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ABSTRACT

In this work, a general form of linear and quasilinear elliptic equations is
considered. In the presence of boundary singularities, some estimations for the
error, according to the net method, are obtained.

INTRODUCTION

In different fields of mechanics and physics, it is necessary to solve mixed problems
for elliptic equations in its general form [4]. At first, the net method has been
applied and the error in the approximate solution is estimated as O (h) (h is the
distance between two vertical or horizontal points), assuming the boundedness of
the derivatives up to the third order of the exact solution. However, such
assumption is not valid in some practical significant cases; for example, in domains
with piecewise smooth boundaries, the behaviour of the solution at the corner
points depends on the angles at these points [7], [8], [9], [10], [11], [12]. In [3] and
[6], singular boundaries are considered for studying the net method for Laplace
and Poisson’s equations.

Let G be a simply bounded connected domain with piecewise analytic boundary

m2
= TwrI? where I''=U i and I'? = U T’ Let Zy, 3y Zm,
—1

i— 1 i

m = my + m; are the corner points of G and na;.> 0 is the interior angle at z;. We
shall call the arcs I'%; and I'% Dirichlet and Neumann arcs, respectively. The
corner z; is called a Dirichlet corner (a mixed corner) if it lies on both neighbouring
arcs of Dirichlet type (different type).




Mixed boundary for ellipitic equations

The case of linear elliptic equations:

Consider the following mixed boundary problem:

Lu=Aut+axy)u, +b(x,y)u +c(x y)u=£(xy),(x,y) € G, 1)
u(x,y)=9@(x,y),(x,y) € I'", )
fu= 3 vy +eExYu=0@xy), (xy el )

where A is the Laplacian and @ (x, y) is a given C? function on everyarc; —=— is

the external normal derivative; a, b, ¢, g and f are given continuous functions; |a| <
M

Ibl < M, M < is constant, ¢ < 0, g = 0.
Let z; = x; + iy; be a corner point of the boundary ' and denote lz-z4| = .

If z, is a Dirichlet corner, then for 0<n<3, O<k<n it has been shown that *[B]

Jn 4
S U & 9) = 0 () @
while if z, is a mixed corner, then for all A < —%—1-
a u(xy) = O @kt 1) Q)
Ix k g,

The corner points of I' will be the singular points of the solution u (x,y)inGUT .

Construction of the difference problem for problem (1) - (3):

Let Gy, denotes the set of interior mesh points, where equation (1) is to be
approximated, and ["},!, I’ denote the two sets of the boundary mesh points for
which the conditions (2), (3) are applied [1].

For all (x;, y;) € G,, we define
. 1 )
L, U; = 'h—;"[Ui—lj + Uiy + Uija + Uiy 4 U]

Ujj — Uy Ui, — Uj w; — Uy,
+ a; ————h + a*.;j ———-——h + b 5
+, j + 71 ij j “ij»
+ b -———m
Where U;; = ... and similarly a;;... are defined; and
@ —ay _a g,
a; = T a’y = -—2_
by = 2ol by ¥ o
2 2
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If P, ¢ ' and qqer’', where q; close to P;, then we can write
UP,) = @ (q1); while if per?,, hence we proceed as follows ‘[lﬂ:
U () — mU (R®) — u2 U (R

fn U (p) = +g(@P Up =9 (@, ©)
umh

1120, =0

Where wuq, m, =0 and u> 0 are certain numbers such that pu; + u, = 1,
p < V2;and RO RP€ G, U I}, q € T'™

The associated difference problem for problem (1) — (3) is as follows:

Find a function U which is defined in G, and satisfies the set of difference
equations:

L,U® =f(@),p € Gu
U@ =2(@:P e rn Y.

laUpy=2(q),p e I'n |

The uniqueness of the solution for problem (7) follows from the following lemma.
give a number; better

Lemma* (The maximum principle)‘ [4]
If the function V% const. is defined in Gy, and satisfies either of the two sets of
inequalities:

Lh V=0in Gh , fh V < 0on T zh
or
Lh V<0in Gh . Fh V =2 0 on T Zh .

Then V takes the greatest positive or the least negative value only on 1y,
respectively.

Estimating the error €, = U — u:

For any function vy (x, y) € C (G) we have
Ly Vay =Lvewy +hM () + M (v),

where M; (v ) (i = 2,3) denotes a linear combinations of the i th derivatives of v ,
and are taken in a square of side 2 h around the point (x, y). If p € T?%,, then from
(6) it follows that

th v ®= b v @+ hM(y)

If z, is a Dirichlet corner, then in its neighbourhood we have
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L, €,=hO () +h0@(?), 8
and if z, is a mixed corner, then

Ly €,=hO @+ 1)+ ho @2+ 1), 9
hence,

L, &, = h O (r*2 + 1). (10)

Finally,ifp € I''y,,andq € TI'is a point which corresponds to the point p in the
difference problem (7), then

P =U@P —u@ =2(Q —u(@ =u(Q—up)
=hM; (u)=hO (). 11)

Let z; = x; + iy; be a mixed corner of the boundary I", where 1l & 1 is its angle.
Introducing polar coordinates z — z; = re® in the neighbourhood r < r, (r; is a
small positive constant), we assume that the radius r corresponding to 6 = 0 is a
tangent of I'” at z; and the radius r correspondingto = n &, is a tangent of "2,

Let o (r,0) be an angle such that:
b (r cos O, r sin 6)

tg @ (1,0) =
# a(r cos 0, r sin 6)

and satisfies in the neighbourhood r < r, ‘the following inequality
O0=<a(r,0) —0<m2. (12)

Now, consider the function
g1 (x,y) =rfA(Acos L 6—sin A 6—1), (13)

where 0 < A < 12a,;, < 1 and A is a sufficiently large positive number.
The function g; (x, y) is positive and satisfies the inequality
g1 (x,y) = dr*, d>0. (14)

In virtue of (12) — (14), for the points r = k;h (k; > O), the following inequalities
hold:

Lygi(x,y)<—d; » ’r % —2—d, Ar- 1_1,(’(, y) € Gy, (15)
begix.y)= 2 r Ao xy) ey (16)

where d;, d, are positive constants independent upon h.

According to (9) — (11), (14) — (16) and for sufficiently large positive number K,
the following inequalities hold:

L, (K;h* g, + £)<0,(x,y) € ? (17)
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bn (K h* g, + €)>0,(x,y) € ? (18)
The Maximum Principal then yields
(K;h* g £ €)>0. (19)

Let z, be a Dirichlet cornerand 0 < 2 < 12¢®,, A <1, A and & are sufficiently
large and small positive numbers, respectively. Further, leta(r,0) be an angle such
that

b (r cos 6, r sin 0)

t, a (r,0) =
¢ @ (50) a (r cos 6, r sin 0)

and in the neighbourhood r = r; satisfies the inequality:
0<0+2A0+&)—a(r,0)<n. (20)

Now, let us consider the positive function
g (x,y) =r=* [Asin2 X (0+& )—1]. (21)

It can be shown that g,(x, y) satisfies the inequality
g1(x,y) = dr2* | d>o. (22)

In view of (20) — (22), there exists a number k; > 0 such that for the pointsr  k;
h, the following inequality holds

Lngi(x,y)s—d; A2 7 —dA r - (x,y) Gy, (23)
Where d; and d, are positive constants and independent upon h.

Taking into consideration the relations (8), (11), (22) and (23), then for sufficiently
large positive number K, we have

L, (K4 heA gt ep) <0, (24)
K, 0 g+ e)>0. (25)

If we continue the process of constructing majorant functions, we can suppose that
the function Yo(x, y) is a continuous solution in G for the problem

LYxX, y)=—1, (x,y)€G,
Y, y) =1, (x, yeT’,
ty(x,y) =1, (x, y)e 2.

It is noticable that Yy (x, y) > O in G (by lemma and the behaviour of its
derivatives near the corners is the same as that of the derivatives of u (x, y).

Now, consider the function
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Sh (x, y) = .21 Ki b gi(x, y) + Ko b* Yo(x, y),
1=

where v, = X or2 A depending on the type of the corner z;, the number K is
taken sufficiently large such that for every i and | z — z; | = k; h, the function

Sh (x, y) — K h'; g; (x, y) > 0in G,, and has discrete negative operators L, and ty
in Gy, and on T'%, respectively.

Let G,* denotes the set of points p € Gy, which lie outside the neighbourhood | z—
z; | < k; h of the corners, Hence according to the construction of S,, (x, y) we have

Li[sh @) £ en(p)] <0
Therefore, [S, (p) + &, (p)} takes its minimum value on the boundary of G,*.

This value can not be attained at a point pe %, since on I'yx:
o [Sn (P) £ &4 (p) ] = 0.

If the minimum value is attained at a point pely!, then

S (P) = & (p) = 0.
and consequently

| &, (@) | < Su (q), vq € G,*

The above results can be formulated in the' following theorem.

Theorem Let U (p) is the solution of the dlfference problem (7) and u (x, y) is the
solution of the differential problem (1) — (3). Further, let G £ G such that G does
not contain any corner points of G. Then V p € G N G, we have

U () —u(p) = O (), |
where s is a number satisfying the following conditions:
s < 1;

s < 12 a;, if z; is a mixed corner;
s < Vaj, if z; is a Dirichlet corner.

Corollary 1. If all the mixed corners are acute and the Dirichlet corners are convex,
then

U(p) — u(p) = O (h).
The case of quasilinear elliptic equations:
Let f(x, y, z, v, @) be a given continuous function defined V x,vy) e G
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and Y z, v, o . Assume that the partial derivatives f,, f, and f w exist and satisfy the
following inequalities

f,=21>0,|f,|,|fo|] <M< o, M = const.

LetLu=Au—f(x,y,u,u,u); @ (x,y) and g(x, y) = 0 are continuous
functions. Now, the problem is to find a continuous function u (x, y) in G, twice
continuously differentiable in G and satisfies both the equation

Lu=0,(,y) €G, (26)

and the boundary conditions
u(x,y) =B (x ), (x,y) €I, @7)
b= 2wy +exu=0xy), (xy) €I (28)

Suppose that the point P, (x,, y,) € G. Denote the points (x, + h, y,)
(xo’ Yo + h)’ (Xo - ha yo), (xo’ Yo — h) by Poh P02’ P03, Po4’ respectively. The
points Py, Py, Po3, Pos we shall call neighbouring points of P,,.

Denote the set of mesh points Py, P,, P;, ....... , Pny € G for which Py, € G

(i = I, Ny; k = T,74) by Gy,. The set of mesh points Py; + 1, Py + 2, ..... ,

PN'ZQ G , where the distances from I'? are less than V2, is denoted by I'n’. The
set of points Py +1, Pra+2, ... , P which are neighbouring points of the points of
Gr uTr’ is denoted by T3,

Construction of the difference problem for problem (26) — (28):
If v Pj (j = N; + 1, Ny), we can find the points R;” and R; @ such that the
condition (28) can be approximated as follows

) — O @) — n.® KO
Fh U (®) U (p) n;® U (R;®) n® U (R;®)

h
= 2 (@), Hi
where g€ I’ O <y; = V2 and n;®, N@® = 0 where N® + 1@ = 1,

]

+ g (P) U (P)

then we approximate L and f by the following operators:

Lh uj = A h uj - f[Xj, Yj’ uj’ Dh,xo(uj)’Dh,yo(uj)‘], ] = 1, Nl; (29)
Toty= (1 + g 1) uy— 00w (R?) — @ u(R), j =N, + 1,1, (30)
where

4 . 1
Ay oy = 1y ( El ujk — 4 u;), Dy xo(w) = Br(uj; — uj3),
Dy, yo(uj) = 511-; (‘13% — Uj4), Pn U = M h th u;.
Since one of the two points R, R;? is an interior point, then without loss of
generality we can take R;" as an interior point, and therefore M;®'# 0, ¥ j=N, +

Is TjZ'
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The associated difference problem for the problem (26) — (28) is as follows:
Find a function U; is defined in G, and satisfies the problem:

LhUj=O)j=1’N1’

Uj=9;,i=N, + 1N, (31)
~ — ——
taUj=3;, i =N + I, N,

where 5,~ = H;h @ (q) and q € TI'is the point of intersection of I'? with the normal
passing through P;€ I'%,.

Following the approach given in [2], we can prove that the solution Uj of the
difference problem (31), can be obtained as the limit of Seidel successive

approximations:
k1) — sj (m) @ m , J =1, Ny,
U; (Up  Up "Up U;

(1), — 1 ['n ) ("6“) R.®) + @ ("I"S 1)
Ul "_1'-_{_'@]}“,. Ri (R®) + n,

(mp-1) {m)

U)' = Uj = @j, ] = N2+1, N, m = o, 1, cerey

RY) + 5,'], =N+ 1, N,

where S; (@] 1,® 2, @ 3, ® 4,), j = 1, N; are continuous functions according to ‘its
arguments. Further, the rate of convergence can be estimated by:

max @—1)
Gh | U] _ U] I < pm I Uj(o) _ Uj |,

where O < p < 1 is the ratio factor and U;® are the intial approximations.
Estimating the error §, = U — u:

Making use of equation (29), we have
L, U= A ,U — ‘f(X, y, U, Dh,xo (U)’ Dh,yo (U) )’

Lhu = Ahlj — f (X, y, u, Dh,xo(U))’Dh’yo (U))
= Au—f(xy, u, u,, u)) + h M3 (u) + h M, (u),

consequently,

&hs h = Lh U — Lh u = Ah‘Sh_’fz Bh — ’f\; Dh, xo(_&h)_

—fw Dpyo (8n) =h M, (u) + h M, (u). (32)

let z, be a corner point. As in § 2,letaa(r,0) be an angle such that
b (r cos 6, r sin 0)

a (r cos 0, r sin 6)

tg a (r,0) =
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b(rcos® ,rsinf) = — fw (rcos 8, rsin6 z (r cos 0, r sin 6),
v (rcos O, r sin 6), w(r cos 6, r sin 6) ).
a(rcos® rsin @) =—f, (rcos O rsin® z (r cos 6, r sin 6),

v (r cos 0, r sin 6),w(r cos 0, r sin 6) ).
Assume that

c(rcos® rsin@ = —f, (rcos O rsin 0, z (r cos 8, r sin 6),

v (r cos O, r sin 8), @ (r cos 6, r sin 6) ).

If z, is a Dirichlet corner and inequality (20) is satisfied, then using (4), (32) we
have

dn 8, =hO (@ + hO ().

Finally, if z, is a mixed corner and inequality (12) is satisfied, then taking into
account (5), (32) we obtain.

L Sn=hO0(@*>+np+h0o@?-+1)

Corollary 2. The computations for the operator £, is a straight forward extension
to that used in the proof of Theorem.
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