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ABSTRACT 

A new theorem concerning 

are deduced. 

I I 
00 

N p q summability factors of infinite series ~an is proved. Some other results ' n. n k ~ 

1. INTRODUCTION 

00 

Let ~an be an infinite series with partial sums sn. Let 

,....o and 11° denote the nth Cesaro mean of order 8 ( 8 >- 1) 
vn n 

of the sequences {s
11

} and {nan} respectively. The series 

Ian is said to be summable (C, 8) with index k, or 

simply summable IC,blk, k 2:: I if 

.., k 

'Lnk-lla~ -a~-•1 <OO ..... 
or equivalently .., k 

'Ln-• jtl~\ < 00 • 

n=l 

Let { p
17

} be a sequence of reaJ or complex numbers with 

P
11

=p
0

+p1 + ... +p11 ,Pn~ooasn~oo, p_1 = P_ 1 =0 

The series Ia11 is said to be su~mable IN, Pn I , if 

11 

(1) 

where 

I 

.., 
In= pn-

1
LPn-•S• .... (t_. = 0) 

We write p = {pn} and 

M={p:p">O&Pn+l sPn+2 Sl,n=O,l,···} 
Pn Pn+l 

It is known that for p E M , (I) holds if and only if 

(Das [4]) 

Definition 1 : For p E M , we say that f an is summable 

IN' PJ k' k ~ 1 ' if I 
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In the special case in which Pn = Anr-l , r > - 1, 

where A,/ is the coefficient of X' in the power series expan

sion of (I - xrr-I for lxl < 1 , IN ,pnlk summability reduces 

to IC,rlk summability see [4] . 

The series fa 
11 

is said to be summable IN ,pnlk, k :2: 1 if. 

I 00 (p )k-1 L _!!... IT,- T,_l < 00 

n=1 P, 
where " . T, = P,-•LPvsv • 

-· If we take Pn = I, then IN ,pnlk summability is reduces to 

I C, Ilk summability. In general, these two summabilities are 

not comparable. 

Let {pn}, {q
11

) be sequences of numbers and denote 

Q,=%+ql+···+q, ,q_I=Q-1=0 

R, = Poq,. + Ptqn-l +···+ p,qo, R,-+ co asn-+ oo 

!! /, = /, - f 1t+l , for any sequence {/,} . 

Definition 2 : 

Let {p11 } , { qn} be sequences of positive real numbers, such that 

q E M; We say thm fan is summable IN •Pn, qnlk , k :2: 1, 

if. 00 I " I It 
Lp~k Lpv-1qn-v0 v <CO 
n=1 " n-l v=l 

-
Clearly, IN ,p11 11k reduces to IN, p

11
1k • 

The series L,an is said to be bounded [R,logn, 1h , 
k :2: I if 

i:v-•isl = 0 (long) as n ---7 oo (Mishra[5]) 
v=1 

The series L,an is said to be bounded [N •Pnh, k :2: 1 

~,v·'isvr =o(Pn) asn---?oo (Bor[2]) 

If we take k = I ( resp. p11 = n- 1 ), then L~).]k 

boundedness is the same as [N).]k(resp. [R,logn,lh) 

boundedness. 

Here we give these two new definitions : 

Definition 3 : 

The series L,an is said to be bounded [iv).]k , k :2: 1 , if. 

fq,_visl = O(Q,) asn-+ co • 
v=l 

Definition 4 

The series L,an is said to be bounded 

[N,pn,qn]k k :2: I, if 

12 

f P. qn-vl Svlk = 0 ( Rn) as n ---7 oo 
v=l v 

[N,pn,1]k k :2: 1 and [N,1,qn]k , k :2: 1 are reduces to [N).]k 

and [N,qn]k respectively. 

The object of this paper is to prove the following 

2. MAIN RESULT 

THEORM 1.: 

If tan is bounded [N,p
0
,qn]k, k :2: 1 and-if {p

0
}, {qn), and 

I 

P"nl are positive real sequences satisfy the conditions 

q EM, { Pn I PnRk n-l} nonincreasing for qn '# 0, and 

(2) 

" LP,q,_,_IIA.vl = <(1), n-+ 00 (3) 

" 1 LIMviA.vl-= <(1), n-+ co (4) 
.,.1 q,_v-1 

R,I!!A.,I = o{IM,IA.,I}. n-+ co (5) 

then the series f.anRn'A.n is summable [N, Pn , qn] k k :2: 1. 
I . 

We need the following lemmas for our object 

LEMMAl: 

If the sequences {pn), {qn), and {A.nl satisfy the conditions 

(3) - (5) of theorem 1, then Rn IA.nl = 0 (1) as n -7 oo 

Proof : By Abel's transformation, we have 

" " v LPvqn-viA.vl·= L(Lp,q,_,)I!!A.vl + R,.IA.,,I. 

This implies 

" " v 

R,JA.n J S LPvqn-vJA.vJ.+ L(Lp,q,_, ~/!A.vJ· 
.,.1 .,.1 r•l 

= 0(1} :tRvJ!!A.vJ = 0(1} :tJMvJIA.vJ-1 = 0(1} .,.1 v•l q,_v-1 

LEMMA2: 

{qn) nonincreasing implies IL1Rnl = O(pn). 

Proof: Since Rn::; P0 q0 , then forD= fn and a constant k, 

k ~ lim R, =lim I DR, I= lim ,M, I= lim JAR, I 
, ...... P, ,..,. .. DP, , ...... dP, ":+'" p, 



W. T. Sulaiman 

LEMMA3: 
let q E M , then for 0 < r ::; I , 

f q;-• = O(v-') 
n•vn Q, 

Proof of Theorem 1 : Write 

" 
41 n = L Pv-1 R.q ,_.a.A.. , 

v=l 

then by Abel's transformation , we have 

n-1 v 

cp, = L(La,)A.(q,_vpv-IR..A..)+ 
vzl r=l , 
+ (La,)q0 P,_1R,A., 

n-1 

= L {A.q,_vpv-lRvA.vsv - Pvqrr-v-t.R..A.vsv + 
.... t 

n-1 

«Pn,l = L A.q,_vpv-t.R..A.vsv 

n-1 

4>,,2 = L -p.qn-v-x.R..A..s. 
v-1 
n-1 

«Pn,3 = Lqn-v-IP.R,AA.vsv 
v=l 
n-l 

«Pn,4 = L -qn-v-lPvAR..A.v+1Sv 
and v=l 

In order to prove the theorem, by Minkowski's 

inequality, it is therefore sufficient to show that. 

i:~I«P .. l <co, r=l,2,3,4,5 
nal P,. R:.-1 

Applying Holder's inequality 

m+l p PI-I {n-1 t-l 

~ L p ;k LJA.q,-v\Pv~lR!JA.lJsl :LJA.q,_.J~ 
n=2 rr rr-1 val v•l J 

= O(l)fP.~tR!JA.lJsl I: p,JA,; .. -·I 
""'' 11•v+l P,R;,_I 

::: 0(1) f Pv ( ~v-1 )(R.JA..J)k-IJA..jJsl 
v-1 v-1 . 
m 

=O(I}LPvlA..Ilsl. by lemma 1 
v=l 

13 

, by Abel's Transformation 

m v k 1 
= O(I)L(LP,q._,Js,J )A.(-)JA..J + 

vzl r=l q,_v 

1 +--JAA..I +O(~JA.ml> 
qm-v-1 

= O(l) fl1.(-~->R..IA..I + O(l> f-~-R..JAA..I 
v=l qm-v v=l q,...v-1 

+ o(l)f-1-IA.R..IIA..J + oo> 
v•l qm-v-1 

m-1 v l 
= 0(1) L (LA. q,_v )I.R,AJA..J + M.JA.v+tll 

vwl r•l 

+ 0(1) ~-1 -IAR..IIA..J + O(l) 
""'lqm-v-l 

+0(1) = 0(1) 

m 

=O(l)LPvJA..JJsl ,as R. ~qoPv 
v=l 

= 0(1). 

X Lpvqn-v-1 {
n-1 }k-1 
.-1 R,_l 



A study on IN ,p.,q.l, summability factors of infinite series 

m p m+l 

= O(I)Lp.,(-" )k R!IAA.llsl L p,q,_.,_1 

v=l Pv n•v+l P,R,_l 

= O(l)f(P" )k-tiARvlkiA.llsl 
..-1 Pv 

= O(l)fp.,( =" )k-l(R_IA..,I)k-IIA. .. IIsl -· .... m 

= O(I)LP .. IA..,IIs..l" • 

m p m+l 

= O(l)LP.,(-" >kiMliA...I"Isl L p,q,_..,_1 

v=l Pv n•v+l P,R,_l 

= O(l)f(P" )k-liARvlkiA.llsl 
.... P .. 

= 0(1). 

= O(l)i: P., ( :n-l )k {~" )(R,IA.,I)k-IIA., Is, lk 
""'I n-1 n 
m 

= O(l)'Lp,IA.,IIs,l" 

= 0(1). 

3. APPLICATIONS 

THEOREM 2 : ( Bor [ 3 ] ) : 

00 

If ~an is bounded [N, Pnh , and the sequences { 1..
11

} and 

{ P n} satisfy the conditions : 

m 
(i) LPniA.,i = 0(1} 

n•l 

(ii) 

then the series Ia P A is summable n n n 

Proof : FoJiows from Theorem 1 by putting q
11 
= 1 for all n. 

THEOREM3 : 

If Ian is bounded [N,p
11
h , and the sequences {A

11
} and 

{ q
11

} satisfy the conditions : q E M, and 

14 

m 

(i) Lqn-vl"-vl = 0(1) 

m 

(ii) L qv+1 li•vl = 0(1) 
v-1 qn-v-1 

(iii) QniL1"-nl = O(qnjl1A.nj) • 

then the series Ian Q
11 

A
11 

is summable I N,q
11 

lk , k;;:: 1 . 

Proof : Follows from Theorem 1 by putting Pn = 1 for 

all n, and making use of lemma 3, for r = 1 . 
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