
Qatar Univ. Sci. J. (1997), 17(1): 15-20 

ON ESTIMATES OF THE RATE OF CONVERGENCE 

IN THE GLOBAL LIMIT THEOREMS FOR 
HOMOGENEOUS MARKOV CHAINS 

M.GHARIB* 

DEPARTMENT OF MATHEMATICS 

FACUALTY OF SCIENCE 

QATAR UNIVERSITY 

0 ~ ~1_,..:-JI 01~1 (f ~ r-k 0 Jjy t.r-k ~4-JI 04~ ~ JWI ..L:l .r...W J.>- J~l ~I lolA ~ ( 

J.LU 01 ~I (f ~~~~I ~l=..JI. ~I 0)'U-I (f (,?J~I .:>~ 4JJ ~~ J~JL. ~ 

~J..UI (f Jl.bll i..rJI 0~ 01 .1""'·~1 ~ 01 0J~ 1 S.p < oo, Lp t_I;AJI U'~ ~ 04..,k.JI o.lA ~ YJlA.:.\1 J,M.. 
.i.:>J~ y\..i:.i)'I0)'L..:..>~ WWI 

KEY WORDS . homogeneous Markov chain , global limit theorem, rate of convergence ,Lp space 

ABSTRACT. 

In this paper some estimates are obtained for the remainder term in the limit theorems for the 

weighted sum of random variables forming a homogeneous Markov chain with arbitrary set of possible 

states . The achieved results make it possible to estimate the rate of convergence in these theorems in the 

metric of the space LP , 1::; p < oo without requiring that the absolute third order moment for the transition 

probabilities be bounded . 
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On estimates of the rate of convergence 

1. INTRODUCTION. 

Let X 1 , x2 , •.• be a homogeneous Markov process 

with arbitrary set of possible states X , defined by the 

transition probability function p( ;, A) , ; E X , A E 

3 x ( cr - algebra of subsets of X ) and the initial 

distribution: 

p (x
1 

E A) = n (A), A E 3x. 

Suppose that p (.,.) satisfies the condition of uniform 

ergodicity 

sup I p (;,A)- p (1J,A) I = p < 1. 

(~,7JEX,AE 3x 
(1.1) 

It is well known that (see [2] ) when (1.1) holds a 

stationary distribution p (A), A E 3x exists . Moreover 

(see [9]), if fx i (17) p (d1J) < oo, then the limit. 

.; • • "".'roE {[Jnv(x,)+.+f(r.))r}: 
= E p[J2(x1 ) J + 2 IE p[J(x1 )/( Xr+l )] , 

r=1 

exists , where f( ·) is a real measurable function defined on 

X and Ep indicates that x 1 has the distribution p(·) . The 

initial distribution 1t( ·) and the transition probability 

function completely define the sequence of r.vs. 

(1.2) 

Below , one can assume without loss of generality that 

f f (Tl)P (dll) = 0, cr2 = 1. 

Let { an.k} ;' be a sequence of real numbers that satisfy 

the following conditions : 

IX) 

E a2 =1 
k=l n,k 

Put, 
IX) 

Yn = sup lan,kl -+ 0 as n-+ oo 
k 

(1.3) 

Sn= E an,kf(xk)' Lin= sup lwn(x)-tP(x~, 
k =1 xe;X 

where ,Wn(k) is the distribution function of Sn and <P(x) is 
the standard normal distribution function . 
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Limit theorems for sums of r. vs. forming a homogeneous 
Markov chain with an arbitrary set of states and the 
remainder terms in these theorems were investigated in a 
number of works ( see , for example , [I] , [5] , [6] , [9] , 

[10] , and [12] . ) . Estimates, in the uniform metric, for 
the remainder term , in the central limit theorem of the 
weighted sum of the sequence (1.2) were given in [7] . 

In the present paper some estimates are given , in the 
metric of the space LP , 1 $ p < oo , for the remainder term 
in the central limit theorem for the weighted sum of the 
sequence (1.2) . The results make it possible to estimate the 
rate of convergence in the considered metric without 
assuming the finiteness of the absolute third order moment 
of the transition probabilities . Results pertaining to the 
case of the existence of absolute moments of the transition 
probabilities of orders not less than the third are given in the 
monograph [12] . 

For n ~ 1 , set 

Xn=X\Xn , 

r = JIJ(~~ tr{d~) Jif(77~ !sa.d77~ + 
X X 

+ ~ J tr{d~) J ! 2 (17)js(~.d17~, 
X X 

~ = J if(~AP(d;) Jif(77A isa.d,A 
X Xn 

+ 1 if(~AP(d;) Jif(11A is(;.d,A, 
Xn X 

mJm = f V(~)lk 1t(~) , and 
X 

mk = sup f V( TJ)!k p(~,dfl) , k= 1,2 , 
~eX X 

where , I s(.,A) I is the complete variation of the measure 

and p(k) (.,A) , A E ~x is the transition probability 

function after k ~ 1 steps . 

Note that the measures(., A), AE ~x exists in accordance 
with condition ( 1.1 ). 
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2. MAIN RESULTS • 

THEOREM 1. If m21t < oo and 

J tr(d~) J f (q)p{k) (~.d'l) = 0 
X X 

then , 

' k = 1 '2 ' ... 

Anp ~ C (p) max ( f3n Yn + On, n1J n1J1t Yn • m21tYn • r Yn), 

where 
c1fp 

C(p) s j 11 {1-p + p 
lSp<oo 

(2.1) 

Here and below C, C1 denote absolute positive constants , 

in general distinct . 

THEOREM 2. If 1t(.) = p (.), then 

Anp ~ C (p) ( f3n Yn + 8 n) (2.2) 

Repeating the arguments given in [3]- [4] , one can see that 
the estimate (2.2) has a universal character . 

THEOREM 3. If then the central limit theorem holds 

for the sequence of r. vs. ( 1.2) , i.e. 

Anp ----? 0 as n ----? oo , for any initial distribution 1t(.) . 

Now, let g (x), x > 0 be an increasing function such that: 

x ~00 g (x) = 00 • and g (x) is non decreasing . 

Put , mg = sup f f (ry) g (lj(ry)l)p ( S, dry). 

~EX X 

THEOREM 4. If 1t(.) = p(.) , and mx < oo 

then, .1np " C(p) ( 
1 

_, ) ( 2mg + 6g). (2.3) 
g Yn 

where, Og= I jJ(e.~ p(~) I I!(TJ)I K(I!(TJ)I) js(e,,drt)j + 
X X 

+ I it(e.~ g(jJ(e,)j) p(~) I I!(TJ)I js(e..drt)j. 
X X 

COROLLARY. If g (x) = x8 , x > 0, 0 < 8~ 1, then 

Llnp ~ C (g) rDn m2 + 8• (2.4) 

where, m2+8 = sup f \ f(ry)\
2

+
8 

p (~,dry). 
~EX X 

3. AUXILIARY RESULTS. 

In proving the formulated theorems we apply the method 
of characteristic functions (c.fs.) in combination with the 

general spectral theory of linear operators using the 
appropriate material from [ 11] . 

Let P(t) be a linear operator on the Banach space of all 
measurable bounded complex valued functions g ( ~) , ~E X, 

defined by (cf. [9]). 

P(t)g (.) = f eit f(TI) g (11) p (. , d77). 
X 

For any complete additive complex valued set function 

iJ(A), AE 3x, and function g(.) mentioned above set 

<g' ll> = f g (ry) f.1 (dry). 
X 

It is not hard to deduce that the c.f. 'Pnn(t) of the r.v: is 

given by 
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'Pmr(t)=E~r( exp (itSn))= 

=( ll P(an,k+l t)lfl. n(an,Jt)), 
k=l 

where the measure TI(t) is defined by 

(3.1) 

TI(t) = TI (t, A)= f eit f(TIJ g (17) (dry) , and 'I' .=. 1 . 

A 

Let R(z , t) be the resolvent operator for P(t) , = R(z) = 
R(z , 0) (the operator P = P(O) is generated by the kernel 
p(.,.) ) , and I1 , I2 are circles with centers at 1 and 0 and 
radii, '1

1 
= (1- '1)!3, '1 2 = (1+2 '1)!3, respectively. Set. 

1 
~ (t) = -. I R(z,t) d z and 

21t1 /1 

P2 (t) = - 1
. I R(z,t) dz. 

21t1 I 
2 

(3.2) 

By lemma ( 1.1) in [9] , (3.1) can be written as 

00 

'I'n1t(t) = n A{an,k+l t) + (3.3) 
k=l 

00 

+ tf2
1 

A.(an,k+l t) (Ht(an,k t) - 1) + H2(an,k t), 

where, 

A-(an,k+1 t) = (P(an,k+1 t) PAan,k+1 t)Vf. P) 

j(P1 (an,k+1t)Vf · P), 

HAan.kt) =(PAan,k+1t)Vf.n(an,1t)). and 

H2(an,k t) = 

= ( n P (an.k+1 t)PAan.k+1 t)Vf, n(an,I t)). 
k=1 
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Using (3.2) one can get (see [9] p. 394) 

l(an,k t) = (1 + ~ Br(an,k t ))/(] + E Cr(an,k t )) , 
r-1 r=l 

(3.4) 

whc.e, Br(an,k t) = 2~ (J,zR{z)A'(z, an,k I )dz 'I' , p), 
c,(an,k t) = 2 ~ (t{z )A'( z . an,k t )dz 'I' , p) , and 

A(z, an,kt) = (P(an,kt) -P(oJ)R(z) . 

LEMMA 1. For ltl < (10.[2 M3(p) Pn Ynr
1 

, 

jA.(an,k t) - 1j S :0 M 2 {p) m
1 

Yn ltl2 , 

/A-(an,k t) - 1 - B1 (an,k t) - ( B](an,k t) 

(3.5) 

- Cz(an,k t) )/ S ~~ M3(p) mJ Yn lti3 , 

(3.6) 
and 

I Bl (an,k t) + BAan,k t) - cian,k t) + -Ja~.kr21 s 

5 -3

4 
M{p) Pn Yn 111

3 
+ 2 (Pn Yn + 8n) ltl2 . 

(3.7) 

PROOF: 

On noticing that C1 ( an.k t) = 0, we have. 

l(an,k t)-l=BAan,k t) + I ( Br(an,k t)- c,(an,kt)) + 
r=2 

+I ( Br(an,k t)- Cr(an,k t)) I (-l}ci(an,k t) 
r=l j=l 

(3.8) 

A.(an,k t) -1 - BAan,k t) - ( BAan,k t) - cAan,k t)) = 

= E ( Br(an,k t) - c,(an,k t)) + 
r=3 

co ( co 
+ I B,(an.k t) - c,(an,k t) ) I (-Jj ci(an,k t ), 
r~ j~ 

00 

where. c(an.k t) = I c,(an,k t) . 
r=2 

(3.9) 

Now . the validity of (3.5) and (3.6) follows from (3.8) and 
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(3.9) on noticing that 

II R (z) II S M (p) , 

II A(z. an,k t)ll S M(p) m1 Yn ltl = OM(p), 

and for r = 1,2 , ... 
say, 

IBr(an,k t) - c,(an,k t)l s ~ (OM(p)) r ' 

lcr(an,k r)l s (OM(p)) r, 

lc( )I (oM{p)) 2 1 
and an,k t s 1-0M(p) < 306 . 

(3.10) 

(3.11) 

Now, it is easy to see that 

IB1(an,k t) + BAan,k t)- cian,k t) + 

+ -J a~.k t21 S MJ + M2, (3.12) 

( ) (itan k 1('7))
2 

where, MJ = BJ an.k t - J ' 
2 

p(d'l) , , 
X 

M2 = I B2(an,k t) - C](an,k t) -

- J(itan,k /(~))p(d~) J(itan,k /( 1'/))s( ~, d'7 Jj. 
X X 

It is not hard to get that 

MJ 5 ( ~~J + Itt') Pn Yn (3.13) 

and,M2 $2M(!?)f3nYnltl3 +28nt2 . (3.14) 

Relation (3. 7) follows from (3.12) - (3.14) . 

The next lemma can be shown analogously to lemma 1 . 

~~A.(an,k t)l 5 ~; M 2(P) m2 Yn ltl. 

/!( A.(an,k t) - 1- B1(an,k t) - ( B
2
(an,k t) -

and 
- C2 (an,k t) ) )/ s 3.[2 M3(p) Pn Yn jtj2 

/~( BJ(an,k t) + B](an,k t)- cAan,k t) + ~ a~.k 12)1 s 

S 4M(p) Pn Yn jtj2 + 4(Pn Yn + 8,) jtj 

Using lemmas I and 2 and by means of certain additional 
arguments one can prove 
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I fl A-(an,k t) - e-t
2

/215 [h(p) Pn Yn lti3 + 
k=1 . 2] 2j. 

and + 2 (Pn Yn + bit)ltl e-t 5 

I
!!_ ( n A-(an,k t}- e-t

212 ) 15 
dt k=1 

5 [50 h(p) Pn Yn max( ltl2 . ltl4) + 
3 

+ 4 (Pn Yn + b;,}max( ltl , lti3 ) J e-t
2
/5 , 

(3.15) 

(3.16) 

where, h(p) = ~ M3(p) + _!_ M2(p) + i M (p) 
v2 10 3 

LEMMA 4. For ltl < ( 2M2(p) m1 Yn r1 
, 

jH2 (an.k t) - 1j5 ( ~ m21r + 5M3(p) Pn + •)rn lti
2

, 

(
18 ) (3.17) 

jH2 (an,k t )j 5 17 A{3(p) m2 + T Yn ltl2 ' 
(3.18) 

l:t H1 (an,k t )I 5 

$; ( 17f27t + 3_!. M3(p) Pn + _!_ M(p) m} m}7t + 2 t) Y n ltl 
2 17 

and• 
(3.19) 

i:t HAan.k t )15 
5 ( ~~ M 3(p) m2 + / 7 M 2(p) m1 m1 tr + r )rn ltl . 

(3.20) 

PROOF. 

The proof of (3.17) and (3.18) is similar to that of (4.4) and 
(4.6) , respectively , in [7] , and the proof of (3.19) and 
(3.20) is obtained analogously by using the following 
representations : 

H1(an,k t} - 1 = J1 + J2 + J3 
00 

H2(an,k t) = I Dr(an,k t), 
r=1 

where, 

J1 = 1(;tan,Jf(~) -1-itan,1f(~J)tr{d~), 
X 

J2 = 1eitan,1f(~) tr(d~) 1 (eitan,k+1f(q) -1) s(~.dq), 
X X 

J3 = I ~ 1 ;tan,Jf(~) ( 
r=2 2m X 
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( L R(z) A'(•. •n.k+l r) dz IV )m 1l{dV, 

Dr(an,k t) = 

= 2~ (J;R(z)B"(z. •n,k t}dz IV, d..an,l t)) , 

and, 
00 

B(z, an,k t) = flA(z, an,k+1 t}. 
. k=1 

4. PROOFS OF THE THEOREMS. 

We first prove theorem 1 . 

We have LlCp 5 LlC-
1 

L1n1 

According to theorem 1 in [7] , we have 

Lln 5 C
1 

J ( Pn Yn +bit) + C2 m1tr Yn · 
(1-p; 

(4.1) 

(4.2) 

Now , from (3.3) , using lemmas (3) and (4) and some 
additional arguments , one can see that. 

I Vlntrlf)- e-t
2
/2 j5 {3 h(p) Pn Yn max(lti

2 
. ltl3} + 

+ f 2 (pn Yn +bit) + G m21r + •) Yn 1 lti2}e-t
2

/5 + 

and 

I:/ Vlntrlf)- e_t2/2 )I 
5 26 h(p) fln Yn max(ltl , lti4}e-t

2/5 + 

+ { 4 (pn r n + On) + 

+ ~( m21r +2 r) Yn 1 max(ltl ·ltl3 ) e-r
2/5 + 

+ _!_ M(p) m1 m1 tr Yn ltl e-t
2
/5 + 
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(4.3) 

+ [ 
81 

M3(p) m2 + _!_ M 2(P) m1 m11r + •] Yn ltl · 
34 17 

(4.4) 

From (4.3) and (4.4) ,using the well known smoothing 
lemma , due to Esseen , of the metric of the space ( see for 
example [8] , p. 28 , theorem 1.5.4 ) one can get. 

L1n1 s; C 4 max ( PnYn + On, m1 m11r Yn, m21r Yn ). 
(1-p) (4.5) 

Finally from (4.1), (4.2) and (4.5) we get (2.1). 
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The proof of theorem 2 goes along the lines of the proof 
of theorem 1 , where the condition is taken into account . 

It suffices to prove theorem 3 under the condition ( the 
general case reduces to this partial one (see [2]) .) . By 
theorem 1 it suffices to show that 

f3n Yn + On ---? 0 as n ---?oo ( 4.6) 

Since m2 < oo then sup J ! 2 ( 'l)P(~,dq)-+ 0 
~ Xn 

Hence , /3n Yn ---? 0 as n ---?oo 

On the other hand , one can show that 

On ~ 1~ ,Jj2 (sup J f2(TJ)p(~,dq}J1/2 
P ~t:X Xn 

Relation (4.6) follows from (4.7) and (4.8). 

Now , let us prove theorem 4 . 

In accordance with the properties of the functions , 
X 

g(x) and g (x) one can, easily, get that 

3 y-1 
sup J If {TJA p(~.dTJ) ~ ~ mg , 
~t:X Xn g\r,;1 J 

and, 

y-1 
sup J ! 2 ( TJ)pa.dq) ~ ~. mg . 
~t:X Xn g\r;/ J 

Hence, a < 2 
PnYn- ;rr:n mg · 

g y-1 
n 

Similarly , it can be shown that 

1 
o, ~ ;rr:n og . 

g y-1 
n 

Finally, (2.3) follows from (2.2), (4.9) and (4.10). 

The corollary is proved analogously . 

(4.6) 

(4.8) 

(4.9) 

(4.10) 
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