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ABSTRACT:

In this work we construct the relation between the category R-filt (G(R)-gr) and the category Q‘;( - Filt(_Qf( —Gr).

The quantum (ungraded) version of this result can be obtained by restricting to parts of zero degree. Geometrically, we
summarize geometrical properties for the affine scheme spec® G(R). Finally, in the language of formal affine schemes

we obtain the relation between R-filt (G(R)-gr) and the category Q;l( —Filt(_0_§( ~Gr). The results have a special

meaning for sheaves of rings of differential operators.

INTRODUCTION

For a long time after its introduction by Jerary, sheaf theory
was mainly applied successfully to the theory of functions of

several complex variables and to algebraic geometry, until it

became a basic tool for almost all mathematics, and cohomo-
logy a natural language for many people.

In recent years new topological methods, especially the
theary of sheaves founded by Jerary, have been applied
successfully to algebraic geometry. In the study of micro-

structure sheaves Q; of filtered rings with Zariskian

filtration, the author observed that, in order to find the regular
and holonomic solutions of Q)‘(1 (we come back to this later),
it is necessary first to study the application in section 3. Using

the filtered micro-structure sheaves Q; and its associated

graded sheaves G(Q)‘t) , [1], [9], it is possible to introduce the

relation (commutative and non-commutative cases are -
considered) between the category of filtered (graded) affine

schemes (X;Q; )((X,G(Q; 1)#) with filtered geometric space
morphism and the category of Zariski filtered rings with
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filtered ring morphisms. Geometrically, we summarize
geometrical properties for X = Spec® G(R) in section 2.
Finally, in section 4, in the language of formal affine schemes
we obtain the relation between R-filt (G(R)-gr) and the

category OY% —Filt(0% —Gr).

We can obtain the ungraded and quantum versions of our
results, in sections 3 and 4, by restricting to the parts of zero
degree. So far, this is the micro, formal and quantum versions
of that application introduced in [5] as commutative case or
that in {8] as non-commutative case.

I- PRELIMINARIES

We recall some basic notions here but for full details we have
to refer to the references. Basic facts concerning schemes,
affine schemes, coherent sheaves and formal completion may
be found in [5]. Full detail on Zariskian filtration, filtrations
and gradations on modules and micro-localizations of filtered
modules may be found in [6], [7], [4]. For micro-structure

sheaves Q; and quantum sections FOQ; over projective

(affine) schemes, coherent sheaves over Q; and formal
schemes and quantum sections over projective (affine)

schemes one may use [9], [1], [2]. Finally on Zariskian
filtrations on sheaves we have to refer to [3].

In the sequel we assume that FR is a Zariski filtration such
that the associated graded ring

GR)= @ (F,R/F, jR)= li/ Xli
nezZ

is a commutative (Noetherian because of the Zariski
hypothesis) strongly graded domain, this situation is general in
the sense that it allows application of the results to most of the
important examples; enveloping Algebras of Lie Algebras,
Weyl Algebras, many rings of differential operators as well as
the classical commutative Zariski rings.

We consider X = Spec? (G(R)), the graded prime spectrum
of G(R). Write B for the basis of the Zariski topology on X
consisting of the basic open sets X(f)={peX, fep}; fe G(R)
homogeneous element. We may define structure sheaves on X.
First we may associate to X(f), the graded commutative

Noetherian ring Q%(G(R))=G(R)[f '1] and we obtain the
graded Noetherian structure sheaf Q(g:‘(R) on X having as the

stalk at pe X the Noetherian local graded ring Q%(G(R)).
to X(f) the

commutative ring G(R)[f _1]0 and we obtain the usual

Secondly we may associate Noetherian

structure sheaf QG(R) on X having as the stalk at pe X the

Noetherian local ring ng, (G(R)). Associating to X(f)e B the

micro-localizations, Q‘.ff(R), resp. Q% (R) we obtain sheaves
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Q;, resp. Qu ,on X, having as the completed stalks at peX
the Noetherian rings Qg (ﬁ), resp Qg (R), . The quantization
of the micro-level for G(R) is obtained by looking at the parts
of filtration degree zero FOQ’;( This may also be viewed as
parts of degree zero in the graded sense for the corresponding
Rees sheaves FOQ‘;( = (Q; )o-

1. 1 Theorem: With the above notations, [1}, [3]

1-0 ‘;( Fo Q‘;( are Zariski coherently filtered sheaves on X.

2-0 ;l( is Noetherian graded sheaf on X.

II-AFFINE GRADED-SCHEMES FOR G (R)

In this section, we summarize properties for X Spec®G(R).

In general, obviously X=Spec’(G(R)) is not a scheme.

However in case G(R) is positively graded, then we write P(X)

= Proj(G(R)) for the Zariski open subset of X consisting of the

graded prime ideals not containing G(R), = ®O(G(R))n, and
n>

in this case the closed set V(G(R),) in X is nothing but Spec
G(R)o, We may define the P(X) = Proj(G(R)) generally as the
subset in X given by the graded prime ideals p of G(R) such
that there is an n # 0, G(R), & p . Hence we have.

2.1 Theorem: X = p(X) < G(R) is quasi-strongly graded.

So, there is no sensitivity in studying many other problems
like coherence and theorems of formal completions, ... . Only
we have to assume the condition that G(R) is quasi-strongly
graded as we will see in section 4.

Let R, R” be non-commutative Zariski filtered rings and ¢ :
R — R’ be as strict epihomomorphism. Then ¢ induces a
continuous map

%*G(): (Spec®o G)(R') — (Spec®o G(R)
which is
*G(¢):(Spec® (G(R')) - Spec® (G(R))

defined by: q - G(q))’l(q), where G(9): G(R) —» G(R"):.
Moreover, if R” is another non-commutative Zariski filtered
ring and ¢’ : R“>R " is another strict epihomomorphisms, then

*(G(¢') 0 GON="G(#) 0 *(G@").

From this it follows that Spec? o G is a contravariant graded
functor from the category of non-commutative Zariski filtered
rings and strict epihomomorphisms to the category of
topological spaces and continuous maps.

Also, we can prove the following properties.

2.2. Theorem: With the same considerations as above,
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Spec®G(R) is an affine graded-scheme and has a basis for the
Zariski topology of affine Noetherian basic open sets.

>

2.3 Theorem: X = Spec®G(R) is compact and integral such

that at each point pe X, the coefficient for Q;l( is just the union
of sections for Q; .

2.4 Theorem: with notations and considerations as above,

a-Since Spec® G(R) is path-connected then Spech(R) is
not disconnected.

b- Spe®G(R) is irreducible and Noetherian.
2.5 Remark: On X, the graded sheaf G(Q‘;( )is nothing but
the graded structure sheaf Q‘;;( , since, for each X(f)ep we have
G(OIX(D) =GO (X(E) =G(Q5. (R)=Qf(GR) =GR ']
and for each pe X, we have
G(O%), = GOk ) =Qh(GRY).

terminology, we call (Spec®G(R),

G(Ql;()) as affine graded scheme of G(R). Now a graded-

scheme needs not be a scheme, but this is just terminology of
course.

Hence, as just

II- MORPHISMS OF AFFINE SCHEMES

Let R, R be non-commutative Zariski filtered rings and ¢
:R“> R be strict filtered epihomomorphism.

Let feh(G(R")), pe X=SpectG(R) such that °G(¢)(p)=qe Y
= SpectG(R’). By the exactness of the localization functors
G(¢) induces a graded ring epihomomorphism G(R")
—GR)gexo-

Thus, G(¢) induces a graded ring epihomomorphism
Ofr) (Y(F)) > OF G(R) (X(G(0)(f))) which

compatible with the restriction graded homomorphism, hence
we have a graded sheaf epimorphism

already is

G(¢)~ 1Qé(Rv) - QgG(R) as required.

Again, by the exactness of the localization functors
associated to p, “G(¢)(p)=q, G(¢) induces a graded local ring

epihomomorphism of the stalks G((j))p OG(R) q —)Qé(R),p.

Therefore ¢: R'— Rinduces a graded morphism
(“G@IG$)7):(X, 04 ) = (Y,0% )

of graded affine schemes such that the graded homomorphisms
induced on the stalks are graded local homomorphisms.

Conversely, let (v,0)%:(X,04)% > (Y,0y)% -be an
epimorphism (where X = Spec®G(R), Y = Spec®!G(R") and

Oy, Oy are the graded structure sheaves O%, Q%) such
that 6%: GR")q > G(R),is a graded local epihomomor-

phism for each pe X (q=y(p)). (y,0)® determines a graded ring
epimorphism G(¢) : G(R") — G(R) (and then one may define a
filtered epimorphism ¢, : R” — R such that G(¢,) = G(¢).

Since the induced embedding é%:Qq - Qpof the residue

fields is monomorphism, hence

v =% G(¢) and 05:GR') g > GR)
is graded epimorphism induced by ¢. Therefore
(v,8) = (*G(¢), G(¢) ™). We have therefore proved:

3.1 Theorem: with conventions and notations as before, there
is a map from the strict non-commutative Zariski filtered ring
epihomomorphism ¢: R, —> R to the graded epimorphisms

(v,0)8 : (X, Oy)—(Y,0y) such that
Q%:_QY’q —>Oxp.PEX, q=V(p), is local graded ring
epihomomorphism.

3.2 Theorem: With conventions and notations as before, there
is a one-to-one correspondence between the graded
epimorphisms G(¢) : G(R) — G(R) (where R, R are non-
commutative Zariski filtered rings) and the graded

epimorphisms (w,O)g:(X,QX) - (Y,0y ) such that Glg,is a
local epimorphism for each pe X.

Now let us return to filtered setting. Let ¢ G (R’) be a
graded ideal in G(R"), Y(I) be an affine basic Zariski open set
in Y = Spec®BG(R") . Since *G(¢) is a continuous map, hence
*G(9)(Y(I)) = X(G(p)I)) is an affine basic Zariski open set in

X = Spec®G(R). We write I~(1(n) for the kernel functor,

induced by Ki,on R'/X"R'and K(n) G ¢y for the kernel

functor, induced by Kg(oxiy,on R/ X" R. By the saturation

condition, has a filter basis

L(K1 (n))[L(I~<(n)G(¢)<l) )]

consisting of L/X"L of R/X"R' with

LeL(Kiand[J/ X" J of R/X™ R with J € L (KG@)m)))-

Write Qﬁ’l [QiG(q))(I)]for the localization functor associated

to K1(n)[K(n)ggyny)- Since Ki(nm)[K(n)g 1)l is perfect,

hence ¢ induces the graded homomorphism.
Q% (R'X"R) - QE 5 pyy R/ X" R)

Taking the inverse limit in the graded sense, we have the
graded ring homomorphism
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- ol
Q" (R‘)iQ‘_‘

K1 Kaoxmn

R)

since 64(X . Q* ®R)c(X
QL (R) Ky Q
K Kj

_Q* Ry
(R) K

hence 5{1 induces a filtered Zariski ring homomorphism

o}
TP n
- .
Q K, (R") QK(oxn

Therefore, we have the filtered ring epihomomorphisms
65(1)
T(Y(D),05) — T(X(G(¢)1),8% ), which are compatible

with the restriction homomorphisms.
[+ 1
Now,0Y 1); Y(I) © Y =SpecEG(R'), define 0% —8Y% as a

filtered sheaf morphism. For every prime ideal peX,
g="G(¢)(p)e Y and since the local property exists in case of
associated graded functor, hence the stalk sheaf morphism

eg:g@yq ——)le(,pis filtered local homomorphism. All this
leads to the following:

3.3 Theorem: There is a map from the strict non-commutative
Zariski filtered ring epihomomorphisms ¢:R°— R to the
filtered morphisms

(“G(0).0)":(X,05) = (Y,0))

such that Og is filtered local ring homomorphism for each
peX.
3. 4 Remark

1 - Quantum affine schemes and quantum morphisms follow
easily from this by restricting to parts of degree zero.

2 - The condition of commutativity of the associated graded
rings is necessary for our study here in this note.

IV-MORPHISMS OF FORMAL SCHEMES

In this section, we will mainly be concerned with non-
commutative formal schemes. On the formal level we study
and prove the relation between R-filt (G(R)-gr) and

o" —Filt (0¥ -Gr).

X X

We may work over X = SpectG(R) or P(X). Consider a
coherently filtered sheaf of ideals I in Q‘;( (here of course X

means X or P(X) unless we mention otherwise), then G(I x)1s

a coherent subsheaf of graded ideals of _Qi Let P(X)' be the

closed subset of P(X) defined by
GQP(X) ); PXY = V() cP(X). Now we can defined two formal

20

schemes. First, the commutative graded formal scheme

(P(X), 0% ) where P(X) = P(X)" and
P(X)

=713 ny _y: n g
Qi(fo = Limf (O, / (Gllp )" = Lim (GR)/ GO,

n

where Lig® is calculated section wise as the graded limit in
n
the category of graded modules. Second, the Noetherian

. Va3
formal scheme (P(X), _O_P(g‘())where (here in our case)

Opx) = L:_m Opcx) / (Gpxy)))"-

n

For convenience, we write

A A
PX)=Y, P(X)=Y, Gy)§ =15and Gdy)o =1y.

Let Me G(R)-gr¢ be any finitely generated graded G (R) -
module. In view of the foregoing observations and conventions

A
we obtain two formal schemes over Y of Y: graded formal

coherent sheaf

Mff =Lim® M§ /3%)" M§
n

and formal coherent sheaf

M2 =M% =Lim (M§), /15 (My),.

Y Y o

4.1. Note

We can consider the defined sheaves as sheaves over Y, if
it is necessary, this always means the extension by zero outside
. Also, since the open affine Noetherian subsets of Y form a
base of the topology of Y, then the intersection of thosg with

the closed subset
2.2.

forms a basis for the topology on Y, see

We aim to construct morphisms between G(R)— gr¢
and _C_)i —Gregp.- The zero-version of this result over

(Y, O3 ) is in fact corollary 9.9 of (5), Hence it is true.

Hence we consider the following theorem with its proof
under the above consideration, but with Y = Spec®(G(R)) and

G(R) is [-adically complete, where I defines J %

4.2. Theorem (Commutative Level)

There is an equivalence of categories between G(R)-gr; and

08 —Grgyy, , where G(R)-gryis the category of finitely
Y
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generated graded modules over G(R) and Q8 —Grggp is the
Y

category of coherent graded Q% modules.
Y

Proof:

The- functor Fy: GOM) a M®* from GR)-gr; to
Y

0% —Grggy, is a graded exact functor. Indeed, let UeB(Y);
Y

say U = spe¥B) and

G(M)e G(R)-gr;  Hence

M® (U)=NeB- gry is finitely generated graded B-module.:

Y
Now M&4(U)=Lim& M& (U)/ (18 (U)"M& (U) which is
Y «—
1‘%{ (U)— adic graded completion of M% U) e

MgA’A (U) = N. Since we have finitely generated graded
Y

modules, hence the cdmpletion functor is exact. Therefore
G(M) a M%{’A (U) is graded exact functor.

A
The functor F,:3% — T(Y, 38)from 08 —Grey
Y Y Y
into G(R)-gr; is exact and F;, F, are inverse to each other. It is
A
clear that F(Y,MgA’A) = G(M). Thus, the two composi-tions
Y

of our two functors are the identity. But, to show that the

A
graded functor T(Y,-)is exact on the category
9.% = Greop let
Y

0-'3% 5?38 3% -0 M
Y Y Y
be an exact sequence in 0% —Gry,. Since
Y

A
1"(Y,l g% )=GM,),i=123are finitely generated graded
Y

modules, hence

0->G(M;})>GM,) > GM;3)
is exact in G(R)-gr;. Also

0- GM)) - G(M,) - G(M3) > G(My) -0 2
is exact in G(R)-grg, where G(M,) is in G(R)-gr¢ too. Applying

the exact functor ( )®“ on (2) we obtain the exact sequence

Y Y Y Y

3

From (1) and (3) 4MgA = 0. This means that G(M,4) = 0, hence
Y
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0 G(M;) > GM;) - G(M3) >0
A
is exact. Therefore, T'(Y,~) is a graded exact functor.

4.3. Remark (Commutative real case)

A
Hartshorne’s version, [5], of this over (Y, 0¢) is also true

because, in this case, we have real schemes.

Let us consider the behaviour of the result 4.1. on the
filtered level. Recall from [2] that for an ideal I or R equipped
with the induced (hence good) filtration, we may define the
filtered (non-commutative) Noetherian formal scheme over Y

A
as follows. Put G(I)=I, and V() =Y. On Pwe now

introduce two structure coherently filtered sheaves

O% =Lim" (0% /(1%)")and 09 =F,0" (the sheaf of
Y ‘n— Y Y

quantum-sections over §), where we write Limf to indicate

«—
n

that we have taken into account the filtration defined on
Lim asin [2].

(—

Similarly, for MeR-filty,q; filtered module with good

filtration, the coherently filtered formal sheaves of M% and

M‘;’q may be defined as

MP® = Lim MY /@§)MY and MK = FyMA
Y & Y Y

n

respectively. Of course these define coherently filtered sheaves

over O and 09 respectively, i.e. M’:A eo® —=Filt,
Y Y Y Y
MH"9 €09 _Filt, . The authors in [2] have studied these
Y Y
sheaves.

4.4 Note

If R is I-adic filtered complete, i.e. R=Lim® R/I", then
«—

0% =Limf 0% /@%)" = (Limf R/IM)Y = 0% ..
Y « «

A
Conversely, if O =OY, we can assume that Y =Y. Then
Y

this gives rise to that the ideal I is contained in the prime radial
I

A
of R. Therefore I" =0and this implies that R =R.

Similarly, we can say that 1%1( is formal complete < 1is I-adic
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filtered complete. It is qlear that if M is I-adic complete, then
MY will be formal complete, i.e. M :j{*“ =M4.
Combined with section 3 in [2] and the conventions

assumed in 4.2. this yields the non-commutative filtered level
of the result in 4.2.

4.5. Theorem (non-commutative level)
There is an equivalence of categories between R-filtyyog,

and O —Filt,;, where R-filtyeq is the category of good

Y
filtered I-adically complete R-modules and _(_)_z —Filt .y, is the
category of coherent filtered O :Al{ — modules.
Proof:
The functor F,:Ma M i“ from Refiltgoq  into
O —Filt,,, is exact. Indeed, let U = Y() =

Y
spec®(G(QF (R))) for suitable feR with o(f)e G(R), for the
definition of o(f) see [7]. By the well known exactness
property of QY(—) on strict sequences we obtain that
T(Y(H),-) from Refiltges to QY (R)—filtyyoq is exact. Since
Ty, M) =t M)™! and the QY (I)-adic comple-
- Y

tion is exact on good filtration, it follows that Ma M ‘f\’A is
M

filtered exact functor.

A .
The functor F,S% a T'(Y,3" ) from O ~Filtgyp to R-
Y Y y

filtyooq, is exact. Indeed, consider

0!8k 523k 5388 0
Y Y Y

CY)

A
Y

some M;; i=1,2,3 in R-filt,,q it follows that (4) becomes

an exact sequence in O" —filt . Since ! g'f\ EM? A for
Y

0—>MfA’A —>M‘2"AA —a_M_g;A -0 (5)

Y Y Y

“Received: 1 January, 1996
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A
Now I'(Y,-) is left exact, then

0—)M1—)M2—)M3—)M4—)0 (6)

is an exact sequence in R-filtyooq, Where My is coker(¢). From
the first step, A is exact, hence we have an exact sequence

0—>M§1A’A —-—)_M;’\A —>M;‘;A -»MZ"AA -0 D
Y Y Y Y

Now it is sufficient to compare (5) and (6) to get _M_ZI’A =0.
Y
i.e.M; = 0. Hence (6) with M, = 0 is exact, and this proves that

38 a I‘(Q, 38 ) is filtered exact functor.
Y’ Y

Finally, clearly F;F,; = 1 and F,F; = 1.
From all of this, the theorem follows.
4.6. Final remark .

1 - All arguments still hold if A is replaced by q in 4.5. This
gives the quantum formal version of the result 4.5.

2 - The fact that the micro-or quantum-version of Serre’s
global sections results for coherent sheaves is also true. This
follows from theorem 4.5.
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