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1. Introduction

Let s > 2 be an integer, and let S*~! denote the unit sphere in the Euclidean space R?,
which is equipped with the normalized Lebesgue surface measure do.

Forj € {1,2,...,s}, assume that #; > 1 are fixed numbers. Consider the mapping
2

S n
V:Ry xR = Rby V(x,w) =Y Y with w = (w1, wo, ..., ws) € R®. Then, for a fixed
i K

20 i

w € R?, it is easy to see that V(k,w) is strictly decreasing mapping in ¥ > 0. So, the
equation V(x,w) = 1 has a unique solution, denoted by «(w) = x. The authors of [1]
proved that (R?, x) is a metric space and called it the mixed homogeneity space related to
{uc]-};zl. For k¥ > 0, let D, denote the diagonal s X s matrix

K™ 0
Dy =
0 K

The change of variables regarding the space (R, x) is given as the following;:
w1 =xk"cost...cost,_pcost 1,
wy =x"2costh...cos¥s_psinds_1q,

w, , = Kk"s-1 cos ¥ sind,,

w, = k% sint.
This leads to dw = x*~1](v)dkdo(v), where x*~1](v) is the Jacobian of the above trans-
forms,

S
v=D,1weS!, a= gtx]', and J(v) = gtxj(vj)z.
= =
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It is worth mentioning that the authors of [1] showed that J(v) belongs to the space
C*(S*~1) and also showed that there is a real number M with

M>J(v)>1, YoeS L
For A = A1 +iAy (A1 € Rand Ay € Ry ), we define the kernel Ki5, on R® by

Kisp(w) = ZW

where i : R — C is a measurable function and U is a function belonging to L!(S°*~!) that
satisfies the conditions

U(Dyw) = U(w), Yk>0, 1)
and

|, 0@ @4 () = 0. @

For a suitable function ® : R, — R, we consider the generalized parabolic Marcinkiewicz
operator

' T 1/t
fmgi@m(g) (@, @01) = (/JR+ o ,/K(u)étg(w —u, wypq — D(i(u)) Ky (u)du ‘?) ,
3)
where ¢ € S(R**1) and T > 1.
It is obvious that when &y = ap = - - - = &g = 1, then we have & = s and (w) = |w]|.

In this instance, we denote Dﬁg% o DY zmg,lip Further, whent =2, ®(x) =xand h =1,

then img,l (;D, denoted by M5, reduces to the classical parametric Marcinkiewicz integral
operator. Historically, the integral operator 9%;; was introduced by Stein in [2] where he
established the L? boundedness of M for all p € (1,2] whenever A = 1 and U belongs
to the space Lip,(S°~!) for some 0 < 7 < 1. Afterwards, the above result was improved
by Hormander in [3]. Indeed, he confirmed the L? boundedness of Mi;; for all p € (1,0)
under the conditions A > 0 and U € Lip,(S*~!) for some 0 < ¢ < 1. Later on, the
authors of [4] extended and improved the result of Stein. In fact, they proved that i
is bounded on LP(R®) for all p € (1,0) if A = 1and U € C!(S*!). Subsequently, the

L? boundedness of the ng){fb under various assumptions on the kernels has attracted a
considerable amount of attention from many mathematicians. For instance, Walsh in [5]
obtained the L% boundedness of the operator Mi;; provided that U € L(logL)/2(S°~1) and
A = 1. Furthermore, he found that 9%; will lose the L? boundedness when the assumption
U € L(logL)/?(S°*~1) is replaced by U € L(log L) (S*~1) for any v € (0,1/2). On the
other hand, the L? (1 < p < o0) boundedness for Mi;; was proved in [6] whenever A =1
and U belongs to the block space B‘go’_l/ 2) (S1)
the authors verified that —1/2 in B;O’fl/ 2) (S°~1) cannot be substituted by any number in
(—1,—1/2), meaning that 90; is still bounded on L?(R?).

Recently, Ali in [7] used Yano’s argument to improve and extend all the above-cited
results. In fact, he proved that if § € L(logL)/2(S*"1) U B‘go,—1/2) (S71), h € Y, (Ry) for

some > 1,and @ is in C2([0, ®)), an increasing and convex function with ®(0) = 0, then

for some g > 1. In the same article,
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the operator zmgzlip is bounded on LP(RS*1) forall [1/p — 1/2| < min{1/2,1/4'}, where
Y, (R ) denotes the class of all measurable functions & : R, — C that satisfy

2/ +1 dx 1w
y
|wwm”=sg<g h(x) K) <.
jez \:

For further information about the significance, development, and recent advances of the

(2),

discussion about the operator 25,
therein.
Although several problems regarding the boundedness of smg ;fq) remain open, the

study of the boundedness of the operator zmg,lip has been investigated by many authors.

For example, the operator E)ﬁg,l

C@, the readers are referred to [8-16] and the references

’

ib was introduced in [17], where the authors showed that

7

when ®(x) =, h=1,0 € L1(S* 1) withg > 1,and 1 < T < oo, then forall 1 < p < oo,

(7),
[755®)] gy < CHO oy @)
Later on, this result was improved by Le in [18]. Precisely, he proved that the inequality (4)
holds for all p € (1,00) if (k) =k, 5 € L(log L)(S*" ') and h € [ max{7 2} (R+), where 7/
denotes the conjugate index of 7.

Recently, the authors of [19] confirmed that if U € B{go’fl/T )(Ss_l) U L(logL)V/7(S571),

®(x) =xand h € Y, (R4 ) with u € (1,2], then the boundedness of zmg,);ib is satisfied for

7

all p € [1,00). Further, they proved that if the condition y € (1,2] is replaced by u > 2,
then the boundedness of img,);; is satisfied forall p € (1,7)if2 < y < ccand y < 7/,

and also for all p € (¢, 00) if 2 < i < ooand u > t'. Very recently, the authors of [20]
extended the results in [19]. In fact, they confirmed that the above results are true not only
for the case ®(x) = «, but also when ® belongs to the class I or the class D, which were
introduced in [21]. Precisely, the class I is the collection of all C 1 functions @ : R, — R that
are non-negative and satisfy the following:

(i) @’ is monotone and ®(x) > 0 forall k € Ry;

(ii) P(2x) > M;P(x) for some fixed M; > 1 and ®(2x) < My®P(x) with My > My;

(iii) k@' (k) > M3P(x) on R for some 0 < M3 < log(My).
In addition, D is the class of all C! functions ® : R — R that are non-negative and satisfy
the following:

(i) @’ is monotone and ®(x) < 0 forall k € Ry;

(ii) P(x) > M;P(2x) for some fixed M; > 1 and ®(x) < MpP(2x) with My > Mjy;

(iii) [x®’ ()| > M3P(x) on R4 for some 0 < M3 < log(My).

For recent advances in the study of the operator mg%;, we refer the readers to
consult [19,20,22-25] and the references therein.

Let us recall the definitions of some spaces that are related to this work. For m > 0, we
let Ay, (R ) denote the collection of all functions / that are measurable on R such that

Am(h) = i 2" d,y () < oo,

n=1
where d,,(h) = sup27/|U(j,m)| with U(j, m) = {x € (2/,27T1] : 2"~1 < |n(x)| < 2"} for
JEZ
m >2and U(j,1) = {x € (2/,211] : |n(x)| < 2}.
It is clear that Y, (R4 ) C Ay(R4) forany m > 1and v > 0.
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i

U,h,

nggl/b,x (8) H

1§C7’
wE) = (1) (1))

In this work, let L(log L) (S°*~1) (for m > 0) denote the class of all functions U that
are measurable on S°~! such that

150 og ey = [, [0()|10" (15(0)] +2)de (o) < e

In addition, let Bgo’u) (S°1) (with v > —1 and g > 1) denote the block space that was
introduced in [26]. Furthermore, H; ¥ denotes the homogeneous Triebel-Lizorkin space,
which is defined as follows: assume that # € R® and W € C°(R?) is a radial function
satisfying the following:

(@o<Ww<i;

®)suppw < {03 < lo] <2};
@W(O)>M>0if 2 <[0] < 3;
d) ;EZW(Z_”G) =1 (6 £0).

< o

< o0y,

LP(R?)

HP(R®) = ¢ g € S'(R°) : |gll yrv sy =

1/t
(e
nez

where &’ denotes the tempered distribution class on R® and F,,(8) = W(2"8) for n € Z.
The generalized parabolic Marcinkiewicz operator 9)?2(3721 o« Was recently introduced
in [27] under some weak conditions on the kernels. This result was studied in [28] under
some weaker conditions on the kernels only for the case T = 2. In view of the result
(1)

in [19] on the boundedness of classical generalized parametric Marcinkiewicz M ’Cq) and

of the result in [28] on the parabolic Marcinkiewicz smg %l o @ Natural question arises: is

(1)

the boundedness of the parabolic operator Ms ; 4 . satisfied under the same conditions
assumed in [19] while replacing the condition T = 2 by a weaker condition T > 1 and when
® belongs to I or D?

In the next section, we shall give an affirmative answer to this question.

2. Statement of results

We devote this section to presenting the main results of this article. Indeed, they are
formulated as follows.

Theorem 1. Let U belong to the space L9(S*~1) and h belong to the space Y, (R4 ) with q, i €
(1,2]. Assume that ® lies in I or D. Then, there is a constant C, > 0 such that

1 .
sy S Cpmﬂhﬂyﬂ(m)HUHm(ss—l)||8||Hgfv(Rs+1) ifl<p<r, ()
and

1

ey, ) [0 I8l ovny i T < p < o ®)
The constant Cpis independent of G, h, ®, q, and y.

Theorem 2. Suppose that 5 and @ are given as in Theorem 1. Let h belong to the space Y, (R 1)
for some y > 2. Then, the inequality

1
ety S Oy Wl 100 e Il g

[RpEs
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holds forall p € (1,7) if2 < u < oo and T < y’ and also holds forall p € (y',00) if2 < p < o0
and T > .

By utilizing the conclusions of Theorems 1 and 2, Yano’s extrapolation argument, and
the same method used in [12,29,30], we obtain the following results.

Theorem 3. Let img,lm be given by (3) and ® be given as in Theorem 1.
(i) IfU € Béo’fl/T)(szl)for some q > land h € Ay, (Ry), then for any p € [1,00),

o5 0 9) < (8030 ooy +1) ) + D gl

Ly (Rerl)

(@) IfU € B[(]O,O) (S V) with g > 1and h € A(Ry.), then forany p € (1,7),

gy < G (I8l s, + 1) (A1) + Dlgl e

(iii) If U € L(log L)V/T(S*" V) and h € Ay (R, then for any p € [1,00),

60| ser) < Co (10N ziogysmges-s) +1) Ay () + Dllgl o s

(iv) If U € L(log L)(S*™') and h € A1 (Ry.), then forany p € (1,7),

HWZ(JT,L@,K(g)HLp(RM) < CP(HUHL(logL)(SS*U + 1) (A1 (1) + D)8l v gs)-

Theorem 4. Assume that ® is given as in Theorem 1 and h € Y, (R, ) for some p > 2.
(1) IfU € B,go'_l/T/)(Ss’l)for some q > 1; then,

)
ng,h,@,;((g) HLP(RS+1) < CP (HUHB;O,—UT’)(Ssl) + 1) ||h||YI,(R+) ||3HHS/P(Rs+1)

holds forall p € (1,7) if2 < u < oo and u < v’ and also for all p € (', 00) if 2 < p < oo and
>t

(ii) If 5 € L(log L)Y/ 7(S°*~1), then
160 ]| gsery < Co (10N sqiogysmges-s) + 1) Welly, o 18 o

holds forall p € (1,7) if2 < y < coand p < v, and also forall p € (y',00) if 2 < p < o0 and
w>t.

Here and henceforward, the letter C refers to a positive number whose value does not
depend on the primary variables and also that is not necessary the same at each occurrence.

3. Some Auxiliary Lemmas
We devote this section to establishing some preliminary lemmas that are needed to

prove our main results. Let us begin by introducing some notations. Let b > 2. Define the
family of measures {ok,;, o := 0: : t € Ry} and the corresponding maximal operators o;;

and My, on RS by

Rs+1

— A
g = [ 8@ @@ K,
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c*(g) = sup|lor] gl
t€R+
and
b/+1 dt
Mup(g) = sup o t|*g|7,

where |0y| is defined in the same way as 03, but replacing Oh by |UOh|.

The following two lemmas play a great role in the proofs of Theorems 1 and 2. They
can be established by following the exact procedure utilized in [31] (with a very simple
minor modification).

For simplicity, we let G(h, U) = Hh||Yﬂ ® ) IO La(gs1y-

Lemmal. Letb >2,U0 € L(S*1) and h € Y,,(Ry.) for some q, u > 1. Suppose that ® belongs
to I or D. Then, there are constants 6 and C with0 < 6 < mm{z, 2’",, 2a} such that forall j € Z,

lot|| < CG(h,U)

and

h]+1 d

t
|, 0@ e)PT < Clnb)g?(h, 1) min{ [D,] 70, [Dyg| o

where ||ot || is the total variation of or and m is denoted to be the distinct numbers of ;.

Lemma 2. Suppose that b, O, h, and ® are given as in Lemma 1. Then, for 1 < p < oo, there
exists Cp > 0 such that inequalities

10 (§) o1y < CpinB)G (1, B) [ o e, %)

and
Moo (&)l rst1y < Cp(Inb)G (1, O[] L (ms+1) ®)

hold for all g € LP(RSH1).

One of the key tools in proving our main results is Plancherel’s Theorem, which states
that |[g|[;2(ms+1) = Cl|§ [l 2(rs+1)- A significant step towards handling our main results is to
prove the following:

Lemma 3. Let b > 2 and ® be in I or D. Assume that U € L1(S*1) for some 1 < q < 2
and h € Y, (Ry) for some 1 < p < 2. Then, there is C > 0 such that for arbitrary functions
{Ai(-),j € Z} on RS, nd we have

1/t 1/t
(Z/ o7 + A; \T‘“) < Cnb)"G(h, U <Z|«4j\f> ©)
= L) e L(ReH)
forl <t <p<oo and
j+1 gt 1/t /T
Z/ }at*A]-|T) < C(lnb)G(h,U <2|Aj|f> (10)
JEZ LP(Rs+1) j€Z LP(Rs+1)

forl<p<rt.
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Proof. Firstly, we prove (9). For a fixed p € [1,00), we find, by duality, that there exists a

non-negative function ¢ € L(p/r)/(RSH) that satisfies H‘P||L(p/r)’(Rs+l) <1land

b]+1 dt
/ 2/ |th*-/4 w, Ws+1)|TT

LP(Rs+1) Re+1 /€L

X ¢(w, wsi1)dwdws 1. (11)

Thanks to Holder’s inequality, we deduce that

o+ Aj(w,wsi0)|[T < ClRIE R OIS

Y1 (Ry) L1(Ss-1)
t
x| [ 1014w~ Do,sir — @) 5(0)]de (o) ()] - (12)
t/2Ss—1

Hence, the inequalities (11) and (12) together with Holder’s inequality lead to

T

LV(R5+1)
(z/ (/7 -
< I IS, (Z\A @ wsmv)Mh|,b¢<—w,ws+1>dwdws+1
Rs+1 JEZ
(z/7") (z/7") T
< Clrly g 1ol | T4 Mps @] oy e
jeZ L(p/0) (Rs+1) ' )

where ¢(—w, wg11) = ¢(w, ws11). Therefore, by Lemma 2, we find that

(JEZZ’A | )Ur

for T < p < oo. Now, let us prove (9) for the case p = 7. It is clear that, by using (12) and

< C(Inb)V*G(n,U) (13)

LP(Rst1) LP(RsH)

Holder’s inequality,
]+1 T
dt (t/ (t/
‘(z/ o s AT ) < B e, W),
]EZ LF’(RS+1)
AL . dx dt
< L[ [ ] ] 104 - Daw,ws - 0| B do(0) S 5 dwdeoss
JeZ Rs+1 t/2§s-1

1 (t/ 1
< clnb) IS IS <2|Aj<w,ws+1>|f>dwdwsﬂ.
Rs+1 JEZ

Therefore, the inequality (9) holds for the case p = 7. Let us prove (10) for the case
1 < p < 7. Thanks to the duality, we deduce that a set of functions {;(w, ws;1,t)} defined

< 1and

on Rs*! x R, exists such that H

‘HEHLT'(WW“]#) LY (Rs+1)
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pitl Tdt il dt
Z/ ’(Tt*/l]| n / Z/ Ut*A (w, ws+1))]:j(wlws+1,t)TdeWsH
JEZ v 1 JEL
U’(RSH Rs+
1/t
SN ORM [L1C 1 . (Z\A]! ) : (14)
LP(Rs+1)
where
]+1 /dt .
Y(F)(w, wsyi1) Z/ |0t * Fi(w, wsi1, )| " and Fi(w,wsi1,t) = Fi(—w, wsy1, t).

JEZ

As p' > T/, there exists a function r € L(P'/7)' (R¥+1) satisfies

h/+l

' dt
Py = o fy 10 T wnen O] v )dodina (15)

Thus, by employing the same procedure as above, we obtain

/1) "/7)
H‘If(f)HL(p’/r’)(RsH) < CHh”T i ”UHJ SZ 1)
b]+1 /dt
%10 Ol o (Z/b t)
]EZ L(p’/T’)(Rs+1)
1 1
< Cnn) T 1006 I (16)

L(Ss-1) plrey (Rs+1)”

where 7(w, ws11) = r(—w, ws+1). Consequently, by using (14) and (16), the inequality (10)
is satisfied. So, the proof of Lemma 3 is complete. [J

In the same manner, we get the following lemma.

Lemma 4. Suppose that b, ®, and U are given as in Lemma 3, and suppose that h € Y, (R.) for
some 2 < y < co. Then, for arbitrary functions { A;(-),j € Z} on RS, the inequality

1/t
<Z|A]'|T>
=/

holds for any p € (1,7) if t < y/, and forany p € (¢, 00) if T > p’.

< C(Inb)V7G(h,U 17)

LP(Rst1) LP(RsH1)

Proof. Let us prove (17) for the case p € (1,7) with T < p/. By duality, there are
functions {H;(w,wsy1,t)} that are defined on RSt x Ry such that

< 1and

1470 o i,
(Z /;j+1|0t* ]'Tdtt>1/T

Rs+1

il

LP (Rst1)

b]+1

dt
/ Z/ Ut*A (w, ws+1))Hj(wrws+1/t)Tdews+1
LP(Rs+1)  Rs+l JEZ

(Elar )"

, (18)
LP(RSH)
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where

bj+1 o dt
Q(H)(w, wss1) Z/ |01 % Hj(w, weiq,t)| -
JEZ

As1 < 1 <y <y, then Holder’s inequality leads to

, b]+1
/7)
o My, O < CIBITED IS, [, [, J0@)
dt

X |Hj(w — Dxv, wsiq — P(x), t) ]T/da(v)T. (19)
Again, as p’ > 7/, we deduce that there exists a function u belonging to L(P'/ ) (R¥*+1) such
that
1 pitl
l @) ™| =2 [ [ o P, 0] Faleo, oo
j€EZ
Rs+1

So, by using Lemma 2, Holder s inequality, and the inequality (19), we obtain

|y,

'/7)
CIIUIIEQ Sfl ||h||y,, ® 1T ey s

(R
T
b t
JEZ L' /) (Rs 1)
"/T)+1
< IO I e Il o @D

Consequently, by the last inequality and (18), we get (17) forany p € (1,7) with u < 7.
On the other hand, to satisfy (17) for the case p € (i, 00) with u > 7/, we employ the
arguments employed in [19]. By invoking Lemma 2, we find that

sup sup ’Ubft < ot (sup’Aj|> < CpG(h,U) sup’Aj| (21)
JEZ te[1,D] LP(Rs+1) JeZ LP(Rs+1) jez LP(RsH1)
forall 4’ < p < co with u > 2. This leads to
. , < ~ )
H e I )
Thanks again to duality, we deduce that there exists p € L(P/1* o) (R¥+1) such that || p|| (o/alY (Rs+1) <

1 and
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T

b ' dt
- / Z/ o+ Ajlw, w5+1)‘r TP(W/ Ws+1)dwdws 1

LF’(RHl) Rs+1 jEZ

ar\""
(z/ o+ A" )
JEZ

/

R€+1 JEZ
!
< Cin(0)[0]|15 &, 1k AT o (p
<CIOIBILE 1T, m,) | T4 @l
Lp/T) (s+1)
T
!
'/T)4+1 "
< I | (Zh47) | 2
i€Z
/ LV(R5+1)

where p(w, ws 1) = p(—w, ws1). Define the linear operator @ on any function A;(w, ws 1)
by O(Aj(w, wsy1)) = 0y, * Aj(w, wsy 1) and then interpolate (22) with (23); thus, we end
LF’(]R5+1)

with
b Ldt cdt a
|(2/ e Ay ) (z/mw
jEZ
1/t
<Z|A1|T>
JEZ

JjEZ
forall p € (y/, 00) with u > 7’. The proof of Lemma 4 is complete. [

U’(]RHl)

< Cp(Inb)" "G (h,0)

LV(R5+1)

4. Proof of Theorem 1

Assume that U € L7(S*"!) and h € Y,(Ry) for some g, € (1,2]. By using
Minkowski’s inequality, we obtain that that

= T 1/t
(7) Y i
mzs,h,q>,x(g) (W, wsy1) < ]E) (/R+ t /z—j—1t<,<(u)g2*ftg(w — U, Wst] — CP(K(u)))KU/g(u)du t)
2M LA\ VT
= 2A1_1<‘/R+|0't*g(w,ws+l)| t> . (24)

_ /., 1 ) A .
Letb = 29# . Then, In(b) < TG et {g }jeZ be a collection of smooth functions
defined on (0, o) and satisfying the following proprieties:

suppg;  [p7' b ) 0<g <,

) Gj(k)=1; and 7¢,()

n
jez dx

<G
_Kn'

Let Z] be the multiplier operators defined on R**! by

—

gj(8)(’7/’75+1) g]( k(1))8(n,1s41) for (,1s41) € R® xR
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Thus, for ¢ € S(R**!) we have that

mz(;:%/q)’;( (g) (w/ ws+1 = 2)\1 — Z MU h o, 11 (U (Us+1), (25)

where
1/t
(1) _ Tdt
Mispan(8) (W, wsin) = |Bes i,o,n,p (@, Ws 11, ) N ,
Ry

Bt o onp (W, ws g1, 1) = %(ngrn * 01 % 8)(W, s )X i (8)-
IS

The LP-norm of ./\/lgl)1 o (8) is estimated as follows: If p = T = 2, then ||g|| 22 (Re+1) =
ML, 0

|81l 2(rs+1)- So, by Lemma 1 and Plancherel’s Theorem, we get

b/+1
2 2 dt
HM&,L,@,n(g) sy S Z / / |0¢( 17,115+1)I = 1801, 150 Pdndns
I]+nb b/
< (lnb)g2 h,0) Y, / (mm{‘Dzwrﬂy 'y il e }>|§(77,715+1)|2d17d775+1
JEZ /

< Cp?-‘s‘”'(ﬂ—l)‘l(q—1)‘192(?1,0)Z /|§(71W5+1)I dndigs

j€Z 1.

j+n,b

< G2 M (= 1) = V)BT, ) 10 o) 1€ T2resn)s

where Z;, = {(;7, Mes1) € R k() € [b—l—f, bl‘f} } and 0 < & < 1. Thus,

(2)
HMzs,h,q>,n (8) [2(RsH)

< C2 M=) 2 = )T 2l ) 10l o) Il 2y (26)

On the other hand, if p € [7, 00), then by Lemma 3, we obtain that

HMUIW" (&) HLP(RSH)
< CO=D) =17Vl ) 10N o s 18 gz ssy. (27)

Moreover, if p € (1, 1), we conclude that

HMUhd)n(g) HLP(RSH)
< €= =17 by, @) 10 I8l v gen)- (28)

Consequently, when we interpolate (26) with (27) and (28) and then use (25), we directly
get (5) and (6). This finishes the proof of Theorem 1.

In the same manner, except invoking Lemma 4 with b = 27" instead of Lemma 3, we
can prove Theorem 2.

5. Conclusions

In this work, we found appropriate L” bounds for the generalized parabolic Marcinkiewicz

operators Sﬁgiq,  whenever U belongs to the space L1 (S°*~1). By employing these bounds
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(1)

along with Yano’s extrapolation argument, we establish the L” boundedness of M;; ; o,
under very weak conditions assumed on the integral kernels. The results in this article
represent substantial extensions and improvements to previously known results. In fact,
our results improve and extend the results in [2-9,19,22,25]. We notice that the range of p,

|1/p—1/2| < {1/p —1/2} becomes a tiny open interval when y — 17. In future work,
(1)
U,h,®,x

and also whenever U € Béo,—l/z) (S*"NyuL(log L)V/2(S5~1).

we aim to prove the L” boundedness of the operator 9t for the full range of p € (1, )
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