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ABSTRACT

In this paper, the concept of a finite n-state cyclic machine A, is defined. These machines are then completely characterized using
the prime factorization of n. Specifically, it is proved that any finite-state cyclic machine

An=(Qu X, Y, 8, Ay), for n22

is isomorphic to a multi-series or multi-parallel composition of simpler cyclic machines.

INTRODUCTION

One of the basic concepts in computer applications is that
of a finite-state sequential machine. Informally, this is a device
that is served with inputs and generates outputs at discrete
instances of time, and whose output at any time depends on
the input and the internal condition (called the state) of the
device at that time. In addition, the input and the internal state
at any time determine the initial condition at the next instant of
time. The action of this system consists of specifying the next
state as well as the output of the machine.

Of the many sequential finite-state machines that are
studied mathematically, we restrict ourselves here to a special
type of what is known as Mealy Machines. In this work we

investigate some properties of a special case of an abstract
Mealy machine (or automaton) which we call finite-state
cyclic machines. This notion of a finite-state- cyclic machine
extends naturally to initialized machines (i.e. machines in
which a particular member of the set of states is designated as
the initial state.) Thus we shall deal with both arbitrary, and
initialized finite-state cyclic machines simultaneously.

Section 1 introduces the basic concepts and terminology of
a finite state cyclic machine A, =(Qp X, Y, 8 An), as well as
the serial and parallel composition operations and |b|
which are special algebraic devices for combining these
machines. It is proved (Theorems 1.7 and 1.10) that for a pair
of cyclic machines A, Ap, the composite machines A,
Ay and for (n, m) = 1, A, [b| Ay, are again finite-state cyclic
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machines. Similar results (Theorem 1.11) can be obtained for
the initialized finite-state cyclic machines A, A,

In Section 2 we present the natural concept of a network of
cyclic machines, which results from the iteration of the
operations of multi-series and multi-parallel compositions of
cyclic machines. Applying the conclusions of section 1, we
prove some basic results (Theorems 2.3 and 2.7) on the
decomposition of a finite-state cyclic machine A, into simpler
cyclic machines using these operations. The corresponding
network diagram for this decomposition is illustrated in F igure
5, (which we call the H.-M. diagram of the machine).

1. BASIC CONCEPTS ON CYCLIC MACHINES
1.1. NOTATION AND TERMINOLOGY

Q+«={q1, q2, ....} will denote an infinite universal set of
'states' q;, and n, m denote natural numbers>1, On what
follows we shall only use the first n or m elements of Q-+ For

any n22, let Q, = {qy, ..., qu}.

A will denote a Mealy machine, which is (cf[1]) a 5-tuple
Q. X, Y, 8,1) = A, where Q is the set of internal states, X is
the set of input symbols and Y is the set of output symbols; 3:

QxX —> Q represents the transition function of A, while A:
QxX —> Y denotes its output function.

1.2. DEFINITION

Let n22. The n-state Mealy machine [An=(Qu X, Y, 8., A)] is

called an n-state cyclic machine if A, satisfies the following
conditions:

a) Qu is defined as in 1.1;

b)) X=Y={0,1};

¢) The transition function §,: QxX —> Qu is given by:
8a (g5 0) = g, I<i<n;

qin:lSi<n-1,

8n (ql ’1) = {

q,,i=n.
d) the output function A, : QxX —> Y is given by :

1 (i,x)=(n)),
0  otherwise

)\,,(q,,x)z{

1.3 DEFINITION

For n>2, the initialized n-state cyclic machine A,,(i) is
obtained from the cyclic machine A, by specifying the initial
state q;, and we write

A= (QwX,Y, 8y Ay q)).
1.4 EXAMPLE

The cyclic machines Ay and AS® are represented by the
following state diagrams (Fig. 1).

0/0

o

11,

0/0° :_) 0/0

1/0
—— (@
1/0 )
0/0 0/0
AL
Figure 1

1.5 DEFINITION

The series composition of a pair of state machines (both
arbitrary or else both initialized) is defined as usual (cf[4]) for
the Mealy machines:

For n22 and m>2 we denote the series composition for the
two finite state machines ‘A, A, (res(pectively AL ALD) by
A, @ Ap (respectively A,® E% AnY). We then write

A An = (QXQw X, Y, 8,2),
(respectively AP(=) A = (QuxQu X, Y, 5, 4, (a1, q)
where 8 (g5 4, X) = (84 (G5 X), 8 (qj An (g X)) and
A (9 99 > X) = A (5 n (qi X)), for Gi€Qy, ¢ €Qp
and xeX.

1.6 REMARK

We recall the fact that a pair of Mealy machines A = (Q,
X,Y,8M)and A'=(Q, X', Y', &, LX) are said to be isomorphic
if there exist three bijective maps hg: Q — Q, hyx: X —X'
and hy:Y —> Y such that hq (3 (g;, X)) = &' (hq (q), hx (x))
and hy (6 (g;, x)) =\’ (hq (@), hy (x)) for all geQ, xeX. That is,
the two machines A and A' are isomorphic if the following map
diagram (Fig. 2) is commutative.

For the initialized state machines A®, A® we require the
further condition that hq (q1) = qy". The triple (ho, hy, hy) of
bijections is said to constitute an isomorphism between the
state machines A and A".
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A S
Y &———— X > Q
hY (hQ’hX) hQ
A &
Yy LZE£om—m— QxX' > Q

Figure 2

1.7 THEOREM

For n, m 22 let Ay, Ay, be two finite-state cyclic machines
(respectively A,®, A® be two initialized finite-state_cyclic
machines). Then the series composition Aj Anm
(respectively AL AL is isomorphic to the cyclic
machine Aqm (respectively App)).

Proof: Put Ay = (Qn X, Y, 8y, An) and A =(Qm X, Y, S Am)
(respectively A® = (Qu,X, Y, 8u A q1) and A = (Qu, X,
Yasnb )"ma QI)), and let

A An = (QX Qu X, Y, 8, 1) (respectively
AL An®= (Qux Qu X, Y, 8,1, (a1, )

be their series composition. We shall show that An@ An
(respectively ALY Am(‘)) is equivalent to a cyclic machine
(respectively an initialized cyclic machine).

Consider the cyclic machine Ay, = Qum X, Y, Snm Aam)
(respectively Ay = Qum X, Y, 8am Anm q1)), and define
the map hq : QuxQm — Qum by the rule : hq (g; Ch) = QG-+
for 1<i<n, 1<j<m. For the maps hx, hy take the identity
functions hx = 1x, hy = ly. We shall now show that hq is
injective: For 1<i<n and 1<j<k<m it follows that

hq (Gi> 9j) = gD #9k-Dei = N (G G-
Also, for 1<i<j<n and 1<k, t<m we deduce that

hq (G, 9i) = Qi # G = D (Q Qo)

Thus hq is indeed injective. To verify that hq is surjective
let qx€Qum- Then there exsists i€ Qn , j€Qm such that hq (g;,
q;) = qi (by taking j = [ (k-1)n] + 1 andi=k-(j-1)n).

For the verification of the isomorphism condition it will be
necessary to prove, for 1<i<n, 1<j<m, and x € {0,1}, that

hq (3 (i 9)> X)) = Bum (q G-pnsis X) ey
and
A (@i, 9> X) = Aam (Q Gettis X) #)]
Case1: Let x = 0. Then, for 1<i<n, 1<j<m we have:
hq (8 (45 49, 0)) = hq (8a (G 0), 8 (G5, Am (g An (93 ON))
=hq (g @) = q G-)n+i-
But Ama (hq (G g5, 0) = 8mn (q Geis 0) = G G

Thus, hq (8 ((9i 49> 0)) = 8am (q Ger1; 0)-
Moreover, A ( (G, 93, 0) = Am (G A (410) =0,
and Agm (hq (s> 99> 0) = Amn (9 Giyeir 0) = 0.
Hence A ( (95 4> 0) = Ama (q G-iyeis 0)-

Case 2: Let x= 1. In a similar fashion it can be seen that the
equations (1) and (2) hold. The proof is facilitated by easily
verifying it for the following three situations : a) for i= n, J=
m; b) for i= n, 1<j<m-1; and c) for 1<i<n-1, 15j<m.

In the case of initialized finite state cyclic machines, we
note that hq (q3, q1) = 41, which completes the proof.

1.8 COROLLARY

For any three finite-state cyclic machines Ay, Am Ay, the
following holds :

) A Anz= A0S An
5 4D A O 4,2 4.3 A D Ap.

We shall now present, for the cyclic machines, the
corresponding notion of parallel composition, as described for
Mealy machines (cf [2 & 3]). :

1.9 DEFINITION
For n,m>2 consider the two cyclic machines
A= (Qu X, Y, 85 A, An= (Qu X, Y, 8in, Am)
(respectively the two initialized machines _
An®=(Qu X, Y, 80 A, ), An® = (Quo X, Y, 8 A 1))

and let b denote a binary operation on Y. Then the parallel
compositon of the two machines A, Ap (respectively Ay (‘),
A, with respect to the map b is defined as follows :

AnlblAn= (QuxQuw X, Y, 8, 1),
(respectively A9 | b| Ax® = (QuxQum X, Y, 8,4, (1, qD))
where 8 ( (g5, ), %) = (8 (qi> X)» 8 (G5 X)),
and A ((Gs, 49, X) = b (ha (%> X)Am (g X))-

In other words, if we put & ((q;, g;), X) = ((ai, %), (g5 X))
then the functions & and A for the parallel composition
machine will be defined so that the following two map
diagrams (Figure 3a and Figure 3b) are commutative.

o
(QuxQum) XX > (QuxX) x (QuxX)
8 (smsm)
QuxQum
Figure 3a
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o
(QxQ,,) xX > (QuxX) X (QuxX)

]
1

A (M)
NE b

Y < YxY

' Figure 3b
1.10 REMARK

The series and parallel composition (as defined in 1.5 and -
1.9) of two cyclic machines A, A, can be represented
diagrammatically as follows (Figure 4): (cf[4 & 5]).

A,

Sy N g
A,,(—9Am

1.11 THEOREM

Figure 4

Let m, n22 be two relatively prime integers, and consider
the two arbitrary finite-state cyclic machines

AII:(QIB X7 Ys 811: }"n) » Am= (Qm: X5.Ya 8m> A'In)
(respectively the initialized cyclic machines A,® and A,®,
with initial states q,). Define the binary operation b on Y via
logical conjunction; i.e.

b )_{1 fy=1=y,
YisY2) = 0 otherwise.

Then A, | b | Ap, (respectively An(i) l b | Am(i) ) is isomorphic to
the finite-state cyclic machine Aqm (respectively the initialized
finite-state cyclic machine A,,?).

Proof : Let Ay |b| Ap= (QuxQu X, Y, 5, %)

(respectively A% |b| An® = (QuxQu X, Y, 8, 1, (q1, q1)))

be the parallel composition of the two cyclic machines A, Ay,

(respectively A,l(i), Am(i)). It is easy to see that A, , b | Apn

(respectively AL l b | Am(i)) has nm distinct states and behaves
as the cyclic machine A, , (respectively A, m(‘)), as we show
below.

Case 1. Let x = 0. Then for 0<i<n-1 and 0<j<m-1 we have
(using definition 1.9):

8 ((Qi, qJ)aO) = (811 (Qi, 0)38111 (qjio)) = (Qi, qJ)a

and

A (@5 9,0) = b (ha (3, 0),2m (9;,0)) = (g5, q) = b (0,0) = 0.

Case 2. Let x = 1. Then:
a) Fori=n-1 and j = m-1 we have

8 ((Qn-t> Qur1),1) = (Ba (Qut> 1),8m (Qme1,1)) = (qo, 90),

and

A (1> Gu1):1) =b (A (Gt DA (G, 1)) =b (1, 1) = 1.

b) For i =n-1 and 0<j<m-1 we have

8 ((Qn-l, Ch), 1) = (((IO, Qj+1), 1)9

and

A((Qe,q), D=b(1,0)=0.
¢) For 0<i<n-2 and j =m-1 we have

8 (5 Q1) 1) = (@41, o) A (95 Gm1), 1) =b (0, 1) =0.
d) For 0<i<n-2, 0<j<m-2 we have

8 ((a 9, 1) = (giv1, q+1), and A (g, q9), 1) =b (0, 0) =0,

We deduce that the number of states reached by an arrow
(for value 1) as in a), b), ¢) and d) above will be respectively
1, m-1, n-1 and (n-1) (m-1), and these states are all distinct.
Thus the total number of these states is equal to nm. It follows
that the machine AnTb |Am (respectively A2 |b|A,? has nm
states, each of which emits one arrow and is targeted by one
arrow.

Consider now a cycle C (of states) of An| bl Ay, for which
8 (9 9, 1) = (qG+1ymoda> G+ yomodm) fOr O<i<n , O<j<m.

It is obvious that this cycle has N(n, m) distinct states, with
N (n, m) denoting the least common multiple of n and m. But
as n and m are relatively prime integers, N (n, m) = nm. Thus
the cycle C spans all the states of the machine Ay |b | Ap
(respectively

A,,(i) |b|Am(i)). We also note that for each qx€Qn m there

corresponds the element (Qupodn, Gimodm) OF QxQy for
Osk<nm-1. Hence we get that the machine A,,'blAm

(respectively AP [b] Am(i)) is indeed isomorphic to the cyclic
machine A, .

The following corollary and its proof are immediate.
1.12 COROLLARY

For cyclic finite-state machines A,, A, A, with n, m, p
relatively prime in pairs, we have :

2) AnlblAn=AnlblA,;
b) (AalblAm) [blA, = A, lb| (AnlblA,).
1.13 REMARKS

The condition that n and m are relatively prime is essential
in 1.11. If n and m are not relatively prime, then the state
diagram for the machine A, b l A may not be connected.

For x = 0, case 1 of Theorem 1.11 holds.

For x = 1, the cycle C will be as in case 2 of Theorem
1.11, and C has N (n, m) states. Since N (n, m) <nm, the cycle
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C will notgenerate all the states of the machine A, |b|A
This implies that A, |6 | A cannot be cyclic.

To examine the parallel composition for the initialized
finite state machines, we recall the following definitions, (cf
[2 & 6] & 7).

1.14 DEFINITIONS

I Let A=(Q, X, Y, 3, A, q,) be an initialized Mealy machine.
The state qeQ is said to be accessible if there exists a
directed path from q, to q in the state diagram of A. A state
for which there is no directed path from it to g, is called
inaccessible.

2) We shall denote by Re (A) the initialized Mealy machine
which is obtained from the machine A by deleting from Q the
subset of all states (of the machine A) inaccessible from q,.
We shall call Re (A) the reduced initialized Mealy machine
of A with respect to q, .

1.15 THEOREM

For n, m>2 let A, = (Qu X, Y, 8, Ag, o) and Ap® = (Qun,
X, Y, O Am Qo) be two initialized finite-state cyclic
machines, and suppose that the map b: YXY —> Y is given as
in 1.11. Then the reduced machine Re (A bl AL is
isomorphic to the finite-state machine An,m) ® where N (n, m)
denotes the least common multiple of n and m.

Proof: Consider the parallel composition A, O|p] A of the
pair of initialized machines A,®, A,® . From 1.9 we infer that

3 (g 9> 1) = (qg+1ymodn Ag+Dmodm), for 1<i<n, 1<j<m.

In the above parallel composition state machine, the
various states

q = (Qg+1)modns QG5+ 1modm) 3
are accessible, as explained in the following steps.

(i) The state q can be accessed from (q;, q;) by employing the
string 1' for 1<i<N (n,'m).

(ii) For an arbitrary state q as in (3) we have 8 (g, 0) = q.
(iii) For i =N (n, m), we have 8 ((q1, 1), 1) = (q1, 1) -
It follows that for all i, j there exists an integer k such that

8 ((Qi+ Dymodas G ymodm)> 1% = (i 1ymodnr G+ 1modim)-

Thus, any state from (3) above can be accessed from any
other state of (3), by using the string 1* for any integer k.

It can also be easily inferred that
A (g3, q3), 0) =0, 1<i<n, 1<j<my;

and

1 fori=1,j=m,
)\‘((qi’qi ) D= {0

otherwise.

This completes the proof that the reduced machine
Re (A0 |b| AL®)
is 1somorph1c to the initialized finite state cyclic machine
A9 N, m)- _
2. DECOMPOSITION OF CYCLIC MACHINES

In this section we shall present a method of decomposing
an arbirary finite-state cyclic machine A, (for n composite) to
simpler cyclic machines. We shall prove that A, is equivalent
to a network of machines joined under the series and parallel
compositions.

2.1 DEFINITION
For k=1, let
my,..., My, ila eses ika (1)

be two sequences of k non-negative integers, with m>2 for
1<j<k. (For typographical convenience we shall put m; = m (j),
etc.). Then the construction

Tk
( @Am(l)) B]..... bl (@Am(k)) @

rl— rk=1

formed by the application of the (multi-) series and (multi-)
parallel composition operations (as in 1.5 and 1.9), on the finite-
state cyclic machines Ay, for 1<j<k, is called a network of
cyclic machines belonging to the pair of integer sequences (1).
This network is schematically illustrated in Figure 5. The
resulting machine (2) will be denoted here by the symbol

i ......... ik
By (). ®)

1, t1me
oo —-r
oo

J'N

ii.; times

2.2 REMARKS

1. By the corollaries of Theorems 1.7 and 1.11, the construction
(3) can easily be shown to be well-defined.

2. It follows from the construction (3) that we can naturally
extend it to initialized Mealy machines.

3. If k =1 then there is no "parallel” operation in Brir:(l) which is

therefore just the series composition for the cyclic machine
A composed i times.
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2.3 THEOREM

Let n>2 be a natural number and
n=p.....p¢¥ (k 2 1)the standard factorization of n, with

P1, .. Pk distinct primes. Then the arbitrary finite-state cyclic
machine A, is equivalent to the composite

Bil J— Y

p(D).......p(k)

Proof : This follows immediately from the results of 1.7, 1.11,
and 2.1

2.4 COROLLARY
Other assumptions being as in 2.3, let s be a permutation of

the set {1, 2, .., k}, and, for 1<r<k, let t (r) = isgy q(r) = pgy and
v (1) = q,. Then

(a) Bl(l)t(k) =~ A

g(1)...q(k) n
 plol
(b) An =Bv(1)....v(k) .
Proof: Both results follow from 2.3 and the facts that

(i)A,@ASEAs@AI

and

@A a=aO A,

for any positive integers r, s, t, together with the corresponding
results for the operation of parallel-composition, but with the
added condition that 1, s, t are pairwise relatively prime, as well
as the following easily proved relation :

(i) A b [ A, Ap 2z Ab A S (Allbl AY
2.5 EXAMPLE

If some of the integers m;, my, .., my are not relatively
prime, then the network

Bl

mzl).u m(k)

may have a non-connected state-diagram, as is illustrated by
the following example.

Consider the network
11 _
B 2,4‘A2 |b|A4
which is the parallel composition of A, and Ay; the state-tables

and diargam of these machines are depicted below in Figures 6a,
6b and 6c.

8 A A,
0 1 0 1
10
G (%% op 0/0
11
Figure 6a

84 )‘4 A4
0/0
0 1 o1 0
q, q, q, 0 0 ‘ 1‘/1/'0
q, 9, | ¢ [0 ] O 0/0 C(94) (@Y 00
q, 9, {9, [ 0] O 1/0 © 1/0
q, q, q, 0 i 3]
0/0
Figure 6b
5 A
0 1 0 1
q9 qq qq 0 0
11 11 2 2
q4q qq qq 0 0
21 21 3 2
qq qq aq 0 0
31 31 4 2
qq qq qq 0 0
41 43 12
qq qq | 9qq 0 1
1 2 1 2 21
qq qq qq 0 0
2 2 13 31
qq qq q4 0 0
3 2 3 2 4 1
qq qq qq 0 1
4 2 4 2 11
Figure 6¢

Figure 6¢

2.6 REMARK

In a similar vein the concept of multi-series/multi-parallel
composition network can be easily adapted to initialized finite-
state cyclic machines. The symbol

) iy
Bm'(l)'f..m k)
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will denote the multi-series/multi-parallel network defined by
the pair of integer sequences of 2.1 (1).

The next theorem gives the corresponding result in 2.3 for
the initialized finite state cyclic machines

, A(i)n(]), for 1.<_jﬁk.
2.7 THEOREM

‘Let n be a natural number 22 and »n ='1171""; be the
k

standard factorization of n, with py, .., pi distinct primes,
Then:

() ~ () ph-iy ‘
An = Bpl(l)----p(k)

Proof: Follows immediately from 1.7 and 1.11, in conjunction
with 2.3,

REFERENCES

(1] Dornhoff, L.L. and F.E. Hohn, 1978. Applied Modern
Algebra, Macmillan, New York.

[2] Hartmanis, J. and R.E. Stearns, 1966. Algebraic
Structure Theory of Sequential Machines, Prentice-Hall,
Inc., Englewood Cliffs, New Jersy.

[3] Booth, J. L., 1967. Sequential Machines and Automata
Theory, J. Wiley, New York.

[4] Kohavi, Z., 1978. Switching and Finite Automata Theory,
McGraw- Hill, New York.

[S] Birkhoff, G. and T. C. Bartee, 1970. Modern Applied
Algebra, McGraw-Hill Inc., New York.

[6] Salomaa, A., 1986. Computation and Automata,
Encyclopaedia of Math & its Applications, vol 25,
Cambridge University Press, London.

[7] Lewis, A.R. and F. H. Papadimmitriou, 1981. Elements
of the Theory of Computation, Prentice-Hall, Englewood
Cliffs, New Jersy.






