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Abstract: We introduce a new pair of mappings (S, T) on D*-metric spaces called Dz-W.C. and
Dy,-W.C. Many examples are presented to show the difference between these mappings and other
types of mappings in the literature. Moreover, we obtain several common fixed point results by using
these types of mappings and the (E.A) property. We then employ the fixed point results to establish
the existence and uniqueness of a solution for a class of nonlinear integral equations.
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1. Introduction and Preliminaries

Fixed point theory is one of the most popular tools in topology, functional analysis and
nonlinear analysis. This structure has attracted considerable attention from mathematicians
due to the development of fixed point theory in such spaces. Many scholars generalize
the usual notion of a metric space and obtain various fixed point results. Some of these
generalizations can be noted in [1-7].

In 2007, Sedghi et al. introduced the concept of D*-metric space and several authors
proved the existence of some fixed point results satisfying some contractive conditions,
see [8,9].

Definition 1 ([8]). A D*-metric space is a pair (E, D*) where E is a nonempty set, and D* is a
nonnegative real-valued function defined on E X E x E such that for all A,x,®,a € E we have:
(D*1)D*(A,x, @) > 0,

(D*2)D*(A\,x,@) =0 iff A =k = @;

(D*3)D*(A,x,@) = D*(A, @,x) = D*(x,0,A) = ..., (symmetry in all three variables); and
(D*4)D*(A,x,@) < D*(A,x,a) + D*(a,®,®@), forall A,x,@,a € E.

The mapping D* is called a D*-metric on E.
One can easily verify that every D*-metric on E defines a metric dp+ on E by
dp+(A, k) = D*(A,x,x) forall A,k € E. 1)
Example 1 ([8]). Let (E,d) be a metric space. The function D* : E X E x E — [0, +0c0), defined by
D*(A,x,@) = max{d(A,«),d(x,®@),d(@,A)},

or
D*(A,x,@) =d(A, k) +d(x, @) +d(w@,A),

forall A,x,@ € E is a D*-metric on E.
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Example 2 ([8]). (1) Let E = R define
0 ifA =K =w;
* o 7 7
DA x @) = { max{A,k, @}, otherwise.
for every A, x,@ € E, then (E, D*) is a D*-metric space.
(2) If E = R, then we define D*(A,x,@) = |A + & — 20| + |k + @ — 2A| + |@ + A — 2x| for
every A, k,@ € R. Then (R, D*) is a D*-metric space.

Lemma 1 ([8]). Let (E, D*) be a D*-metric space. Then D*(A, x, k) = D*(A, A, k).

Definition 2 ([8]). Let (E, D*) be a D*-metric space, then:

1. Asequence (Ay) is said to converge if there exists A € E
such that lim  D*(Ay, Ay, A) = lim  D*(A A A,) =0.
n,m—»+00 n,m—»—+00

2. (An) is said to be D*-Cauchy if given € > 0, there is N € N such that D*(Ay, Ay, Am) < €,
foralln,m > N, that is D*(Ay, Ay, Aw) — 0as n,m — +o0.

3. A D*-metric space (E,D*) is said to be complete if every D*-Cauchy sequence in E is
D*-convergent in E.

Lemma 2 ([8]). Let E be a D*-metric space, then the function D*(A, k, @) is jointly continuous
on Ex E X E.

Definition 3 ([10]). For two self mappings S and T on a set E, y and t € E are called coincidence
point and point of coincidence of S and T, (respectively), if t = Sy = Tp.

A pair of self mappings is called weakly compatible if they commute at their coinci-
dence points.

Aamri and El Moutawakil [11] introduced the following definition which is a general-
ization of the concept of compatible mappings.

Definition 4 ([11]). Two self mapping S and T on a metric space (E, d) satisfy the (E.A) property
if there exists a sequence (M) such that

Iim SA, = Lim TA, =t

n——+00 n——+o0

for some t € E.

In [12,13], the authors show that some fixed point theorems in symmetric G-metrics
can be deduced from fixed point theorems on metric or quasi-metric spaces. In [14], Sedghi
et al. claimed that every G-metric space is D*-metric, but in [15] Z. Mustafa et al. proved
that D*-metric need not be G-metric as well as the G-metric need not be D*-metric.

In this paper, we introduce a new pair of mappings (S, T) on D*-metric spaces called
D3-W.C. and D _-W.C. Many examples are presented to show the difference between these
mappings and other types of mappings in the literature. Furthermore, we obtain several
common fixed point results by using these types of mappings and the (E.A) property.
Moreover, we present application on integral equation using the main results.

2. Main Results

This section will be divided into two subsections.

2.1. New Definitions and Their Properties

Definition 5. A pair of self mappings (S, T) of a D*-metric space (E, D*) is said to be D§-weakly
commuting (Dg-W.C.) if

D*(STZ, TSE,SST) < D*(S,S¢,T¢), forall { € E. @)
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Definition 6. A pair of self mappings (S, T) of a D*-metric space (E, D*) is said to be Dy _-weakly
commuting (Dg _-W.C.) if

D*(ST¢,TSZ,55¢) < R D*(S¢,S¢,T¢),  forall (€ E ®)
where R is a positive real number.

Remark 1. The Dg-W.C. are Dy _-W.C. Reciprocally, if R < 1, then Dy -W.C. is Dg-W.C.
Swapping S and T in (2) and (3), then (S, T) are called D3-W.C. and Dy, -W.C., respectively.

Example 3. Let E = [0,2] and D*(A, x,@) = |[A +x — 20| + |k + @ — 2A| + |A + @ — 2k,
forall A,x,@ € E. Define S(A) =2 — A, T(A) = A, then by an easy calculation, one can show
that D*(STA, TSA,SSA) = 8|1 — Al and D*(SA, TA,SA) = 8|1 — A|. Then, the pair (S, T) is
D5-W.C. and Dj -W.C.

Example 4. Let E = [1, 3] be endowed with the D*-metric D*(A,x, @) = |A — k| + |k — @| +
A —@|, forall A,x,@ € E. Define S(A) = 1A +1, T(A) = 2A +1, then D*(STA, TSA,SSA) =
2+ 1 <RD*(SA,TA,SA) = R% for R > 3. But

for A = 1 we see that D*(STA, TSA, SSA) = % and D*(SA,TA,SA) = % Therefore, the
pair (S, T) is not Dg-W.C., but it is Dy -W.C.

A Dg-W.C. need not be D7-W.C. as in the following example.

Example 5. Let E = [0, 1] be endowed with the D*-metric D*(A,x, @) = max{|]A — «, |x —
@|,|A — @}, forall A,x,@ € E. Define S(A) = tA3, T(A) = A3, then we see that
D*(STA,TSA,SSA) = %/\9 and D*(SA, TA,SA) = %/\3, while by an easy calculation, one can
show that for A = 1 we have

D*(TS(A),ST(A), TT(A)) = 0.992 £ D*(T(A),S(A), T(A)) = 0.8.
Therefore, the pair (S, T) is not D3-W.C., but it is DZ-W.C. .
Lemma 3. If S and T are Dg-W.C. or D -W.C., then S and T are weakly compatible.

Proof. Let A be a coincidence point of S and T, i.e., S(A) = T(A), then if the pair (S, T) is
D¢-W.C., we have

D*(S(T(A)), T(S(7)),S(T(A))) = D*(S(T(A)), T(S(A)),S(S(A)))
< D*(S(A),T(A),S(A))
= D*(S(A),S(A),S(A)) = 0.

It follows that S(T(A)) = T(S(A)), that is S and T are commute at their coinci-
dence point.
Similarly, if the pair (S, T) is Dy _-W.C., we have

D*(S(T(A)), T(S(A)),S(T(A))) = D*(S(T(A)), T(S(A)),S(5(A)))
< RD*(S(A),T(A),S(A))
= RD*(S(A),S(A), S(A)) = 0.

Thus S(T(A)) = T(S(A)), then the pair (S, T) is weakly compatible. [J

The converse of Lemma 3 need not be true. The following examples confirm this
statement.
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Example 6. Let E = [0,1] and D*(A,x,@) = |A — k| + |k —@| + |A — @|. Define S,T: A — A
by S(A) = A3and T(A) = 1A3, A € E. We see that A = 0 is the only coincidence point, also
S(T(0)) = S(0) =0and T(S(0)) = T(0) = 0, so S and T are weakly compatible. One can see
that for A = 1, we have

D*(S(T(A)), T(S(A)),S(S(A))) =1.984 £ 1.6 = D*(S(A), T(A),S(A)).
Therefore, S and T are not Dg-W.C.

The following is an example of a pair (S, T) where S and T are commuting mappings
and D¢-W.C. (and D7-W.C.).

Example 7. Let E = [0,+o0] and D*(A,x,@) = max{|A — k|, |x — @|, |A — @|} for all
Ak, @ € A. Define the mappings S, T : E — E by

A—2 fo<Aa<t {/\, ifO<A<1,
S(A) = zo YOSASL o)) = JOSAS
W {;, ifA>1. @) 1, ifA>1

It is easy to see that
S(T(A) =T(S(A)) = ~ f 0<A<l
N RS if A>1.

Now we shall show that S and T are D7-W.C. and Dg-W.C. First, we see that

_a2p A j
S@MD—{A MM 0<a<

3 if A>1
and
A ifo<a<
THM»_& if A>1
Moreover,
ol i o<as<a
IS(A) m)_{ A
IS(T(A)) = T(S(A))| =0 forall A€E,
A2 A3 A ;
|s<T<A>>—s<s<A>>|—|T<S<A>>—s<s<A>>|—{ £ T ; 32?1
and
_ _ B A Fo<ac<t
IS(T(A)) — T(T(A))] = [T(S(A)) T<T<A>>|—{§, -

Now, if 0 < A <1, we have

D*(S(T(1)), T(S(4)),S(5(1))) =[S(T(A)) = S(S(A))]

A2 A3 )4
Ty
2
N
=2
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IfA > 1, then

Therefore, S and T are D;—W.C. and D?—W.C. Moreover, they are commutes.
The following example shows that (S, T) are commutes but not Dg-W.C. and D7-W.C.

0, ifA =x =w;
max{A,k, @}, otherwise.

Define S,T : E — Eby S(A) = ML and T(A) = 485, A € E. WeseethatS( )
AL = T(SA), but for A = § we have D*( (T(3)), T(S(3 )) S(S(3) B g1
D*(S(1), T(3),5(3)), and D*(T(S(1)), S(T(3)), T(T(1))) = 2 % = pe(s(}
S(3)). Thus S and T are not D-W.C. and Di-W.C.

Example 8. Let E = [0, +00) and D*(A, x, @) = {

I\)
HN‘

*
N|—

)()

The following example shows that (S, T) are commutes and D;-W.C. but not Di-W.C.

0, ifA =x =w;
max{A,k, @}, otherwise.
S,T:E— EbyS(A) =2Aand T(A) = 1A, A € E. We see that S(TA) = % = T(SA), but
for A = 1 we have D*(S(T(1)), T(5(1)),S(S(1))) =4 £ 2 = D*(5(1),T(1),5(1)), so S and
T are not D-W.C.

Example 9. Let E = [0, +o0) and D*(A,x, @) = { Define

0, ifA=x=w
max{A,x, @}, otherwise.
S,T:E— EbyS(A) =A*and T(\) = A3, A € E. We see that A = 1 is the only coincidence
point and S(T(1)) = S(1) =1and T(S(1)) = T(1) =1, s0 S and T are weakly compatible. But,
there is no R > 0 such that,

Example 10. Let E = [1,+00) and D*(A,x, @) = { Define

D*(S(T(A)), T(5(A)),S(S(A))) = A'? < R A* = RD*(S(A), T(A), S(A)).
forall A € (1,+o00). Therefore, S and T are not Dy -W.C.
Now, we rewrite Definition 4 in the setting of D*-metric spaces.

Definition 7. Two self mappings S and T on a D*-metric space (E, D*) satisfy the (E.A) property
if there exists a sequence (Ay) such that (SA,) and (TAy) are D*-converge to t for some t € E,
that is
Hm D*(SAu, SAy,t) = lim D*(TAy, TAy,t) =0
n—+0co

n—+co
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In the following examples, we show that if S and T satisfy the (E.A) property then
(5, T) need not be Dy -W.C. or Dg-W.C.

1
Example 11. We return to Example 6. Let Ay = L. We have lim S(A,) = lim (=)* =0,
n——+o0o n——+oo 1
1

. . 1.3 . .
and nl—lg-looT(A”) = ngrrmg(a) = 0, therefore, ngTwS(An) = ngTwT(An) =0¢€01].
Then S and T satisfy the (E.A) property, but as shown in Example 6, (S, T) is not D¢-W.C.

Example 12. We return to Example 10. Let Ay, = 1+ 1. We have lim S(A,) = lim (1+

n——+o00 n—+400
1

1
LRy . IRT 1ys . T _
n) =1, and nhrroo T(Ay) = nhToo(l + n) = 1, therefore, nhrEOQS()\n) = nhToo T(An)
1 € [1,4c0). Then S and T satisfy the (E.A) property, but as shown in Example 10, (S, T) is not

Dj -W.C.

2.2. Common Fixed Point Results

According to Matkowski [16], let ¥ be the set of functions ¢ : [0, +00) — [0, +o0)
that satisfy:

1. 1 is a nondecreasing function,
2. lim y"(A) =0forall A € (0, +0c0).

n—+co
1 € ¥ is called a ¥ —map and one can easily see that:

1. ¢(A) < Aforall A € (0, +c0).
2. (0) =0.

Now, we present the first result as follows:

Theorem 1. Let (E, D*) be a D*-metric space and suppose S,T : E — E are two mappings
satisfying the following conditions:

1. Sand T are DE-W.C.

2. S(E) CT(E).

3. T(E) is a D*-complete subspace of E.

4. D*(S(A),S(x),S(@)) < p(M(A, x,@)), forall A, k,@ € E, where,

D*(T(A), T(x), T( ))),13

)
B D*( (x),S(A), T(x
M(A, x, @) = max D*(T(@),S(x), T(@)), D*(T
D*(T(x),S(x), T K)>

Then S and T have a unique common fixed point.

Proof. Let Ay € E, then there is Ay € E such that S(Ag) = T(A1) and A, € E where
S(A1) = T(A2), then by induction we can define a sequence (k) € E as follows:

kn = S(An) = T(Ap41), n € NU{0}.
We will show that the sequence (k) is D*-Cauchy. Now

D* (i, Knt1,%n11) = D7 (S(An), S(Aut1), S(Ant1)) S (M(An, Augr, Angr)) )
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where
D*(T(An), T(Ant1), T(Ant1),
D*(T(An), S(An), T(An)),
D*(T(Au+1),S(An), T(An+1)),
M(Ap, A1, A1) = maxq D*(T(Ay41), S(An), T(Any1)), (6)
D*(T(/\n) (n+1) (n+1))’
D*(T(An+1), T(Aut1), T(Ant1)),
*(T(/\i’l+ ) ( n+1) T</\n+l))
D*(Kn 1/KﬂrKn D (anHKn/Kn—l)r
B D* (%, K, %0 ), D* (kn, K, K1),
- max D* (%, K41, %n), D* (K, K, K1), @
D* (%, Kn 41, %n)
= max{D*(ky_1,%n, kn—1), D* (kn, K11, Kn11) }- 8)

If M(Aw, Ayi1, Ant1) = D*(ku, kp41,k41), then from (5) and the properties of ¢
we have

D* (kn, knt1, knt1) < P(D* (Kn, Kpt1,Kn41)) < D* (K, K1, Knt1)

which is contradiction. Thus, M(Ay, Ayi1, Api1) = D*( 1, kn, kn—1) = D* (K1, Kn, k)
Therefore, for n € N U {0} and from (5) we have,

D* (Kl’l/ Kn+1/Kn+1) < IP(D*(Kn—l/Kn/ Kn)) )
< ¢*(D*(Kn-2,Kn1,%n_1))
< ¢P"(D*(xo,x1,%1))-

Given € > 0, since lirJrr1 " (D*(xo,x1,%1)) = 0, and P(€) < e, there is an integer
n——+0o

ng € N, such that
" (D*(xo,%1,%1)) < € —p(e), foralln > ny.
Hence, for n > ng we have
D* (1 K1, 50 1) < 9"(D* (o, 51,51)) < € — (€. (10)
Now,

D* (kn+1, K11, Kk 41) = D*(S(Ant1), S(Aiy1), S(Akr1)) < (M (An1, A, Akyr))  (11)

where
D*(T(Aus1), T(Akr1), T(Akgr),
D*(T(Aut1), S(Aut1), T(Ang1)),
D*(T(Ak+1), S(Ans1), T(Aks1)),
M(A i1, Ayt Aeyr) = maxg D*(T(Agp1), S(Any1), T(Aki)), (12)
D*(T(Ak41), S(Aks1), T(Ary1)),
D*(T(AMk+1), T(Akt1), T(Aks1)),
D*(T(Ak+1), S(Ak41), T(Aktr))
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D* (%, %k, K1), D* (K, K141, Kn ),
D* ik, K1, %k ), D™ (K, K1, Kk ),
D* (K, Kiy1, Kk ), D™ (i, Ky, K1),
D* (K, kg 11, Kk)

D* (K}’l/ Kk, Kk)/D*(KHI KnJrHKn)/
=max{ . . (13)
D (Kk/ K'rlJrl/Kk)rD (Kk/ Kk+1/Kk>
Now, for m,n € N; m > n, we claim that
D* (%, K, km) < €, forallm > n > n,. (14)

We will prove (14) by induction on m. Inequality (14) holds for m = n + 1, by using (10)
and the fact thate — ¢(e) < e.
Assume inequality (14) holds for m < k. Now, we prove (14) for m = k + 1. According
to (13) we have four different cases.
If M(Ayi1, Akr1, A1) = D*(kn, K, ki ), then using triangle inequality, (10), (11) and (13)
D*(kn, k41, %k11) < D*(kn, K1, Knt1) + D* (K1, Kiep1, Keg1)
< e = (€) + P(D* (e, K 1))
<e— ) +ple) =
If M(Ayt1, Aksr, Akr1) = D*(kn, kp41,%kp+1), then from (10) and properties of i
we have
D* (tcn, Kp 11, K1) < D*(kn, Knt1, K1) + D™ (K1, Ker1, Keg1)
< e—1p(e) + (D" (kn, K11, Knt1))
<e—y(e) +y(e) =
If M(Ayi1, Agy1, Akr1) = D*(kk, kg1, Kky1), then from (10) and properties of ¢ we
have
D* (n, Kp11, K1) < D*(Kn, Knt1, K1) + D™ (K1, Ke1, Keg1)
< e—1p(e) + (D" (K, ki1, Kr41))
<e—y(e)+y(e) =
If M(Ayi1, A1, A1) = D* (kg Kk, K,41), then by triangle inequality, (10), (11) and
properties of ¢ we get

D*(n, K41, Kk11) < D*(Kn, Knr1, Kny1) + D* (K1, K1, Keg1)
< D*(kn, Knt1, Kng1) + P(M(Apg1, A1, A1)
= D*(%n, K1, Kny1) + P(D* (K, K, Kny1))
<D* (K Kﬂ+1IKVl+1) + D* (Kkr Kk, Kn+1)
< D*(Kn, Ky 1, Kng1) + (M (A, A, Augr))
D* (kaHKkfHKn)/
= D*(Kn, Knt1,Knt1) + ¢ | maxq D*(xx_q, Kk, Kx—1),

D*(kn, Kk, ki)

<e—pe)+yle) =€
Hence, () = (T(Ay+1)) is a D*-cauchy sequence in T(E). Since T(E) is D*-complete,
then there exists t € T(E) such that LlIE T(Ay) =t = EIE S(Ay). Having t € T(E),
n (e8] n (e o]

there exists ¢ € E such that T(y) = ¢, also

lim T(A,) = T(u) = lim S(A,). (15)

n—+00 n—-4o0

We will show that S(u) = T(u). Suppose that S(u) # T(u), then condition (4)
implies that

D
(500 (0, S(10)) < | maxd a6)
D
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Taking the lim sup as n — +4-cc and using (15) and the fact that the function D* is continuous,
we get

D*(T(p), T(1), T(An)), D*(T(p), S(p), T(p)),
. . D*(T(p), S(u), T(1)), D*(T(An), S(1), T(An)),
D (Su), S(), T(p)) < HmSup Y| MaXY (733 §(0), T(A)), D (T (), TA), T(),
D*(T(0), S(). T(1)) )
D*(T(p), T(1), T(An)), D*(T(p), S(), T(p)),
< | timsupmaxd 27 (TS0, T00), D (T(A), S0, TOW)),
- D*(T(An),S(#), T(An)), D*(T(1), T(An), T(1)),
D*(T(u),S(n), T(p))
and so,
D*(S(u), S(pu), T(w)) < p(D*(T(p),S(), T(n))) < D*(T(p),S(u), T(p)) (18)
= D*(S(u),S(u), T(n)),

which is a contradiction, hence S(u) = T(y). Since the pair (S, T) is D-W.C., then

D¥(S(T(w)), T(S(1)),S(S(w))) < D*(S(p), T(4), S(4)) = 0.

Thus, SS(u) = ST(u) = TS(u) = TT(u), and so

S(t) = ST(u) = TS(u) = T().

To this end, we shall show that t = T(y) is a common fixed point of S and T. Assume
that St # t, then

D'(
D(S(0), 501, 5(0)) < | max{
D'(

Since T(t) = S(t) and T(u) = S(u), then (19) implies that

D*(8(t),S(u), S(u)) < p(D*(S(t),S(p), S(p))) < D*(S(t),S(w), S(w)),  (20)

which is a contradiction. Hence S(t) = S(u) = t and so, t is a common fixed point of S
and T.

To prove the uniqueness, suppose there are two common fixed points, 1, and v, such
that 1, # v,. Then, by condition (4) we have

D* (um Do, UU) < Ij)(D* (uo/ Do, Uo)) < D*(um Do, Uo)/ (21)

a contradiction, so u, = v,. Then, t is the unique common fixed point. [

Corollary 1. Theorem 1 remains true if we replace Dg-W.C. with D3-W.C. or D -W.C. (retaining
the rest of hypothesis).

Theorem 2. Let (E, D*) be a complete D*-metric space and suppose S, T : E — E are two
mappings satisfying the following conditions:

1. S(TA) =T(SA) forall A € E.

2. S(E) CT(E).
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3. D*(S(A),S(x),S(@)) < aM(A,x,@), forall A, x,@ € E, where « € [0,1) and

D*(T(V), T(x), T(®@)), D*(T(1), S(1), T(1)),
M) =max) i (<)> o), 0 (100, T T (- @
D" (T(x), 5(x), T(x))
Then, S and T have a unique common fixed point.
Proof. The proof is the same argument as in Theorem (1). O
Now, we give an example to support Theorem 1.
0, ifA =1 = @;

Example13. Let £=[0,1], D*(A @) = { max{A,x, @}, otherwise.

S(A) = A3, T(A) = A% and ¢(t) = Lt forall A,x,@ € E and t > 0. Thus, we have
S(E) = [0, %] and T(E) = [0, 2] is a D*-complete subspace of E. Note that,

D*(STA, TSA,SSA) = max{@,\9 @)\9 @/\9}

64
= @)\

4
< A8
- 5

1 4

= max{gfts,g)\‘%}
= D*(SA,TA,SA).

Hence, S and T are Dg-W.C. Moreover, for each A # x # @ we have

D*(SA, fy, fz) — 1max{A3 0%
4

15 max{A%,«3,@%}
=9(D*(TA, gy, 82))
< p(M(A, k,@)).

Hence, u, = 0 is the unique common fixed point of S and T, while the conditions of Theorem 1
are satisfied.

Note that, S does not commute with T. Indeed, S(T(A)) = SEA% # T(S(A)) = g3sA° for
any A % 0in E. Thus, Theorem 2 is not applicable.

Theorem 3. Let (E, D*) be a D*-metric space. Suppose the mappings S, T : E — E are D§-W.C.
satisfying the following conditions:

1. Sand T satisfy the (E.A) property.

2. T(E)isa closed subspace of E.

3. D*(S(A),S(x),S(@)) < p(M(A,x,@)), where,

D*(T(A),S(x), T(x)), D*(T(A), S(@), T(@)),
M(A, x,@) = max{ D*(T(x),S(A), T(A)), D*(T(@), S(A), T(A)), (23)
D*(T(@),5(x), T(x)), D*(T(x), (@), T(c0))

forall A,x,@ € E, then S and T have a unique common fixed point.
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Proof. Since the mappings S and T satisfy the (E.A) property, then there exists in E a
sequence (A,) satisfying 1_1)12 S(An) = 1_1)12 T(Ay) =t forsomet € E.
n oo n o

Since, T(E) is a closed subspace of E and 1—1&1 T(An) = t, hence there exists 4 € E
n e}
such that T(u) = t. Moreover,

lim S(Ay)=t= T(p)= lLm T(An).

n— 00 n— 00

We will show that S(u) = T(u). Suppose to the contrary that S(u) # T(u). The
condition (3) implies that
An)),
) > (24)
)

M
)

D*(T (), S(An), T(
D*(S(V)IS(#)IS(M))SIP(M(#/V,An)):lP<maX D*(T(An), S(u), T(
D¥(T(p), S(w), T(p

Taking the lim sup as n — 400 and using the fact that the functions D* is jointly continuous,
we get

0 < D*(S(u),S(p), T(u)) <1P(D*(T(V),S(V),T(u)))
D*(T(u),S(u), T(n)) = D*(S(u), S(1), T()),

which is contradiction, so S(u) = T(u). Since S and T are D-W.C., and so
D*(ST(p), TS(p), SS(1)) < D*(S(p), T(p), S(w)) =0,
therefore SS(u) = ST(u) = TS(p) = TT(u), then
$(t) = ST(u) = TS(u) = TT(p) = T(t).

Now, we shall show that t = S(u) is a common fixed point of S and T. Assume,

S(t) # t, then

(25)

D*(S(t),t,t) = D*(S(t), S(u), S()) < Pp(M(t, p, 1)) (26)
where
M(t, p, p) = max{D*(T(t),S(p), T(p)), D*(T (1), S(t), T(t)), D*(T(p), S(p), T(u))}
= max{D*(T(t),S(u), T(u)), D*(T(u),S(t), T(t))}
= max{D*(S(t),t,t),D*(t,5(¢), T(t))}
= max{D*(S(¢),t,t),D*(t,S(t),S(t))}
= D*(S(t),t,1)

Thus,
D*(S(t),t,t) < p(D*(S(t),t,t)) < D*(S(),t,1),

a contradiction, so that t = S(t) = T(t), then t is a common fixed point of S and T.
To prove uniqueness, suppose we have u, and v, such that u, # v,, S(u,) = T(u,) =
1o and S(v,) = T(v,) = v,, then
D*(T(uo),5(v0), T(vo)),
D*(uo,v0,v,) = D*(S(up),S(v5),5(v,)) < | max$ D*(T(vy),S(v,), T(vs)), (27)
D*(T(vo), S(uo), T(o))

< D*(uy, 0o, Vo)

which is a contradiction, so #, = v,. Then t is a unique common fixed point. [
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Theorem 4. Let (E, D*) be a D*-metric space. Suppose the mappings S, T : E — E are weakly
compatible satisfying the following conditions:

1. Sand T satisfy the (E.A) property,
2. T(E)isa closed subspace of E,
3 D*(5(A),8(x), S(@)) <

¢<max {D*(T(A) T(x), T(@)), D" (T(), S(A >T<w>>,}> o8
D*(T(@), 5(@), T(@)), D" (T(x), 5(x), T(@))

forall A,x, € E, then S and T have a unique common fixed point.

Proof. Since S and T satisfy the (E.A) property, there exists in E a sequence (A,) satisfying
lim S(A,;) = LHE T(Ay) =t forsomet € E.
n [ee]

n——+00

Since T(E) is a closed subspace, then there exists u € E such that T(u) = t. Also,
lim S(A,) =T(u) = lm T(A,).
n——+o0 n—+00

We shall show that S(i) = T(p). Suppose that S(i) # T(u), then the condition (3)
implies that

D*(T(u), T(p), T(An)),
D*(8(1), S(p), S(An)) < ¢ [ maxq D*(T(), S(p), T(An)), : (29)
D*(T(An), S(An), T(Au))

Taking the lim sup as n — +co, we get

|
<
—~
—
—~
—
»n A
—
<
NN
H
—~
<
~—
~—

(30)

A contradiction, hence S(i) = T(p). Since S and T are weakly compatible, then TS(p) =
ST(u), and therefore, SS(u) = ST(u) = TS(u) = TT(u). It follows that S(t) = ST () =

TS(u) = TT(p) = T(t).
Finally, we will show that t = T(p) is a common fixed point of S and T. Suppose that
S(t) # t, then

(
D(s(t),t,t) = D*(S(t)fs(#)fs(ﬂ))<¢<max D*(T(
(

= D*(s(1),5(1),1),

which is a contradiction, so t = S(t) = T(t). Then t is a common fixed point.
To prove uniqueness, suppose we have u, and v, such that u, # vy, S(uy) = T(u,) =
o and S(v,) = T(vy) = vy, then an easy calculation leads to

* *
D (uo/ Do, Uo) <D (uO/ Do, Ua)/
which is a contradiction. Hence, u, = v,. Then t is a unique common fixed point. O

Now, we give some examples to support Theorem 4.
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0, ifA=x=w;
max{A,x, @}, otherwise.
S(A) = 1A, T(A) = JAand y(t) = 3t forall A,x, @@ € Eand t > 0.
Note that A = 0 is the only coincidence point of S and T. Moreover, S(T(0)) = T(S(0)) =0,
therefore S and T are weakly compatible.
Let Ay = 1, then lim D*(SAy,SAy,0) = lim D*(TAy, TAn,0) = 0,50 S and T satisfy
n——4oo n—+o0

the (E.A.) property. Moreover, for A # x # @ we have

7

Example 14. Let E = [0, +00), D*(A,x, @) = {

D*(SA, fy, fz) = = max{A,x, @}

IN

max{A,x, @}

max{A,x, @}

(D*(TA, gy, 82))
( {D*(T(A), T(x), T(@)), D*(T(A),S(A )T(w)),}>
D*(T(@),S(@), T(@)), D*(T(x),S(x), T(@)) | )

Hence, all conditions of Theorem 4 are satisfied and u, = 0 is the unique common fixed point of S
and T.

= S WIN WP =
—
T NI

IA
=
o]
<

Example 15. Let E = [2,20] and D*(A, k, @) = max{|A — k|, |k —@|,|A — @[} forall A, x, @ €
E. Define the mappings S, T : E — E by

2 if A=2 2 if A=2
S(A)=<X6 if 2<A<5 and T(\)=<14 if 2<A<5
2 if 5<A<20, L4 5 < A <20.

Moreover, suppose that (t) = % forall t > 0. Then, it is clear that T(E) is a closed subspace of E
and S and T are weakly compatible. If we consider the sequence {A,} = {5+ L1}, then SA, — 2
and TAy, — 2asn — 4o0. Thus, S and T satisfy the (E.A) property.

On the other hand, a simple calculation gives that,

D*(SA, fy, fz) < ¢(D*(TA,gy,8z)) forall Ax,@ € A,

so in particular (28) holds. Finally, all hypotheses of Theorem 4 are satisfied and u, = 2 is the
unique common fixed point of S and T.

Corollary 2. Theorems 3 and 4 remain true if we replace, respectively, Dg-W.C., weakly compatible
and Dy -W.C. by any one of them (retaining the rest of hypothesis).

Corollary 3. Some corollaries could be derived from Theorems 1, 3 and 4 by taking @ = x or
T =1Id,.

3. Application to Integral Equations

In this section, we will use Theorem 4 to show that there is a solution to the following
integral equation:

A() :h(/\(t))+/Otm(t,s)H(s,)x(s))ds; te01] (31)

where,

1 K

f) : R — R is a continuous function.
2. m(t

,5) :[0,1] x [0,1] — R are continuous functions.
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3. H(ts):[0,1] x R — R are continuous functions.

Let E = C([0,1]) be the set of all real continuous functions on [0, 1], endowed with the
D*-metric

0, ifu=v=uw;
max{supte[o’” |u|,supt€[0,1] |U|,supt€[0,1} |w|} otherwise.

D*(u,v,w) = {
Clearly, (E, D*) is a complete D*-metric space.

Theorem 5. The integral Equation (31) has a solution u such that u € C([0,1]) if the following
conditions hold:

L [r(t)] < Blt]
2. supypq m(t,s) < co, where ¢ is any positive constant.
3. |H(s,t)| < a|t|, where0 < acy+ B < 1.

Proof. Define mappings S,T : E — E by

T(A(t)) = A(t) (32)

SA() :h(A(t))+/Otm(t,s)H(s,/\(s))ds; te[o,1]. (33)

Now, we prove that S, T are weakly compatible mappings.

Suppose that Ay(t) is a coincidence point of S and T. That is S(Ag(t)) = T(Ag(t)) =
wo(t), then

S(T(Ao(t))) = S(Ao(t)) = T(S(Ao(t))), so S and T are weakly compatible mappings.

Clearly the condition (2) of Theorem 4 is satisfied. Now, we prove condition (1) of
Theorem 4.

Let A, (t) = L;t € [0,1], then using conditions (1) and (2) of Theorem (5) we get

t
[SAn(B] = 1) + [ mts)H (s, >)ds|
n n
<|hf|+|/ (t,5)H (s, )ds|
n
t
< () / ts)||H(s, 2 )d
I+ [ i) |G, 2ds
t t
<ﬁf—|—/coa ds
0
t t2
Bn—i—couczn.

Now, 0 < limy— 400 |[SA,(£)]| < 0, hence lim,HJroo |SA,(£)| = 0 and so limy,— 400 SA,(£) = 0.
Moreover, lim;,_, 4o TA,(t) = hmnﬁﬂo L = 0. Hence,

lim D*(S(Ax(t)),S(An(t)),0) = lim sup [SA,(f)] =0,

n—+400 n—+4o00 te[0,1]
and
lim D*(T(Au(t)), T(Au(t)),0) = lim sup |TA,(t)| = 0.

n—-+oo n—-+o0 te[O,l]

Therefore, (S, T) satisfied the (E.A) property.
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Finally, we will show that condition (3) of Theorem (4) is satisfied. Let A(t), x(t), @(t) €
E. Then, for all t € [0, 1], we have

SO = IBA0) + [ it 9)H(5,A(5)) s
< A+ [ It lIHEAG)] ds

< BIA(t H—/ sup |m(t,s)| sup |H(s,A(s))]| ds
te[0,1] tel0,1]

t
< B sup |A(t)\+c0/ sup [H(s, A(s))| ds

te[0,1] te[0,1]
< B sup |A(t)] +con sup |A(t)]
te[0,1] te[0,1]
= (cox + B) sup [T(A(£))].
te[0,1]
Hence,
sup |S(A(t))| < sup |T(A(t))|, where 0 < ¢ = coa + B < 1. (34)
te[0,1] te[0,1]
Similarly, one can show that
sup |S(x(t))| <+ sup |T(x(t))|,where0 <y =coa+p <1, (35)
tel0,1] te[0,1]
sup |S(@(t))| < sup |T(@(t))|,where0 <y =coa+p < 1. (36)
te[0,1] te[0,1]
Thus,
D*(S(A(1)), S(x(t)), S(@(t))) = max{ sup [S(A())], sup [S(x(t))], sup [S(@(t))[}
te[0,1] te[0,1] te[0,1]

< ymax{ sup [A(t)], sup |x(t)|, sup [@(¢)[}
te[0,1] te[0,1] te[0,1]

= ymax{ sup |T(A(t))|, sup |T(x(t))|, sup |T(@(t))[}
te[0,1] te[0,1] te[0,1]

= yD*(T(A(t)), T(x(t)), T((t)

)

,T(@)), D*(T(A ),S(A)/T(w)),}>
@),T(w D*(T(x), S(x

(

) 5(x), T(@))

), D*(T(A),S(A), T )})
), D*(T(x),S(x), T(@))
Hence, all conditions of Theorem 4 hold with (¢t) = 7t and the mappings S, T have a
common fixed point u,(t) € C(]0,1]) which is a solution to the Equation (31). [
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