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Introduction

For every operator T between Banach spaces a sequence of entropy numbers e, (T)
with n = 1,2, . . . and the ideal §p of operators T such that

o0
El en(T)p<°°, 0O<p<o, have been defined and investigated in [1].
n=

e =]
The ideal S3P of operators with = | ap(T)P<oo, where ap(T) is the n-th approximation
n=
number has been defined [7]. Furthermore, it has been found that [1]
fp(lz,lz) = S;pp(lz, 19).

In this paper we introduce and investigate the ideal p,q> O<p, q<°°, of operators such
o0
that 21 nd/P-1 en (T)d<eo, which provides a generalization of ¢ p- Moreover, we give a
n=

relation between { | - and SZP¥ in Hilbert spaces, where S3FP has been defined in [4].
Preliminaries

In the following we mention the notion and some properties of the Lorentz sequence
space 1p, g, [S], which will be used throughout this work.

Definition 1. For O<p<, 0<g<° the Lorentz sequence space lp’q is defined as the
collection of sequences A ={ }\j} 1 <j < oo€C0, such that

i, = 2 @Il ifg<e
i =
1

is finite, where I)\j [* denotes the j-th term in non-increasing rearrangement of the sequence
3 I)‘il %

Lemma 1. [3]. For 0<p<e, 0<q<eo, 1p q is @ quasi-normed space with respect to
II-IIlp’q.

Lemma 2, (i) if O<p< and 0<q; <q,<, then

1p,q1 C1p,gr
and

A <cli A for each Ael
Al o, I "lp,ql P41
(i) IfO<p; <p; <ecand 0<q;, gy <o, then

lpx d1 c le 92
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and

[A <clA for each Ael
| ”lpz,fh\ I “1P1,<h P11 -

Here ¢ stands for a positive constant depending on parametets py, p,, q; and q, and in-
dependent of A,

This is a direct consequence of the result concerning Lorentz sequence spaces 1p q
obtained by the interpolation theory of Banach spaces [3]. ’

Lemma 3 [2]. Let { ci* } and {*ci }be the non-increasing and non-decreasing rearrange-

ments of a finite sequence } c; of positive numbers, respectively. Then for two
p<i<n "
and? b; of positive numbers we have

sequences?a- g
LR h<i<gn

<i<n
Zaf *b;<Ta; b;<Taf b} .
i i i
We note that these inequalities hold in case of infinite sequences if the right hand side is
convergent.

In the following E, F and G are real Banach spaces. The closed unit ball of E is de-
noted by Ug. Furthermore, L denotes the class of all operators between arbitrary Banach
spaces and I(E,F) denotes the Banach space of all bounded operators from E into F.
We denote by L, (E, F) the subspace of L(E, F) of operators T of rank (T) < n. The
logarithm is to base 2.

Definition 2. For each operator T € L(E, F)and forn =1, 2, . . ., the approximation
numbers @, (T) are defined by

o (T) := infg IT-Al ; AEL,(E,F) $

For the general properties of the approximation numbers we may refer to [6].
By making use of the approximation numbers the following class of operators is de-
fined, generalizing that in [7].

Definition 3. [4]. For O <p,q<eo,

5o :=3TEL ;3an('r) $€1p,q g

As shown in [4] this class is an operator ideal for which every component S;pgl’ (E,F)
becomes a complete metric linear space with respect to the quasi-norm ’

0pq(D = EndP1 o mylfa

Definition 4. For every operator T € L(E,F) the n-th entropy number e, (T) is defined

to be the infimum of all ¢ 2 O such that there are YooY € F with q < 211_1 and

q d
T(UE)gk,lcgyi + oUg ;
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We recall without proof the following properties of entropy numbers [1].
Proposition 1 [1]. If T € L(E,F), then
ITl = el(T)>e2(T)> ...=20,
Proposition 2 [1]. If T, T, € L(E,F), then

enl + n2-l(T1 + T2)< enl (Tl) + er12 (T2) .

Quasi-normed operator ideal g'p q

In this section we define and investigate the properties of as the ideal of operators

[6]. We begin with
Definition 5. Given O < p,q <o, we define
= 3T€L ;3en(T)$ €l

{pa

P.d i’
il/q

$pa
and oo
= q/p-1 a

Ep :q ) 3 1’151 n en(T)

Theorem 1. Let T, T,€ §p,q(E’F) . Then

Ty + TyE ¢, ((EF)
and
<
Epa(T1 + TP Scp g [Bp o(T)) + Ep o(T)]

Proof. Since the sequence 3en(T)§ is non-increasing and additive, we have

co / 1
n§1 nP™h e (T, +T,)4

<max(2,29/P) 2 0P ley (1 + T
n:

< max(2,2q/ Py oEolnq/ p-1 (en(T}) + e (T5) )
n=

(- -
< max(2,2q/ p)max(zq l’l)nEI nq/ p-1 (en(T 1)q +e n(T2)q)
where we have used proposition 2 and the inequality

€+ <§max@® 1) @ + 7 4,
forany £ 0,720 anda>0.
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Hence we obtain
Ep’q(Tl + Tz) <

< max(21/921/P) max (21~ /4 o1 /a1y (B (T * Ep o) |

g 3Ep,q(Tl) + Ep,q(Tz) i

max(2,22/a1 51/p-1/qt1 H1/pti/g-1y

with cp q

Without proof we state

Theorem 2, Let E,F,G and H be Banach spaces and X€ L(E,F), T € f (F ,G) and
Y € L(G,H). Then we have YTX € { (E H) and

< .
E, (YTX)<IIYI E, ((T) IXI

By definition 4 and lemma 2, the next proposition could be easily proved. So the proof
is omitted.

Proposition 3. (i) If O<p < and 0<q; <qp <<, then
fp’ql(E,F)C fp’qz(E,F)

and
<
Ep,qz(T) < CEp,ql(T) .
(ii)IfO<pl<p2<°° and 0<qq,qy <, then
and
<
Ep2’q2(T) < ¢ Epl,ql(T).

Relation between {, 4 and S?)pg in Hilbert spaces

In this section we shall investigate the relationship between {}, 4(12,17) and Sapp (12,19)
to obtain the inequality concerning Ep q and Op.q: These are the (p,q)-verswn extendmg
theorems 4 and S in [1].

Lemma 3 [6]. Let S € L(lp,lq) such that Sg En$ = 30n &y iand? oni €c,. Then
o,(8) = o




Theorem 3. Let O <p, q <o . Then we have

a
$pqlle 1) € S0, 1)

Proof. Let S € L(ly, ) such that S, § =40, £ fand $o tec,.

Without loss of generality we may suppose that 0y =0, 2> 7. > 0.1If 0, = O, then
o, < 2e, foreveryn.

So assume that 0y =052 ...2 0, > 0.

Put
Qn(zl9'-~,£n,£n+1,...) :=r(zl,...,sn)
T (B = £ Ohnll).

and

Then, S = Q,SJ, is invertible. If [, denotes the identity map of Ly, it will follow from
e, (In) =% and the properties of entropy numbers that

t<e, () <e, S IS 1I<IQ, e (1T 07 <e (9 0!

Then
0,2 e (S).

Using lemma 3, we get

(0p,q®)% = Z 0 la (69 < 3 n V7! 2ey(9))?

Lo —
=293 4Pl e (5)9.
n=1
Then
<
Up,q(s) 2E_ (S)

which finishes the proof.

Naturally, we would ask whether the converse of the above theorem holds? In case
p = q this is true and has been proved in [1]. Our answer to the proposed question is
negative in case p ¥ q as shown by the following theorem. First we give a lemma.

pa

Lemma 4 [1]. Let S € L(12,12) such that Sg‘g’ns = (on‘g’n) andzonz € ¢, If we define
E(e) := maxgn e (S)>e$ for0<e<uo,
where 6, > 02 ...>0. Then EQe)<1+ I log(8ayfe).
0k>€
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Theorem 4. letq<pandS€& L(12,12) such that S 3 & i = 3 o0 €, iand 3 oy $ €c,. Then

SZI,)CI; (. hecs p.q (12 1)) foreachS&€ S?II,)CII) (ty5)
and
< "
E,q®=c oq’q(S) , Where c 15 some positive constant.

Proof. LetS€ £y ((1,,1). Then

-q 4 - 9% qa/p-l q
2 (Ep,q(s)) 2 n§1n e, (S

Since q < p, we have

-q 1 <29 3 q
7 YE, o) 79 2 )
=274 n§1 n [e (8)4- e, +1(S)q]
g
- 1
<274 f E(e) de4
o]

IOI
< o9+ T log(8a,/e) del
= ? (s} oe B ( K/e)

.

e 1
=01+ 2 f T log(8 gy /€) ded
i=1 0'i+l (O'k>€

-] i 0;
=ofl+ T = f ' log (8 oy fe) ded
i=1 k=1%0j41

oo [+

K
= + 1
of+ T j; log (8 0, f€) de

f -q

This shows that
< >
Ep,q(s) <c oq’q(S), p=q

which completes the proof.
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As a consequence of theorems 3 and 4 we obtain
Theorem 5. Let 0 <q<p<e, Then

a a
Sa (0 15) C §5.4 (5 1)) C TR (1,1)
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