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A B S T R A C T   

Dynamic behavior of a new class of nanocomposites consisted of metal foam as matrix and 
graphene oxide powders as reinforcement is presented in this study in the framework of forced 
vibration. Graphene oxide powders are dispersed through the thickness of a plate made from 
metal foam material according to four various functionally graded patterns on the basis of the 
Halpin-Tsai micromechanical homogenization method. Also, three kinds of porosity distributions 
including two symmetric and one uniform patterns are considered for the metal foam matrix. As 
external effects, the plate is rested on the Winkler-Pasternak substrate and under uniform thermal 
and transverse dynamic loadings. By an incorporation of the refined higher order plate theory and 
Hamilton’s principle, the governing equations of the dynamically loaded graphene oxide powder 
reinforced metal foam nanocomposite plate are derived and then solved with Galerkin exact 
solution method to achieve the resonance frequencies and dynamic deflections of the structure. 
Moreover, the influence of different boundary conditions is taken into account. The results 
indicate that the forced vibrational response of the graphene oxide powder strengthened metal 
foam nanocomposite plate is dramatically dependent on various parameters such as graphene 
oxide powders’ weight fraction, different boundary conditions, various porosity distributions, 
foundation parameters and temperature change of uniform thermal loading.   

1. Introduction 

In recent years, lightweight materials have gained the consideration of many engineering science researchers due to their desirable 
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stiffness to weight ratio. Also, metal foam structure, as an extremely lightweight cellular structure comprising of solid metal with gas- 
filled pores containing the majority of the volume, is an appropriate and lucrative class of lightweight materials employed by several 
industries such as mechanical, automotive, aerospace, and civil engineering owing to their broad applications provided by eligible 
attributes suchlike high damping capacity and energy decadence. In addition, dispersing of the porosity or foams continuously along 
with the thickness or other directions makes us able to adjust the relevant parameters for attaining particular purposes. Therefore, 
these types of materials became attractive to explore for some researchers. 

In order to acquire and detect the mechanical behavior of metal foams, researchers have worked on vibration, bending, and 
buckling analysis of aforesaid interesting structures. Magnucki and Stasiewicz [1] analytically and by means of finite element method 
(FEM) investigated the elastic buckling issue of the metal foam beam constructions. Smith et al. [2] studied the metal foams advantages 
and characteristics such as their raised machinability, adjustable density and porosity. Chen et al. [3] studied the free and also forced 
dynamic behavior of metal foam beams, in which the porosity distributed in the functionally graded form and also it is explored that 
symmetric porosity variation is efficient for achieving the largest stiffness in this structure. Furthermore, Chen et al. [3] explored free 
and also forced vibration demeanor of shear deformable functionally graded dispersed metal foam beams, in the framework of 
Timoshenko beam theory. Buckling behavior of a circular functionally graded porous plate, in which the pores are saturated with 
liquid and also porosity is distributed along the thickness direction, is presented by Jabbari et al. [4]. Free vibration of the Levy-type 
rectangular metal foam plate is explored by Rezaei and Saidi [5] in the Carrera Unified Formulation framework. Wave propagation 
behavior of porous beams using both Euler–Bernoulli and also Timoshenko beam theories is studied by Wang et al. [6]. Jasion et al. [7] 
presented the analytical, experimental and numerical investigation of buckling characteristics of sandwich beams and circular plates, 
in which the core of sandwich structure is a porous material to enhance the stiffness. The vibrational behavior of the FG laminated plate 
with porous core was investigated by Safaei [8] with utilizing a FEM to show that this porous core can improve the natural frequency 
responses of laminated composites. Liu et al. [9] investigated the experimental research on dynamic characteristics of porous mate
rials, according to direct impact Hopkinson bar test. Belica et al. [10] conducted the dynamic stability of an isotropic porous cylindrical 
shell utilizing Galerkin’s procedure. Recently, propagation of waves in metal foam plates and shell resting on an elastic substrate was 
probed by Ebrahimi and Seyfi [11], Ebrahimi and Seyfi [12]. 

Nowadays, engineers believe that the supreme mechanical characteristics of nano-particles are advantageous enough to be used as 
reinforcement in composites. Nanocomposite materials including at least one nano-size element utilized as reinforcement for poly
meric matrix, play a vital role in modern industries owing to their outstanding characteristics, that, they are unattainable by using 
single constituents alone. Researchers discovered some enhancements in the stiffness, electrical performance and morphological 
characteristics of nanocomposite materials behavior. Some of these famous nano-scale reinforcements can be carbon nanotube (CNT), 
graphene, and graphene platelet (GPL), which are important category of technological reinforcing elements that possesses innu
merable lucrative and novel attributes. Nanocomposite structures can be in both macro and nano scales but they are completely 
different from the structures in micro or nano-scales [13–18]. Accordingly, it is of great significance to investigate the mechanical 
demeanor of these strengthened composites. The effect of employing of three various types of graphene based reinforcements on 
fracture toughness and also failure mechanism on nanocomposites is conducted by Chandrasekaran et al. [19]. The effect of CNTs and 
GPLs on the heat transfer response of polymer nanocomposite cylinders was surveyed by Behdinan et al. [20]. Carbon 
nanotube-reinforced nanocomposites (CNTRCs) is considered in terms of analyzing vibration behavior employing Eshel
by–Mori–Tanaka method by Formica et al. [21]. Static and also free vibration characteristics of CNTRCs plates using diverse methods 
and considering different frameworks investigated by Alibeigloo and Emtehani [22], Zhu et al. [23]. Bending, buckling and vibration 
demeanor of CNTRC beams embedded on Winkler-Pasternak foundation, employing higher-order shear deformation theories, 
explored by Wattanasakulpong and Ungbhakorn [24]. Post-buckling behavior of through thickness functionally graded CNTRC 
(FG-CNTRC) cylindrical panels resting on elastic substrate employing higher-order shear deformation theory (HSDT) is conducted by 
Shen and Xiang [25]. An extensive research on vibration characteristics of functionally graded carbon nanotube (FG-CNTRC) 
implementing FEM, presented by Heshmati et al. [26] to indicate the influence of various parameters such as CNT’s waviness or length 
on nanocomposite materials properties. First-order shear deformation theory (FSDT) and the kp-Ritz approach is utilized to study the 
free vibration behavior of laminated FG-CNTRC plates by Lei et al. [27]. Laminated CNTRC plates considered in terms of studying the 
post-buckling behavior by Zhang et al. [28] employing the FSDT. Song et al. [29] implemented the Reddy’s theory in order to 
investigate the dynamic demeanor of diverse distribution types of FG-CNTRC under impact loading. Ansari et al. [30] conducted the 
vibration and also buckling analysis of through thickness FG-CNTR nanocomposite plates resting on elastic foundation subjected to 
thermal loading, applying the variational differential quadrature approach. Garcia-Macias et al. [31] explored the agglomeration 
influence of carbonic FG nanocomposite plates on the bending and also free vibration demeanor, using Mori-Tanaka model. Pour
asghar and Chen [32] conducted the thermo-elastic solution of FG-CNTRC cylindrical panels utilizing combined implementation of the 
differential quadrature method (DQM) and the Newton Raphson approach. Furthermore, single-walled carbon nanotubes (SWCNTs) 
owing to their great ongoing utilization and benefits such as reinforcements in composite materials, catalysts, additives in polymers, so 
on and so forth. The Ritz method is employed by Ke et al. [33] to explore the nonlinear vibration demeanor of SWCNTs in which, 
CNT-reinforcements are supposed to be graded in special direction to achieve some desired characteristics. The axial buckling analysis 
of the single-layer graphene sheet embedded on two-parameter elastic foundation was conducted by Fattahi et al. [34] on the basis of 
three different theories. Chatterjee et al. [35] studied the mechanical behavior of epoxy matrix reinforced with graphene nanoplatelets 
(GNPs) and also diverse mixture ratios of CNTs beside GNPs. Yadav and Cho [36] explored the consequence of the functionalized GNPs 
on mechanical and also thermal characteristics of GPL-reinforced nanocomposites by Raman spectroscopy technique. Yang et al. [37] 
explored buckling and also postbuckling behavior of multi-layered nanocomposite beams strengthened with GPLs through FSDT. Song 
et al. [38] applied FSDT to study both free and forced vibration characteristics of GPL-strengthened composite plates. Feng et al. [39] 
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investigated the nonlinear vibration demeanor of a multi-layered through thickness dispersed GPL-reinforced nanocomposite beams 
by means of Ritz method. Natural frequency analysis of GPL-reinforced nanocomposite beams embedded on viscoelastic substrate 
using Navier’s solution method is studied by Qaderi et al. [40]. Liu et al. [41] conducted both buckling and also free vibration behavior 
of multi-layered nonlinearly through thickness dispersed GPL-reinforced nanocomposite cylindrical shells within the framework of 
three-dimensional elasticity theory. Analytical solutions for bending and buckling characteristics of nanocomposite plates reinforced 
with functionally graded GPLs implementing FSDT explored by Song et al. [42]. Afterward, Shen et al. [43] investigated the nonlinear 
bending demeanor of laminated FG graphene reinforced nanocomposite panels rested on elastic substrate by means of Reddy’s theory. 
Also, some researchers have studied the wave dispersion behavior of GPL or CNT (carbon-based reinforcements) reinforced nano
composites subjected to various conditions and effects [44–48]. Besides, some researchers [49,50] have applied porosity patterns in 
CNT or GPL reinforced nanocomposite structures to investigate how this effect can influence the mechanical responses of these 
nanocomposites. 

Furthermore, there is one more type of carbonic nanoparticle, known as graphene oxide, that represented adequate astounding 
characteristics to be utilized as reinforcement in composite materials, for instance, its desirable mechanical performance with low cost 
and also it is more compatible in association with polymers [51–55]. GO is an intensely-oxidized form of graphene itself and has 
sufficient oxygen-containing groups within it. In addition to all applications of GO such as energy and power industry, biomedical 
procedures, super-capacitor material, batteries, LED technologies, graphene oxide powders (GOPs) is a novel nano-scale reinforcement 
especially for polymer nanocomposites [56]. Accordingly, these materials have attracted the researcher’s interest. Experimental 
studies on elastic parameters of single layer GO by Gómez-Navarro et al. [57] indicated the Young’s modulus about 0.25 ​ ± ​ 0.25 ​ TPa. 
It is investigated by Tang et al. [58] that, various types of dispersion model of graphene oxides (GOs) have different results on me
chanical and thermal behavior of graphene/epoxy composites, that this effects found and studied in this article. Zhang et al. [59] 
explored the bending, buckling, and also natural frequency characteristics of functionally graded GOPs reinforced multi-layered 
composite beams by means of FSDT, and it is indicated that using GOP is more effective to enhance the mechanical properties of 
matrix, compared with other carbonic reinforcements. Moreover, vibration behavior of functionally graded GOP-reinforced nano
composite plates subjected to various thermal behaviors and rested elastic and viscoelastic foundations is studied by Ebrahimi et al. 
[60,61]. Likewise, Ebrahimi et al. [62] surveyed the vibration demeanor of GOP reinforced nanocomposite beams under a non-uniform 
magnetic field utilizing Galerkin’s method. Buckling characteristics of GOP reinforced nanocomposite structures subjected to thermal 
loading or magnetic fields investigated by Ebrahimi et al. [63,64]. Wave propagation behavior of GOP reinforced nanocomposite 
plates under various thermal situations by means of refined higher order plate theory is conducted by Ebrahimi et al. [56]. According 
to the best of the authors’ knowledge, from the literature survey, it may be discovered that forced dynamic analysis of graphene oxide 
powder strengthened metal foam (GOPRMF) nanocomposite plate subjected to thermal environment is a novel subject which is not 
conducted hitherto. 

In this paper, the forced vibration and resonance behaviors of the metal foam plate reinforced with GOPs are studied for the first 
time. As mentioned above, GOPs have astounding properties which make them to be considered as a novel nano reinforcement. Also, 
an advanced theory with the name of “Refined Higher Order Plate Theory” have been utilized in which there is no need to use shear 

Fig. 1. Schematic diagram for geometry of the plate and four various types of GOP distributions.  
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correction factor and also it is as simple as classical theories in many aspects but with very more accurate responses due to considering 
shear deformations. Besides, the influence of some other parameters such as thermal loading and elastic foundation on the resonance 
response of this structure are investigated. The new results of this paper indicate that adding GOPs to the metal foam plate will 
significantly improve the stiffness of the structure which can postpone the resonance phenomena and decrease the deflection of the 
metal foam plate. 

2. Theoretical formulations and mathematical relations 

2.1. Micromechanical material homogenization 

2.1.1. Effective material properties of the GOP reinforced metal plate 
The under-study structure shown in Fig. 1, includes steel material used as matrix, which the material properties brought in Table 1, 

and the GOPs distributed as reinforcement of the metal matrix. In addition, it is observable that the structure is embedded on a 
foundation consisted of Winkler and Pasternak layers. Also, it is indicated in the aforementioned figure, the reinforcement powders 
dispersed according to different patterns, such as UD (uniform distribution), FG-X, FG-O and FG-V functions. These patterns may be 
induced via putting the nano-powders in a series of determined circumstances, which can be computed by following formulations: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

VGOP = VT
GOP GOPR (UD)

VGOP =

(

2 − 4
|z|
h

)

× VT
GOP GOPR (FG − O)

VGOP = 4
|z|
h
× VT

GOP GOPR (FG − X)

VGOP =
(

1 + 2
z
h

)
× VT

GOP GOPR (FG − V)

(1)  

where, h indicates the thickness of plate and also VT
GOP represents the reinforcements’ total volume fraction the can be stated as: 

VT
GOP =

1

1 +

(
ρGOP
ρM

)(
1

WGOP
− 1
) (2)  

in which, the subscripts M and GOP belong to the matrix material (steel) and the GOP reinforcements, respectively. Moreover, W and ρ 
stand for the weight fraction and mass density, respectively. The next step is to obtain the effective values of required parameters such 
as Young’s modulus, poison’s ratio and coefficient of thermal expansion (CTE) of reinforced nanocomposite. In this study, the deri
vation of the material characteristics developed by means of Halpin-Tsai homogenization approach [59,65]. Eventually, the Young’s 
modulus may be derived as follows: 

EGOPR = 0.49El + 0.51Et (3)  

where, El and Et represents the longitudinal and transverse Young’s modulus of the GOP reinforced nanocomposite, respectively. These 
aforementioned values can be calculated according to Zhang et al. [59]: 

El =
EM × (1 + ξl ηl VGOP)

1 − ηl VGOP
, Et =

EM × (1 + ξt ηt VGOP)

1 − ηt VGOP
(4)  

in which 

Table 1 
The mechanical properties of the constitutive materials for the GOPRMF nano
composite plate.  

Metal matrix (ASTM A36 steel) Reinforcement phase (GOP) 

Em = 200Gpa  EGOP = 444.8 GPa  
νm = 0.26  νGOP = 0.165  

ρm = 7850 kg/m3  ρGOP = 1090 kg/m3  

Gm = 79.3Gpa  GGOP = 190.9Gpa  

αm = 1.2× 10− 5 1/K  αGOP = − 5× 10− 5 1/K   
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ηl =

(
EGOP
EM

)

− 1
(

EGOP
EM

)

+ ξl

, ηt =

(
EGOP
EM

)

− 1
(

EGOP
EM

)

+ ξt

(5)  

where, E belongs to Young’s modulus parameter and also, the geometry factors (ξl and ξt) can be calculated as below Zhang et al. [59]: 

ξl = ξt =
2dGOP

hGOP
(6)  

in which dGOP and hGOP correspond with GOPs’ diameter and thickness, respectively. Afterward, the rule of mixture is implemented to 
derive the effective Poisson’s ratio of the reinforced nanocomposite, as it is mentioned below: 

νGOPR = νM VM + νGOP VGOP (7a)  

ρGOPR = ρM VM + ρGOP VGOP (7b)  

where, V and ν stand for volume fraction and Poisson’s ratio of subscript of each term, respectively. It must be stated that the effective 
mass density may be calculated in the same way as Poisson’s ratio is obtained in Eq. (7). The following relation can be indicated how 
the volume fractions are related to each other: 

VGOP +VM = 1 (8)  

thereafter, coefficient of thermal expansion (CTE) have to be achieved for GOP reinforced nanocomposites using the below equation 
Van Es [65]: 

αGOPR = αM +

(αM + αGOP)

(
1

Keff
+ 1

KM

)

1
KM

+ 1
KGOP

(9)  

where K denotes the bulk moduli and α represents the CTE that each parameter belongs to the subscript materials. 

2.1.2. Various porosity dispersion model of the metal foam plate reinforced with GOPs 
The considered metal matrix GOP is assumed to be made of a metal foam material. Further, three types of porosity distribution 

supposed to be taken into account. All the porosity types presumed to be symmetric with respect to mid-plane. Then, in porosity 
distribution symmetric type I the size of pores decreases from mid-plane to the outer surfaces (the mid-plane contains the largest size of 
pores) and also in porosity distribution symmetric type II the size of pores decreases from outer surfaces to the mid-plane (the mid- 
plane contains the smallest size of pores). Evidently, these two types of pore dispersions display graded features similar to FG ma
terials [66–73]. The other type of distribution contains the pores with the same size all over the thickness. 

E(z)=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

EGOPR

(
1 − e1 cos

(πz
h

))
Porosity distribution 1

EGOPR

[
1 − e2

(
1 − cos

(πz
h

))]
Porosity distribution 2

EGOPR × e3 Uniform porosity distribution

(10)  

ρ(z)=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρGOPR

(
1 − em1 cos

(πz
h

))
Porosity distribution 1

ρGOPR

[
1 − em2

(
1 − cos

(πz
h

))]
Porosity distribution 2

ρGOPR × em3 Uniform porosity distribution

(11)  

μ(z)= μGOPR (12) 

The relation between Young’s modulus E(z) and mass density ρ(z) is expressed using the Young’s modulus and mass density of GOP 
reinforced nanocomposite (EGOPR and ρGOPR), as below [74–76]: 

ρ(z)
ρGOPR

=

(
E(z)

EGOPR

)1/2

(13) 

The mass density (em1,em2, and em3) and porosity coefficients (e1, e2, and e3) are formulated as below Yang et al. [76]: 
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⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(
1 − e1 cos

(πz
h

))
=
(

1 − em1 cos
(πz

h

))2

[
1 − e2

(
1 − cos

(πz
h

))]
=
[
1 − em2

(
1 − cos

(πz
h

))]2

e3 = (em3)
2

(14) 

According to the premise that the entire mass of GOP reinforced nanocomposite metal foam plates with different porosity or GOP 
dispersion are equivalent, we have: 

∫h/2

0

(
1 − e1 cos

(πz
h

))1/2
dz=

∫h/2

0

(
1 − e2 cos

(πz
h

))1/2
dz=

∫h/2

0

(e3)
1/2dz (15)  

2.2. Refined higher-order shear deformable plate theory 

This section is allocated to the kinematic formulization of aforementioned plate element to obtain a set of preliminary equations, in 
order to employ them to achieve the governing equations of a plate. The displacement-based theories can be divided into the classical 
plate theory and shear deformation plate theories. The classical plate theory (CPT) neglected transverse shear strains and assumed that 
normal to the mid-plane before deformation remain straight and normal to the plane after deformation. Thus, the classical theory can 
be only used for thin plates and will give erroneous results when being used for thick plates, especially the plates made of advanced 
composites Thereupon, the refined higher-order shear deformable plate theory developed via researchers, in order to assess the shear 
stress and strain of the plate. In this regard, a shape function is stated in each theory. Herein, the refined shape of sinusoidal plate 
theory is implemented for the sake of achieving the kinematic relations of the plate. The most interesting feature of this theory is that it 
does not require shear correction factor, and has strong similarities with the CPT in some aspects such as governing equation, boundary 
conditions and moment expressions. Based on this theory, the plate’s displacement fields can be formulated as below Belkorissat et al. 
[77]: 

ux(x, y, z)= u(x, y) − z
∂wb

∂x
− f (z)

∂ws

∂x
(16)  

uy(x, y, z)= v(x, y) − z
∂wb

∂y
− f (z)

∂ws

∂y
(17)  

uz(x, y, z)=wb(x, y) + ws(x, y) (18)  

in which, u, v, wb and ws stand for longitudinal and transverse displacements, bending and shear deflections, respectively. The asso
ciated shape functions of the implemented theory can be written as follows Ebrahimi et al. [61]: 

f (z)= z −
h
π sin

(πz
h

)
(19) 

Also, the nonzero strains of the plate can be stated as the following equations: 

⎧
⎪⎨

⎪⎩

εx

εy

γxy

⎫
⎪⎬

⎪⎭
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ε0
x

ε0
y

γ0
xy

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

+ z

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

kb
x

kb
y

kb
xy

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

+ f (z)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ks
x

ks
y

ks
xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

,

{ γyz

γxz

}

= g(z)

⎛

⎝

⎧
⎨

⎩

γs
yz

γs
xz

⎫
⎬

⎭
+

⎧
⎨

⎩

γb
yz

γb
xz

⎫
⎬

⎭

⎞

⎠

(20)  

in which, 
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⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ε0
x

ε0
y

γ0
xy

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x

∂v
∂y

∂u
∂y

+
∂v
∂x

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

kb
x

kb
y

kb
xy

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2wb

∂x2

−
∂2wb

∂y2

− 2
∂2wb

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ks
x

ks
y

ks
xy

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2ws

∂x2

−
∂2ws

∂y2

− 2
∂2ws

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧
⎨

⎩

γs
yz

γs
xz

⎫
⎬

⎭
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂ws

∂y

∂ws

∂x

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

⎧
⎪⎨

⎪⎩

γb
yz

γb
xz

⎫
⎪⎬

⎪⎭
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂wb

∂y

∂wb

∂x

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, g(z) = 1 −
df (z)

dz

(21)  

2.3. Hamilton’s principle 

Herein, Hamilton’s principle which is utilized to obtain the Euler-Lagrange equation, is expressed as follows: 

∫t

0

δ(U +Π + T) dt = 0 (22)  

where, U belongs to the strain energy, Π belongs to the work done by external forces and T belongs to the kinetic energy, respectively. 
The strain energy’s variation is expressed as below: 

δU =

∫

V

σijδεijdV =

∫

V

(
σxδεx + σyδεy + σxyδγxy + σyzδγyz + σxzδγxz

)
dV (23) 

Substituting equations. (16)–(21) in Eq. (23) yields: 

δU =

∫L

0

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Nx
∂δu
∂x

− Mb
x
∂2δwb

∂x2 − Ms
x
∂2δws

∂x2 + Q
∂ws

∂x
+ Ny

∂δv
∂y

− Mb
y
∂2δwb

∂y2 − Ms
y
∂2δws

∂y2 + Nxy

(
∂δu
∂y

+
∂δv
∂x

)

− 2Mb
xy

∂2δwb

∂x∂y
− 2Ms

xy
∂2δws

∂x∂y
+ Qyz

∂δws

∂y
+ Qxz

∂δws

∂x

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

dx (24)  

where the utilized parameters introduced at the last equation are expressed as follows: 

[
Ni Mb

i Mb
i

]
=

∫

A

[ 1 z f (z) ]σi dA, i = (x, y, xy) (25)  

Qi =

∫

A

g(z) σi dA, i = (xz, yz) (26)  

then, the first variation of work done by applied forces (Π) can be written as below: 

δΠ =

∫L

0

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

(
NT

x

) ∂δ(wb + ws)

∂x
∂(wb + ws)

∂x
−
(
kw − qdynamic

)
δ(wb + ws) + kp

+
∂2δ(wb + ws)

∂x2 +
(

NT
y

) ∂δ(wb + ws)

∂y
∂(wb + ws)

∂y

+2δN0
xy

∂(wb + ws)

∂x
∂(wb + ws)

∂y

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

dx (27)  

kw and kp presented in the above equation are belong to Winkler and Pasternak substrates coefficients [78], respectively. Also, qdynamic 

is the transverse dynamic loading. In addition, it is considered that a biaxial thermal loading (NT
x = NT

y = NT) is applied to the 
under-study plate structure; besides, the shear loading is ignored (N0

xy = 0). Hence, the thermal loading (NT) can be expressed as [79]: 
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NT =

∫ h/2

− h/2

(
EGOPR

1 − νGOPR
αGOPR ΔT

)

dz (28)  

moreover, the conversion of the kinetic energy can be defined as: 

δT =

∫a

0

∫b

0

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

I0

(
∂u
∂t

∂δu
∂t

+
∂v
∂t

∂δv
∂t

+
∂(wb + ws)

∂t
∂δ(wb + ws)

∂t

)

− I1

(
∂u
∂t

∂δwb

∂x∂t
+

∂wb

∂x∂t
∂δu
∂t

+
∂v
∂t

∂δwb

∂y∂t
+

∂wb

∂y∂t
∂δv
∂t

)

+I2

(
∂wb

∂x∂t
∂δwb

∂x∂t
+

∂wb

∂y∂t
∂δwb

∂y∂t

)

− J1

(
∂u
∂t

∂δws

∂x∂t
+

∂wb

∂x∂t
∂δu
∂t

+
∂v
∂t

∂δws

∂y∂t
+

∂ws

∂y∂t
∂δv
∂t

)

+K2

(
∂ws

∂x∂t
∂δws

∂x∂t
+

∂ws

∂y∂t
∂δws

∂y∂t

)

+J2

(
∂wb

∂x∂t
∂δws

∂x∂t
+

∂ws

∂x∂t
∂δwb

∂x∂t
+

∂wb

∂y∂t
∂δws

∂y∂t
+

∂ws

∂y∂t
∂δwb

∂y∂t

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

dxdy (29)  

in which 

[ I0 I1 J1 I2 J2 K2 ] =

∫ h/2

− h/2

[
1 z f z2 zf (z) f 2(z)

]
ρ(z)dz (30)  

hereon, by replacing Eqs. (24), (27) and (29) into Eq. (22) and setting the coefficients of δu, δv, δwb and δws equal to zero, the below 
Euler–Lagrange equation may be achieved: 

Table 2 
The acceptable functions Xm(x) and Yn(y) for various B.Cs [80].  

Edge condition The functions Xm(x) and Yn(y) B.Cs  

Xm(x) Yn(y) At x = 0,a  At y = 0,b  
S–S–S–S sin(αx) sin(βy) Xm(0) = X ′

m(0) = 0  Yn(0) = Y ′

n (0) = 0  

Xm(a) = X ′

m(a) = 0  Yn(b) = Y ′

n (b) = 0  
C–C–S–S sin2(αy) sin(βy) Xm(0) = X ′

m(0) = 0  Yn(0) = Y ′

n (0) = 0  

Xm(a) = X ′

m(a) = 0  Yn(b) = Y ′

n (b) = 0  
C–C–C–C sin2(αy) sin2(βy) Xm(0) = X ′

m(0) = 0  Yn(0) = Y ′

n (0) = 0  

Xm(a) = X ′

m(a) = 0  Yn(b) = Y ′

n (b) = 0   
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∂Nx

∂x
+

∂Nxy

∂y
= I0

∂2u
∂t2 − I1

∂3wb

∂x∂t2 − J1
∂3ws

∂x∂t2 (31)  

∂Nxy

∂x
+

∂Ny

∂y
= I0

∂2v
∂t2 − I1

∂3wb

∂y∂t2 − J1
∂3ws

∂y∂t2 (32)  

∂2Mb
x

∂x2 + 2
∂2Mb

xy

∂x∂y
+

∂2Mb
y

∂y2 +
∂Q
∂x

− NT∇2(wb +ws)

− kw(wb +ws)+ kp∇
2(wb +ws)= qdynamic + I0

∂2
(wb + ws)

∂t2 + I1

(
∂3u

∂x∂t2 +
∂3v

∂y∂t2

)

− I2∇
2
(

∂2wb

∂t2

)

− J2∇
2
(

∂2ws

∂t2

)

(33)  

∂2Ms
x

∂x2 + 2
∂2Ms

xy

∂x∂y
+

∂2Ms
y

∂y2 +
∂Qxy

∂x
+

∂Qyz

∂y
− NT∇2(wb +ws)

− kw(wb +ws) − kp∇
2(wb +ws)= qdynamic + I0

∂2
(wb + ws)

∂t2 + J1

(
∂3u

∂x∂t2 +
∂3v

∂y∂t2

)

− J2∇
2
(

∂2wb

∂t2

)

− K2∇
2
(

∂2ws

∂t2

)

(34)  

where ∇2 belong to the Laplacian operator. 

2.4. Constitutive equations 

In this section, the stresses and strains of the proposed structure will be related to each other via following general constitutive 
equations: 

σij = Τijklεkl (35)  

in which, бij is the second order stress tensor and also Ԑkl is the second order strain tensor. Whilst, Tijkl is associated with the components 
of the fourth order elasticity tensor. While, expanding the above equations for an element containing shear strains, below expressions 
will be derived: 

⎡

⎢
⎢
⎢
⎢
⎣

σxx
σyy
σyz
σxz
σxy

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

Q11 Q12 0 0 0
Q12 Q22 0 0 0
0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66

⎤

⎥
⎥
⎥
⎥
⎦

⎛

⎜
⎜
⎜
⎜
⎝

⎡

⎢
⎢
⎢
⎢
⎣

εxx
εyy
εyz
εxz
εxy

⎤

⎥
⎥
⎥
⎥
⎦
−

⎡

⎢
⎢
⎢
⎢
⎣

α11
α22
0
0
0

⎤

⎥
⎥
⎥
⎥
⎦

ΔT

⎞

⎟
⎟
⎟
⎟
⎠

(36)  

in which 

Q11 =
EGOPR

1 − νGOPR
2 , Q12 = νGOPRQ11 , Q22 = Q11 ,

Q44 = Q55 = Q66 = GGOPR

(37)  

where EGOPR and GGOPR stand for the Young’s and shear moduli of the GOPR nanocomposite, respectively. In addition, integrating from 
Equations. (31)- (34) over the cross-section area of the plate, the stress resultants equations can be defined as below:   
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⎧
⎨

⎩

NX
Ny
NXy

⎫
⎬

⎭
=

⎛

⎝A11 A12 0A21 A22 00 0 A66

⎞

⎠

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x

∂v
∂y

∂u
∂y

+
∂v
∂x

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

B11 B12 0B21 B22 00 0 B66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2wb

∂x2 −
∂2wb

∂y2 − 2
∂2wb

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

Bs
11 Bs

12 0Bs
21 Bs

22 00 0 Bs
66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2ws

∂x2 −
∂2ws

∂y2 − 2
∂2ws

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(38)  

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mb
x

Mb
y

Mb
xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎛

⎝B11 B12 0B21 B22 00 0 B66

⎞

⎠

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x

∂v
∂y

∂u
∂y

+
∂v
∂x

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

D11 D12 0D21 D22 00 0 D66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2wb

∂x2
−

∂2wb

∂y2 − 2
∂2wb

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

Ds
11 Ds

12 0Ds
21 Ds

22 00 0 Ds
66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2ws

∂x2 −
∂2ws

∂y2 − 2
∂2ws

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(39)  

⎧
⎪⎪⎨

⎪⎪⎩

Ms
x

Ms
y

Ms
xy

⎫
⎪⎪⎬

⎪⎪⎭

=

(

Bs
11 Bs

12 0Bs
21 Bs

22 00 0 Bs
66

)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂x

∂v
∂y

∂u
∂y

+
∂v
∂x

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

Ds
11 Ds

12 0Ds
21 Ds

22 00 0 Ds
66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2wb

∂x2
−

∂2wb

∂y2 − 2
∂2wb

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

(

Hs
11 Hs

12 0Hs
21 Hs

22 00 0 Hs
66

)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∂2ws

∂x2 −
∂2ws

∂y2 − 2
∂2ws

∂x∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(40)   
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{
Qx
Qy

}

=

(
As

44 0
0 As

55

)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂ws

∂y
∂ws

∂x

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(41)  

where in Eq. (38)– (41) the cross-sectional rigidities are represented by the below expressions: 
⎡

⎢
⎢
⎢
⎢
⎢
⎣

A11 B11 D11 Bs
11 Ds

11 Hs
11

A12 B12 D12 Bs
12 Ds

12 Hs
12

A66 B66 D66 Bs
66 Ds

66 Hs
66

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

∫h/2

− h/2

Q11

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

νGOPR

(1 − νGOPR)

2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

[
1 z z2 f (z) zf (z) f 2(z)

]
dz

(42)  

[
A22 B22 D22 Bs

22 Ds
22 Hs

22

]
= [ A11 B11 D11 Bs

11 Ds
11 Hs

11 ] (43)  

As
44 =As

55 =

∫h/2

− h/2

GGOPRg2(z) dz (44) 

By substituting Equations (38)–(41) into Equations (31)–(34), the governing equations of considered GOPR nanocomposite plate 
will be defined in terms of displacements (u, v, wb, and ws) as: 

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A11
∂2u
∂x2 + (A12 + A66)

∂2v
∂x∂y

+ A66
∂2u
∂y2 − B11

∂3wb

∂x3 − (B12 + 2B66)
∂3wb

∂x∂y2

− B11
s

∂3ws

∂x3 −
(
Bs

12 + 2Bs
66

) ∂3ws

∂x∂y2 − I0
∂2u
∂t2 + I1

∂2wb

∂x∂t2 + J1
∂2ws

∂x∂t2 = 0

(45)  

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A22
∂2v
∂y2 + (A12 + A66)

∂2u
∂x∂y

+ A66
∂2v
∂x2 − B11

∂3wb

∂x3 − B22
∂3wb

∂y3 − (B12 + 2B66)
∂2wb

∂x2∂y

− B22
s

∂3ws

∂y3 −
(
Bs

12 + 2Bs
66

) ∂3ws

∂x2∂y
− I0

∂2v
∂t2 + I1

∂2wb

∂y∂t2 + J1
∂2ws

∂y∂t2 = 0

(46)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B11
∂3u
∂x3 + (B12 + 2B66)

∂3u
∂x∂y2 + B22

∂3v
∂y3 − (B12 + 2B66)

∂3v
∂x2∂y

− D11
∂4wb

∂x4

− 2(D12 + 2D66)
∂4wb

∂x2∂y2 − D22
∂4wb

∂y4 − Ds
11

∂4ws

∂x4 − 2
(
Ds

12 + 2Ds
66

) ∂4ws

∂x2∂y2

− Ds
22

∂4ws

∂y4 − I0
∂2
(wb + ws)

∂t2 − I1

(
∂2u

∂x∂t2 +
∂2v

∂y∂t2

)

+ I2∇
2∂2wb

∂t2

+J2∇
2∂2ws

∂t2 +
(
kp − NT)∇2(wb + ws) − kw(wb + ws) = qdynamic

(47)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bs
11

∂3u
∂x3 +

(
Bs

12 + 2Bs
66

) ∂3u
∂x∂y2 + Bs

22
∂3v
∂y3 −

(
Bs

12 + 2Bs
66

) ∂3v
∂x2∂y

− Ds
11

∂4wb

∂x4

− 2
(
Ds

12 + 2Ds
66

) ∂4wb

∂x2∂y2 − Ds
22

∂4wb

∂y4 − Hs
11

∂4ws

∂x4 − 2
(
Hs

12 + 2Hs
66

) ∂4ws

∂x2∂y2

− Hs
22

∂4ws

∂y4 + As
44∇

2ws − I0
∂2
(wb + ws)

∂t2 − J1

(
∂2u

∂x∂t2 +
∂2v

∂y∂t2

)

+J2∇
2∂2wb

∂t2 + K2∇
2∂2ws

∂t2 +
(
kp − NT)∇2(wb + ws) − kw(wb + ws) = qdynamic

(48) 
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3. Solution procedure 

Herein, the governing equations (45)-(48) will be analytically solved with an exact solution to achieve the natural frequencies of 
the GOPRMF nanocomposite plate. For this aim, the well-known Galerkin’s method is employed which one of the best and accurate 
solution techniques for the vibration problems. In this investigation, various B.Cs such as simply-supported (S–S–S–S), fully clamped 
(C–C–C–C) or the combination of them are considered which are given as Sobhy [80]: 

For S–S–S–S plate 
{

At x = 0, a Nx = Mx = wb = ws = 0
At y = 0, b Ny = My = wb = ws = 0 (49)   

For C–C–C–C plate 
{

At x = 0, a u = v = wb = ws = 0
At x = 0, a u = v = wb = ws = 0 (50) 

According to Galerkin’s method, the displacement functions of the plate which satisfy the above-mentioned B.Cs can be stated as 

Table 3 
Comparison of the dimensionless natural frequency (Ω) of the square metal plate with different side to thickness ratio and various B.Cs (Ω =

ω
(

b
π

)2 ̅̅̅̅̅̅
ρh
D*

√

).  

B.Cs a/h Mode Porosity coefficient (e1)  

\   0.1 0.2 0.3 0.4 0.5    

Present Ref [76] Present Ref [76] Present Ref [76] Present Ref [76] Present Ref [76] 

SSSS 100 1 1.9956 1.9956 1.9937 1.9937 1.9941 1.9941 1.9977 1.9978 2.0059 2.0060 
SSSS 100 2 4.9862 4.9866 4.9813 4.9817 4.9821 4.9826 4.9910 4.9916 5.0112 5.0120 
SSSS 10 1 1.9257 1.9265 1.9218 1.9228 1.9178 1.9210 1.9179 1.9220 1.9192 1.9269 
SSSS 10 2 4.5874 4.5912 4.5675 4.5768 4.5499 4.5662 4.5353 4.5612 4.5371 4.5642 
CCCC 100 1 3.7610 3.6351 3.7573 3.6316 3.7579 3.6322 3.7646 3.6387 3.7798 3.6535 
CCCC 100 2 7.3021 7.4083 7.2895 7.4007 7.2933 7.4017 7.3015 7.4146 7.3010 7.4444 
CCCC 10 1 3.4710 3.2813 3.4554 3.2690 3.4413 3.2591 3.4294 3.2529 3.4204 3.2520 
CCCC 10 2 6.2532 6.2505 6.2146 6.2175 6.1863 6.1881 6.1625 6.1639 6.1453 6.1478  

Table 4 
Comparison of the dimensionless natural frequency of the square metal plate without considering porosities and with respect to various B.Cs, side-to- 

thickness ratio and mode numbers (Ω = ω
(

b
π

)2 ̅̅̅̅̅̅
ρh
D*

√

).  

a/h Mode B.Cs   

SSSS SSSS SSSS CCCC CCCC CCCC   

Present Ref [76] Ref [77] Present Ref [76] Ref [77] 

100 1 1.999272 1.9993 1.9993 3.667992 3.6419 3.6420 
100 2 4.995455 4.9958 4.9955 7.492145 7.4222 7.4214 
10 1 1.931721 1.9317 1.9319 3.387646 3.2954 3.3092 
10 2 4.608808 4.6084 4.6098 6.318872 6.2859 6.3317  

Table 5 
Comparison of the fundamental natural frequencies of epoxy square plate reinforced with GPLs under SSSS boundary condition by considering 

different GPL distribution patterns and various mode numbers (Ω = ωh
̅̅̅̅̅̅ρm
Em

√

, h ​ = ​ a/10, a ​ = ​ b ​ = ​ 0.45 ​ m, WGPL = 1%).  

Mode numbers (m,n) GPL distribution pattern 

FG-O FG-O FG-O UD UD UD FG-X FG-X FG-X 

Present Ref [28] Ref [35] Present Ref [28] Ref [35] Present Ref [28] Ref [35] 

(1,1) 0.0966 0.097 0.102 0.1216 0.121 0.122 0.1388 0.141 0.138 
(2,1) 0.2345 0.234 0.246 0.2895 0.289 0.290 0.3242 0.331 0.325 
(2,2) 0.3634 0.363 0.380 0.4437 0.443 0.444 0.4866 0.503 0.494  
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follows: 

u=
∑∞

m=1

∑∞

n=1
Umn

∂Xm(x)
∂x

Yn(y)eiωnt (51a)  

v=
∑∞

m=1

∑∞

n=1
Vmn

∂Yn(y)
∂y

Xm(x)eiωnt (51b)  

wb =
∑∞

m=1

∑∞

n=1
WbmnY(y)Xm(x)eiωnt (51c)  

ws =
∑∞

m=1

∑∞

n=1
WsmnYn(y)Xm(x)eiωnt (51d) 

Fig. 2. Various porosity distribution of the metal foam plate.  

Fig. 3. Variation of porosity coefficient (e2 and e3) of GOPRMF nanocomposite plate versus porosity coefficient for symmetric distribution type 
I (e1). 
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where Umn,Vmn,Wsmn and Wbmn are the unknown coefficients. Also, Xm(x) and Yn(y) are two trigonometric functions which are varied 

with respect to various B.Cs. These functions can be found in Table 2 for different B.Cs 
(

α = mπ
a , β = nπ

b

)
. Now, by inserting Eq. (51) into 

Eq.(45)-(48) and employing Galerkin solution method, one obtains: 

(
[K]4×4 − ω2

ex[M]4×4

)

⎡

⎢
⎢
⎣

Umn
Vmn
Wbmn
Wsmn

⎤

⎥
⎥
⎦=

⎡

⎢
⎢
⎣

0
0
Qdynamic
Qdynamic

⎤

⎥
⎥
⎦ (52)  

in which ωex is the excitation frequency. The formulation of the Qdynamic and components of the stiffness and mass matrices can be found 
in the Appendix of this paper. Given that the structure is subjected to uniform transverse dynamic loading acting harmonically along a 
straight line, this dynamic load are stated as follows: 

Fig. 4. Influence of various porosity distribution (type I, II and uniform) on the dimensionless amplitude of GOPRMF nanocomposite plate for (a) 
S–S–S–S, (b) S–S–C–C and (c) C–C–C–C boundary conditions. 
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qdynamic =
∑∞

n=1
Qn sin(αx)sin(βy)sin(ωt) (53)  

Qn =
4q0

mn

∫ x0+0.5a0

x0+0.5a0

∫ y0+0.5b0

y0+0.5b0

sin(αx)sin(βy)q(x)dxdy

=
16q0

mnπ2 sin(αx0)sin
(mπa0

2a

)
sin(βy0)sin

(
mπb0

2b

) (54)  

where in above equation, q(x) = q0 and q0 is the density of the uniform dynamic loading. Also, Qn, x0 and y0 denote the Fourier 
coefficients and centroid coordinates respectively. 

4. Verification studies 

In order to validate the results of this study, the natural frequency responses are compared with some previous works in this field. 

Fig. 5. Variation of dimensionless amplitude of GOPRMF nanocomposite plate against excitation frequency (Ω) with considering various types of 
porosity distribution for different patterns of dispersing reinforcement powders such as (a) FG-O, (b) FG-V, (c) FG-X and (d) UD. 
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For this purpose, three tables are provided to prove the accuracy of the methodology employed in different parts of the current paper. 
First of all, the first two dimensionless natural frequencies of the porous plates are tabulated in Table 3 with considering different 
values of side-to-thickness ratio and various B.Cs. The porosity distribution is supposed to be symmetric type I with a variable coef
ficient. By comparing the results of this paper and those reported by Xue et al. [81] which have been achieved using isogeometric 
approach, a perfect agreement can be observed. 

Also, the validity of the present solution method can be realized from Table 4, where the results of the present paper agree well with 
those obtained by Mahi and Tounsi [82] and Xue et al. [81] for the perfect square metal plates made of steel. In these works, the Ritz 
and the Gauss quadrature methods were utilized respectively as solution techniques which are completely different from what we used 
in our paper, thus the validation of the proposed method of the solution will be proved. 

Moreover, the correctness of the refine higher order plate theory and the methodology used for various FG patterns will be verified 
by investigating the results listed in Table 5. In this table the reference results [31,38] for dimensionless natural frequencies were 
calculated on the basis of the FSDT. A reliable agreement are achieved in this table which can confirm the validity of the presented 
theory and FG patterns. 

According to this section, it would be clear that the present study can efficiently estimate the vibrational responses of the GOPRMF 

Fig. 6. The effect of different values of weight fraction of GOP (wGOP) on the dimensionless amplitude of GOPRMF nanocomposite plate against 
excitation frequency (Ω) with respect to (a) S–S–S–S, (b) C–C–S–S and (c) C–C–C–C boundary conditions. 
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nanocomposite plates. 

5. Numerical results and discussion 

This part is assigned to some depicted numerical results to investigate the forced vibration behavior of GOPRMF nanocomposite 
plates subjected to a uniformly applied dynamic load, uniform type of thermal loadings, and also rested on elastic Winkler-Pasternak 
foundation. Herein, to explore that, how various parameters, for instance, disparate kinds of GO reinforcement’s distribution, the 
weight fraction of GOPs, the aspect ratio, length to thickness ratio, different values of temperature change and also two sorts of elastic 
foundation. By solving Eq. (52) the shear (Wsn) and bending (Wbn) displacements will be obtained. With having these displacements, 
the dynamic amplitude or dynamic deflection of the GOPRMF plate can be derived by W = Wsn + Wbn. Owing to simplicity, the non- 
dimensional form of the excitation frequency, Winkler-Pasternak parameters and dynamic amplitude are presented as below: 

Ω=ωexa
(

ρM

EM

)0.5

, D̃ =
EMh3

12(1 − ν2
M)

, Kw = kw
a4

D̃
, Kp = kp

a4

D̃
, Wuniform = W

10EMh3

a4q0 

Fig. 7. Variation of dimensionless amplitude of GOPRMF nanocomposite plate with considering different values of temperature change (ΔT) versus 
excitation frequency (Ω) with respect to (a) b ​ = ​ 1.2a, (b) b ​ = ​ 1.1a and (c) b ​ = ​ a. 
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in which, ωmn indicates the natural frequency of the GOPRMF nanocomposite plate and the mode number in the x and y direction 
indicated by m and n, respectively. Moreover, the material characteristics of the constituent materials brought in Table 1. Also, the 
geometry of the plate embedded on an elastic substrate presented in Figs. 1 and 2. 

For the sake of the verity that the entire mass of GOPRMF reinforced nanocomposite plates by considering different kinds of 
porosity or GOP dispersion are equivalent, the relation between various types of porosity coefficients is studied by considering 
Equation. (15). Afterward, in order to study the variation of porosity coefficient of GOPRMF nanocomposite plate against porosity 
coefficient for symmetric distribution type I (e1), Fig. 3 is reported. It is obvious that, by increasing in e1 values, the porosity coefficient 
e2 increases, whiles, the porosity coefficient e3 decreases (e1 and e3 in opposite to e1 and e2 are inversely related). 

The influence of various porosity distribution (type I, II and uniform) on the dimensionless amplitude of GOPRMF nanocomposite 
plate for S–S–S–S, S–S–C–C and C–C–C–C boundary conditions are depicted in Fig. 4. It can be seen that; the simply supported 
(S–S–S–S) boundary condition includes the higher values of dimensionless amplitude and also the fully clamped (C–C–C–C) boundary 
condition possesses the lower values of mentioned parameter compared with the other type (S–S–C–C), which means that the C–C–S–S 
boundary condition owns the middle values of dimensionless frequency for all types of porosity distribution. Furthermore, it is obvious 

Fig. 8. Efficacy of simultanouse effects of Winkler (Kw) and Pasternak (Kp) foundation coefficients on dimensionless amplitude of GOPRMF 
nanocomposite plate against excitation frequency (Ω) with respect to (a) a ​ = ​ 20h, (b) a ​ = ​ 25h and (c) a ​ = ​ 30h 
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that, increasing in the porosity coefficient of symmetric distribution type I (e1) leads to an increase in the dimensionless amplitude 
values of the GOPRMF nanocomposite plate with porosity distribution type I, II and uniform. It can be concluded that by increasing the 
porosity coefficient of type I (e1), a stiffness-softening effect will be occurred and the structure will become more flexible. 

It must be mentioned that from this figure to the end, except the parameters defined in the figures, other conditions would be as: 
S–S–S–S edge condition WGOP = 3%, Kp = 10, Kw = 50, ΔT = 10, UD pattern for GOPs, Symmetric type I for porosity distribution and 
e1 = 0.5. 

Fig. 5 is devoted to explore the variation of dimensionless amplitude of GOPRMF nanocomposite plate against excitation frequency 
(Ω) with considering and comparing various types of porosity distribution for different patterns of dispersing reinforcement powders 

Fig. 9. Mode shape of the GOPRMF nanocomposite plate for different values of excitation frequency (Ω).  

Fig. 10. Mode shape of the GOPRMF nanocomposite plate for different types of distributing GO reinforcement powders.  
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such as FG-O, FG-V, FG-X and UD. It is clear that increasing in excitation frequency causes an increase in dimensionless amplitude until 
it attains to the resonance frequency, afterward, the dimensionless frequency will decrease and tends to zero slowly. Also, it can be seen 
that, before the excitation frequency attains to the natural frequency, in a constant value of excitation frequency and every arbitrary 
type of GOP distribution pattern, the dimensionless amplitude of type II is highest and type I is the lowest. However, after that the 
excitation frequency arrives to the natural frequency, behavior of dimensionless amplitude reversed, so that the dimensionless 
amplitude of type I is highest and type II is the lowest value. It is observable that, the resonance frequency of the considered plate is 
about the Ω~0.3. Also however slight, but the resonance frequency has been affected by the various GOP distribution pattern types, 
and we can recognize that the FG-X distributing pattern leads to a bigger resonance frequency compared to other types of distribution. 
So that, the FG-O distributing pattern leads to a lower resonance frequency compared to other types of distribution and also FG-V and 
UD types are very close to each other and have the medium value of resonance frequency. Moreover, in a constant value of excitation 
frequency, for all types of porosity distributions, the dimensionless frequency of FG-X type is lower than the other patterns. 

The effect of different values of weight fraction of GOP (WGOP) on the dimensionless amplitude of GOPRMF nanocomposite plate 
against excitation frequency (Ω) is illustrated in Fig. 6 with respect to S–S–S–S, C–C–S–S and C–C–C–C boundary conditions. It can be 
seen that, in all types of boundary condition or WGOP values, increasing in excitation frequency, increases the dimensionless amplitude 
before resonance and decreases that after resonance frequency. Moreover, it is clear that, in a constant value of dimensionless 
amplitude, an increase in WGOP values, causes the forward movement of the associated diagram which means that the values of 
excitation frequency increase. Also, it is obvious that increasing the weight fraction of GOPs is proportional to higher stiffness of 
material which leads to bigger values of resonance frequency. Consequently, the delay in the occurrence of resonance phenomenon is 
the result of stiffness hardening happened in the constitutive materials of the structure which is caused by increasing the weight 
fraction of GOPs as a high strength reinforcement. Also, it is obvious that increase of weight fraction of GOP is proportional to higher 
stiffness of material which leads to bigger values of resonance frequency. Furthermore, the resonance frequency is significantly 
affected by type of boundary condition. For instance, it is observable that, the fully clamped (C–C–C–C) boundary condition, regardless 
of the value of WGOP (for all values of WGOP), possesses highest values of resonance frequency, and on the other hand, the fully simply 
supported (S–S–S–S) boundary condition, for all values of WGOP, possesses lowest values of resonance frequency. In addition, it is 
indicated that, in the fully clamped boundary condition, the curves corresponding to each WGOP are more distinguished from each 
other, and also, in the fully simply supported boundary condition, the curves corresponding to each WGOP are less distinguished from 
each other. 

Fig. 7 indicates the variation of dimensionless amplitude of GOPRMF nanocomposite plate with considering different values of 
temperature change (ΔT) versus excitation frequency (Ω) with respect to b ​ = ​ 1.2a, b ​ = ​ 1.1a and b ​ = ​ a values. It is obvious that, 
before the excitation frequency attains to the natural frequency, in a constant value of excitation frequency, increasing the temperature 
change will increase the dimensionless amplitude, but after the excitation frequency arrives to the natural frequency, increasing the 
temperature change will decrease the dimensionless amplitude value. Also, in a constant value of dimensionless frequency, it is 
indicated that, increasing in temperature change, decreases the resonance frequency directly since applying the thermal loadings with 
higher with higher temperatures will soften the materials and reduce the stiffness of the structure. In addition, we can see that 
increasing in b/a ratio, leads to a decrease in resonance frequency, regardless of the value of temperature change. As the aspect ratio of 
the proposed plate increases, this trend can be observable when the sides of the plate become larger unequally. 

Fig. 8 is devoted to investigate the efficacy of simultaneous effects of Winkler (Kw) and Pasternak (Kp) foundation coefficients on 
dimensionless amplitude of GOPRMF nanocomposite plate against excitation frequency (Ω) with respect to a ​ = ​ 20h, a ​ = ​ 25h and 
a ​ = ​ 30h values. It is clearly shown that, increasing in a/h ratio leads to decrease in resonance frequency, regardless of the values of 
Winkler and Pasternak coefficients. Also, in each diagram that is dedicated to a specific value of a/h ratio, it can be seen that, in a 
constant value of dimensionless amplitude, resonance frequency gets bigger when the foundation’s coefficients increase. Since the 
interaction between the plate and Pasternak layer of the foundation is more continuously, this layer affect the vibrational response of 
the structure remarkably in comparison with Winkler springs. Moreover, in a constant value of excitation frequency before the 
resonance frequency, increasing in Winkler and Pasternak coefficients leads to a decrease in associated dimensionless amplitude, 
unlike after the resonance frequency situation. Furthermore, it is clear that, by decreasing the a/h value, the curves corresponding to 
each foundation’s coefficients are more distinguished from each other. 

The influence of different values of excitation frequency (Ω) on the first mode shape of the GOPRMF nanocomposite plate is 
presented in Fig. 9. It is observable that, increasing in x/a ratio leads to an increase and then decrease in dimensionless amplitude such 
as a downward parabola. Also, one can see that increasing the value of excitation frequency causes to increase in the associated 
deflection. In other words, higher excitation frequency causes higher flexibility in the structure’s behavior. 

Fig. 10 is dedicated to analyzing the mode shape of the GOPRMF nanocomposite plate for different types of distributing GO 
reinforcement powders. It is clear that the deflection’s values from highest to lowest can be arranged in the order of: FG-O, FG-V, UD, 
and FG-X. Hence, we can say that the FG-O distribution type possesses the highest value of deflection which means that the FG-O 
distribution pattern makes the structure more flexible, and unlike, the FG-X distribution type is less flexible due to the fact that this 
pattern owns the lowest values of deflection. The reason that the FG-X pattern has the highest effect in making the structure stiffer, can 
be concluded in this statement that this pattern can counteract the influence of maximum moments in edges of the plate by having the 
most amounts of nanofillers in these places. With this concept, it would be comprehensible that why the structure with this pattern has 
the lowest values of deflection which is followed by UD, V and O patterns. In addition, it can be seen that the highest deflection is 
occurred at the center of the plate. 
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6. Conclusion 

This paper is dedicated to analyzing the forced vibration behavior of the GOPRMF nanocomposite plate, in which the considered 
plate is subjected to a uniform dynamic load and embedded on an elastic foundation. The shear deformation efficacy is involved by 
employing the refined higher-order shear deformation theory. Various through the thickness porosity distribution types, various GOPs’ 
distribution patterns, and different B.Cs were taken into consideration. Additionally, the framework of Hamilton’s principle is 
implemented to achieve the forced vibrational governing equations of motion and afterward these equations were analytically solved 
by utilizing Galerkin’s approach for all considered B.Cs. Afterward, the change of the dimensionless amplitude of the GOPRMF 
nanocomposite plate was demonstrated in disparate graphical results regarding the influences of various parameters which were 
completely described in the previous section. Moreover, in order to characterize these consequences and the influences on the forced 
vibrational demeanor, a complete discussion was reported. Finally, some important results were obtained, that can be highlighted as 
below:  

Porosity distribution type II and the simply supported B.C led to highest values of deflection compared to other distribution and 
B.C types.  
The GOPs’ distribution patterns could affect strongly the deflection and slightly on the resonance frequency of the structure in 
the way that the FG-X pattern had the highest values of resonance frequency and lowest values of deflection and the FG-O 
pattern got these values completely reverse.  
Increase in the amounts of GOPs’ weight fraction is proportional to higher stiffness of material which leads to higher values of 
resonance frequency.  
Resonance frequency gets bigger when the foundation’s coefficients increase. 
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Appendix 

The components of the stiffness matrix are as follows: 

k11 = A11r1 + A66r2, k12 = (A12 + A66)r2, k13 = − B11r1 − (B11 + 2B66)r2

k14 = Bs
11r1 −

(
Bs

11 + 2Bs
66

)
r2, k21 = (A12 + A66)r3, k22 = A22r4A66r3

k23 = − B22r4 − (B12 + 2B66)r3, k24 = − Bs
22r4 −

(
Bs

12 + 2Bs
66

)
r1

k31 = B11r5 + (B12 + 2B66)r6, k32 = B22r7 + (B12 + 2B66)r6

k33 = − D11r5 − 2(D12 + 2D66)r6 − D22r7 − kwr8 +
(
kp − NT

)
(r10 + r9)

k34 = − Ds
11r5 − 2

(
Ds

12 + 2Ds
66

)
r6 − Ds

22r7 − kwr8 +
(
kp − NT

)
(r10 + r9)

k41 = Bs
11r5 +

(
Bs

11 + 2Bs
66

)
r6, k42 = Bs

22r7 +
(
Bs

12 + 2Bs
66

)
r6

k43 = − Ds
11r5 − 2

(
Ds

12 + 2Ds
66

)
r6 − Ds

22r7 − kwr8 +
(
kp − NT

)
(r10 + r9)

k44 = − Hs
11r5 − 2

(
Hs

12 + 2Hs
66

)
r6 − Hs

22r7 − kwr8 +
(
As + kp − NT

)
(r10 + r9)

The components of the mass matrix are defined as: 

m11 = I0r11, m12 = 0, m13 = − I1r11, m14 = − J1r11
m21 = 0, m22 = I0r12, m23 = − I1r12, m24 = − J1r12
m31 = − I1r10, m32 = I1r9, m33 = I0r8 − I2(r10 + r9)

m34 = I0r8 + J2(r10 + r9), m41 = − J1r10, m42 = J1r9
m43 = I0r8 − J2(r10 + r9), m44 = I0r8 − K2(r10 + r9)

where 

J. Zheng et al.                                                                                                                                                                                                          



Case Studies in Thermal Engineering 27 (2021) 101167

22

{r1, r2, r11} =

∫ a

0

∫ b

0
X ′

m(x)Yn(y)
{

X ′′′

m(x)Yn(y),X
′

m(x)Y
′′
n (y),X

′

m(x)Yn(y)
}

{r3, r4, r12} =

∫ a

0

∫ b

0
Xm(x)Y

′

n(y)
{

X′′
m(x)Y

′

n(y),Xm(x)Y
′′′

n (y),Xm(x)Y
′

n(y)
}

{r5, r6, r7} =

∫ a

0

∫ b

0
Xm(x)Yn(y)

{
X ′′′′

m (x)Yn(y),X′′
m(x)Y

′′′

n (y),Xm(x)Y
′′′′

n (y)
}

{r8, r9, r10} =

∫ a

0

∫ b

0
Xm(x)Yn(y)

{
Xm(x)Yn(y),Xm(x)Y ′′

n (y),X
′′
m(x)Yn(y)

}

Also Qdynamic is expressed as: 

Qdynamic =Qnr8  
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