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ABSTRACT

In this paper we consider point-wise summability in the Norlund sense of Fourier
series by assuming

H(n) . F(n) = o (P,) as n — =, where (H(x) = /" g(t) dt, g(t) is continuous,
non-increasing, H(x) is slowly varying, and F(x) is positive non-decreasing.

THE CASE F(x) = 1, and g(x) =_1 IS THE RESULT IN [1]. :
X

Introduction

1. let (; Uy be a given series, and { S} denote the sequence of its partial sums. Let

k=1
{ pn} be a sequence of real numbers with P,>0,pn=0forn=12, ..., and !
n
Pn = z Pk-
k= o ’

n— o

n
Define t, = 1 an__k S¢. If lim t, = S
Pn k = 0

e e}
we say that Zuk is summable to S in the Norlund

k=1
sense or S(N,p,).

The regularity conditions for the (N,p,) method are:

Pn
1.

= ofl) asn > » , and

n
2. ElPkf=O(|Pn])asn—>oo.
k=o
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2. Assume that f(t) is a periodic function with period 2n, integrable in the sense of
Lebesgue over the interval (—rt, ).

Let the Fourier series of f(t) be:

1 o0}

_2_ a, + Z a,cosnt + b, sin nt. Let
n =1

& (t) = f(x+t) + f(x—t) — 2 {(x),

% () = of " |P(u)du, and T = [TI:J be

t
the integral part of T :

MAIN RESULT: We have the following theorem:
Theorem: If (N,p,) is a regular Norlund method, defined by real. non-negative,
monotonic, non-increasing sequence of coefficients { p,}. such that p, —=, and
H(n) . F(n) = O(P,) as n —» o,
where H(x) = ™ g(t) dt, g(t) is continuous, non-increasing, H(X) is slowly
varying, and is positive non-decreasing.
and if
g (=) F ()
oM = Of‘f @(u) | du = o as t —»+0,

P
T

then the Fourier series of f(t) at t= x, is summable (N.p,) to f(x).

1
THE CASE F(x) = I, AND g(x) =—— IS THE RESULT IN [1].

PROOF: We have

n
S0 = 30 A ;
k=1
) n sin ( n +—1-—) t
S0 — 100 = =— J o 2

sin
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hence

n

1
t, (x)—f(x) = > 2. Pa Sa(x) — f(x),
" k=o 1 )
1 n | frt sin (n — k+ T ) :
_ a(t dt
P, Z P 2 o ® .
k=o0 sin —- t

1
sin (n—k+—)t
2 dt

nk=o sin — t y

1 n
= j;)n (1) D P

2nP

T
= .[ D(t) Ky(t) dt, say.

In order to prove the theorem we show

n
_!: DK, (1) dt

0(1) as n —-» oo,

Now

1
n

1
at (f + f1+ fr)I BOK,(1) dt,
1T
n

Il

mn
[ 20 k@ d
g
= Il + Iz + I3, say.

First by [:2] we have:
I

n
I =_£ (1) K, (t) dt
I

n
o( f | @ (0] | Ko(t)] dvy
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=1

= O(n_!; | @ (t) dt ) , and hence by our hyprthesis we have:

g(n).F(n) )
P,

I] =0 (n.

. g(n).F(n)
" H(n).F(n)

n.g(n)
=0 (——).
H(n)
Now since H(x) is slowly varying with a monotone, non-increasing derivative H (x)
= g(x) it can be shown easily (see [3]) that
x.H(x) _ x.g(x)
H(x) H(x)

=o0(l) asx— .

Hence I, = o(1) as n — <.

Second it follows by the Riemann Lebesgue theorem, and the regularity of the
metod (N,p,) that,

U
L = 1f D(ky(t) dt = o(1) as n —e .

Third by Tamarkin and Hie’s Lemma [4] we have:

1 I
L=fo0K@®d=0—- [0 Zaw.
I n
n

P t

n

Now ‘ 1 I
: R S
1 Py n-1  n-2 I
Pr P

RO R R Y B Iy

n n — 2

n—1
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Hence integrating by parts and simplifying we obtain :

»

1
1 1 P P 1 ! P
Tnlf|®(t)|-t1dt —o(1) = —— & () | + E-If@(t)t—?dt
i

n v
n
Now
1
1 Pry 1 1 g(n). f(n) ,p .
b 00 S A "
n
= Of( )+ 0(__—n.g(n) ) =0(1)asn— o ‘
P, H(n)
1 1 ) 1 n
Pnlf H — dt = > If d(—) P, du
n .
n
= o(— -F(n)lf g(u) du) )
_ F(n).H(n) _
=0 _*—F(n).H(n) ))=0() asn—o « .

This completes the proof of the theorem.
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22088 Jedlaeud w93 £ g—o0

Je ga—ay oy

Baaill Luyadl cal eyl dasla - pglall Luis

Y als

o
de Jeoaiy ailygh G sl a8 Judad il p gaad) Jf 550 Sall 138 3
O sasds dua (V) 3 Lale Juaa AN (e pel L

X
H(n).F(n) = 0(P,) noo, H(x) = / g(t)dt,
H(x) « 3..\3‘)3.0,:&5. ¢ 3 paduue by ‘.._fh g(t)
. Lasliog nLy ;-L?‘,-A F(x) ¢ "(f"""".. & il iy

(V) @ &aill 2 g) = — 5 FX =1 Ui
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