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ABSTRACT

A new theorem concernin !N, ] summability factors of infinite series ), @, is proved. Some other results
g Pndnly y A

are deduced.

1. INTRODUCTION

o0
Let zl‘ran be an infinite series with partial sums s,. Let

GE and ns denote the nth Cesaro mean of order 8 (8 > - 1)
of the sequences {s,} and {na,} respectively. The series
Ya,is said to be summable (C, 8) with index k, or
simply summable IC,8;,k = 1if

anl

k
<

’l "—

or equivalently
<o

"l

n=l

Let {p,} be a sequence of real or complex numbers with

Py=p,+ P+ +py, Py ceasn—eo p,; =P, =0

The series S, is said to be summable | N, p, | .if

11

M

where

L
2l =1

n=1
1 «w
’n = Pn an—vsv
v=]

We write p = {p,} and

| <00

(1,,=0)

M={p:p,,>0& hsﬁisl,n=0,l,---}
p

n pn#l

It is known that for p € M, (1) holds if and only if
(Das [4])

Definition 1 : For p € M, we say thatz a, is summable
LUARTENE

Z]"Pk

n=

<

Zp,.- va,
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In the special case in whichp, = A ™!, r> -1,
where A" is the coefficient of x" in the power series expan-
sion of (1 —x)™ ! forlxl< 1, IN Pyl summability reduces
to IC,rl, summability see [4] .

The series i anis said to be summable IN Pyl k2 11if,
]

w k-1
z(i) I, -7 <oo

n:l pn
=F'3.p.s,
vl

If we take p_ = 1, then IN ,p, |, summability is reduces to

where

IC, 1l,, summability. In general, these two summabilities are

not comparable.

Let {p,}. {g,} be sequences of numbers and denote
0= +q1+-+4,,9,=0,=0
R, =Ppog,+P19uy + -+ Pogy, R, > © a$n-—>ao
Af, = f, = a1, for any sequence { f,,}

Definition 2 ,
Let {p,} . {q,} be sequences of positive real numbers, such that
g€ M ; We say that Za is summable IN,p,, g,l, , k=1,

it

k

o«

an

n=1F, Rk

ZP-lqn-v a,

<o

Clearly, IN ,p, 11, reduces to IN, Puli -
The series Zan is said to be bounded [R,logn, 1
k21if

1y K
VZIV 5] = 0 (long) as n —s co (Mishra[5])

The series 2a, is said to be bounded [1\7 Pl k21

LI
P
v=1

Ska =0 (P,) asn — oo (Bor [2])

If we take k = n!), then [Np],

[R,logn,1],)

1 (resp.p, =
boundedness is the same as [Np], (resp.
boundedness.

Here we give these two new definitions :

Definition 3 :
The series Zan is said to be bounded [ﬁg]k k21, if.

Zlqn—vlsvlk = O(Q,,) asn-—>oo -
V=

Definition 4 :

The series 2a, is
[N,p,,q, ], k21, if

said to be bounded

12

k
=0(R,)

v asn — oo

vz—:1 R ay®

[N.pp 1k 2 1 and [N,1,g,]; , k 2 1 are reduces to [Np],
and [N,q,]; respectively.

The object of this paper is to prove the following

2. MAIN RESULT

THEORM 1:

If Zl‘,an is bounded [N,p_,q_1, , k > Landif {p,}, {g,}, and
{A,} are positive real sequences satisfy the conditions :

geM, { pn/Pann_l } nonincreasing for q, # 0, and

ads pnqn—v-l - -1 ©

n§+l Pan-l _((PV )' " (2)

anqn-v-llxvl = ql)- n—© (3)

Z|AR,ﬂx |——-o(1) n—o “
Dn-v-1

R,m,l =0fAR A, [}, n— oo 5)

then the series ¥ a,R,A, is summable [N, Pnoqyli k21,
[}
We need the following lemmas fo.r our object

LEMMA1 :

If the sequences {p,}, {g,} , and {A,} satisfy the conditions
(3) - (5) of theorem 1,thenR, A =0(1)asn— o .

Proof : By Abel’s transformation, we have

vaqn—v'lvl'= Z(Z P9, )lA)"vl + R"'A.,,I
vml

v=] r=]

This implies

Rp, ISZMHP» 2 E P o]

vsl r=)

=0 ZRJak|= o0 Tjar | - o)

va] 9n-v-1

LEMMA?2 :
{g,,} nonincreasing implies |ARn| = 0(p,).

Proof : Since R, <P q, , then for D= -dii-n- and a constant k,

IDR,| .. |AR| . |AR,|
b i 2=l 2 i = i
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LEMMA 3:
letqe M ,thenforO<r<1,
Dn-v -r
=0(v7")
S

Proof of Theorem 1 : Write
Z vqn-va A'v ’

then by Abel's transformation , we have

n-1 v
¢n = Z(Zar )Av(qn—vpv-lelv) +

vel r=]

+(2a,)90F, R,

r=|l
n-1
= Z {Avqn-v v-lR )‘ S pvqn-v'lexvsv +
v=|
+ qn—v—IPvRvAlvsv
- qn—v—vaARv)"w-lsv} + qopn—an}‘nsn

=Qp1 +On2+ 43 +Opa tbns where

n-1

¢n,l = Z Avqn—vi)v—lelvsv
vl

n-1
¢n,2 = Z _pvqn—v—lekvsv
v=}

n-1
¢n,3 = zqn-v—vaRvA)‘vsv
v=i
n-1
¢n,4 = Z—qn—v-l PvARvA'v-flsv
and vel
¢n,5 = Pn Ier;lrz’sn

In order to prove the theorem, by Minkowski’s

inequality, it is therefore sufficient to show that .

¢’lf

<w, r=12,345
n-lPRﬂ-

Applying Holder’s inequality

|k

Z_Rk_id)nli PRk ZAvqn—v v-leA'vSv

3o St S

n=2 P n-l vel vl

"AV‘ L d
- oW PL R o)t 3 2ot

=0<1)2p,(};"—i)(klev|)*“lxvllsvl
=] v=-1 .

=03 phsf

v=]

by lemma 1

13

m xv
=o<1>z:pvqm-v|xv||sv|*."l |
A
= O(I)Z(Zprqm— |S A{ i | +O()R,, '”(‘]L"'l
v={ r=i 0

, by Abel’s Transformation

_omz(zp,q,-,|s| A (— )|>~ |+
v=] r=|
|AX,| + O(R, )
m-v-1
_0(1)213 ( )vak (+0(1)Z R,|AM,|
val m v—l m—-v—1
+O(l)z |AR, A, |+O(1)
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= 0()Y——IAR A, |+ 0(1)2 AR A +
val Im-v-1 v=1 m-v-1
+0() =0()
k
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mzPRk n2 EP R" . vlepvqn—v—le

Z vaq,.-v_IK st {Z ol }H

p|-2 n—l val
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p k-1
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_0(1) pv( v) AL pnqn-v—l
Z Rv' ' I | n-zvﬂ PRn-I
-0y (p—")*"IARVI"IMI"!sVI

va] v
=O(I)Zp,(%)*"(valvl)""llvllsvlk

vx]
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m+] .
PRk n4 Z PRkl an-v- PAR‘.)»‘MS
mel o
vaqn—v—l( ) 'A&l |k”l | l vaq»-v-
=2 PR»—] v= R,
= 0(1) by (__)k AR x pnqn-v—l
Z | HIII“ZMP"R"_l

=0<1>Z<-;>"“|A&|*M*lsvl
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=0(1).
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3. APPLICATIONS

THEOREM 2: (Bor [3]):

If Ean is bounded [N,pn]k , and the sequences {A n} and
I

{P,} satisfy the conditions :

(1)

(i)

> PA}=0q)

n=]

P,|A,| = O(p,|AL,)) ,

then the series Xa, P, A, is summable

Proof : Follows from Theorem 1 by putting g, =1forall n.
THEOREM 3 :

If Zanis bounded [N,pn]k , and the sequences {/ln} and
{q,} satisty the conditions: g e M, and

14

D D dws[M| =00
v=]

@ 32 p 1= oq)
v=] 1p-v-]

(i) Q,]AN,|=0(q,|AM,) ,

then the series Xa, @, 4, is summable | Ng, | e k21,

Proof : Follows from Theorem 1 by putting p, = 1 for
all n, and making use of lemma 3, for » = 1.
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