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The goal of this research is to find novel optical solutions to the Kundu-Eckhaus equation, which possess
crucial roles in the field of nonlinear optics. A collective variable (CV) strategy is adopted to solve governing
equation including the Raman effect and quintic nonlinearity. This method is a suitable to deal with both
conservative and non-conservative systems by exposing a set of equations of motion regardless of nonlinearities
or dissipative components. The parameters employed in this approach are chirp, temporal position, phase,
amplitude, frequency and width, namely, collective variables. The fourth order Runge-Kutta technique is a
well-known numerical scheme that aims towards the solution of the resulting system of ordinary differential
equations representing the variables involved in the pulse ansatz. This technique presents the evolution of
pulse parameters with regard to propagation variables. The graphical profiles at suitable values of pulse
parameters are also provided. The unified technique is also applied to find soliton solutions. The obtained
solution is a periodic solitary wave, showed graphically. The results developed in this article are found to be
new in the literature and the approach utilized, can be applied to solve a variety of nonlinear problems in the

mathematical sciences.

Introduction

Nonlinear wave equations are studied extensively in the domains
of applied mathematics and physics, as well as biosciences and en-
gineering. These equations show how dynamical systems can exhibit
a wide range of processes [1-3]. Nonlinear waves can be found in
both physical and natural structures, atmospheric and water waves,
nonlinear optics and disturbance in plasmas and hydrodynamics are
all relevant applications. The propagation of light in nonlinear optical
fibers and planar waveguides is modeled as nonlinear Schrédinger
equation (NLSE) [4-8].

The NLSE is an eminently integrable system with soliton and
breather solutions. Optical solitons are the data transmitters in the
innovative optical fiber communication system because they travel
over long distances without distortion of profile as well as conserve
energy [9-12]. Because of the widespread social need for high bit rates
in optical fiber transmission and developments in laser technology, it is
both required and practical to produce shorter, high-frequency pulses in
fiber by enhancing the intensity of the incident light. This substantially
aids the scrutiny of higher order nonlinear phenomena in optics,
which are frequently simulated using the NLSE with cubic-quintic
components.
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The Kundu-Eckhaus equation (KEE) is a nonlinear partial differ-
ential equation belonging to the nonlinear Schrodinger class that was
independently proposed for the propagation of waves in dispersive
medium by Anjan Kundu and Wiktor Eckhaus [13,14]. In quantum and
nonlinear optics, the KEE can reliably predict the path of ultrashort
pulses and it is used to analyze the optical properties of femtosecond
lasers. In mechanics, KEE can look at the sustainability of Stokes waves
in weakly nonlinear diffusive media. In plasma physics, it can be
used to represent ion-acoustic waves. Some analytical such as self-
localized KEE solutions, are found using approaches such as Backliind
and Darboux transformations, the first integral and the exp-function
techniques. While single and dual self-localized solitons and N-soliton
solutions have also been discovered [15-21].

This model has been studied by many researchers by employing
different techniques due to its applications in different fields of sci-
ence and engineering. Some of them are discussed here. Nisar et al.
has obtained the complete spectrum of soliton solutions for the new
time-fractional perturbed Boussinesq-like equation in 2022 [22]. In
2022, Akinyemi et al. worked on four different forms of general-
ized (2+1)-dimensional Boussinesq—-Kadomtsev-Petviashvili equation
to obtain numerous exact solutions [23]. Ntiamoah et al. obtained soli-
ton, breather and approximate solutions of the higher-order modified
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Korteweg—de Vries equation [24]. Yépez-Martinez et al. investigated
the soliton solutions of perturbed NLSE [25]. Gomez et al. investigated
the generalized Chen-Lee-Liu model with higher order nonlinearity and
achieved the optical solitons [26].

In this manuscript, we use the Ritz-like methodology combined with
He’s variational principle to find the KEE solitons. Regardless of dissi-
pative components or nonlinearities, the collective variable technique
presents equations of motion for both non-conservative and conserva-
tive models. Furthermore, the method pioneered by Boesch et al. [27]
combines an analytical process with a computational methodology or
semi-analytical process to examine the model under discussion. For
analytical approximation, the Runge-Kutta technique of order four is
utilized to integrate the developed system of differential equations. This
approach separates the suggested solution of considered equation into
two parts: soliton and residual. The number of Gaussian pulse param-
eters that may be implemented is computed by the governing physical
model. The governing field equation is converted into CVs when a
mapping is applied. Furthermore, components like amplitude, phase,
width, frequency, chirp and temporal position affect soliton solutions.
This approach is efficient, powerful, and up-to-date for identifying
solutions to diverse nonlinear models [28-31].

The manuscript is formatted as follows: Section “Mathematical
methodology” contains the governing model. The methodology is de-
scribed in SEction “Soliton parameter dynamics”. Soliton solutions
were constructed and their graphical illustrations were supplied in Sec-
tions “Graphical Representation” and “Results and discussion”. Section
“Exact solution using Unified Method” contains the exact solutions by
unified method along the graphical representation. Finally, in Section
“Conclusion”, there are some closing observations.

Governing model

In this article, the Kundu-Eckhaus equation to be considered is
1G, + ayx + Blal*q +48%1q] g + 16°(q1)q = 0. m

For the aforementioned model, The dependent variable g(x,?) denotes
a complex-valued wave profile, whereas 7 and x denote temporal and
spatial variables, respectively.

Mathematical methodology

To demonstrate the proposed approach, the Kundu-Eckhaus solu-
tion should be divided into two parts: residual and soliton components.
Solitons rely on CVs to characterize amplitude, pulse, chirp, width, tem-
poral location, frequency, and other factors, according to the premise.
The phase space of pulses and the dynamical arrangement of the soliton
boundary continue to increase when CVs are initiated. The solution’s
residue is nearly reduced to zero.

Moreover, the soliton field g(x, ) is augmented to include p(x, ) for
the soliton portion and #5(x, ) for the residual portion, with x represent-
ing the spatial component and ¢ indicating the temporal component.
Thus,

q(x, 1) = p(x,1) + n(x, 1), ()]

q(x,1) = p(u(X), uy(X), ..., ug (x), 1) + n(x,1). 3)

The residual energy is calculated as follows

(o] (o]

E =/ In|*dt =/ lq = p(uy (), up(X), ..., ug (x), )|dt, (©)]
E -

= g— = ai nn*dt,
u; Ui J
0
:/ i;111*dt, %)

oo duj
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= / (11*—” + n ;1) dt.
—o ou;  du;
By defining the inner product as follows,

<01,02>=/ 01(Nex(ndt. (6)

The inner product (p, q) that is the generalized form of dot product has
the property

(p,q) = (p,q)*. Therefore, we write Eq. (5) using the given defini-
tion

on on*
N, =", =) + (=
[ <"’0uj>+ auj’">
an* an* on*
= (= gy =2Re((Z-
o+ (G = 2re (G @
a(q(x, 1) = pluy, uy, ... ,ug, )"
— o (DMt D) ®
Uj
—9Re <0q*(x,t) _0p*(uy,up, s ug, 1) ")
ou; u; ’
ap* * ap*
= —2Re ((ai,n>> = —2Re </ L ndt) .
u; —oo OU;
Re denotes the real part and % = 0. We may now write 7(x, t) using
Eq. (3) as !
n(x, 1) = q(x, 1) — p(uy, uy, ..., ug, 1), )

which gives the following relation

on _ 0dp
on* _ dp”
du; __614!-'

Inserting the above equation in Eq. (5) yields

N = a—E :/°° <—a_prl*_ ap*r/)dt
J Ou; o Ou; ou;

=—/ <—”n*+in dr, 10
—oo \OU; ou;
or rather
[Se] *
N; =—2Re/ 2y, an
—oo O

Again, we also get

. dN . o dp*
No="U - e [ L(2))a
S dx —oo dx \ Ou;

(o] * *
- —2Re/ 9079 (99PN 4y 12)
—oo \ Ou; 0x Ox du;
and
K .,
dp* dp* du,
F _ . 13
0x ; du, 0x 13)

Then by inserting Eq. (13) into Eq. (12), we gain

K
. ® [ ap* on b7} op* du,
N, =-2R e R — ) ) as,
! e/_w<0uj 6x+n6uj Zdun ox

n=1
® dp* an & e 9%p* ou,
= —2Re</ £+ Z/ <— n)dt). 14)
—oo Ou; 0x = J-oo \ Ou;ou, ox
Importantly, Dirac’s principal states that a function is approximately
zero when changes in components are not equivalent to zero. Hence,
the system will evolve such that N; are a minimum and the equations
of the constraints are obtained as

N; %0, as)

N; = 0. (16)
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Then by Ref. [32], we obtain the following equation by inserting Eq. (2)
into Eq. (1).
(p+ ) = 1p+ )y +1Bl(p + (o + ) + 4187 [(p + m)|*(p + )

=8 (lp+nl*), (0 +n. a7)
Moreover, from Eq. (3), we have,

_ 0y (x), Uy (x), ..., ug (%), 1) 4ot

= 18
x 0x 0x as)
By merging Egs. (17) and (18), we obtain

K
on dp du,
z_ , 19
ox 2‘1 ou, dx e (19)
with

¢ =1p+n)+1Bl(p + M (p+m)+48% (o + M| (p+m) =8> (Ip +nl*), (p+1).
(20)

Likewise, we observe that

. ©( 02 d
N.:-zR/ % a” dr+ Z/ L0 B gy (21)
J 6u —oo \ Ou;0u, dx

. © /op* 9 62 * d ® 5%
Nj=2ReZ/ ( p —p——pn>dt n e/ d . (22)
— J-o \ Ou; Ou,  Ou;ou, dx oo OU;

J

It may be written in a more compact form as

; ON
N; = = —U +B, (23)
Jdu
- oN
U=- [N . @4)
Jdu
where
roN, 0N, oN; oN; ON;  ON;
du; Ouy duz duy dus dug
0N, ON, 0N, ON, 9N, 0N,
ou; Ouy dusy Ouy dus dug
ON;  9N3 ON; ON3 9N3  ON3
ON | om duy duy duy dus dug
ou | 9Ny oNg  ONy 0Ny 0Ny Ny |
duy Ouy duy duy dus Jug
ONs ONs 0Ns 0ONs dNs  0Ns
ouj Juy 0s3 duy dus dug
ONg Ny ONg ONg dNg  0Ng
L duy duy duy duy dus Jug |
while
Uy B,
Uiy B,
. U B
U=|"3 and B=|3
Uiy B,
Us Bs
Ui By

Finally, we have B;, which is as follows,

(s a £
B, = —2Re / P car,
—oo O

:—2Re/ zpnidt—ZRe/ "y Lt
o ou; o O

co ap* o 0/7*
—2Re/ tﬁplplzﬁdt—ZRe/ zﬂr]lnlzﬁdt
—o0 j —00 J

® 52 40p" ® s 140p"
—2Re/ 4167 p|p| —dI—ZRe/ 416°n|n|* =—dt (25)
— i o ou;

) *
+2Re/ p(1o1), —dt+2Re/ 52n(|n|2),%dt,
—0 —00 j

where j =1,2,...,K.
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Soliton parameter dynamics

To derive the set of equations for the CVs, we apply the constraint
equations formerly generated by producing the function p(u;,u,, ..., u,).
However, we assume that the soliton function p is built up of six CVs
in the following form by using the Gaussian ansatz.

(t — up)?
2

!
p = uj exp <§u4(t - 142)2 -
u
3

+us(t —uy) + tu6> , (26)
where u,(p = 1,2,3,...,6) representing the center position, phase,
amplitude, width, frequency and chirp. The primary approximation to
construct differential equations for CVs, termed the lowest order CV
assumption, is utilized. This concept reduces the residual component
to zero, (n(x,t) =0), (%) is as below (see Box I).

while
B, =0, (28)
43 3 s
B, = Zﬂ:uf [ 3 u?u5u3 - Zu%uit@ + —u?u3u5
6°u 3
g - —L 28 29)
2u; 3
By =— 2ﬂu?u4, (30)
-3 3 1 1
B, = 27tufu3 [ 13 52u‘1lu§ + ﬁu;‘ui - \/_ﬂu%ug + 8u§ %— §:| s
(31
2mu u3u u
By= — 1343 (32)
2
43 1 puius
By = Znu% [Tﬁ2u?u3 + u3u§ + Zugui - NG + wl (33)

Likewise, by inserting Egs. (27) and (28)—(33) into Eq. (24), we acquire

Uy = —ujuy,
2.2
L 4\/_4 ﬂ\/§2 3 339 \/55“1 3us
iy = —u3 ujuzus + o Uit U3y = JUllls = —— = —=
3 3
154
- §u4u3u5
44/3
— U3l 1 - —ﬂ\/_u U3 +u3u5 - £52u4u; +— ! ,
4 3 us
iy = 2u3uy,

. 32 \/3242 1 1,3 49
iy = - <T6 u——ﬂ\/_uu +8uu §+3—2u3u4

_4
U3
s = —lyliz <4\3/§u4u3u5 + = ﬁ\/_u Uzlls — Uzl ;
3 - o2
— Uzliglis <‘1-‘ % V2uuy + sl — %35%4143 + 52)

44/3
z)6=—u5u;< \3/_14 uzus + = ﬂ\/_u usus — g



M.M.M. Jaradat et al.

Results in Physics 43 (2022) 106084

3 -1
0 0 0 0
2v/2xuy s \/Eul iyt s
0 == 0 0 A A
Vamd Vamd Vamd
2
= 0 CR 0 0
27uy uy
-1 0 0 0 1oy 2 0 Vs
- "o =
“ 32228 [u?d)
1 M_‘_MS
()
0 MMZ 0 0 uzlgus
Varl 2351048 er
327248 3u]
1 2 9+73
0 usus 0 _2\/2 uzugus 2 <u5u3 § )
| Vot 7 Vi =
Box I.
_ §u3u 2 1 \/5 522 — 3& where u shows the wave number of soliton and v is frequency of soliton.
47350 oy, U Therefore, by utilizing
Eq. (34) in (1), we obtain [39
4 —\/3224 B 220, 1oy 1 3 4, e G4 in (1) 291
- 6%uzuy — o5 V2ujuy + qusis — o + Suzuy 2 5 22 3 2, 0
u% 18 32 8 8 32 —48°q +25°q°q'E+qv—Bg’ +qu - +4"'E7 =0, (35)
— %uiuéu? that is
7 2 2 n 3 25 2g 2 1
1 u 1 1 —(v+u)g—-E°q" + g’ +467¢° —26°¢q°q = 0. (36)
- = <u§ug + 3%) <Zugui - Eﬁ\/zu%bg + u3u§
U3 Now by taking in consideration the homogeneous balance principle

Graphical representation
Non chirping effect

Chirping effect

Results and discussion

In this article, we exhibit several computational simulations of the
propagation of pulse variables to verify the effectiveness of the CV
approach used on the Kundu-Eckhaus equation. The explicit Runge-
Kutta technique of order four was used to get numerical solutions for
the resulting equations of motion in the form of a set of six differential
equations. In addition, we provide the graphical representations of the
solitons features in Figs. 1 and 2 with the chirping and non-chirping
effects for the corresponding parameter values: f =1, & = 1.

The amplitude, width, frequency, temporal position, chirp and
phase of pulse are represented by the CVs u,, u,, u3, uy, us, ug. It is worthy
to note that when the pulse propagates, CVs oscillate periodically with
uniform wavelengths. Furthermore, the free energy was evaluated using
uy, us, uy, and us, which stand for amplitude, width, chirp, and pulse
phase, respectively. The CV method simplified the study of the resulting
equations and clarified the influence of variables in the KE model.
Further, Unified Method (UM) has been applied in order to extract new
solitary solution, of the governing model, in form of polynomial.

Remark. To the best of our knowledge, the obtained results are found
to be new by comparing with the existing literature [33-38].

Exact solution using unified method

In this portion, the UM method is applied to extract solitary solution
to Eq. (1). We take initial with the traveling wave solution of Eq. (1)
as follow

qgx,t)=q(a) ¥, w=pux+vt, a=iE(x—2ut), (34)

between the highest order derivative and non linear terms appearing in
Eq. (36), we get n = 1/2. We will utilize the following transformation
in order to obtain closed form solution:

qla) =u'’?, (37)
then it will transform Eq. (36) into the following ODE
—4v + 2P + 2 = 282" + 4B3 + 1667t — 4528uP = 0, (38)

applying balancing criteria again, we get the balancing number n = 1.
Solitary solution
Analyzing Eq. (38) has the polynomial solution [40] as

w@) =Y 4,0"@), g, #0.

m=0

(39)

In aforementioned equation, ¢,, are unknown parameters and function
u(«) has obtained by solving the auxiliary equation:

ov

z ¢, 0"@), o=

m=0

0" (@)” = 1,2, (40)
where c,, are arbitrary constants. The homogeneous balancing condi-
tion must be inserted between the highest derivative and the highest
nonlinear term in Eq. (2) in order to define numerical values of n in
terms of v, and v must be determined using the consistency criterion.
The relation n = v — 1, where v > 1, has been obtained, by applying
balancing criteria on (38). Here we look at the solutions when v = 2
with ¢ = 1. Therefore we obtain

u(@) = g + 416 (@), (41)

0'(@) = cy + 10 (@) + c,6° (@)

A system of non-linear equations is obtained by substituting Eq. (41)
into Eq. (38).

—48%Ecyq,” +165%q,* — 3E%¢,2q,% = 0,
— 468%c1q° — 86%Ecqyqy > + 6462q0q,> — 4 E2 ¢ crq,>

(42)
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(e) Frequency

Fig. 1. Analyzing collective variables u,(p=123,...,

— 4% g0, +4 B> =0,
-4 (a2 + ﬂ) qlz - équz (2 coCy + c12) - 6(:2110(]16162
+12 Bgoq,” +96 59074,
- 45%q; ) — 86%¢qng, ¢ — 4678457 q 0, = 0,
-8 (0!2 +8) o4y — 2&%q0q, (2coer + 012)
+12fay’qy +645°q a1 — 86°Eqpa, %o
- 46%ay’q1c, =0,
—4 (P +p) )’ +E ey’ —2Eq0a10001

(43)

(44)

(45)
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(b) Temporal Position

0.5

(d) Chirp

6) versus propagation distance x with u; =u, =u3 =1, uy, =us =ug =0.

+40q)3 +166%q,* — 4622g2q,co = 0. (46)

This system will be further solve by using softwares like maple or
mathematica. The following outcomes are obtained

N ittt Vi it Vit A
2(s2-2)° ’ 4
_ 4ay(@5%q+ P —8q)  _ 485%qy — 164p)

¢ , C , ¢y = 16q,. 47
0 =) 1 @2 _2) > = 164, 47)
By solving the auxiliary equation 6'(a) = ¢ + ¢,0 (a) + ¢,6% (a) and

substituting together with
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Fig. 2. Analyzing collective variables u,(p=12,...

Eq. (47), we find that, Eq. (39) has the solitary solution.

(-6 +2) T 2)2 tanh(2a 55 2)2) g

—-16
Substituting Eq. (48) in Eq. (38), we obtain

(=62 +2)/ Grkap tanhQa 5h5) -
g(a) = .

u=

852 — 16
Hence, we get the following solution

\J( —52+2) Tar 2)2 tanh(Z(Jt(é2 7))~
N =
o0 857 - 16

where a = 1&(x — 2ut).

el(ux+vr) ,

(48)

(49

(50)

The obtained solitary solution is illustrated in 3D and 2D graphs in

Fig. 3 with parameter values g = —-0.75, 6 = 1, u = 1.5.
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(b) Temporal Position

5 10 1 20
-05¢
-1.0:—
(d) Chirp
0t
200
101
S N
(f) Phase

,6) versus propagation distance x with u; =u, =uz =u, =1, us = us =0.

Conclusion

This paper effectively investigates the solutions of Kundu-Eckhaus
utilizing the CV approach. A set of ordinary differential equations are
determined by the CV technique for pulse dispersion in optical fibers.
This study uncovers solitons in the sense of computational impacts,
leading to a discrete domain of pulse behavior for a wide range of
parameter values. The CV approach’s core idea has been based on the
application of a condition, N; ~ 0, to the CVs u,(p = 1,2,..., k). Exam-
ining the graphs of the derived solutions can teach us a lot about the
Kundu-Eckhaus problem’s dynamics. The unified method has also been
applied to find soliton solutions. The achieved solution is a periodic
solitary wave, shown in Fig. 3. These methods might be beneficial for
the fractional differential equation in the long run to better comprehend
the model’s inherent characteristics. The solutions achieved in this
paper are known to be new in the existing literature and the approaches
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Fig. 3. Solitary solution of Eq. (50).

utilized, can be applied to solve a variety of nonlinear problems in
mathematical sciences and might be valuable in identifying the physical
importance of this model for mathematicians, engineers and physicists.
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