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1. Introduction

Throughout this paper, we let p’ denote the dual exponent to p defined
by 1/p+1/p’ = 1. Let n > 2 and S"~! represent the unit sphere in R"
equipped with the normalized Lebesgue measure do = do (). Let K be
a kernel of Calderén-Zygmund type on R™ given by

where € is a homogeneous function of degree 0, integrable over S™~1,
and satisfies

(1.1) /S Q (u) do (u) = 0.

It is well-known that the Triebel-Lizorkin space Ff’q(R") is a unified
setting of many well-known function spaces including Lebesgue spaces
LP(R™), the Hardy spaces H?(R™) and the Sobolev spaces LJ (R™).
Our main focus as the title of the paper suggests will be on studying
the boundedness of three types of rough integral operators on Triebel-
Lizorkin spaces. We start with the first type which concerns the homo-
geneous Calderén-Zygmund singular integral operator T given by

Taf(z) =p.v. - [z —y) K(y)dy,

where f € S(R™), the space of Schwartz functions.
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The investigation of the LP boundedness of Tn was pioneered by
Calder6n and Zygmund in [3] and then continued by many authors.
In [3], Calderén and Zygmund showed that the LP (1 < p < oco) bound-
edness of T, holds if Q € Llog L (S"‘l) and that this condition is essen-
tially the weakest possible size condition on € for the L? (1 < p < o0)
boundedness of T to hold. For endpoint results, A. Seeger in [20]
proved that Ty, is of weak-type (1,1) under the same Llog L (S™™!) con-
dition, but in general Ty, with such an 2 is not bounded on H! (R"), as
pointed out by M. Christ (see [21]). On the other hand, Connett [10]
and Coifman and Weiss [9] independently showed that T is bounded
on LP (1 < p < oo) for @ € H' (S"7'). Here, H' (S"7') is the Hardy
space on the unit sphere which contains the space Llog L (S”’l) as a
proper space. In [13], Grafakos and Stefanov introduced the following
condition:

1+

—1

(1.2) sup / €2(y)] (log 1€yl ) do(y) < oo
565"’71 Snfl

and showed that it implies the LP boundedness of Ty, for p in a range

dependent on the positive exponent . For any a > 0, we let G, (S"™1)

denote the family of Q’s which are integrable over S"~! and satisfy (1.2).

Theorem A ([13]). Let Q€ G, (S" 1) for some a > 0 and satisfy (1.1).

Then if a > 0, T is bounded on LP(R™) for p € (ﬁ—g, 2+ a).

This range of p was later improved to be ($£32,2 + 2a) (see [11]).

However, it is still unknown whether the latter range of p is sharp. We
point out that Grafakos and Stefanov in [13] showed that

(1.3) U LI(S" 1) & Gy (S"1) for any a > 0,
q>1
(1.4) () Ga(S™ ) ZH (S ) ¢ | Ga(S™ ).
a>0 a>0

In recent years, the investigation of boundedness of T on Triebel-
Lizorkin space Fpﬁ’q(R”) has attracted the attention of many authors.
For relevant results one may consult [5], [16], [6], [7], among others.
For example, J. Chen and C. Zhang in [7] (see also [24]) proved the
following:

Theorem B. Suppose that Q satisfies (1.1) and Q € G,(S™™1) for all
a > 1. Then the operator Tq is bounded on F}?’q(R”) foralll <p,q<
oo and B € R.
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We notice that the condition imposed on € is that Q € G, (S" 1) for
all @ > 1. The question that arises naturally is whether the operator Tq
is bounded on Fpﬁvq (R") if Q € G,(S"™1) for some a > 0. We shall show
that the condition Q € G, (S"™1) for all @ > 1 is not necessary and we
just need Q € G,(S" 1) for some o > 0. The condition that a > 1 is
not necessary as described in the following theorem.

Theorem 1.1. Let Q € G,(S"1) for some a > 0 and satisfy (1.1).
Then if a > 0, Tq is bounded on F9(R") for p € (3532,2 + 2a),

1+2a?
q € (3532,2+2a) and § € R,

The question concerning the boundedness of T, when Q € H! (S”’l),
which is separate from the problem addressed in Theorems A and B in
light of (1.4), had been answered by Y. Chen and Y. Ding in [8].

The second type of our operators concerns a certain class of oscillatory
singular integral operators. To state our second result, we need some
preparation. Let P(n;m) denote the set of polynomials on R™ which
have real coeflicients and degrees not exceeding m, and let H(n;m) de-
note the collection of polynomials in P(n;m) which are homogeneous of
degree m. Also, let P(n;m,0) be the class of all P € P(n;m) with
VP(0) = 0. For P(z) = >, <, anz", we set [|[P[| = 32, [ay].
Let n > 2, m € N and o > 0. An integrable function § on S™! is
said to be in the space A(n;m;«) if

1 1+«
1.5 sup / Qy (log ) do(y) < oo.
) PEH (nim), || P|=1 s"—l‘ ) [P (y)| )

It was noted in [2] that A(n;1;a) = G,(S™!) and in the case n = 2,
ﬂ A(2;m; ) = G4 (Sh).
m=1

For P € P(n;d), let To p be the oscillatory singular integral operator
defined by

(1.6) Torf () = pov. | “’@'('2( y) dy

n

We have the following:
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Theorem 1.2. Let n > 2, d € N. Let Q satisfy (1.1) and Q €
N% _, A(nym;a) for some a > 0. Then

m=1
A0 s [Tl < Clogd+ 1) ] g
€P(n;d,0)
forp € (ﬁgg,?Jr 2a), q € (?Igg,2+2a) and B € R, where C is a

positive constant that depends on 3, p, q, but not on d.

While technically Theorem 1.1 can be subsumed in Theorem 1.2, we
will first prove Theorem 1.1 and then use it in the proof of Theorem 1.2.

Corollary 1.3. Letn =2, d € N. Let Q satisfy (1.1) and Q € G,(S?)

for some a > 0. Then

(1.8) sup [T (Dl gy < Clogd+ 1) [F]Lipaggn
PeP(2;d,0)

forp € (3133,2—1— 2a), q € (figg,Z—l—Qa) and B € R, where C is a

positive constant that depends on 3, p, q, but not on d.

We remark that the LP(R™) (figg < p < 242a) boundedness of T p
can be obtained by using Theorem 2 in [2] and employing an argument
in [12].

The third type of our operators concerns Marcinkiewicz integral op-
erators Mg 4 defined by

00 1/q
Maas@) = ([T 1Fasteor $)

1 Qu’)
lul<t |ul
We notice that Mg 2(f) is the classical Marcinkiewicz integral defined
by Stein in [22]. Our result concerns Mg 4 is the following:

where

Theorem 1.4. Let Q € Go(S"") for some a > 0 and satisfy (1.1).
Then

(1.9) HMQ,(I(f)HLP(Rn) <C ||f||F§“1(Rn) )
forpe (352,24 20a) and g € (3532,2 + 2a).

We point out that Theorem 1.4 represents a generalization of Theo-
rem 1 in [4]. Earlier results concerning the operator Mg , can be found
in [5] and [16], among others.

Throughout this paper, the letter C' will stand for a positive constant
that may vary at each occurrence. However, C' does not depend on any
of the essential variables.
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2. Some definitions and lemmas

Now we recall the definition of the Triebel-Lizorkin spaces.

Fix a radial Schwartz function ¥ € S(R™) such that supp(¥) C
{eeR L <|g[<2},0<U(6) <1, U(6) >¢>0,if 2 <[¢[ < 2. De-
note W, (&) = W(t), t € R so that Uy (x) = ¢t "¥(z/t). For 1 < p,q < oo
and 8 € R, the homogeneous Triebel-Lizorkin space Fqu(R”) is the
space of all tempered distributions f € §'(R™) satisfying

o A
([ s )

It is well-known that S(R™) is dense in FPB 2(R™) and also the follow-
ing hold:
(1) LP(R") = F*(R™);

@ (Ep®n) =5 ®e);
(3) P (R™) C F/=2(R") if g1 < ga.

< oQ.
Lr(R™)

”f”[lfv‘J(Rn) =

We need the following result from [1].

Lemma 2.1. Let h(t) = by + bit +--- + byt be a real polynomial of
degree at most d, and let 1 € Clla,b]. Then for any jo with 1 < jo < d,
there exists a positive constant C' independent of a, b, the coefficients of
bo,...,bq and also independent of d such that

, b
/ eih(t)w(t) dt| < C|bj0|_% { sup |¥(t)] +/ [’ (t)] dt}
a<t<b a

a

holds for 0 < a <b< 1.

3. Proof of main results

Before we start proving our main results we need some prepara-
tion. By the translation invariance of T and Tq p, it suffices to es-
tablish their boundedness on the Triebel-Lizorkin spaces with g = 0.
Choose a real valued, radial function ¢ € S(R™) such that supp¢ C
{€¢eRM: L <¢] <2}, 0(8) 20, 6(8) >¢>0,if 2 <[¢] <32 and for

~ 2 o ~
all € £ 0, [ ‘@t (5)‘ dt = 1, where ¢o: (€) = $(2'€), t € R. Note that
Gt (z) = 27¢(x/28), x € R™. Let Sot f(x) = ¢oe * f(x). Then we have

f :/ Sat(Sat f) dt for all f € S(R™)
R
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and
th q /4
1f 11 00 gy ~ |¢f*f| \S2tf| dt
Lp(R™)
For t € R, let
X Qa’
1.0(0) = 7O T o)
at(x) = O't’o(x),
Qx
o1l () = | (ln"m s (),
and let

0" f(x) = sup |o¢| * | f| ().
teR

First, it is easy to see that

(3.1) o0l * 1] (& <c/ 0| M, f(z) do(y),
where

M, f(z) = sup — /|fx—sy|ds

pER P

is the Hardy-Littlewood maximal function of f in the direction of .
Since M, is bounded on L?(R"), 1 < p < oo with bound independent
of y, by Minkowski’s inequality we get

(32) 1" (Dl wny < Ol gy 1l ooy for 1< p < oc.

Also, we shall need to study the boundedness of |o¢| * | f| on FZ(,)"I(R").
Since

ool % 1] (@ / Syerer ([04] * Sasor |] (2)) d

for any t € R and for any g € FS/ (R™), by Hoélder’s inequality we have

|<|0t*f|),g>|='/ IR
R"” JR
( I

f| (x)S;(t+s)g($) ds dx

1/q
e ds

, \L/d
H ‘S§<t+s>g|q ds)

’

p
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Taking supremum over g with | g|| < 1 and by Hélder’s inequal-

. ’
E)T(R™)

1/q
( [ o = Sy 1P ds)
R P

for any t € R.

ity we have

(3.3) Mol * [ flll poagny < C

Now, since p > 1, by duality there exists a nonnegative function h €
LP (R™) with |[A]|,, = 1 such that

H [ ol =S 501 | = [ floul = Sy 1511 )
R R

< / (|Soc+e)
R

| fsesotibia] |

By the last inequality and (3.2) we have

[ Nl Sya1£D)
R

p

fl(@)], 0% (h)(—2)) dt

a*(ﬁ)Hp/

P

(3.4) <C Il 1 (gn1)

p

/ (Saicnr (1) dt
R

Also, by a similar argument as in the the proof of (3.2) we have

(3.5)

P

<Ol g1 gn-)
p

sup [|o¢| * Spa+o (1 f])] sup [ Spa+o (/)]
teR teR

By interpolation between (3.4) and (3.5) we get

1/q
( [l a1 ds>
R p

which when combined with (3.3) implies
(3.7) lloel * [flll ooy < ClUN L1 gn1y 1Fll 502 mn)
forany t € R and 1 < p,q < co.

(3.6) <C HQHLl(S"—l) ||fHF;,”4(R") )

Proof of Theorem 1.1: It is easy to see that

TQf(x):/ or* f(x)dt

R
and hence we have
TQ(f) = RHS(f) dS,
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where
Hs(f) = / SQH—S (Ut * 52t+sf) dt
R
Since
(3.8) TPy < [ NPz s

we just need to estimate HHs(f)HFS,q(Rn). By the same argument as
proving (3.3) we get

1/q
(3.9) Hs<f>|pg,Q(Rn)<CH( [ 1o e S (1 dt)

Lr(R™)
We need now to consider three cases:

Case 1. p=q = 2. By (3.9) and Plancherel’s theorem we obtain

IH(Dlgomn <€ [ [ o om@ie] dea

(3.10) ,
<o [ (sero) w@r|fof da.

where Ay, = {{€R": 1 < ’2(t+3)§| < 2}. By (3.10), invoking the
following estimate from [13]

(3.11) 16:(6)] < min{|2t§| , (1og{2t§|)’1’“},

the choice of ¢ and Plancherel’s theorem along with the fact F2O ’Q(R") =
L?(R™) we get

(3.12) IHo ()l o2 ey < C A+ 13D fll o2 g -

Case 2. p = q. By (3.3) and the LP(1 < p < oo) boundedness of M,
with bound independent of y we get

[Hs ()l o0 (momy

o (] s ]
<c( [ ([ _ 10001, da(w)q s dt)l/q

< Ol pr gn-1y 1f | 0.y -

(3.13)
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Case 3. p > ¢. Let A = (p/q)’. By (3.9) and duality, there exists a
nonnegative function g € L*(R") with ||g||, = 1 such that

q
||Hs(f)||F£lZ(Rn)

<c[ [

Therefore, by Holder’s inequality, the choice of g and (3.2) we have
[ Hs(f)

q

Q
/ QW) g oo Flo —y)dy| glz) dadt.
20 <[yl <2041

ly|"

||FOCI R")

<clolfien | [ | ) 5 o () g iy i
nJ 2t<]y|<2(t+1) |y|

<Ol gy [ @) ([ 1Sy 1 1)

a 1/q]|4
<CIUF, oy | ([ 18500017 @) | 1o @l
R P
<O gy 1 -
By the last inequality and (3.13) we get
(B19)  H) ] poome < C Il gm0
for p > q. By duality and interpolation we get
(3.15) [Hs ()l oo mny < C N L1 gn—1y 11l 0.0

for all 1 < p < 0o and 1 < g < co. By interpolation between (3.12) and
(3.15) we get

)b
(3.16) 1 ()| oo gy < C 418D ™ fll oo g

0 1 0 0 1 0
foral 0 <9 <1, - < -<1—=,and - < — < 1— —. Assuming
2 p 2 2 q 2
+1’ by (3.16) and (3.8) we obtain
(3.17) 1T (Pl oo @ny < ClIF 00 mny
242

for p,q € (lJr2 ,2 + 2a), which in turn completes the proof of Theo-
rem 1.1. O

0>
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Proof of Theorem 1.2: Let P (z) =}, <, anz" with VP(0) = 0. Since
the constant term in P(tx), if any, can be assimilated in the function f,
we may assume without loss of generality that P(tx) does not have a con-
stant term. Write P(rz) = 2?22 Pj(z)ri, where Py(x) = 2 pnl=s AT
We shall first consider the case d = 2% for some k > 1. The general case
will be an easy consequence of this special case d = 2*. Let m; = || ||

and @ be given by Q(rz) = de P;j(x)r?. By a dilation in 7 we may as-
sume, without loss of generahty, that maxa_;4m; =1 (see [6, p. 392]).

Also, there is a jo, % < jo < d, such that m;, = 1. It is easy to see that

(3.18) Topf(z) = /R oo p % () dt

Decompose Tq p f(z) as

(3.19) Tapflz) = /t<t0 oup * f@)dt + /t>t0 op * f(x)dt

=14 pf(2) + T5p f (@),

where to € R is to be chosen later. We start with T¢) p(f). We write

TS p () = / (01.p# [ (&) — v *f(2)) di+ / o f(x) dt
t<to—1 t<to

(3.20)
=1 f(z) + L f(z).
Let
Bd) = Pep(im0) 178 i1y

Since VP(0) = 0, we have VQ(0) = 0 and since deg(Q) < £, by induc-
tion we get

321 [H(Nllgpe@n < E (;l)

for p € (2+2"‘ 2+2a) and q € (2““ 2—|—2a)

1+2a” 1+2a

Choose tg so that %2(“‘1)(%_1) <1 for all t < tg — 1. Therefore, for all
t <top—1and 2! <r < 2! we have

Zmrj< Z t+1]<2t+1

d<j<d d<j<d

iPry) _ (iQ0ry)| <
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Hence
A< [ 2 (ol ¢ If] (@)
t<to—1
which easily implies

622 IR < [ 2V o ¢ g db
t<to—1

By (3.7) and (3.22) we get

(3.23) (D o0 mmy < C U v gn1y 11 o0y -

Now, since

||T8,P(f)HF£=q(Rn) < ||Il(f)||F§vQ(Rn) + HI2(f)||F£vQ(Rn) )
by (3.21) and (3.23) we get

d
B@ < B (3) + C1xsen [0

Since d = 2% with k > 1 we get

E@2Y) <E@" " +C I 1 (gn—y 1f I 0.2 (g
and hence
(3.20)  E(2Y) < B2)+Ck 2l g oy Il g -

We need now to estimate E(2). To this end, we write
P(z) = Z\a|=2 asx®. Without loss of generality, we may assume that
> |a|=2 |aal = 1. Write

7801 0)=

<to—1

(at)p*f(x)—at*f(:v))dt—&—/ o * f(x) dt

t<to—1

(3.25)
= Jlf(x) + sz(x)

By following the same argument as in the proof of Theorem 1.1 we get

(3.26) 1 T2 (Pl oo mmy < C Il 00 meny
forp € (figz,2+2a) and g € (?igg ,2+2a). Now, we turn our attention

to Hjl(f)Hpqu(Rn). Since

P _ 1‘ < Z laa| |y|* < 20! whenever |y| < 271 <1 for t < to—1,
|a]=2

we get

@I [ 2 el <11 @) .
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By the last inequality and (3.7) we get
(3.27) 11 (D)l g0 gy < C ISl ooy -
By combining (3.25), (3.27) and (3.24)
k
(3.29) B(2) < Ch+ 1) fll sy
The case of general d is now trivial. If 25! < d < 2%, then
(3.29) B(d) < B2) < CUA1) |l pr oy < Cllogd+1) 1] oy -

We shall now treat the term HTSOP(f)H . Write T°p f(2) as

£ (R
TS f(2) = / oo p s f(x) dt i / Fof(2) dt.
t>to—1 t>to—1
Since
(3.30) T2 Dl gy < [ 1T ggacuy
-~

we just need to estimate || Fy(f) ||F19,q(Rn) . By following an argument that
is similar to the one in the proof of (3.3), we have

1/q
(3.31) ||Ft(f)||FI9,q(Rn) <C H (/ lo,p % Saare f|? ds)
R
p

As in the proof of Theorem 1.1, we need to consider three cases: (1) p =
g=2, 2 p=gqgand (3) p > q Nowif p=¢ = 2, by (3.31) and
Plancherel’s theorem we obtain

||Ft(f)||ia20,2(R") < C/R/R ‘O’t’p * S2(t+s)f(1~)|2 dx ds

(3.32) < C/R/n

scf [ (serre) purer|fe] acas

B2 )5 p(©)f(©)| deds
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Now we need to estimate |64, p(£)| . By definition and a change of variable,
we have

1
. H(P(2FD ) 2+ D) ) AU
Ut,P(ﬁ) :A B Q(y) (/21 ez(P(2 T yy)—20t+1 yf)) do(y).

U

By Lemma 2.1 we get

1
d

1
(PRI uy) 2y ) AU
2-1 u

<c ‘Qjo(t-‘rl)Pjo (y)‘
By combining the last estimate with the trivial estimate

<1,

1
(P uy) 2+ D) AU
2-1 u

we obtain

1
(P uy) 2+ Dy ) AU
2—-1 u

. —(a+1) 1 atl
< C (log 2700+ (d+a+log > .
(1o ) P (9]

By the last inequality and since (a+b)? < 2971 (a’ + %) (for > 1 and
a,b > 0) we get

1
Gi(PRUFDuy) 20+ Duy.¢) dU
2—1 u

< C (jo(t + 1))V

(d+a)*™ + <log |le(y)> QH]

- (bgm)a“] |

Since Pj, € H(n;m) and || P;,|| = 1, we get

< C(t + 1)—(a+1)

(3.33) [6e,p(6)] < C(t+ 1)~ (Y,
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Therefore, by (3.32)—(3.33) and by Plancherel’s theorem we get
(331 IR < CE+ DD [f] o g

As for the cases p = ¢ and p > ¢, we follow the same argument as in the
proof of Theorem 1.1 (in dealing with these cases the factor e!’*) being
harmless) to get

(3.35) IE (D ooy < C Il o0 gmomy

for p > q. Now, the rest of the proof will follow by (3.30), (3.34)—(3.35)
and the same argument as in the proof of (3.17). This completes the
proof of Theorem 1.2. O

Proof of Theorem 1.4: Define the family of measures {\; : t € R} by
1 Q(y'
nes@ =g [ B yay
y

|<2t [yl

It is easy to see that

q
Mo f ( (/ A % fla th> .

At * f = / (>\t * SQHrSf) dS,
R

where Sot f(z) = ¢t x f(x) with ¢ given as above and satisfies the
. ) 2
condition / ¢ot(§)dt = 1 instead of/ ‘(j)gt(g)‘ dt = 1. Now, by
R R

Write

Minkowski’s inequality we have

et Ly < /R Au(f)ds

1/q
where A, f(z </ [\ % Sgits f()]? dt) . By invoking the esti-

mates

;\t(ﬁ)‘ Smin{ ,(10g|2t§|)_1_a}

from [13] and following the same arguments as in the proof of (3.16) we
obtain

(3.36) A (Dl oy < C A+ 1D I 100
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for p € (222 2 4 20), g € (2222 4 2a)) and for some 1 > 1. Thus we

have

14+2a? 14+2a?

HMQ,q(f)HLp(R) <O = fHLP(Lq(R),R")

< [ 1A oqmy d5 < C S igagury

for p € (322 2 + 20), ¢ € (21222 + 2a)). Theorem 1.4 is proved. [

1]

14+2a? 1+2a?
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