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ABSTRACT 

The aim of this paper is to present a new extension of the Szasz-Mirakyan operator n the whole real axis, and to give 

its convergent approximation theorem. 
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An Extension of the Szasz-Mirakyan Operator on the Whole Real Axis 

1. INTRODUCTION 

In 1950 O.ASzaszr
11

introduced and investigated the fol­

lowing operator, the well known Szasz-Mirakyan operator, 

00 k (n.x)k 
S (j;x) = e·<nxl L f (-) -, 

n k=onk! 
x E (O,oo), 

where f is defined on [0, oo). 
_!2] 

Later on, J. Grot gave the following extended operator 

of the Szasz-Mirakyan operator. Let f be defined in (-oo, oo), 

~ k 

Tn (f;x)- l L [f(~n,k) + Hl f(-~n,k)] (nx) , X E (-oo, oo), 
enx + e-nx k=O k! 

where k. ::;; ~n,k < k + 1 , and investigated its approximation 
n n 

problem. 

Recently, Rempulska lucyna and Skorupka Moriala [3] 

gave a modified operator as follows. Let f is defined on 

[1, oo), { 00 2k+l} 
An(f;x)= 1 f(o)+L, f(2k+l)(nx) , 

l+Sinhnx k=O n 2k +1)! 
XE [O,oo), 

and discussed corresponding approximation problem 

In this paper we give a new extension of the Szasz­

Mirakyan operator. 

Let f(x) be defined (-oo, oo) and m be an natural number, the 

extended operator 

R:;'lf;x) = 1 {2f(o)+ 
2 + sgn x(e(nxyn -e-<mxY) 

sgn xi (f(8f)- (-l)k f (-Of)) (nx)km}.- oo < x < oo,(l) 
k=O n n k! 

where k::;; O<k+ 1 and sign x is the sign functioin. 

Especially, when e k=k,x E [O,oo) and f is an even func­

tion, we can see clearly that the operator R~ (f;x) is just the 

operator An(f;x), therefore~ (f;x) is also an extension ofthe 

operator An (f;x). 

2. RESULTS 

By ffi2A(f; 0) denote the modulus of continuity off in the 

inteval [-2A,sA] (a>O), that is, 

ffi2A(/; 0) =suplf(x)- f(y)i, 
Jx-yl ,;I) 

o>O,x,y E [-2A, 2A], (2) 

(in the following we use the shorter form w2A(o) it has the 
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II 
. . (4] 

fo owmg properties 

(1) w2A(f;O) ~ 0 is an increasing and w2A(O) ---70,0---70. 

(2) j(x)- j(y) l::;w2A(Ix- y(), x, y E [-2A,2A]. 

(3) ffi2A(A·O)::;; (A +1) w2A(O) (A >0, o>O) 

(4) ;= 0 (m2A (;)). 

In this paper we give the following theorem. 

Theorem. Let f(x) be a continuous function defined in 

(-oo, oo). If for some a >0, f(x)=O(e<X[x]m) (-oo<.x<oo), then 

when ~ 1 is an odd number, the inequality 

Rn(/;x)- j(x) = 0[ ffi2A(.Jn)] 

holds in any inteval [ -A,A] (A>O) for n >max { 8aea, :} . 

Here and after the bounds of "0" are independent of n. 

When m=1, ~= k, From the above theorem, we immedi­

ately obtain the following. 

Corollary 1. Let f(x) be a cntinuous functin defined on 

[1, oo). Iffor some a >0, f(x)=O (ew:) (O::;x<oo), then 

An (f;x)- f(x) = o[ w2Ac.Jn)] (O::;x<_A), 

for n > max { 8aea, 1 } . 
Corollary 2. Under the conditions of Corollary 1 and 

f(o)=O. Let 

00 2k 
Bn (f;x) = 1 L f(2k) (nx) , 

1 + sinh nx k=l n (sk)! 

then in any interval [O,A[, we have 

Bn (f;x)- f (x) = 0 ( W2A (in)) 

when n > max { 8ae2
a, ~ }· 

3.LEMMAS 

In order to prove Theorem, we need some lemmas. 

Lemma 1 : For x>O and m is an natural number, the 

following identity holds 

00 ( )2 (n.x)km m L k- (n.x)m -- = (n.x)me(nx) . 
k=O k! 

00 (n.x)km 
Proof: Using the known formula e<'"'>m =Z, -k- (-oo<x<oo), 

0 ! 

(4) 



MuLehua 

successively differentiating ( 4) and then multiplying by x, we 

can get two equalities as follows 

(5) 

(6) 

Multiplying (4), (5) and (6) by the factors (nx)2m, -2(nx)m 

and 1 respectively, and then adding three equalities up togeth­

er, we immediately obtain the equality (3). 

Lemma 2 : When x>O and m?:.2 and k?:l are integers, then 

but 

so 

lk~ _ ruj::;; lk- (nx)1 

(nx)'f 

Proof: When x > 0, m?:. 2and k?:. 1, we have 

?:\~-nxl\1+nx)m·11 

m 
1?:(nx) 2 , O<n.x:s;1, 

1 +(nx)m·1 ?:. { m 

(n.x)m-1 ::;; (nx)2, 1:s;n.x<oo, m?:.2, 

\k- (nx)ml?:(nx)lf\k-- nx\ (m?:.2). 

From this lemma 2 is obtained. 

Lemma 3: When x> 1 and m?:.2, the following inequality 

holds 

~ Jan 
Y (k~ -nxl (nx) ::;; 2enx"'. 
~ k! 

(7) 

Proof: Using lemma 2 and lemma 1, we get 

oo 1 (n.x)km 1 oo 2 (nx)km 
L(~-nx)2-:s;-I,(k-(nx)m)-
lr-1 k! (nx)m lr-1 k! 

so the left-hand side of (7) is 

O<n.x:s;1, 
(8) 

1:s;n.x<oo (m?:2), 

and hence we get the conclusion oflemma 3. 

Lemma 4: If m?:.1, 8 >0 and a.>O, then in any inteval 

(O,A], the inequality 

(9) 

holds for n > 2Aaea. 
8 

Proof. The left-hand side of (9) is 

Jan a 

e
-(nxY" ~ a.!L (nx) _ (nx'f"(e"m-1) l (x) 

.l..J e nm . --- e n ' (10) 

I I 
k! 

~-X ?.0 

where : [(nx)me"~]t 
I (x) = e-i."">mt!' L . 
n k! 

(11) 

~·I~ 

Say t = xem•~ (m?:1). If I :-xl ?:.8, then we know that 

Using the inequalities e'-1 :s;xex and e'-1 ?:.x(x>O), we have 

From this and (12) when 0 < x::;; A, we have 

and hence it is shown that if m?:. 1,0 < x::;; A [ n> 
2
A8ae" ] , 
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(1) set { k; I~- xl ~8 } set{k;l~ -t I ~ ~}; 
1 

(2) 4(/c"- nt)z > 1. 
nzsz 

So by (11) we obtain that when O<x<_A, 

km 1 s km 
I. ( ) < -(ntyn "" (nt) < -(ntyn "" 4(k m -nt) (nt) nX_e L. _e L. 

l$11 k! l$11 n282 k! 

4e-(m)m 't' oo 1 (nt)km 
< L. (k"' -nt)l -. (13) 

nW· k-0 k! 

When m= 1, by lemn 1 we get 

-(nt) ~ ( )k a 
ln(x)::; ~ L (k-nd ..!!:!__ = 4t2 = 4xe2ii =() (1), 0 < x::; A 

n20 k=O k! nO nO n 
(14) 

When m~ 2, by Lemman 3 and (13) we get 

In (x) ~n~ = 0 (~2 ). (15) 

On the other hand, using the unequa1ity e<-1 ~e' (x>O), 

we obtain that in 0 < x ~A, 

From this and (14), (15) and (10), we get Lemma 4. 

Lemma S[2
.P

305
<41l For x > 0, the following inequality holds. 

- (nx)k 
L lk-nxl-~ert&. 
k-0 k! 

In this paper we yet need the following Cauchy's 

inequality. 

If ak bk (k= 1 ,2 · .. ) are real numbers, then 

4. PROOF OF THEOREM 

(i) the case x=O. 

By (1 ): R (f;O)= f(O), Theorem is valid clearly. 

(ii) the case O<x<_A. 

By (4) we see that 
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1 { - (nx)km} --- 2+:L(l-(-1)- =1. 
2+e<nxlm -e-<nxlm k-0 k! 

So by (1) and sgn x=1 (x>O) we get 

m 1 1 
Rn (f;x)- j(x) = 

2
+e<nx>m-e_(nx)m {f(o) -j(x) }~·-+-e<nx---c)m;_-e---(nx-;;;--)m 

iio {{tc!- f(x))- (-1)k {tc- !) -f(-x)))cn;t} 

- (nx)km def 

+ m L(f(x)-f(-x))(-1Y---JI+l2+b. (16) 
2+e<nx)m -e·<nxl k-0 k! 

First estimate It : 

Using the properties (2) and (3) of the modulus of conti­

nuity and 

-----~<e·<nxlm ~1 
2 + e<nxt -e-{nx)m 

we get 

(x>O), 

m m _/ } m _/ 1 
II~I~~""1 rou(x)=e-<nxl rou(vnx~n)~e-{nxl (vnx+1)002A~;-). 

Say g(x) = xe -{nxlm (x>O). 

(17) 

(18) 

Applying the common method of finding extreme value, 

we can find that g(x) ~ -j,{ ~ ~e ~ . since ( ! ) is an increasing 

sequance and lim ( !) = 1, 

~ m 1 
we can see that c!) ~1, so g(x)=xe-{nt) ~ n 

From this and (18) we get /1 = 0 [rozA(_!_)] 
:..fn 

Next estimate lz: 

By (16) and (17), 

(x>O). (19) 

(20) 

+ 
1
L I[A~J-f(x)]-(-1)k[A- ~ ]-f(-x)]l(~km}~21+ln. (21) 

~. 

Using the properties (2) and (3) of the nodules of continuity 

It is follows that 

/(~~~f(x)~l'~~~f(x))~2m2A~~ ~~2ro2A~~ ~m·Jn) 

~2{1! ~m+ 1 }ro2~}n) (22) 
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1 1 

But by k :S; a< k + 1 and (k + l)m -~ :S; 1 (k '?. 1), we have 

k=O 

k '?. 1. 

Further, 

From this and (22), (21) we get 

121~ e-<nxY"(4w2 LL) ; (nxr + 2w· J.L) ± \kk-n.xj (nxr)· c23) 
\rn ~ kt rn \rn 1. kt 

~2An 

(1) When m=l. By (4) and Lemma 5, the above inedual­

ity (23) becomes the following 

~ 1m 

/z15, 4w..1.1..) +e-<nxY". 1... WzA (.1..) L lk~- mJ (nx) = 0 (wu (.1..)\ (0 < x 5, A). (24) "'\rn rn rn k=o k! rn 'J 

(2) When m'?.2. Using Cauchy's inequality and Lemma 3, we 

get by (4) 

{ 

1 
~ 1 km ~ 2 km ~ km2 
L lkm- ~ (nx) :S; y (k~- nx) (nx) . y(nx) } :S; fie<nx'f'. 

k=O k! 0 k! 0 k! 

From this and (23), (4), we have 

By the known condition that f(x) = O(e'*lm) and k :S; a< k + 

1, we have km 
I 

< 4 -{nx'f" "t' 2ak (nx) 
22- e ~em--. 

k! 
1 

9f>2.An 

(26) 

[( )
m]1 

1 1.. 1.. lAn ;;; 
If 8Jii > 2An, then km - x '?. (fJJc -l)m - x '?. 2 - x '?.A 

n n n 2 

(o < x :S; A, n > ~) 

It is shown that set { k;q~ > 2An} ~ set { k; k: - x '?. ~ }· 

From this and (26) we get 

h2 :S; 4e -(nx'f' L 
I 

k iii -x <: ,1 
n 2 

2ak (nx)km 
enm.--, 

k! 

again by Lemma 4 and the properties (4) and (1) of the mod­

ulus of continuity we get 

h2 :S; a( W2A (;)) = 0 ( W2A (}n)). n > 3ae
2

a. 

Combining this with (25), (26), we get from (21) that 

hz :S; o( W2A {;)). n > max { 8ae2a~} (0 < x :S; A). (27) 

Finally extimate L : 

By the properties (2) and (3) of the modulus of continu 

ity, we have 

lf(x)- f (-x~ :S; W2A (2x) :S; (2xVri +l)W2A (}n). 

again by (17), (19) and (4), we obtain from (16) that 

From this and (27), (20), (16), we obtain finally that 

29 

R:;' (f;x)- f (x) = 0 (w2A {}n))• 

Theorem is valid in O<x:S;A. 

(iii) the case -A:S;x<O. 

Let F(y)=f(-y) andy= -x. The above (ii) implies that 

(28) 

By the definition of the modulus of continuity, we know that 

(29) 

R::' (F;y) 1 {F (o) + l (F (ef)- (-1)k F (- Bf)) (ny{"'} 
2 + e<•YY" _ e-<•YY" k=O n n k! 

= 1 {t(o)+sgnxl (t(ef)-(-llt(-ef))<nx)km} 
2 + sgn x (e(nx'f"- e-<•YY" k=O n n k! 

= R:;' (f;x) (30) 

and 

F(y) = F(-x)=f(x) (31) 
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Combining (3 8) with (29) (31) we obtain that 

= RJ:' (f;x)- f (x) = 0 ( WzA {),z)). 

The proof of Theorem is completed. 
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