parametric and nonparametric portmanteau tests. Some tests have been proposed
based on the asymptotic distributions. Others are based on the Bootstrapping and Monte-
Carlo significance techniques. It has been shown that the Bootstrapping and Monte-Carlo
tests are robust as they provide the correct size and tend to be more powerful than those
based on the asymptotic distributions.

In this thesis, | conducted a comparison study of the size and power of some
portmanteau tests commonly used in linear and nonlinear time series models. In particular,
| considered the cases where the residuals follow Gaussian and non-Gaussian distribution
under Autoregressive Moving Average (ARMA) and Generalized Autoregressive
Heteroskedasticity (GARCH) models; where some parametric and nonparametric tests
were applied based on the limiting distributions, Bootstrapping , and Monte-Carlo
significance tests. The results show that the nonparametric Bootstrapping and Monte-Carlo
significance tests provide the best performance comparing with tests based on the
parametric asymptotic distribution. | applied the tests on a real application using the Qatar
National Bank returns.

Keywords: ARMA models; Autocorrelation; Bootstrapping ; Cross-correlation;

GARCH models; Monte-Carlo tests; Nonlinearity dependency; Portmanteau tests; Returns.
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CHAPTER 1: INTRODUCTION

1.1 Background

Testing for the lack of fit in time-series models is essential to get an accurate forecasting.
If the model is accurate, then the residuals should show no dependence structure. Usually
this can be done by using portmanteau tests. Several parametric and non-parametric
portmanteau tests have been developed to test for linear and nonlinear dependency in time

series models.

Under the assumptions of ARMA models, Box and Pierce (1970) proposed the first
portmanteau test to check the adequacy of ARMA model utilizing the square
autocorrelations of the residuals obtained from a fitted model.

Ljung and Box (1978) improved the Box and Pierce (1970) by proposing a modified
portmanteau test and they showed that the modified test has the same limiting distribution
of the Box and Pierce (1970) test but it estimates the type | error more successfully with a
higher power.

Monti (1994) proposed a portmanteau test based on the partial autocorrelations of the
residuals. All the above three tests are asymptotically approximated by chi-square

distribution.

Pena and Rodriguez (2002) introduced a test based on the mth root of the determinant of
the mth residual autocorrelations matrix. Their test statistic can be seen as a linear
combination of independent chi-squared distributions. They approximated the distribution
of their test by a gamma distribution. Pena and Rodriguez (2002) showed that their test
statistic can improve the estimate of the significant levels if the autocorrelation coefficients
in the auto-correlation matrix are replaced with their standardized values. They also
showed that their test statistic is more powerful than the competitors Box-pierece, Ljung-
Box and Monti in detecting the inadequacy of ARMA models in many situations.

Pena and Rodriguez (2006) modified the Pena and Rodriguez (2002) test statistic by
proposing another portmanteau test based on the log of the determinant of the same

previously mentioned autocorrelation matrix. Their test statistic can be written as a
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weighted average based on partial autocorrelations. The larger weights were assigned to
low order coefficients of their statistic test and smaller weights to high-order coefficients.
Under the ARMA assumptions, Pena and Rodriguez (2006) showed that the asymptotic
distribution of the their test statistic can, also, be seen as a linear combination of
independent chi-squared distributions, and they approximated it with gamma distribution

as well as with normal distribution.

One problem pointed out by Lin and McLeod (2006) is that the sequence of the
standardized residual autocorrelation is not always non-negative definite; hence, the test
statistics proposed by Pefia and Rodriguez (2002, 2006) may not exist in many cases. To
overcome this problem, Lin and McLeod (2006) proposed by using a Monte-Carlo
significance test. They showed that the Monte-Carlo significance test provides a
portmanteau test with the correct estimate of size and is almost always more powerful than

the competitors statistics appearing in the literature.

Fisher and Gallagher (2012) introduced two weighted tests based on the trace of the
autocorrelation matrix defined in Pena and Rodriguez (2002, 2006). The first one can be
considered as a weighted version of the Ljung-Box test, whereas, the second can be seen
as a weighted version of the Monti test. They approximated the distribution of their
statistics by Gamma. Their simulation study showed that the weighted test statistics have

more powers than the competitors statistics appearing in the literature in many cases.

Anderson (1993) and Hong (19962, 1996) showed that the normalized spectral density of
the stationary process of residuals can be used to obtain a kernal portmanteau test without
knowing the distribution of the innovation series. The only assumption is the iid with mean
zero and finite fourth moment. Hong (19962, 1996°) showed that the distribution of their
statistics can be asymptotically approximated by Gaussian and the power of the proposed

tests are usually better than Ljung and Box (1978).

Gallagher and Fisher (2015) proposed three tests based on the kernel test idea of Hong
(19962, 1996) by considering three different weighting schemes.

Mahdi (2017) used the idea of Hong (19962, 1996) to propose a kernel-based portmanteau
test based on the autocorrelation matrix defined from Pena and Rodriguez (2002). He

showed that his test is asymptotically the same as the test statistic given by Pena and
2



Rodriguez (2006).

All the above tests can be used to test for linearity in ARMA model and not designed to

test for nonlinearity in other time series models including ARCH structure.

To detect nonlinearity dependency in time series models (including an ARCH structure),
McLeod and Li (1983) introduced a portmanteau test based on the squared-residuals
autocorrelations under the assumptions of the ARMA model. They showed that their test

is asymptotically distributed as chi-squared.

Li and Mak (1994) proposed a portmanteau statistic based on the Autoregressive
Heteroskedasticity (ARCH) assumptions. Their test statistic was proposed based on the

standardized squared-residual autocorrelation obtained from a fitted ARCH model.

Pena and Rodriguez (2002, 2006) replaced the residual autocorrelations in the Toplitz
matrix by the squared-residual autocorrelations and used it to derive new portmanteau tests

that can be used to detect nonlinearity in several time series.

Rodriguez and Ruiz (2005) proposed a portmanteau test for ARCH models using the
information contained in the sample autocorrelations of nonlinear transformations of the
underlying process. Their test statistic can be used to test for whether the autocorrelations
of the residuals differ from zero and at the same time it can be used to test for possible

relationship among successive autocorrelation coefficients.

Fisher and Gallagher (2012) showed that the proposed weighted test can be seen as a
modified version of Li and Mak (1994) statistic that can be used to detect the nonlinearity

presence in GARCH time series models.

Recently, Psaradakis and Vavra (2019) used the Lawrance and Lewis (1985, 1987) idea,
which was based on using the generalized correlation of the residuals to detect nonlinear
dependency in time series, and proposed four different statistics from stationary linear
models to test for linearity. The generalized correlation of the residuals is used to measure

the correlation between the residuals at different powers.

More recently, Mahdi and Fisher (2021) proposed a portmanteau test using the block
matrix of autocorrelations and cross-correlations of residuals and squared-residual. Under
the assumptions of ARMA(p, q) model, Mahdi and Fisher (2021) approximated the

3



asymptotic distribution of C,,, by Gamma. They showed that their C,, test can be seen as a
linear combination of four weighted tests. Essentially, their test statistic generalized the
test statistics proposed by Mahdi (2020b). The first and the second components of Mahdi
and Fisher (2021) tests elaborate the partial autocorrelation of the residuals and the
squared-residuals, respectively. The third and the fourth components elaborate the cross-
correlation between the residuals and their squares and vice-versa, respectively. Hence, the
C,, test can be used to detect, simultaneously, the linear and nonlinear dependency in
stationary time series data. Their simulation study demonstrated that the C,, statistic tends
to have higher power than the competitors’ statistics appearing in the literature, particularly
in detecting ARMA with GARCH errors and other nonlinear models. Mahdi and Fisher
(2021) utilized the Randomly Weighted Bootstrap (RWB) approach which was proposed
by Zhu (2016) to improve the size and the power of their statistic.

1.2 Thesis Layout

The thesis is divided into seven chapters.

The first chapter is Introduction which discusses a brief literature review about
portmanteau tests commonly used in linear and nonlinear time series based on parametric

and non parametric tests.

The second chapter discusses the test for adequacy of linear models. In this chapter, the
Autoregressive Moving Average (ARMA) model is discussed followed by classical
portmanteau tests, Kernel-based normalized spectral density portmanteau tests, Randomly
Weighted Bootstrap (RWB), and Monte-Carlo portmanteau tests including the procedural

details.

Chapter three focusses on test for nonlinearity. In this chapter the nonlinear models
including  Autoregressive  Conditional Heteroskedasticity (ARCH) Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) models are discussed.

In Chapter four, | conducted a simulation study to evaluate emperical sizes and power of

portmanteau tests under the Gaussian and non-Gaussian erros distributions.

An application is given in Chapter five and Chapter six | drew some conclusions and



suggestion for the future work.
1.3 Research Objectives

The main objectives of this thesis are to:

e Review the most common portmanteau tests that are used in linear and nonlinear time
series,

e perform a Monte-Carlo simulation to evaluate the portmanteau tests based on the
asymptotic distribution and the bootstrap technique,

o follow up with the recent developments in the area of diagnostic checking of time
series,

e implement the portmanteau tests on some real financial data.



CHAPTER 2: TEST FOR ADEQUACY OF ARMA MODEL

In this chapter I will study the common portmanteau tests that are used to test for linearity
in ARMA models.

Definition 1 The Autoregressive Moving Average ( ARMA ) model of order (p, q) for n

observations z,, z,, -:+, z,, Of a stationary mean p time series can be written

bp(B)(ze — 1) = 64(B)e, 1)
where

¢p(B) =1—¢1B— ;B> — - — $,B?,
6,(B) =1+6,B+6,B*+ -+ 6,B9,

where B is the backshift operator in t, so that B/ (z,) = z;_j. The polynomials ¢, (B) and
6,(B) are assumed to have no common roots and all roots outside the unit circle. The

innovation series {e;} are assumed to be independent and identically distributed (i.i.d.)

where E(g;) < o and Var(sg,) = o2

Under the i.i.d. innovation assumption, the following null hypothesis should not be

rejected:

Ho:p11(£1) = pg1(£2) = --- = p11(m) =0,

where m is the maximum lag considered for significant autocorrelation and p,, (k) is the
correlation coefficient at lag k. Therefore, after fitting an ARMA (p, q) model to a series,
we can estimate the residuals, &;, by calculating the difference between the true value of z;
and the predicted one Z;, for t = 1,2, -+, n. If the model in (1) is correctly identified, then
these residuals should, approximately, behave as the innovations behave i.e., the sample
autocorrelation coefficients of the residuals, for all k # 0, should approximately equal to

Zero.

Definition 2 The population generalized correlation coefficient at lag time k between the
error term raised to the power r (¢) and the error term raised to the power s (g7, ), where

r and s are natural numbers is given by



QNS 2)
Ve (0)4/755(0)

Prs(k) =

where y,.s(k) is the generalized covariance between €] and €/, that is given by

n—k (3)
Ves(O) =170 > fo(e)foCEen),
t=1

and f, (x) = x —n7 1Y, xP forh =1,2.
Remarks:

e When r =5 =1, we have y;;(k) = y;11(—k); hence, p;1(k) = p;1(—k) where
p11 (k) is the traditional linear correlation coefficient between the error terms.

e When r =s =2, we also have y,,(k) = y,,(—k); hence, p,,(k) = py(—k)
where p;4(k) is the correlation coefficient between the square values of the error
terms.

e Whenr>1lands e Nors > 1andr €N, where N is the set of natural numbers,
we obtain the generalized correlation coefficient used by Lawrance and Lewis
(1985,1987). In this case, we have y,.c(k) # v,s(—k) but ¥, (k) = ys(—k); hence,
Prs(k) = psr(—k).

e 1.5(k) denotes the generalized sample correlation coefficient.

2.1 Classical portmanteau tests

Box and Pierce (1970) proposed to literature the first portmanteau statistic to test the
adequacy of ARMA (p, q) model. Their test statistic utilized the square autocorrelations

of the residuals obtained from a fitted mode which is given by

Qpp = n Y= i1 (k), (4)

where m is the maximum lag considered for significant autocorrelation. They showed that
the limiting distribution of the Qgp statistic is chi-square with m — p — q degrees of

freedom. It is worth noting that there is no specific rule to select m, but it is commonly

used select it as a value between zero and n/2 using ad hoc or using m = [v/n|, where |x]
7



denotes the largest integer not exceeding x or m = log(n).

Ljung and Box (1978) improved Qgp by proposing another portmanteau test

= )
Q11 =n(n+2) (n— k)_1f121(k)’

and they showed that the modified test has the same limiting distribution of the Box and
Pierce (1970) test but it estimates the type I error more successfully than Qzp with a higher

power.

Under the assumptions of ARMA models, Monti (1994) proposed another portmanteau test
based on the partial autocorrelations of the residuals and showed that his limiting

distribution can also be approximated by )(,Zn_(p +q)"

< (6)
M, = n(n+2) 2 (n— k)72,
k=1
where 7t  is the partial autocorrelations of the residuals that is given by
f11(k) — r(’k—1)ﬁf11(k = Drje-) ()
T[l,k = ’ -1 y K= 1;”'1m;
1 —rg_yRy (k= Drgey)
where Ry (m) is the mth residual autocorrelations matrix defined by
1 11 (1) v P11 (M) 8
R 7.(1) 1 v Fi(m—1)
Rll(m) = : : : )
fa(m) Fa(m—1) .. 1 /

and reyy = (f11(1),711(2), -+, 11(m))" and r(*k) = (Fr1(k), 11 (k= 1), -+, F11 (1)

Pena and Rodriguez (2002) introduced a powerful portmanteau test based on the mth root
of the determinant of the mth residual autocorrelations matrix given by (8). Their test

statistic is given by



Dy =n[l1 - |ﬁ11(m)|1/m]'

where | - | denotes the determinant of a matrix. Pefia and Rodriguez (2002) showed that
asymptotic distribution of the D, statistic can seen as a linear combination of independent
chi-squared distributions ay2. They approximated the distribution of their test by a gamma
distributionT'(a = b /2,5 = 1/2a) withmean a/ff = (m + 1)/2 — (p + q) and variance
a/B?=(m+1)(2m+1)/3m — 2(p + q), where the shape and scale parameters are
given by

B 3m[(m+1) = 2(p + )]
T2+ D@m+ 1) — 12m(p + Q)

and

B 3m[(m+1) —2(p+q)] )
S 2m+1)@2m+1)-12m(p +q)

B

Penia and Rodriguez (2002) showed that the D;, test statistic can be improved in estimating the
significant levels if the autocorrelation coefficients in (8) are replaced with their standardized

values
n+2 (10)
11 (k) = n— kfn(k)'k =1,,m

Pena and Rodriguez (2002) also showed that their test statistic is more powerful than its

competitors Qgp, Q1 and M, in detecting the inadequacy of twenty four different ARMA
models.

Pena and Rodriguez (2006) modified the D,; test statistic by proposing another
portmanteau test based on the log of |Ry;(m)|, where R, (m) is defined by (8), replacing
711 (k) by 71 (k) defined by (12). Their test statistic is given by

- n -
Dy = _m n 1log|R11(m)|,

(11)

which can be written in a form that is proportional to a weighted average of the squared

partial autocorrelation coefficients



m
- m+1—k (12)
Dy; =—n %log(l - ﬁf‘k .

As clearly seen, the larger weights in (14) will be given to low order coefficients of D,

test and smaller weights will be given to high-order coefficients.

Under the ARMA (p, q) assumptions, Pena and Rodriguez (2006) showed that asymptotic
distribution of the D, statistic can also be seen as a linear combination of independent chi-
squared distributions ayZ. Therefore, they approximated the distribution of their test by a
Gamma distribution I'(a = b/2,8 = 1/2a) with mean a/f =m/2—-(p +q) and
variance a/f? = m(2m + 1)/(3(m + 1)) — 2(p + q), where the parameters are given
by

_ 3(m+ D[m—2(p+ )? (13)
T 2mem+ ) — 12(m+ D + QI

and

_ 3(m+1)[m—2(p + q)] (14)
S 2mCm+ 1) -12m+1D(p+q)

B

They also approximated D, by a Normal distribution:

~ 1 1-1
Diy = (a/B) P ANDIB1) M ~ (/1 -~ (), o

where

_2(m/2-(p+@)m*/(4(m+ 1) - (p + q) (16)

P em T D6 D) - )

They showed D7, is asymptotically distributed as standard Normal when m is moderately

large 1 = 4 and the values of a and £ are obtained in (15) and (16), respectively.

Fisher and Gallagher (2012) introduced two weighted portmanteau tests based on the trace

of the square of the autocorrelation matrices R%, (m) defined in (8). The first one can be

10



considered as a weighted version of the Ljung-Box Q,, and it is given by

(17)

o (m—k +1) 72 (k
o =nn+2) Y I EDIE)
k=1

whereas the second can be seen as a weighted version of the Monti M, and it is given by

(18)

m
m—k+1) @i}
M{"lzn(n+2)z( — )nikk'
k=1

Fisher and Gallagher (2012) showed that the distribution of both statistics can
asymptotically distributed as Y7, A,x2, where {y2} are independent chi-squared random
variables with one degree of freedom and {4, } are the eigenvalues of the matrix (I — Q)W,
where W is a weighted diagonal matrix with elements wy, = (m+1—k)/m,k =
1,2,---,m (Box, 1954). They approximated the distribution of their statistics by gamma
distribution, I'(a = K2 /K,, B = K,/K;), where

K, = (m+1)/2, (19)

and
1(2m +1 20
k=TI o4 g) 0

Their simulation study showed that the weighted test statistics have more powers than the

competitors statistics appearing in the literature in many cases.
2.2 Kernel-based normalized spectral density portmanteau test

Anderson (1993); Hong (1996* ) showed that the normalized spectral density of the

stationary process {&;} can be written in the following form

f@)=@n)™ Y prcos(tw), where w € [~ 7] 1)

L€Z

11



In this case, the null hypothesis, #, equals to the null normalized spectral density f(w) =
fo(w) = 1/2m. Based on this, Hong (1996 ®) used the kernel-based normalized spectral
density estimators of f(w) to propose three classes of portmanteau tests without knowing
the distribution of the innovation series. The only assumption is the iid with mean zero and
finite fourth moment. His tests measure the distance, based on Hellinger metric, quadratic
norm, and Kullback-Leibler information criterion, between a kernel-based normalized

spectral density estimator and null normalized spectral density. The tests are based on

. 1 = . (22)
(@) = Egzz,;ﬂ k (m_n) Focos(bw), w € [~ 7],

where k(.) > 0 is a symmetric kernel function which satisfies the following conditions:

1. The kernel function k:R — [—1,1] is symmetric differentiable except at a finite
number of points, with k(0) = 1 and ffooo k?(u)du < .

2. f_"n |k(uw)|du < oo and for w € (—oo, ), the Fourier transform K (w) for k(u) exist
and defined as

K(w)=2m) [ ke ™ du > 0.

3. {&:} is amean zero fourth order stationary process with Y5>, y7 < o and
PP NAGHIETS
i j 1

where k, (i, , 1) is the fourth joint cumulant of the distribution of {&;, &.,, &+, £c41} and

defined as
ka(i,), ) = e(ecerri€rsjeert) — €(Eéevibesj€rsr)s
where {£;} is a Gaussian sequence with the same mean and covariance as {&;}.

Note that m,, — oo where m,,/n — 0 is the bandwidth which is depending on the sample
size. Hong (1996%°) showed that the distribution of their statistics can be asymptotically
approximated by Gaussian and and the power of the proposed tests are usually better than
Ljung and Box (1978).

12



Recently, Gallagher and Fisher (2015) proposed three tests modifying the Fisher and
Gallagher (2012) test in (20) by considering three different weighting schemes: the squared
Daniell kernel-based weights proposed by Hong (19962°)

wp = (n+ 2)(n — £)"1K? ( )

ia
m
the geometrically decaying weights,
wp = (p+q)a’~t, for some 0 <a<1,

and the data-adaptive weights which gives the data-adaptive weights test

Mo m (23)
Qp =n(n+ Z)Z (n—&)7 2 +n Z w7,
=1 #=m0+1
where the first m, terms obtain the standardizing weight (n + 2)/(n — £) from the Ljung-
Box statistic, and the remaining weights (from m, + 1 to m) selected from the data to be
summable w, = —log(1 — |7,|). It is worth noting that m, = m in (26) will give the

Ljung-Box test.

More recently, Mahdi (2017) proposed a kernel-based portmanteau test based on the
Toeplitz autocorrelation matrix defined from Pena and Rodriguez (2002). He showed that
his test is asymptotically the same as the test statistic given by Peiia and Rodriguez (2006)
and might be seen as a Kullback-Leibler discrimination information test proposed by Hong
(19962). His test statistic is

_ ~n(m+ 1) "Mog|Ryy ()| — Cu(k) d (24)

m — N(0,1),

where  Co(k) = 275" (1 - ¢/m)k*(¢/m),  Dy(k) =X75% (1—¢/m)(A— (£ + 1)/

n)k*(€/m), and k(.) is the estimated kernel which can be computed from the Daniell

K

kernel

k(u) = sin(mu)/mu for u € (—o0, ). (25)

13



2.3 Monte-Carlo (MC) portmanteau tests

One problem pointed by Lin and McLeod (2006) is that the sequence of the standardized
residual autocorrelation defined in (12) is not always non-negative definite; hence, the test
statistics proposed by Penia and Rodriguez (2002, 2006) may not exist in many cases. To
overcome this problem, Lin and McLeod (2006) proposed the using a Monte-Carlo
significance test. They showed that the Monte-Carlo significance test provides a
portmanteau test with the correct estimate of size and is almost always more powerful than
the competitors statistics appearing in the literature. The p-value for the portmanteau test
statistics using the Monte-Carlo test can be computed by the algorithm outlined below (see
Lin and McLeod (2006), Mahdi (2011), and Mahdi and McLeod (2012)). Alok (2020) also
worked on crosscorrelation of square of residualsused using the Monte-Carlo approach

unlike Mahdi who used the asymptotic distribution approach.

The following are the steps taken to calculate the p-value using Monte-Carlo technique.
Step 1: Simulate a time series from a given model (say ARMA (p,q)).

Step 2: Fit a suitable model to this simulated data and obtain the residuals (say AR (p)).
Step 3: Use the residuals and compute the observed value of the portmanteau test statistic
for a set of lags m (say Z)ﬁ,‘;)).

Step 4: Use the residuals from Step 3 and simulate a time series data using estimated

parameters obtained in Step 2. This step is replicated B times (say B = 1000).

e Ineach replicate, fit the model AR(p) to the simulated data and obtain the residuals.

e Use the residuals and calculate the corresponding test value of the portmanteau test
statistic (say Dg,?,i =12,-,B).

e Count the average number of times that the test values of the portmanteau test
statistic greater than or equal to the observed statistic.

e The estimated p-value is given by,

. #DY 200, i=12,.,B}+1 (26)
Pj= B+1 '
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The larger the B number, the more accurate estimate of the p-value. The approximate

95% margin of error for the p-value computed using the normal approximation for the

binomial is +1.96,/p;(1 — p;)/B.

Step 5: Repeat Steps 1-4 for N times, whEre N is the number of simulations (Usually, N >
1000) and each time, calculate p;,j = 1,2,--,N.

Step 6: Calculate the average of the p-values obtained in the previous step. This will gives
the estimated p-value based Monte-Carlo test using N simulations with B

replications:
N
p —value = z pj/N.
j=1

2.4 Random Weighted Bootstrap (RWB) tests

Recently, Lee (2016) proposed using the Wild bootstrap of the Ljung-Box portmanteau test
in time series when ARCH is presented. Zhu (2016) proposed a Randomly Weighted
Bootstrap (RWB) which can be seen as a variant of the Wild bootstrap approach. A
bootstrapping method is a nonparatmetric way shown to be robust when distributional

assumptions are violated. The Randomly Weighted Bootstrap algorithm is as follows:

Step 1: Estimate the model from (1) and calculate the correlation coefficients based on the
fitted residuals.

Step 2: Generate a sequence of iid random variables, say w* = {wy,w,,...,wy}
independent of the data from a common distribution satisfies p(w; = 0) = 1 with mean

and variance both equal to 1.
Step 3: Calculate § = w*{vn(#}, — )} -

Step 4: Repeat steps 2 and 3 B times (say B = 1000), to obtain {6, 6, ..., 65} and compute

its covariance matrix and its associated eigenvalues.

Step 5: Generate N (say 1000) iid random data {z§f>,z§f),. z(j)}ﬁ?’zl from multivariate

v ldm

normal distribution with identity matrix and compute the sequence {GV}Y_; by

15



O WH

Step 6: The sequence {GU)}ﬁ?’=1 is the bootstrap sampling of the portmanteau distribution

and the critical p-value can be calculated in the same maner of Equation (28).
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CHAPTER 3: TEST FOR NONLINEARITY

One problem pointed by Granger and Anderson (1978) and Tong and Lim (1980) was that
the squared residuals of many of Box and Jenkins (1970) ARMA models are significantly
autocorrelated even though the residual autocorrelations are not. This suggests that these
models are not adequate and the innovation of these models might be uncorrelated but not
independent. Granger and Anderson (1978) and Tong and Lim (1980) suggested of using
the autocorrelation function of the squared values of the residuals to detect the nonlinear

dependency.

Engle (1982) showed that the Box and Pierce (1970) and Ljung and Box (1978) test, based
on the autocorrelation function of the residuals, might fail to detect the presence of the
ARCH in many financial time series. In this respect, he proposed a Lagrange multiplier
test based on the autocorrelations of the squared-residuals and used it to test for ARCH

structure.

The errors {¢;} in (1) follows an Autoregressive Conditional Heteroskedasticity (ARCH)

model with order b model if it can be written as follows:
& = $t0y, of =w+ Z?=1 ity (27)
where {&,} is a sequence of i.i.d. random variables with a mean value of 0 and variance

valueof 1, w > 0, a; = 0.

The ARCH model has been generalized by Bollerslev (1986) to the Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) model. The innovation {&;} in
(29) follows a GARCH (b, a) model given by

b a (28)
& = &0y, o =w+ Z aief; + Z ngtz—j'
i=1 =1

where {&,} is a sequence of iid random variables with a mean value of 0 and variance value

of,w>0a=0p>0andY " D (@ + ) < 1.
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Since then, the ARCH and GARCH models become essential statistical tools for modeling
financial time series and modern option pricing theory and practice. In literature, there are
several types of GARCH models that can be used to model the dynamic behavior of
conditional ARCH in time series applications (more details are provided in Tsay (2005)

and Carmona (2014)). The most commonly used models are:

» The Exponential Generalized Autoregressive Conditional Heteroskedastic ( EGARCH
(p, q)) model of Nelson (1991) assumes the form

b a (29)
logo? = w + Z a;f(Ze_) + z ,leogatz_j,
i=1 =1

where f(Z;) = 0Z; + A(|Z;| — E|Z;|) is a function allows the sign and the magnitude of
the Z, ~ W' (0,1) (or Z, ~a generalized error distribution) to have separate effects on the

volatility, 8 and A are coefficients. The EGARCH(b, a) can be rewritten in the as

1+ Y% BB (30)
- e f(gr-1),
—Xj=1 @B/

St = Eto-t, logO'tZ =w+

where B is the back-shift (or lag) operator such that Bf (¢;) = f(&;-1), 2oy BB (i =
1,2,-+,a—1)and ¥9-} a;B’ (j = 1,2,---,b — 1) are polynomials with zeros outside the

unit circle and have no common factors.

* The GARCH-in-mean ( GARCH-M(b, a)) model proposed by Engle et al. (1987), where
"M" denotes the GARCH in the mean. The GARCH-M adds a Heteroskedasticity term into

the mean equation that can be interpreted as a risk premium.
Ze = U+ Aot + &, & = &0y, (31)
of = w+ X, wel + X5, Biot (32)

where u and A are constants. The parameter A denotes the risk premium parameter. When
A > 0 then z; is positively related to its volatility. There are many other formulation for

GARCH -M(p, q) including z, = u + Ao, + &, and z, = u + Alogo? + &,.
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* The Threshold GARCH ( TGARCH(b, a)) model by Glosten et al. (1993) and Zakoian
(1994) is commonly used to handle leverage effects is the threshold GARCH defined by

b a (33)
of =w+ Z (a; +vil—)et; + Z IBjUtZ—p
i=1 =

where I;_; is an indicator for negative ¢;_;; that is

L= {1 ifeg_; <,
=70 ife; >,

where s is the threshold is used to separate the impacts of past shocks. When s = 0, then

it can clearly be seen that £,_; > 0 contributes a;eZ_; to 62 j» Whereas e;_; < 0 has a larger
impact (a; + y;)ef; with y; > 0.

McLeod and Li (1983) introduced a portmanteau test to detect the presence of ARCH

based on the squared-residuals autocorrelations. Their test statistic is given by

u (34
0 =n(n+2) ) (=) F30h).
k=1

It is worth noting that the McLeod and Li (1983) test was derived under the assumptions
of the ARMA model but it asymptotically distributed as y2, which does not depend on the
order of the fitted ARMA model, (p, q). Note also that the Q,, is widely used to detect

nonlinearity dependency in several time series including GARCH models.

Li and Mak (1994) proposed a portmanteau test statistic based on the ARCH assumptions.

Their test statistic is given by

m

Ly=n ) #530)

k=1

where 75, (k)is the standardized squared-residual autocorrelation obtained from a fitted
GARCH model that is defined by

72, (k) = Siki BF/8=8) (L 1 /Be—1=F)
22 Ly (B2/6:-8)? ’
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where € =n"1Y é%/6, and &, are the estimated sample conditional variances of the
GARCH (b, a) model defined in (31).

Pena and Rodriguez (2002) and Pena and Rodriguez (2006) replaced the residual
autocorrelations in the matrix defined in (8) by the squared-residual autocorrelations and
used it to derive new portmanteau tests that can be used to detect nonlinearity in several

time series. The Pena and Rodriguez (2002) test for nonlinearity is given by
Dy, =n[1 - |ﬁ22(m)|1/m], (35)
and the Pena and Rodriguez (2006) test is

~ n ~
Dy, = = —— logIRz,(m)], (39)

where R,,(m) is the matrix of mth order of squared-residual autocorrelation:

/1 7, (1) e Fop(m) (37)
(1) 1 e Fp(m—1)
R,,(m) = | : P .

fry(m) Fpym—1) .. 1 /

The asymptotic distribution of D,, is gamma I'(a, ), where a and 8 are the same as those
defined in (10) and (11), respectively, where p + g = 0. Also, the asymptotic distribution
of D,, has two approximations by using the Gamma and the Normal distributions. For the
gamma, I'(a, B) distribution, the shape and the scale a and g are the same as those defined
in (15) and (16) , respectively, where p + q = 0. For the normal distribution, Pena and
Rodriguez (2006) showed that D,, has the same normal distribution of D, defined in (17),
where A is given in (18) where p + q = 0.

Rodriguez and Ruiz (2005) proposed a portmanteau test for ARCH models using the
information contained in the sample autocorrelations of non-linear transformations of the
underlying process. Their test statistic can be used to test for whether the autocorrelations
of the residuals differ from zero and at the same time it can be used to test for possible

relationship among successive autocorrelation coefficients. Their test is
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M-i i (38)
0 (M) = nz [z ok + )20 = 0,1, M — 1,

k=1 +£=0

where 71, (k + £) is the standardized sample autocorrelation of order k + #.

For the different value of i for M we can have different collection of statistics all these have
different informations on the possible sample correlation pattern. If one wants to have
McLeod-L.i statistic in (36) then choose i = 0. For this scenario, the statistic is obtained by
adding up the squared estimated autocorrelations. In case if all of these autocorrelations
are small, the statistic will be small and hence we will reject the null hypothesis . But when
i =1 the statistics obtained will be a correlation between sample auto correlation one leg
apart. If they are strongly correlated then the null hypothesis can be rejected even if the

coefficient ry1(j) are very small.

Rodriguez and Ruiz (2005) showed that Q;(M) behaves asymptotically as a linear
combination of independent chi-squared variables with one degree of freedom that can be

approximated by a gamma distribution I'(a« = a?/2b, B = a/2b), where

a=(i+1)(M=0), (39)
and
i+1 (40)
b= (M—i)(i+1)2+zz (M—i—)(i+1-))>
=1

Lin and McLeod (2006) also showed that the Pena and Rodriguez (2002, 2006) can distort
the size of the test; hence, they suggested to use the Monte-Carlo significance test to test
for nonlinearity. They also showed that the Monte-Carlo significance test provides a
portmanteau test with the correct estimate of size and is almost always more powerful than

the competitors statistics appearing in the literature.

Fisher and Gallagher (2012) modified their weighted test defined in (20) to detect the

nonlinearity presence in time series models. Their modified test is given by
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(m —k + 1) 74 (k) (41)
n—k’

Qzz =n(n+ Z)Z

which asymptotically distributed as gamma I'(a = K?/K,, B = K,/K;), where
K, = (m+1)/2 (42)
and
K, = (m+ 1)(2m + 1)/3m (43)

In addition, Fisher and Gallagher (2012) proposed a weighted test that can be seen as a
modified version of Li and Mak (1994) statistic. The modified Li and Mak (1994) weighted
test is given by

=nYym, L(b“) #2(k), (44)

where LYy statistic is asymptotically distributed as )(fn_(b+a), where (a, b) are the order of

the fitted GARCH model.

The problem with the aforementioned statistics that they respond well to ARMA and
GARCH models but they tend to have a lack of power compared to other types of time

series models, especially when the residuals to different powers might be correlated.

Recently, Psaradakis and Vavra (2019) used the Lawrance and Lewis (1985, 1987) idea,
which was based on using the generalized correlation of the residuals to detect nonlinear
dependency in time series, and proposed four different statistics from stationary linear

models to test for linearity. Their test statistics are given by

rs = N Xk=1 Frs(k), (r#s€eN). (45)
and
s =nm+2)X0, (n—k) 1A (k), (r #s €N). (46)

where 7. (k) is the generalized correlation coefficient between the residuals to the power
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r and the residuals to the power s.

Psaradakis and Vavra (2019) preliminary analysis suggested that the Q,. tests control the
Type | error probability somewhat more successfully than the Q, tests; hence, they
restricted their simulation study focusing on the test statistics Q,.. The authors reported
that Q,s and Q, are asymptotically distributed as y2, and tend to have more power in
detecting nonlinearity in time series models comparing to the McLeod and Li (1983) test
statistic. Motivated by the ideas of Lawrance and Lewis (1985, 1987), and Psaradakis and
Vévra (2019), | proposed in the next section new test statistics that can be used to detect

nonlinearity in time series models.

The Q, and Q,, statistics are similar in spirit to Box and Pierce (1970) defined in (4) but
the authors replaced the autocorrelations of the residuals defined in (4) by the generalized
correlations at different powers getting the two tests: 0, which is based on the cross-
correlations between ] and &5, ,; and Q, which is based on the cross-correlations between
ef and g/, ,. Similarly, Q,; and Qg, statistics can be seen as modify tests similar in spirit to
McLeod and Li (1983) defined in (36) obtained by replacing the autocorrelations of the
squared-residuals defined by (36) by the cross-correlations between ¢/ and &7, , and the

cross-correlations between &7 and €/, respectively.

More recently, Mahdi and Fisher (2021) proposed a portmanteau test using the block
matrix of autocorrelations and cross-correlations of residuals and squared-residual, R(m),
defined by

ﬁn (m) l’i12 (m) (47)

R12 (m) Rzz(m) 2(m+1)x2(m+1)

R(m) = I

where R;;(m) and R,,(m) are defined by (8) and (40), respectively, and R, (m) is the

matrix of cross-correlations between residuals and their squares which is given by

712(0) 12 (1) o T12(m) (48)
R f12(=1)  712(0) e Frp(m— 1)w
Ri,(m) =|: N .

Fla(-m) P (-m+1) . 1,(0) /
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The test statistic proposed by Mahdi and Fisher (2021) is given by

n =~
Cn =~ log|R(m)],

(49)

where | - | denotes the determinant of a matrix.

Under the assumptions of ARMA (p,q) model, Mahdi and Fisher (2021) proposed
approximated the asymptotic distribution of C,,, by gamma and showed that the distribution
has a mean of aff = 2m + 5 — (p + q). They showed that the C,, test can be seen as a
linear combination of four weighted tests. The first and the second components elaborate
the partial autocorrelation of the residuals and the squared-residuals, respectively. The third
and the fourth components elaborate the cross-correlation between the residuals and their
squares and vice-versa, respectively. Hence, the C,, test can be used to detect,
simultaneously, the linear and nonlinear dependency in stationary time series data. Their
simulation study demonstrated that the C,,, statistic tends to have higher power than the
competitors statistics appearing in the literature, particularly in detecting ARMA with
GARCH errors and other nonlinear models. They utilized the Randomly Weighted
Bootstrap (RWB) approach which was proposed by Zhu (2016) to improve the size and the
power of their statistic and showed that the RWB be robust and give the correct size and

tend to be more powerful than the one based on the asymptotic distributions.
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CHAPTER 4: SIMULATION STUDY

In this section, | presented the simulation results regarding the finite-sample size and power
properties of the aforementioned tests. | invistigated the effects of Gaussian and non-
Gaussian® noise on performance of the protmanteau tests. First, | calculated the significant
level based on 5% nominal levels using the limiting distributions, random weighted
Bootstrapping (RWB), and Monte-Carlo (MC) significance tests. After that, | studied the
power of the portmanteau tests based on the three different technques. For brevity, I
considered the test at lags m = 5, and 10. Monte-Carlo simulation was based on 1000
simulations, where each simulation has used 500 replications. In my numerical study, I

used the R package portes in a parallel framework (Mahdi, 2020a).
4.1 Empirical sizes

In this section, | tested the adequacy of fitted ARMA and GARCH models. First, |

generated the data from the following four linear models:
Aq: AR(1): z; = —0.8z,_1 + &;

Ay AR(2): z; = 0.5z, 1 — 0.4z, _, + &;

Az MA(1): z; = 0.9¢&;_1 + &;

Ay ARMA(LL): zp = 0.7z, + 0.35,_, + &,

In each case, | fitted the true model and calculated the Type-I error at lags m = 5 and 10
with sample sizes n = 100, 300, and 500 to cover small, moderate and large sample sizes
based on Gaussian and non-Gaussian. For non-Gaussian case, | considered the t-
distribution with degrees of freedoms of 3, 6, 9, and 12, a range of values which are
sufficiently representative of mild asymmetry and heavy tailed leptokurtosis distributions
in many finnancial time series. For brevity, | averaged the relative rejection frequncies

across the non-Gaussian cases. In my simulation study, | considered the test statistics

1 The results based on Skewed Normal and Skewed Students' t-distributions with skewness parameters
skewness {—2,—1.5,—0.5,0.5,1, 1.5, 2} and degress of freedom {3,6,9,12} are given in the Appendix.
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Ljung-Box (1978), Q44, Fisher and Gallagher (2012), Q14, and Mahdi and Fisher (2021),
Cm.

Tables 1-3 shows the results. The results show that the asymptotic distribution of the test
statistics can distort the size, especially for skewed data with small sizes. On the other hand,
the MC and RWB approaches provided accuartae results for estimating the type I error for

both Gaussian and non-Gaussian cases and regardless of the sample size.

Table 1: Empirical sizes, for 5% nominal tests, based on models A; — A4, n=100

Asymptotic distribution [ RWB
Model | Lags | Qi ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm
Gaussian distribution
5 5.5 5.8 5.7 3.4 6.7 3.1 6.0 6.5 6.0
4 10 | 5.3 4.4 43 3.6 6.3 3.2 5.6 6.3 5.8
5 5.3 3.6 5.7 6.4 3.6 6.7 6.0 6.2 3.8
4z 10 | 3.5 2.2 3.9 6.1 3.8 6.4 5.6 6.0 3.9
5 9.4 9.0 6.5 3.6 3.2 6.1 6.1 5.9 3.9
43 10 | 6.5 6.6 5.2 3.9 3.4 5.9 5.9 5.7 4.0
5 6.5 5.3 4.6 3.3 3.6 3.4 3.4 3.8 6.4
As 10 | 4.8 3.2 3.7 3.5 3.7 3.5 3.6 3.9 6.0
Student-t distribution
5 3.9 3.4 8.1 2.8 7.3 2.8 3.4 6.4 3.5
4 10 | 5.2 3.1 7.4 2.9 6.8 2.9 3.6 6.1 3.7
5 3.5 2.6 9.0 8.2 8.1 2.9 3.2 3.3 6.3
Az 10 | 4.2 2.4 8.1 7.9 7.6 3.0 3.3 3.4 6.0
5 6.5 5.2 10.0 | 7.8 8.7 8.4 3.5 6.0 3.5
43 10 | 6.2 5.5 9.3 7.4 8.1 7.9 3.7 5.7 3.6
5 3.7 3.6 8.1 3.0 8.3 6.5 6.4 6.6 3.4
44 10 | 4.2 2.2 7.7 3.2 7.9 6.2 6.0 6.3 3.6

Table 2: Empirical sizes, for 5% nominal tests, based on models A; — A,, n=300.

Asymptotic distribution mC RWB

Model | Lags Qll‘ QY% ‘ Cin Qll‘ Q1 ‘ Cm Q11‘ Q11 ‘ Cn
Gaussian distribution

1 5 | 5.2 3.6 53 | 3.8 5.7 34 | 6.2 4.1 6.1
1 10 | 5.4 33 46 | 4.0 5.3 36 | 6.0 4.2 5.9
1 5 | 4.2 3.6 54 | 6.5 6.1 57 | 55 3.9 3.7
2 10 | 5.1 2.1 39 | 6.0 5.8 54 | 5.3 4.0 3.8
1 5 | 55 5.9 6.0 | 35 6.1 34 | 40 5.9 3.9
3 10 | 55 4.5 47 | 3.6 5.9 35 | 43 5.7 4.2
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A 5 5.0 55 4.8 5.9 3.9 6.4 5.6 4.0 55
4 10 5.9 2.9 3.9 55 4.0 6.2 5.2 4.2 5.3
Student-t distribution

5 3.6 2.8 6.6 6.4 3.3 3.3 3.6 35 5.7

A1 0 [ 53 | 29 |60 | 61 | 34 |35 | 37 | 36 | 54
4 5 4.6 3.2 7.7 6.5 6.3 6.4 6.3 6.2 3.4
2 10 3.9 29 6.2 6.2 6.0 6.1 6.1 6.0 3.6
A 5 4.2 4.9 8.3 6.7 3.3 3.3 5.8 3.8 5.7
3 |10 | 5.8 4.1 6.7 | 6.3 3.4 35 | 5.6 4.0 5.4
A 5 53 3.6 7.4 3.1 34 6.5 5.7 6.2 6.0
4 10 4.4 24 6.7 3.3 3.6 6.2 55 5.8 5.6

Table 3: Empirical sizes, for 5% nominal tests, based on models A; — A,, n=500.

Asymptotic distribution [ RWB

Model | Lags Q11‘ Qj‘fvl ‘ Cm Q11‘ Q‘l/vl ‘ Cin Qll‘ Q‘1/V1 ‘ Cin
Gaussian distribution

1 5 | 52 4.7 52 | 3.9 4.4 44 | 50 4.3 5.6
1 10 | 5.1 4.0 49 | 4.1 45 47 | 5.2 4.4 5.3
1 5 | 57 4.2 58 | 3.8 5.8 6.2 | 55 5.2 4.9
2 10 | 4.2 2.6 41 | 4.0 5.5 6.0 | 52 48 5.0
1 5 | 50 5.3 56 | 6.3 4.4 39 | 54 5.4 5.7
3 10 | 5.3 4.7 42 | 6.0 4.6 41 | 5.1 5.0 5.3
5 | 4.0 3.9 54 | 4.1 4.2 41 | 53 4.1 5.3

As 10124 | 27 | 37 | 44 | 23 | 43 | 49 | 42 | 50

Student-t distribution

1 5 | 53 45 58 | 3.9 5.9 6.1 | 44 4.1 6.1
1 10 | 55 45 56 | 4.1 5.5 57 | 45 4.3 5.8
5 | 54 38 6.8 | 6.4 5.9 6.3 | 44 5.6 3.7

Az 10 | 55 34 6.2 | 6.2 5.7 6.0 | 4.7 5.4 3.8
1 5 | 57 6.3 6.1 | 6.4 35 35 | 4.2 5.9 4.4
3 10 | 5.7 4.8 6.0 | 6.2 3.7 36 | 4.3 5.6 4.7
1 5 | 46 4.6 6.9 | 6.2 5.8 6.1 | 59 4.2 4.4
4 10 | 5.0 2.4 6.6 | 5.8 5.6 59 | 55 4.4 4.7

Tables 1, 2, and 3, show that the asymptotic distribution approach can distort the size of
the portmanteau test, especially for small sample sizes. Results indicate that as the sample
size is increased, the test values get closer to the respective significant level. Similarly, for
the same sample sizes, the observed sizes approached the nominal size as lags increased
fromm = 5tom = 10. Results showed that the test statistics based on Monte-Carlo (MC)
technique provide better approximate to the significant levels than based on the asymptotic
approach. Moreover, the Randomly Weighted Bootstrap (RWB) were more improved and
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closer to the significant value as compared to both Monte-Carlo (MC) and asymptotic

approaches. In all the cases, it’s also observed that the Gaussian results were closer to the

empirical size than using student-t distribution.

| also evaluated the empirical type I error rates of the test statistics McLeod-Li (1983), Q.,
Fisher and Gallagher (2012), Q35, Li-Mak (1994), L,, and Mahdi and Fisher (2021), C,,,
based on the four nonlinear AR(p) — GARCH (b, a) models studied by Carlos Velasco and

Xuexin Wang (2014):

By: AR(2) — ARCH(1): z, = 0.5z,_, + 0.2z,_, + &,

B,: AR(1) — ARCH(2):z, = 0.5z,_, + &,,

&t = Oté&y,

&t = Oté&y,

02 =0.1+ 0.4e2, + 0.2¢2,

B3:AR(2) — ARCH(2):2z, = 0.5z, + 0.22,_, + &, & = 0;¢;,

B4: AR(2) — GARCH(1,1):z, = 0.5z,_; + 0.2z,_, + &, & = 0.5, of = 0.1+ 0.4¢%, + 0502,

The results are shown in Tables 4-6.

o2 =01+ 0.4e2,

02 = 0.1+ 042, + 0262,

Table 4: Empirical sizes, for 5% nominal tests, based on models B; — B,, n=100.

Asymptotic distribution MC RWB
Model | Lags sz‘ Q‘z’vz‘ Ly ‘ Cm sz‘ szz‘ Ly ‘ Cm sz‘ Q‘z’vz‘ Ly ‘ Cm
Gaussian distribution
5 1714 |14 4 65|66 |34]66|65| 35|65 36
By 10 |21 16 |17 29|62 |62 |36|63|63]| 37 |60]| 38
5 14109112 35|67 |34 63|66 |36]|36|36]|59
B, 10 | 2.3 1 1822 64|36 |60|64|38|38)|37|55
5 14|06 |12 33|62|34|60|34|64|61|36]|58
Bs ™o (22111822 58|35 |56|35]|60]| 593955
5 2112111837 34|61 |65|35|64|39 36|36
B, 10 | 2.7 | 19 | 2.2 3 36 1 58 |60|37 61|41 |38] 38
Student-t distribution
5 27116 |24]101, 85|66 |69|67|31|66 |60]|65
By 10 |27 |26 2188|7961 |64(63|32]|62]|57]6.2
5 1810818958629 (28|29 |31]|63]|68] 32
B, 10 |21 18 |17 |78 |83|31|29|31|32]|59 64|34
5 21106 (171043330 (85|28 |31|34|61|59
Bs 10 | 25116 (17|94 |35|32|80|30|33]| 36 [59]|55
5 24116 (19|83 (30|32 (32|30|35|66|59)638
B, 10 {29119 (22|74 |32 |33 |34|32)|36]|64 55|65
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Table 5: Empirical sizes, for 5% nominal tests, based on models B; — B,, n=300.

Asymptotic distribution mC RWB
Model | Lags | Qx| Q% | Ly [ Co [ Qoo [ Q% [ Ly [ Cn | Q2| @51 Ly | Cn
Gaussian distribution
B 5 27119123 |51(63|64|36 (35|44 |37 |41 | 44
1 10 | 27 |24 24|42 61|60 |38 |36|46 |38 |43 |46
B 5 [1710(16|44|39|58|38|34|59|61|43|6.2
2 10 |24 (15|22 34|41 |56 |40|35 |57 59|44 ) 6.0
B 5 |17]107 |16 |47 | 60|36 |35|64|60)|41]|57]|6.3
3 10 | 22141829 |56 |37 36|61 58|44 |55|59
B 5 3 2429|149 |36 |58|61|38|57|42|37|56
4 10 {33129 (3035|137 |54 |59|40|55|44 |39 |54
Student-t distribution
B 5 |41(128|37|81|35|61|68|35|63|57]|61]|6.1
1 10 | 54 43|51 |75 |36 |57 ,65|36|60|54|57/|59
B 5 [28]19(29|75|64|35|36|33|62|62]|36]|6.5
z 10 |49 3142|169 |60|36|38|35|60|58|39]|6.3
B 5 (2918278633 |60|31|32|65|58|35]|6.3
3 10 |45(27| 4 |77 |35|56|32|34|62|55]|36]6.0
B 5 38|24 (33| 7 |35|67|34|33|35|34|35]|35
4 10 [ 36129 (31|65 |37 |64 |36 |34|37,|35|37]|36

Table 6: Empirical sizes, for 5% nominal tests, based on models B; — B,, n=500.

Asymptotic distribution MC RWB
Model | Lags | Q22 | Q% [ Ly | Cm | Q2| 0% | Lo | G| Qoo | @] Lo | Cn
Gaussian distribution

5 26 | 14 [ 26 [ 57 [ 37 | 44 [37[38] 46 | 54 [51] 47

B, 10 | 30 | 21 [ 28 | 43 | 38 | 47 [40] 40| 48 | 52 |49 48
5 20 | 12 | 20 | 46 | 44 | 57 |56 | 45| 43 | 48 [51] 50

B, 10 | 27 | 1.9 | 26 | 38 | 45 | 53 |52 | 46 | 46 | 50 |48 | 52
B 5 20 | 09 | 19 | 46 | 56 | 59 |59 37| 42 | 45 [55] 5.9
3 10 | 27 | 17 [ 22 [ 37 | 53 |56 |[55]|39| 43 | 46 |[53] 56
5 24 | 18 | 25 | 52 | 59 | 40 [38] 60| 57 | 42 [44] 43

B, 10 | 35 | 23 | 32 | 40 | 57 | 42 |39 |57 | 55 | 45 | 46| 46

Student-t distribution

5 54 | 36 [ 53] 65| 37 ]38 ]61]62] 43 ] 59 [38]6.1

By 10 | 58 | 49 [ 56 | 64 | 40 | 41 |59 58| 46 | 55 | 40] 59
5 30 | 23 | 3766|3957 [61]60] 43 | 58 [58] 45

B, 10 | 50 | 36 | 47 | 60 | 41 | 55 [57] 56| 45 | 55 |54 48
5 30 | 25 | 38| 71| 58] 62 [35[34] 42 | 58 [39]56

Bs 10 | 52 | 39 | 47 [ 67 | 56 | 58 [36] 36| 44 | 56 |41] 54
5 33 | 21 [ 33653939 [60[63] 38| 59 [38]6.2

B, 10 | 38 | 30 [ 3559 | 42| 42 576139 |55 ][40] 58
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Tables 4-6 show a similar results as in Tables 1-3. | noticed that as the sample size increases
the test results approach to the respective significant level in both Gaussian and non-
Gaussian (t-distribution) cases. Similarly, for the same sample sizes, the observed sizes
approached the nominal size as lags increased from m = 5 to m = 10. The non-Gaussian
(t distribution) test results were farther away from the respective significant values
compared to the Gaussian test results. The test results showed that auto and cross-
correlation were closer to the significant levels as compared to both McLeod-Li, weighted
McLeod-Li, and Mak-Li test statistics. Mak-L.i test results provides more closer results
compared to McLeod-Li results. Results show that the test statistics based on Monte-Carlo
(MC) technique provide better approximate to the significant levels than based on the
asymptotic approach. Moreover, the Randomly Weighted Bootstrap (RWB) were more
improved and closer to the significant value as compared to both Monte-Carlo (MC) and
asymptotic approaches.

4.2 Power study

In this section, | compared the power of aforthmentioned tests for detecting nonlinearity in
fitted linear ARMA models. In my simulation study, | generated data from Gauusian
distribution,  skewed normal distribution ~ with  skewness  parameters
{-2,-1.5,-1,-0.5,0.5,1, 1.5, 2} and student’s t-distribution with {3, 6,9, 12} degrees of
freedom. The power of the tests are calculated based on the 5% significance level at lags
m = 5,10, and different sample sizes. For the skewed normal and student’s t distributions,
| caculated the power by averaging the relative rejection frequncies across the different

parameters used in the corresponding models.

Testing linearity in linear time series models

For testing nonlinearity, | simulate data according to the following nonlinear models €, —
C, (see Models 15-18 in Psaradakis and VVavra (2019)):

Cl: B'I'near Zy = O'4€t—1 - 0'3Zt—1 + (08 + O'SZt—l)gt—l + Et
Cz: BI|IneaI’ Zt == O.SSt - (0.4’ - 0.4'€t_1 )Zt—l
C;: Nonlinear z, = 0.8¢2, + &
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C4: N0n|lnear Zy = _0'3£t—1 + (02 + 0'481'—1 - 0'25€t—2)8t—2 + &t

The powers of the portmanteau test (Q1,Q11, C,) are calculated based on the three

techniques (asymptotic distribution, Monte-Carlo significance test, and random weighted

Bootstrapping ) when false models AR(p) are fitted to these models, where the order p is

selected based on the Bayesian information criterion (BIC) from the set of orders

{0,1, ..., [841/11/100]}, where | x| denotes the largest intgeger less than or equal to x.

The results are shown in Tables 7-8.

Table 7: Empirical power (for 5% significant level) for testing the neglected nonlinearity

in AR(p) models fitted to data generated based on the models C; — C,, n=100.

Asymptotic distribution [ RWB
Model | Lags Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cim Q11 ’ Q11 Cm
Gaussian distribution
5 97.4 98.5 98.0 92.0 93.0 94.0 93.0 94.0 95.0
€y 10 92.5 97.0 97.8 90.2 91.1 93.1 90.2 93.1 93.1
5 54.8 58.7 72.0 92.0 94.0 95.0 95.0 94.0 97.0
Cz 10 56.3 55.2 68.3 91.1 92.1 93.1 94.1 91.2 94.1
5 19.5 24.1 84.5 92.0 92.0 95.0 97.0 95.0 95.0
Cs 10 16.1 20.4 80.7 89.2 91.1 93.1 94.1 93.1 93.1
5 31.2 38.3 38.0 91.0 94.0 96.0 96.0 95.0 97.0
Ca 10 23.7 33.0 36.0 88.3 91.2 95.0 95.0 93.1 96.0
Asymptotic distribution mC RWB
Model | Lags
Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm Q11 Q11 Cm
Skewed normal distribution
5 96.8 98.0 95.9 89.0 91.0 94.0 91.0 94.0 92.0
Cy 10 90.3 96.0 94.6 87.2 88.3 92.1 89.2 91.2 91.1
5 54.2 60.9 84.5 85.0 90.0 92.0 90.0 94.0 93.0
Cz 10 44.6 57.7 80.7 83.3 88.2 89.2 88.2 91.2 91.1
5 25.0 30.4 87.1 86.0 92.0 92.0 90.0 92.0 94.0
Cs 10 16.4 25.6 87.0 84.3 90.2 89.2 87.3 91.1 92.1
5 335 40.2 85.0 88.0 90.0 92.0 92.0 92.0 92.0
Ca 10 22.7 345 81.4 86.2 87.3 91.1 89.2 89.2 89.2
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Student t-distribution

5 94.7 96.9 98.0 80.0 88.0 92.0 88.0 90.0 92.0
C1 10 88.9 93.7 96.9 79.2 87.1 911 85.4 89.1 89.2
5 60.3 74.3 81.2 80.0 88.0 90.0 89.0 91.0 92.0
C2 10 46.1 65.2 78.9 77.6 85.4 88.2 86.3 90.1 90.2
5 16.2 21.4 94.3 77.0 88.0 90.0 89.0 92.0 93.0
Cs 10 12.6 16.5 93.0 76.2 87.1 87.3 86.3 89.2 91.1
5 37.9 44.0 47.4 83.0 86.0 92.0 87.0 91.0 93.0
Ca 10 24.4 37.8 46.0 82.2 83.4 90.2 86.1 89.2 90.2

Table 8: Empirical power (for 5% significant level) for testing the neglected nonlinearity

in AR(p) models fitted to data generated based on the models C; — C,, n=300.

Asymptotic distribution [ RWB
Model | Lags | Qi ‘ Q11 ‘ Cim Q11 ‘ Q11 ‘ Cm Q11 I Q11 ‘ Cm
Gaussian distribution
5 100.0 | 100.0 | 100.0 | 93.0 95.0 96.0 96.0 95.0 98.0
€1 10 100.0 | 100.0 | 100.0 91.1 94.1 94.1 94.1 92.2 95.1
5 67.1 76.0 99.9 93.0 94.0 95.0 95.0 96.0 | 100.0
C; 10 64.3 76.2 100.0 91.1 93.1 94.1 93.1 93.1 99.0
5 59.2 67.7 | 100.0 | 94.0 94.0 96.0 94.0 95.0 99.0
Cs 10 45.3 59.9 | 100.0 | 92.1 92.1 94.1 92.1 94.1 98.0
5 74.1 80.5 76.5 92.0 95.0 95.0 96.0 95.0 98.0
Ca 10 63.7 75.9 76.5 91.1 94.1 92.2 94.1 93.1 96.0
Skewed normal distribution
5 100.0 | 100.0 | 100.0 | 90.0 94.0 94.0 93.0 95.0 97.0
€y 10 100.0 | 100.0 | 100.0 | 87.3 91.2 92.1 91.1 92.2 95.1
5 97.1 98.6 | 100.0 | 92.0 92.0 94.0 96.0 94.0 96.0
(2 10 95.0 97.5 | 100.0 | 91.1 91.1 93.1 93.1 91.2 94.1
5 66.7 74.3 | 100.0 | 92.0 94.0 95.0 97.0 94.0 97.0
Cs 10 52.6 67.1 | 100.0 | 91.1 92.1 94.1 94.1 91.2 95.1
5 84.1 87.6 | 100.0 | 91.0 94.0 94.0 97.0 96.0 95.0
Ca 10 75.1 84.7 | 100.0 | 89.2 93.1 93.1 95.1 95.0 92.2
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Asymptotic distribution mC RWB
Model | Lags
Qu | Q% [ Cn | @ [ Q¥ | Cu | @ [ QY | Cn
Student t-distribution
5 100.0 | 100.0 | 100.0 | 85.0 90.0 94.0 92.0 92.0 94.0
Cy 10 100.0 | 100.0 | 100.0 | 84.2 89.1 93.1 90.2 89.2 93.1
5 98.8 99.4 99.9 86.0 90.0 93.0 90.0 92.0 94.0
C2 10 96.8 99.9 99.9 85.1 87.3 92.1 89.1 90.2 91.2
5 33.0 39.1 | 100.0 | 86.0 91.0 94.0 92.0 92.0 92.0
Cs 10 27.1 34.4 100.0 85.1 88.3 92.1 90.2 91.1 90.2
5 87.4 89.8 89.9 88.0 90.0 92.0 91.0 94.0 93.0
Ca 10 79.7 88.1 90.0 85.4 87.3 91.1 89.2 93.1 91.1

Tables 7 and 8 show that the Fisher and Gallagher (2012), QY4, test statistic almost with a
power that is higher than Ljung-Box (1978), Q,,, and Mahdi and Fisher (2021), Cm. | have
also found that for the same sample size, as the lags value increase fromm = 5tom = 10,
the power gets lesser. Results also show that as the sample size increases from n = 100 to
300 the power value is also improved. In addition, the powers achieved by the Monte-Carlo
appoach are higher than those achieved by the asymptotic method. Moreover, the
nonparametric Randomly Weighted Bootstrap provided higher power in comparision with

the other two methods.

In general, the power of the Mahdi and Fisher (2021) statistic based on the asymptotic
distribution is the least compared with the other tests. On the other hand, the power based
on Fisher and Gallagher (2012) is better than Ljung-Box (1978). In almost all cases, the
Mahdi and Fisher statistic based on the Randomly Weighted Bootstrap approach attains a
better results compared with the other test statistics.

Testing the AR-ARCH models

| examine the power of the Q,,,Q3,, L, and C, portmanteau test statistics for

discriminating the mean and conditional variance parts.

The powers of these test statistics are calculated based on the three techniques (asymptotic
distribution, Monte-Carlo significance test, and random weighted Bootstrapping ) when
false models AR(p,) — ARCH (p,) are fitted to the models B; — By,:

Bi: AR(2) —ARCH(1):z, = 0.5z,_1 + 0.2z,_, + &, & =o0p&, of =0.1+ 0.4e?,,
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B,: AR(1) — ARCH(2):z, = 0.5z, + &, & =o0r&, of =01+ 0.4e?,+ 022,
B3:AR(2) — ARCH(2):2z; = 0.52,_1 + 0.2z,_, + &, & = 0p&, of = 0.1+ 0.4e?; + 0.2¢2,,
B4: AR(Z) - GARCH(].,l)Zt = 0'5Zt—1 + 0'2Zt—2 + Et) & = Oté&g, O-tz =0.1 + 0'4€t2—1 + 0'50-t2—1'

where the orders p; and p, are selected based on the Bayesian information criterion (BIC).
These are the models studied by Carlos Velasco and Xuexin Wang (2014) that | also
include in my simulation study for estimating the empirical size of the portmanteau

statistics.
The results are shown in Tables 9 — 11.

Table 9: Empirical power (for 5% significant level) for testing the adequacy of fitted model

under linear models (B; — B,), n=100.

Asymptotic distribution Y[ RWB
Model | Lags | Qpp | Q% [ Ly | G | Qo [ Q% [ Ly [ Co | Q2 [ Q% [ Ly | Cn
Gaussian distribution
5 9.2 10.1 | 18.8 | 22.3 | 16.7 | 10.3 | 264 | 259 | 26.0 | 19.6 | 32.1 | 30.1
By 10 8.4 9.5 16.7 | 20.1 | 11.0 | 11.1 | 193 | 286 | 13.6 | 19.8 | 20.1 | 36.3
5 8.0 11.8 | 180 | 20.0 | 11.1 | 19.2 | 21.7 | 21.4 | 18.2 | 224 | 234 | 23.9
B, 10 8.9 13.3 | 10.7 | 229 | 13.0|19.2 | 113 | 32.2 | 180 | 27.7 | 181 | 33.1
5 39.6 | 40.0 | 48.1 | 52.3 | 489 | 473 | 523 | 555 | 54.7 | 48,5 | 56.8 | 584
Bs 10 38.0 | 39.8 | 40.2 | 50.0 | 40.4 | 489 (493 | 51,5 | 499 | 515 | 574 | 59.1
5 109 | 144 | 182 | 16.2 | 11.7 | 22.2 | 20.5| 23.1 | 143 | 27.0 | 29.7 | 32.0
B4 10 9.9 1000 | 155 | 171|116 | 165|249 | 18.7 | 13.0 | 193 | 27.1 | 28.1
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Skewed normal distribution
5 118.7|10.2 |18.0|27.0|24.1|12.1|26.0|33.0|27.6|21.1|35.6|42.8
By 10 | 16.6 | 16.6 | 15.4 | 23.2 | 20.7 | 20.2 | 21.9 | 26.0 | 29.6 | 29.5 | 24.6 | 27.7
5 10.3 1 18.2|123.7 (373|114 203 |31.737.7|11.9| 254 | 34.1 | 40.7
B, 10 | 10.0 | 20.4 | 25.5(33.8|120.0(249|33.2 (434 |24.2|254|41.2 475
5 65.7 1703 686 |77.7 663 |76.1|74.2|87.5|67.5|81.4|77.8| 88.8
Bs 10 | 60.5(66.1|659|73.1|685|74.4|726|768|74.7|799|80.1|85.5
5 13.6 | 16.3 | 19.0 | 18.8 | 153 | 20.0| 22.7 | 27.4 | 17.1 | 26.5| 24.2 | 339
B, 10 | 11.5(149|17.2 193 | 13.0|15.2|19.8 |27.3|21.6|20.4|29.4 | 344
Student t-distribution
5 116.2|17.0|16.9|27.7 | 21.1|24.9|25.8|31.4|29.9|29.7|32.5| 33.3
B1 10 | 14.6 | 17.7 | 13.5| 24.0 | 18.1 | 25.8 | 20.2 | 32.5 | 25.8 | 30.1 | 27.1 | 42.2
5 [138.2|258|26.6 (374|439 |26.0|26.8|44.9|455|26.6|31.2|48.3
B, 10 | 34.4|279|239|34.9|41.6|30.4|30.4 |36.3|47.6 |325|34.8]|37.2
5 |56.1|67.0|56.1|77.8|633|76.8|56.4|80.3|67.1|85.7|657]|384.1
Bs 10 | 443 | 60.8|53.6|749|46.7 |69.1|61.9|795|50.6|73.8|66.1]|83.0
5 15.71199|21.0(20.2|17.1]249|30.9|28.7|20.2|29.7| 358 | 34.6
B, 10 | 13.7 { 185|223 (22.0| 154 |26.1|284 234|154 |31.6|33.0| 25.6

Table 10: Empirical power (for 5% significant level) for testing the adequacy of fitted

model under linear models (B, — B,), n=300.

Asymptotic distribution MC RWB
Model | Lags | Qpp | Q% [ Ly | G [ Qp [ Q% [ Ly [ Cn [ Qe [ Q% [ Ly | C
Gaussian distribution
5 229 1294 | 20.1 | 451 | 32.6 | 31.2 | 26.2 | 49.8 | 41.5 | 39.6 | 34.2 | 52.5
By 10 19.2 | 234 | 159 | 47.4 | 21.1 | 28.7 | 159 | 494 | 23.2 | 30.4 | 21.1 | 56.6
5 20.1 | 22.8 | 19.1 | 255 | 246 | 28.1 | 249 | 35.1 | 31.7 | 37.3 | 28.8 | 36.7
B, 10 163|219 | 14.7 | 273 | 23.7 | 31.7 | 23.1 | 31,5 | 28.6 | 36.2 | 31.6 | 33.1
5 56.6 | 51.2 | 68.1 | 723 | 644 |57.0| 74.1 | 80.5 | 65.2 | 66.0 | 77.4 | 86.4
Bs 10 | 586|488 | 633 | 77 |67.7 539|718 |80.2| 731|639 | 813 | 80.7
5 173 | 186 | 24.8 | 23.8 | 22.2 | 26.3 | 34.1 | 27.0 | 24.8 | 29.1 | 42.3 | 27.9
B, 10 16.2 | 19.2 | 273 | 24.7 | 24.1 | 219 | 346 | 34.3 | 33.0 | 26.1 | 36.3 | 40.9
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Skewed normal distribution
5 | 37.6|25.6|255|53.9|43.0|26.2|29.8|58.6|44.8|30.2|30.2| 63.6
B: 10 [ 35.1| 26 |23.9(549|43.1|33.7|30.6|60.2|45.1|37.4|36.9| 62.2
5 1323]20.224.7| 50 (40.3|21.7 |34.7|55.4|46.3|21.7|44.4| 56.6
B, 10 | 309 | 26.6 | 22.7 | 48.5|33.1 | 26.9 | 31.1|545|40.2 279 |33.7| 644
5 [ 85.3|803| 78 [ 87.389.9|86.5|80.5|95.2|95.1|94.8|87.1|104.7
Bs 10 | 82.2 | 78.9 | 75.7 | 86.6 | 90.1 | 80.9 | 83.3 | 96.3 | 90.8 | 83.6 | 91.4 | 99.1
5 1253 |27.7|30.7| 31 |345|29.3|37.4|351|363|29.7 405 | 39.0
B4 10 | 25.6 | 24.3 (1329 30.2 | 26.5 (326|343 |315|27.4|38.6|38.7| 33.7
Student t-distribution
5 |128.2]30.2(30.8| 59 [299|31.9|33.3|65.7|34.8|33.5|383| 66.2
B1 10 [ 269 | 28 |31.4|58.8|285|325|31.6|61.4|36.0|33.8|39.2| 66.4
5 |78.2 658|666 |77.4|795|70.8|76.0|84.2|80.1|80.2|854| 93.9
B, 10 | 744 |1 679|639 |749|78.2|76.7|67.1|81.1|87.7|77.1|719| 825
5 |60.1|67.6|769|88.8|68.1|74.1|77.6|98.2|69.6|79.7|82.2|101.8
Bs 10 | 69.7 | 67.2 | 684 | 84 |72.5|76.0|77.2|88.4|73.9|80.0|84.3| 90.2
5 28 |29.6 |36.4|33.9|355|37.3|45.7|43.5|36.8|43.8|51.3| 51.7
B, 10 | 269|304 |34.7 | 32.7 | 276 |36.6 |43.8 |42.1|326|41.1|445 | 514

Table 11: Empirical power (for 5% significant level) for testing the adequacy of fitted

model under linear models (B, — B,), n=500.

Asymptotic distribution MC RWB
Model | Lags | Qpp | Q% [ Ly [ Cn | @ [ @ [ Ly | Cn | Qo | Q% [ Ly | Cmy
Gaussian distribution
5 333|396 | 39 | 559 338|452 |46.2|565|435|51.0|47.1| 62.7
By 10 | 298| 43 |36.8|53.8|31.0|50.8|37.1|63.8]|350]59.8]|455| 65.0
5 333|396 | 39 |559(335|49.6 |39.0|58.7|37.0|529|44.5 | 63.8
B, 10 | 298| 43 | 36.8|53.8|349|44.1|40.5|60.7 359|540 |435| 615
5 381|359 | 33 | 87.8|44.0| 423 |40.1|94.7 | 48.6 | 48.9 | 50.0 | 100.0
Bs 10 34 [321|1285|90.1 385|344 365|985 |423|40.5]| 46.0 | 100.0
5 28 [29.6 1354|345 293303385 |39.8|37.8|40.1|46.0| 40.6
B, 10 | 278|316 | 345 (357|321 |36.7|38.2|42.7 344|423 |425 | 433
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Skewed normal distribution
5 |140.1 | 456 | 351 |63.6 | 415|534 |403| 725 | 493 | 616 | 488 | 769
By 10| 46.3 | 42.1 | 333 | 64.2 | 47.7 | 52.0 | 354 | 68.3 56.6 | 58.4 | 43.2 77.4
B, 5 (376|387 |33.2 589|411 |48.1|405 | 67.1 447 | 55.7 | 48.2 68.6
10| 369|399 |30.8|61.1|46.9|446 | 329 | 70.1 48.0 | 51.1 | 42.7 71.8
B, 5 189.7 | 808|889 |98.9 |97.4 | 88.5|94.9 | 100.0 | 100.0 | 93.3 | 100.0 | 100.0
10 | 86.7 | 88.8 | 85.9 | 95.9 | 90.3 | 89.8 | 95.5 | 100.0 | 98.6 | 91.0 | 100.0 | 100.0
5 30 [39.9|415|40.2 |355|46.0 | 45.4 | 457 | 38.8 | 48.2 | 46.7 | 49.8
B4 10 | 29.9 | 40.9 | 38.3 | 41.7 | 30.3 | 445 | 458 | 49.5 | 40.1 | 50.2 | 46.2 | 58.4
Student t-distribution
51392412 | 338|706 |43.1 509|378 | 74.6 51.6 | 51.8 | 39.6 76.1
By 10| 369 | 48 | 314 | 70 | 42.2|53.7|37.7| 775 519 | 56.3 | 449 82.0
B 5 1481|499 (444 | 68.8 | 54.1 | 55.1|51.4 | 745 61.6 | 63.6 | 61.1 80.5
2110439533 | 47 69.9 | 52.7 | 62.2 | 53.6 | 73.0 56.4 | 70.1 | 58.8 76.1
5 189.5|89.1|89.9 | 100 | 99.0 | 95.7 | 91.6 | 100.0 | 100.0 | 95.8 | 99.0 | 100.0
Bs 10 | 91.1 | 80.9 | 88.9 | 100 | 92.7 | 88.3 | 90.1 | 100.0 | 94.9 | 98.1 | 92.5 | 100.0
5 347 | 40 |426|42.2|43.4 |46.6 |49.0| 459 | 49.3 | 489 | 50.7 | 49.7
B, 10 | 33.9 | 38.2 | 41.7 | 405|413 | 449 | 451 | 42.8 | 489 | 51.1 | 45.7 | 4538

From the Tables 9, 10, and 11 it was observed that the in most of the cases Mahdi and
Fisher (2021), Cm, results were higher than both Ljung-Box (1978), Q,; and Li-Mak
(1994), L, It’s also observed that Random Weighted Bootstrap (RWB) tests results were
higher than both, Asymptotic and Monte Carlo Technique results. Monte Carlo results were
found out to be higher than Asymptotic results. All these observations were for all the
sample sizes, i.e., n =100, 300, and 500. Also it is noted that the higher sample sizes yielded
the higher power whether using Asymptotic, Monte Carlo or Random Weighted Bootstrap
(RWB) tests approach.
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CHAPTER 5: APPLICATION

In the section | applied the aforementioned test statistics and on a real data. Real data
represented the log returns of the Qatar Ntional Bank (QNB) from January 2/2019 through
December 30/2020 which involves data before and after Covid-19 pandemic. The log-
returns data, which was calculated as the difference of log natural of the current value and
the log natural of the previous value. When we compare two different data then we can use
either ratio or differences. In Time-series we use ratios. When the ratios of two quantities
are calculated then it is either grater than 1, 1, or between 0 and 1 (inclusive). So when the
logs are calculated of the ratios then if the ratio is greater than 1 then its log value will be
positive but can be very smaller than the actual ratio itself, if the ratio equals 1 then its log
value will be 0 and negative otherwise. It is also convenient to plot the log ratios as
compared to the actual values. The data I used can be obtaimed from the online web source
https://finance.yahoo.com/quote/QNBK.QA?p=QNBK.QA.

Table 12: The Descriptive analysis of QNB log-returns

Mean Median Var Std. Dev Min Max Range | Skewness | Kurtosis

—0.00013

| first calculated the basic descriptive statistics of the log-returns data and results are given
in Table 12 above. The log-returns values were negatively skewed with the value of
skewness as -0.6261. Regarding the peakedness, the kurtosis score 6.8611 which is larger
than 3. The graph also shows that the log returns are skewed to the left and it has an excess
Kurtosis. There is an extreme negative spike in March 2020 which is the representation of
the beginning Coronavirus pandemic (COVID-19). These results with the histogram graph
shown in Figure 1 a suggests that the log-returns has a leptokurtic distribution (not

Gausian).
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https://finance.yahoo.com/quote/QNBK.QA?p=QNBK.QA
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Figure 1: Qatar National Bank (QNB) log-returns distribution and long returns

histogram.
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The Kolmogorov-Smirnov and Shapiro-Wilk tests have significance values. In both cases
the significance values are less than 0.05. The Shapiro-Wilk normality test for the log-
returns data is W = 0.9024 with a p-value almost zero. Also, the Q-Q plot of log-returns
shows the values are deviated away from the normal line and I can conclude that the log-

returns were skewed (see Figure 2).

Normal Q-Q Plot of log.returns

Expected Normal

-00 -0.05 0.0000 0.05
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Figure 2: Q-Q plot of Qatar national Bank (QNB) log-returns.

| first fitted several ARIMA models and select the best model based on the Bayesian
Information Criterion (BIC). I found the best model is the Moving Average of order 2,
MA(2),

Zy = gt - 0.0024‘81:_1 - 0'0972815—2'

| then tested the adequacy in the fitted model using the test statistics of Ljung-Box (Q1;)
and Fisher-Gallagher (Q}7), and Mahdi and Fisher (C,,) based on the asymptotic
distribution, Monte-Carlo, and Randomly Weighted Bootstrap approaches. The results are
given in Table 13.
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Asymptotic distribution mMC RWB

Lag
Clon o] G 0 || G ot [ cw
-9
5 0.84 | 1.00 8.19 x 108 0.98 | 0.99 7:59 x10 0.88 | 0.81 | 7.04 x 1078
9.250378X% 0.182 8.12 x 5.11 x
10 | 0.08 | 0.66 10-13 g 0.58 10-12 0.12 | 0.33 10-14

Table 13: P-value — test adequacy of fitted MA(2) model by checking the dependency in
the residuals

| found that in asymptotic distribution using the Q,; and Q4 suggest that the MA(2) model
is good as all the p-values are high. On the other hand, when I tested using the C,,, the
model is not good as the p-vales are approximately equal to zero. | found that the Monte-
Carlo and the Randomly Weighted Bootstrap still do not catch the inadequacy using the
Q11 and QY4 as the p-values still are very high. On the other hand, the Randomly Weighted

Bootstrap of the test statistic C,,, suggests that there is an inadequacy in the fitted model.

The autocorrelation function (ACF) and partial autocorrelation function (PACF) in Figure
3 suggest that the log-returns might exhibit an autoregressive conditional
heteroskedasticity (ARCH) and that MA(2) might not be a good model to fit the data. Thus,
| applied the aforementioned tests on the squared residuals and test for ARCH effect. All
tests suggest that the ARMA is not a good model to fit the data due to ARCH effect as all

p-values less than 5%.
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Figure 3: Patrtial auto correlation function (PACF) and auto correlation function (ACF)

of square residuals for Qatar National Bank (QNB) data log-returns.
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After that, | fitted some ARMA — ARCH models and select that best based on the BIC
criteria. The BIC suggest that the MA(1) — ARCH(1) model might be a good candidate to
fit the data. The selected MA(1) — ARCH(1) is

2, = —0.00618¢,,
Where & = O—tftﬁ O-tz = 0.0581:2_1.

| applied the test statistics McLeod-Li (1983), Q,,, Fisher and Gallagher (2012), Q%, Li-
Mak (1994), L,, and Mahdi and Fisher (2021), Cr, on the squared residuals of the MA(1) —
ARCH(1) model.

Table 14: P-value — test adequacy of fitted MA(1)-ARCH(1) model.

Asymptotic distribution MC RWB
Lag w w w
s Q22| Q22 | Ly Cm Q22| Q22 | Ly Cm Q22 | Q22 | Ly Cm
s 0. | 07|09 25x |08 07|08 2.2 % 08 | 07 | 0.6 1.9 x
86 | 0 7 107° 6 1 6 107° 5 1 8 107¢
10 0./09| 08| 11x |08 09|07 9.1 x 0.8 | 09 | 0.6 8.2 x
84 | 1 9 107° 4 2 2 1077 2 3 2 1077

Table 14 shows that the portmanteau tests based on Q,, Q5,,L; and C,, using both
parametric and non parametric approaches. The test statistics of Q,, , @35, and L,based on
the three approaches, the asymptotic distribution, Monte-Carlo, and Randomly Weighted
Bootstrap methods suggest that the model is good, whereas the C,,suggests that the model

is not a good fit.

Lastly, | tried several models to improve the fit and obtained the final model as

GARCH(3,3):
o2 = 0.00004 + 0.14262¢% , + 0.33143¢2_, + 0.03266¢% 5 + 0.00000102 ,
+0.36862 02 4

| tested the adequacy of this fitted model using the Q,, Q3,, Ly, and C,, based on the three

parametric and non parametric methods.

The results in Table 15, show that the protmanteau tests based on parametric and

nonparametric approaches suggest that the fitted GARCH (3,3) model is found out to be
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the best.

Table 15: P-value — test adequacy of fitted GARCH(3,3) model.

Asymptotic distribution mMC RWB
lags | Qa2 | Q2 | Ly | G | Qa2 | Q2 | Ly | G | Q22 | Q22 | Ly | Ci
5 0.77 | 0.80 | 0.42 | 0.05 | 0.76 | 0.78 | 0.42 | 0.05 | 0.72 | 0.77 | 0.42 | 0.05
10 | 094|090 | 085 |0.07|092| 087|084 |0.07|091|0.83]|0.81] 0.07
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CONCLUSION

In this thesis, | conducted a comparison study between the parametric and nonparametric
portmanteau tests that are used in linear and nonlinear time series models. The parametric
portmanteau tests are used based on the asymptotic distributions, whereas the
nonparametric portmanteau tests are used based on the Monte-Carlo and Randomly
Weighted Bootstrap (RWB) approaches.

To estimate the size of the test statistics, | generated data based on 1000 replications using
different ARMA and GARCH models. For the Monte-Carlo case, | replicated each
simulation 500 times. In each case, | fitted the true model and calculated the Type-I error
at lags 5 and 10 with sample sizes n=100,300, and 500 to cover small, moderate, and large
sample sizes based on Gaussian and non-Gaussian distributions. For the non Gaussian
distribution, | considered the t-distribution for degrees of freedom {3,6,9,12}, the skewed
normal for skewness {-2,—1.5,—1,-0.5,0.5,1,1.5,2}, and skewed t-distribution for
skewness {—2,—1.5,—1,—-0.5,0.5,1,1.5,2} and degrees of freedom {3,6,9,12}. The
skewness and degrees of freedom parameters were used to cover a range of values that are
sufficiently representative of mild asymmetry and heavy-tailed leptokurtosis distributions

in several financial time series.

| found that as the sample size increases (for samples sizes increases from 100 through 300
to 500) the test values get closer to the respective significant level. Similarly, Similarly, for
the same sample sizes, the observed sizes approached the nominal size as lags increased
fromm =5 to m = 10.. As compared to Ljung and Box (1978), McLeod and Li (1983),
Fisher and Gallagher (2012), Li and Mak (1994), and Mahdi and Fisher (2021), the
nonparametric Monte-Carlo and Randomly Weighted Bootstrap approachs provide more

accurate results compared with the parametric approach.

| also compared the power of the aforementioned tests in detecting the absence of linearity
and nonlinearity assumption as well as in testing for the adequacy in fitted ARMA and
GARCH models. In each case, | fitted a false model and then 1 calculated the relative
frequency of the number of rejections. In almost all scenarios, | found that the test statistics
based on the asymptotic distribution (parametric approach) provided the least power

compared with the nonparametric Monte-Carlo and Randomly Weighted Bootstrap
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approaches. In all cases, my simulation results suggested that the Randomly Weighted
Bootstrap approach provided the higher power, and Mahdi and Fisher test is almost always
provided the higher power. Unlike the Emperical Size tests, for the same sample sizes, the

observed power decreases as lags increased fromm = 5 tom = 10.

| finished this thesis by applying these techniques on real-world data using the log-returns
of Qatar National Band, QNB, data, from January 2/2019 through December 30/2020 was
used which involves data before and after the COVID-19 pandemic. | found that all tests
based on all methods (asymptotic distribution, Monte-Carlo, and Randomly Weighted
Bootstrap) reject the null hypothesis that the ARMA model can fit the data accurately.

After that, | fitted some Garch models and found that the GARCH(3,3) model with a
skewed t-distribution is a reasonable model that can fit the log-returns data well. My final

model was:
o2 = 0.00004 + 0.14262¢% ; + 0.33143¢2, + 0.03266¢% 5 + 0.00000107 ;

+ 0.36862 62

Then, | applied the McLeod-Li, Fisher-Gallagher, Li- Mak, and Mahdi-Fisher on the
squared residuals of this fitted model using the parametric and nonparametric methods. |
found all test statistics have failed to detect inadequacy of this fitted model, except the
Mahdi-Fisher statistic based on the Randomly Weighted Bootstrap. This suggests that the
GARCH(3,3) model might be inaccurate and need to be improved.

| concluded that the nonparametric portmanteau tests based on Bootstrapping and Monte-

Carlo techniques are recommended to be used in diagnosis checks of the time series model.

| focused my attention on studying the portmanteau tests that can be used with
ARMAJ/GARCH models, but one can extend this study to test for goodness-of-fit in
seasonal ARMA/GARCH models (see Mahdi (2016)). | would suggest some studies to be

done on observing how the power changes as emperical size changes from 1% to 5%.
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Appendix
Tables 16-21 below show thae results of the empirical Type I errors based on the models
A, — A, and B — B, by averaging of the relative rejection frequncies across the Skewed
Normal and Students' t distribution with skewness {—-2,—-1.5,—1,-0.5,0.5,1, 1.5, 2} and
degress of freedom {3,6,9,12}. In each case, | calculate the empirical size corresponding

to a nominal size of 1%.

Table 16: Empirical sizes, for 1% nominal tests, based on models A; — A,, n=100.

Asymptotic distribution MC RWB
Model Lags Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm
Gaussian distribution

5 1.9 2.7 1.9 1.4 1.2 1.2 0.7 1.3 |08

4 10 1.7 1.9 1.2 1.3 1.1 1.2 0.8 1.2 |08
5 1.1 2.7 1.7 0.7 1.3 1.3 0.8 0.7 0.8

4z 10 0.8 0.6 0.9 0.7 1.2 1.2 0.8 0.7 0.8
5 2.2 3.1 1.9 1.2 1.3 0.7 0.7 1.2 1.2

43 10 2.3 2.2 1.4 1.2 1.2 0.7 0.8 1.1 1.2
5 1.5 3.0 2.0 0.6 0.7 0.6 0.7 0.7 1.2

A 10 0.8 0.6 1.1 0.6 0.7 0.6 0.8 0.8 1.2

Skewed normal distribution

5 0.7 1.1 2.0 1.5 1.3 1.3 0.8 1.3 |08

4 10 3.2 2.8 2.8 1.4 1.2 1.3 0.8 1.3 |08
5 1.1 0.6 1.8 0.7 1.4 1.4 0.8 0.7 |08

4z 10 1.3 1.5 2.2 0.8 1.3 1.3 0.8 0.8 |09
5 1.0 0.6 2.6 1.3 1.3 0.7 0.8 1.2 |13

43 10 1.6 1.4 1.8 1.3 1.3 0.8 0.8 1.2 1.2
5 2.5 2.6 1.4 0.6 0.7 0.7 0.8 08 |13

4s 10 2.5 2.5 1.4 0.7 0.7 0.7 0.8 08 |1.2

Student t-distribution

5 0.7 1.1 2.7 1.6 1.4 14 0.8 1.4 |09

4 10 3.3 2.2 3.4 1.5 1.3 1.3 0.9 1.4 |09
5 2.5 2.3 0.3 0.8 1.4 1.5 0.9 0.8 |09

4z 10 1.1 2.2 1.9 0.9 1.4 1.5 0.9 09 |09
5 4.5 2.1 2.1 14 14 0.7 0.9 1.3 1.4

A3 10 4.7 1.1 2.4 14 | 1.4 | 08 | 09 | 13 |13
5 3.3 0.6 4.8 0.7 0.8 0.7 0.9 09 (14

4 10 2.4 3.3 2.1 0.7 0.8 0.7 0.9 09 (13
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Table 17: Empirical sizes, for 1% nominal tests, based on models A, — A,, n=300.

Asymptotic distribution mC RWB
Model Lags Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm
Gaussian distribution

5 0.7 1.0 1.5 1.3 1.2 1.2 0.7 1.2 | 0.7

4 10 1.2 0.8 1.6 1.3 1.1 1.1 0.7 1.2 0.8
5 0.6 2.0 2.3 0.7 1.3 1.3 0.7 0.6 0.8

4, 10 1.5 0.6 1.7 0.7 1.1 1.2 0.8 0.7 0.8
5 1.0 14 2.5 1.2 1.2 0.6 0.7 1.2 1.2

43 10 1.5 1.1 1.8 1.1 1.2 0.7 0.8 1.1 1.1
5 1.1 2.6 2.2 0.6 0.6 0.6 0.7 0.7 1.2

44 10 1.9 1.0 1.8 0.6 0.7 0.6 0.8 0.7 |12

Skewed normal distribution

5 1.2 1.7 1.8 1.4 1.3 1.3 0.7 14 | 0.8

4 10 3.0 2.6 2.6 1.4 1.2 1.2 0.8 1.3 | 0.9
5 1.2 0.6 1.9 0.7 1.4 1.4 0.8 0.7 | 0.8

4z 10 1.3 1.5 2.3 0.8 1.2 1.3 0.8 0.8 | 0.8
5 1.0 0.6 2.7 1.3 1.3 0.7 0.8 1.2 14

43 10 1.6 1.5 1.8 1.2 1.2 0.7 0.8 1.2 1.2
5 2.5 2.7 1.5 0.6 0.7 0.6 0.8 0.8 | 1.3

A4 10 2.6 2.6 1.5 0.7 0.7 0.7 0.8 0.8 13

Student t-distribution

5 0.9 0.9 3.3 1.5 1.3 1.4 0.8 1.5 0.8

4 10 4.1 2.4 4.2 1.5 1.2 1.3 0.8 1.4 |09
5 2.5 2.4 0.3 0.8 1.5 1.5 0.9 0.7 | 09

4z 10 1.1 2.2 2.0 0.8 1.3 1.4 0.9 0.8 | 09
5 4.7 2.1 2.2 1.4 1.4 0.7 0.8 1.3 | 1.4

43 10 4.9 1.0 2.4 1.3 1.3 0.8 0.9 1.3 | 1.3
5 3.4 0.6 5.0 0.7 0.7 0.7 0.8 0.8 | 1.4

4s 10 2.4 3.4 2.1 0.7 0.8 0.7 0.9 0.8 | 1.4
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Table 18: Empirical sizes, for 1% nominal tests, based on models A; — A,, n=500.

Asymptotic distribution mC RWB
Model Lags Q11 ‘ Q1 ‘ Cm Q11 ‘ Q11 ‘ Cm Q11 ‘ Q11 ‘ Cm
Gaussian distribution

5 0.7 1.1 1.6 1.3 1.1 1.2 0.7 1.2 | 0.7

4 10 1.2 0.8 1.4 1.3 1.1 1.1 0.7 1.2 0.8
5 0.7 1 2 0.7 1.2 1.3 0.7 0.6 0.8

4, 10 1.2 0.8 1.6 0.7 1.1 1.2 0.8 0.7 0.8
5 1.1 1.3 2.2 1.2 1.2 0.6 0.7 1.1 1.2

43 10 1.5 1.1 1.6 1.1 1.1 0.7 0.7 1.1 1.1
5 1.1 2.4 1.9 0.6 0.6 0.6 0.7 0.7 1.2

44 10 1.8 1 1.5 0.6 0.7 0.6 0.7 0.7 |11

Skewed normal distribution

5 0.5 1.3 2.5 1.4 1.2 1.3 0.7 1.3 | 0.8

4 10 3.2 3 3.4 1.3 1.2 1.2 0.8 1.3 | 0.8
5 0.8 1.0 1.0 0.7 1.3 1.4 0.8 0.7 | 0.8

4z 10 1.7 1.8 1.1 0.8 1.2 1.3 0.8 0.7 | 0.8
5 1.5 2.5 1.4 13 1.3 0.7 0.8 1.2 13

43 10 1.5 1.6 13 1.2 1.3 0.7 0.8 1.2 1.2
5 1.8 0.8 0.7 0.6 0.7 0.6 0.8 0.7 13

4s 10 1.7 0.7 0.7 0.7 0.7 0.7 0.8 0.8 1.2

Student t-distribution

5 1 1.7 2.8 1.5 1.3 1.4 0.8 14 0.8

4 10 3.6 3.7 4 1.4 1.3 1.3 0.8 1.4 |09
5 0.5 0.8 1.2 0.7 1.4 1.4 0.8 0.7 | 09

4z 10 2.0 1.2 1.3 0.8 1.3 1.3 0.9 0.8 | 09
5 2.1 1.8 1.4 1.3 1.4 0.7 0.8 1.3 | 1.4

43 10 1.4 1.6 1.4 1.3 1.3 0.8 0.8 1.3 | 1.3
5 1.9 1.0 0.8 0.7 0.8 0.7 0.9 0.8 |13

As 10 2.2 1.9 0.8 0.7 0.7 0.7 0.9 0.8 |13
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Table 19: Empirical sizes, for 1% nominal tests, based on models B; — B,, n=100.

Asymptotic distribution [ RWB
Model | Lags | Qup | Q% | Ly [ Cm | Q22 [ Q% [ Ly | Cm | Q22 | Q%] Ly | Cm
Gaussian distribution
5 0.6 0.1 | 03 1.0 1.2 0.7 1.3 1.3 13 0.8 1.2 | 0.7
By 10 1.0 0.4 0.8 0.6 1.1 0.7 1.2 1.2 1.2 0.8 1.1 | 0.7
5 0.5 0.2 0.4 0.9 1.3 1.3 0.6 1.3 1.1 0.7 0.7 | 0.7
B, 10 1.0 0.4 0.5 0.6 1.3 1.2 0.7 1.3 1.1 0.7 0.7 | 0.8
5 0.6 0.2 0.4 0.7 0.6 1.2 1.3 1.3 1.1 0.7 0.8 | 0.7
Bs 10 0.8 0.4 0.6 0.6 0.6 1.1 1.3 1.2 1.1 0.8 0.8 | 0.7
5 0.5 0.5 0.5 1.0 1.2 0.7 1.2 0.6 1.2 0.7 0.7 | 0.8
B4 10 1.3 0.6 1.1 | 05 1.2 0.7 1.2 0.6 1.1 0.7 | 0.7 | 0.8
Skewed normal distribution
5 04 | 03 04 1.8 1.0 0.5 1.5 1.5 1.4 | 0.9 1.0 | 0.6
By 10 0.5 0.5 04 1.6 1.0 0.6 1.5 1.0 1.1 0.7 | 09 | 0.6
5 0.3 0.1 | 03 1.8 1.1 1.5 0.7 1.5 13 0.6 | 0.6 | 0.6
B, 10 04 | 0.3 0.3 13 1.1 1.0 | 0.8 1.1 1.2 0.6 | 09 | 0.9
5 0.3 0.1 0.3 1.7 0.7 1.1 1.1 1.0 1.3 0.8 0.6 | 0.6
B; 10 0.4 0.3 0.3 1.7 0.7 1.0 1.1 1.4 1.3 0.7 1.0 | 0.6
5 0.4 0.3 0.3 1.4 14 0.6 14 0.5 14 0.6 0.6 | 0.9
B, 10 0.5 0.3 0.4 1.2 1.0 0.8 1.3 0.7 1.3 0.6 0.6 | 0.9
Student t-distribution
5 0.5 0.2 0.5 2.2 1.1 0.4 1.2 1.7 1.2 1.0 1.2 | 05
By 10 0.5 04 | 03 1.4 | 09 0.7 1.6 1.1 1.2 0.6 | 0.7 | 0.7
5 04 | 02 | 04| 20 1.2 1.7 | 0.8 13 1.2 05 | 0.7 | 0.7
B, 10 0.3 0.3 04 1.1 | 09 0.9 0.6 13 1.0 | 0.7 | 0.7 | 1.0
5 0.3 0.1 | 03 19 | 0.8 13 13 1.2 1.1 0.7 | 05 | 0.7
B; 10 04 | 03 0.3 1.4 | 0.6 0.8 1.2 1.2 14 | 0.7 | 0.8 | 0.5
5 04 | 02 | 04 1.5 1.2 0.5 1.5 0.4 1.2 0.7 | 05 | 11
B, 10 0.6 0.4 | 05 14 | 0.8 0.7 1.1 0.8 1.2 05| 05| 10
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Table 20: Empirical sizes, for 1% nominal tests, based on models B; — B,, n=300.

Asymptotic distribution

mMC

RWB

Model | Lags | Qup | Q% | Ly [ Cm | Q22 [ Q% [ Ly | Cm | Q22 | Q%] Ly | Cm
Gaussian distribution
5 0.5 0.2 0.5 1.7 1.2 1.1 0.8 1.3 1.1 1.2 09 | 0.8
B, 10 0.4 0.5 0.3 1.1 1.1 1.1 0.8 1.2 1.1 1.1 09 | 09
5 0.3 0.2 0.3 1.9 0.8 0.7 0.7 1.2 1.1 0.9 1.2 | 0.8
B, 10 0.2 0.2 0.2 1.1 0.8 0.7 0.8 1.2 1.1 0.9 1.1 | 0.8
5 0.3 0.2 0.3 1.6 1.2 1.2 0.7 0.7 0.9 0.8 1.2 | 0.8
B; 10 0.2 0.3 0.4 1 1.2 1.1 0.7 0.7 0.9 0.8 1.2 | 0.8
5 0.6 0.4 0.6 1.6 1.1 0.7 1.2 0.8 1.1 1.2 0.7 1.1
B, 10 0.4 0.3 0.4 1.2 1.1 0.7 1.2 0.8 1.0 1.1 0.8 | 1.0
Skewed normal distribution
5 0.7 0.7 0.6 1.4 1.1 1.4 0.8 0.8 0.9 1.1 0.6 | 0.6
B, 10 1.3 0.7 0.9 1.8 1.4 0.9 0.8 0.6 0.9 0.9 09 | 09
5 0.5 0.3 0.7 1.3 1.2 1.5 1.0 1.5 1.4 0.6 09 | 0.6
B, 10 0.8 0.5 0.9 1.6 1.0 1.4 1.4 1.4 1.2 0.9 0.7 | 0.6
5 0.7 0.3 0.6 1.9 1.4 1.1 0.7 1.2 0.6 0.9 1.1 | 0.8
B; 10 1.0 0.6 0.9 1.3 1.2 1.4 0.5 1.1 0.9 0.7 14 | 0.8
5 0.6 0.4 0.7 1.6 0.5 1.1 1.1 0.5 15 1.0 1.5 1.0
B, 10 0.6 0.5 0.5 1.5 0.6 1.3 1.4 0.8 1.4 1.0 1.4 1.3
Student t-distribution
5 0.9 0.5 0.8 1.8 0.8 1.7 1.0 1.0 1.1 0.8 04 | 05
B, 10 1.6 0.5 0.6 1.3 1.8 0.7 1.0 0.8 1.1 1.1 1.1 | 0.7
5 0.6 0.4 | 0.8 1.6 1.5 1.9 1.3 1.2 1.0 0.4 | 0.7 | 04
B, 10 1.0 0.6 1.2 1.1 0.8 1.9 1.0 1.1 0.9 1.1 0.6 | 04
5 0.8 0.2 0.4 2.4 1.1 0.8 0.5 0.9 0.5 1.2 0.8 | 1.0
B 10 1.2 0.5 0.7 1.6 0.9 1.0 0.7 1.4 0.6 0.9 11 | 1.1
5 0.8 0.5 0.5 2.1 0.7 1.3 0.8 0.7 1.9 0.8 1.1 | 1.3
B, 10 0.8 0.6 0.7 1.2 0.7 1.5 1.7 0.9 1.0 1.2 1.1 | 1.0
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Table 21: Empirical sizes, for 1% nominal tests, based on models B; — B,, n=500.

Asymptotic distribution [ RWB
Model | Lags | Qpp | Q% | Ly [ Cm | Q22 [ Q% [ Ly | Cm | Q22 | Q%[ Ly | Cm
Gaussian distribution
5 0.7 0.3 0.7 1.8 | 09 1.1 1.3 1.2 1.1 1.2 1.0 | 0.9
By 10 1.0 0.6 0.7 1.2 0.9 1.1 1.2 1.1 1.1 1.2 1.0 | 0.9
5 0.5 0.1 0.4 2.0 1.1 1.2 0.7 0.8 1.1 1.1 0.9 1.0
B, 10 0.5 0.3 0.5 1.0 1.1 1.0 0.8 0.9 1.0 1.0 1.0 1.0
5 0.5 0.1 0.5 2.0 1.2 1.2 1.2 1.1 0.8 0.8 1.2 | 0.8
Bs 10 0.4 0.3 0.4 1.3 1.1 1.2 1.2 1.0 0.9 0.8 1.1 | 0.9
5 0.8 0.2 0.8 2.0 0.9 1.2 0.8 0.9 1.0 1.2 1.0 1.0
B4 10 0.5 04 | 0.5 1.3 0.9 1.2 0.9 0.9 1.0 1.1 10 | 11
Skewed normal distribution
5 1.1 0.7 1.1 1.2 | 0.7 0.7 1.2 1.2 1.1 1.2 08 | 1.1
By 10 1.1 1.0 1.1 13 0.7 0.8 1.2 1.2 1.1 1.1 08 | 1.1
5 0.8 0.5 0.7 1.4 13 13 0.7 1.2 0.9 1.2 0.8 | 0.8
B, 10 1.0 0.7 1.0 1.2 1.1 1.2 0.8 1.2 0.9 1.1 09 | 0.8
5 0.8 0.5 0.8 1.4 0.7 1.2 0.7 1.2 1.2 1.2 0.9 1.1
B; 10 1.1 0.8 0.9 1.4 0.8 1.1 0.7 1.1 1.1 1.2 0.8 1.1
5 0.6 0.4 0.6 1.2 14 1.2 1.3 0.7 0.7 1.1 1.1 1.1
B, 10 0.7 0.6 0.7 1.1 1.2 1.2 1.1 0.8 0.8 1.1 1.1 1.0
Student t-distribution
5 1.3 0.6 1.3 1.5 0.6 0.8 1.1 14 0.9 14 0.9 1.0
By 10 1.3 1.1 13 1.1 | 0.8 0.7 13 1.4 0.9 1.3 1.0 | 1.3
5 0.7 04 | 0.8 1.6 1.0 1.5 0.6 1.0 1.1 1.4 1.0 | 0.7
B, 10 0.9 0.8 | 0.9 1.0 1.2 1.0 | 0.9 1.0 1.0 0.9 0.8 | 0.7
5 0.8 0.6 | 0.9 1.1 | 0.6 14 | 0.6 13 1.4 1.0 | 0.7 | 1.3
B; 10 1.3 0.6 1.1 1.1 | 0.7 13 0.6 0.9 1.2 1.4 | 0.7 | 09
5 0.5 0.5 0.7 1.1 1.6 1.1 1.1 0.8 0.7 0.9 1.2 | 0.9
B, 10 0.8 0.7 | 09 13 1.0 1.0 1.3 0.9 1.0 0.9 1.2 | 0.9
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