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ABSTRACT.

In this paper some estimates are obtained for the remainder term in the limit theorems for the
weighted sum of random variables forming a homogeneous Markov chain with arbitrary set of possible
states . The achieved results make it possible to estimate the rate of convergence in these theorems in the
metric of the space L, 1< p < oo without requiring that the absolute third order moment for the transition
probabilities be bounded .
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On estimates of the rate of convergence

1. INTRODUCTION.

Let X, X, be a homogeneous Markov process
with arbitrary set of possible states X , defined by the
transition probability function p(&, A) , Ee X, A €
Jx (o - algebra of subsets of X ) and the initial
distribution:

p(x,eA)=n(A)Ae 3x

Suppose that p (.,.) satisfies the condition of uniform
ergodicity

sup lp(§,A)-p(MA)I = p<1. (1.1)
(E,ne X, Ae Sx

It is well known that (see [2] ) when (1.1) holds a
stationary distribution p (A), A € Sx exists . Moreover
(see[9]), ifjX f2 (M p (dn) < oo, then the limit.

A {[—j—;(f(xz)+~-+f(xn))ﬂ .
= Ef )] #2 £ mpl ()]

exists , where f(-) is a real measurable function defined on
X and Ep indicates that x , has the distribution p(-) . The
initial distribution 7(+) and the transition probability
function completely define the sequence of r.vs.

f (x]) ’ f (X2) 3 eeey f (xn) y e (12)

Below , one can assume without loss of generality that
Jfmp(n) =0,0% = 1.

Let {an’k};o be a sequence of real numbers that satisfy
the following conditions :

a

2

at , =1 Yn = SUp lap k| = 0 asn >
k=1 "k S i

(1.3)
Put,

wa(x) - 0(x),

o
Sn=2 anrf(x,), 4n = sup
k=] xeX

)/
p
Isp<oo |

dnp = (-T |w,, (x)-o(x )P dx)

where ,Wy (k) is the distribution function of Sp and P(x) is
the standard normal distribution function .

Limit theorems for sums of r.vs. forming a homogeneous
Markov chain with an arbitrary set of states and the
remainder terms in these theorems were investigated in a
number of works ( see , for example , [1], [5], [6], [9] ,
[10], and [12] . ) . Estimates , in the uniform metric , for
the remainder term , in the central limit theorem of the
weighted sum of the sequence (1.2) were given in [7] .

In the present paper some estimates are given , in the
metric of the space L, , I £ p < oo, for the remainder term
in the central limit theorem for the weighted sum of the
sequence (1.2) . The results make it possible to estimate the
rate of convergence in the considered metric without
assuming the finiteness of the absolute third order moment
of the transition probabilities . Results pertaining to the
case of the existence of absolute moments of the transition
probabilities of orders not less than the third are given in the
monograph [12].

For n21, set
X, = {;'.- WG ES~ Xp=X\Xp ,

By = sup { L1r (P p(edn) + v sz(ﬂ)p(é.dn)}.
Xn 4

¢ex Xn

e = 1) #(@) 1)1 (n) |s(en)| +
X X

# 3 [7(@)] 17 (n)ls(an),
X X

& = [/ CNp(@&) 1\f(n) |s(&.dn)
X 7,,

+ [ |f@hp(@) 1|1 (n) |s(edn),
Xn X

mi = § f©)n(@) , and
X

k
mk =sup [ [f(n)" pE.an) , k=12 ,
EeX X _
where , l s(.,A) l is the complete variation of the measure

5 (K
s(.A) = 2z (p9)¢.a) -p(4)) Aed
and p(k) (LA) , A €3, is the transition probability
function after k 2 1 steps .

Note that the measure s(. , A), Ae 3 x €xists in accordance
with condition (1.1).
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2. MAIN RESULTS.
THEOREM 1. If myp < oo and

§ 7(@e)[ £ (m)p*)gdn) =0
X X

" then ,

App < C (p) max ( Bn Yo+ On, mymp Yy, maR¥y, TH), (2.1)

cl/p

pp

Here and below C, C; denote absolute positive constants ,
in general distinct .

where

Clp) =

I sp<w

THEOREM 2. If m(.) = p(.}, then
ApSC(P) (Butn+ 6n) (2.2)

Repeating the arguments given in [3] - [4] , one can see that
the estimate (2.2) has a universal character .

THEOREM 3. If then the central limit theorem holds
for the sequence of r.vs. (1.2) , i.e.

Ay, — 0 as n —> oo, forany initial distribution 7(.) .

Now , let g (x), x > 0 be an increasing function such that:

lim g(x) = , and

d . .
—— is non decreasing .
X —»a0 g (x)

Put , my = sup | /2 (n)g (Amp (& dn).
feX X

THEOREM4. If w(.) = p(.),

and mg < 00
1

~—..) ( Zmg + 5g)’ 2.3)

then, 4np < ClP)
g(yn

where, 8= | 17 (€} pltt) ! £ () gf () sE.am)| +
+ 1 @) sl @) plae) | If () |s(.am).
X X

COROLLARY. If g(x)=x%,x>0,0<8<1,then

ApSC(Q) Pumay s, 2.4
where , ma.s = sup || A28 p (L, d).
feX X

general spectral theory of linear operators using the
appropriate material from [11] .

Let P(#) be a linear operator on the Banach space of all
measurable bounded complex valued functions g (&), € X,
defined by (cf. [9]).

P(t)g(.) = )g W g mp (., dn).

For any complete additive complex valued set function
1(A), Ae Sy, and function g(.) mentioned above set

<g, u>;!g(n)u(dn).

It is not hard to deduce that the c.f. Wy z(t) of the r.v. is
given by

Yo (1) = Eq ( exp (itSp )) =

=< krllp(an,kﬂ )y . Man,1 l)>, (3.1)

where the measure 11(t) is defined by

]
—

=T, A)=T™gm) (an), and ¥ =
A

Let R(z , t) be the resolvent operator for P(t) , = R(z) =
R(z , 0) (the operator P = P(0) is generated by the kernel
p(..) ), and I, , I, are circles with centers at 1 and 0 and

radn,g (1- 9)/3 9 =(1+2 9)/3 respectively . Set.
P(t)=— j'R(zt) dz and
",
t =——— R(z.t
P, (1) 2ni II (z.) dz (3.2)
2

By lemma (1.1)in [9] , (3.1) can be written as

Yhr() = kﬁl)‘(an,kﬂ ‘) + (3.3)
* ki.i)"(an,kﬂ t) (Hl(an,k t] - 1) + Hz(an,k t) ,
where

Man,je+11) = (Plank +11) Pilani+1 )V . p)
(P (ank+1)w . p).

v”(an,l ’)> » and

Hilank 1) = <P1(an,k 411V

3. AUXILIARY RESULTS. ( )
H2\ank t) =
In proving the formulated theorems we apply the method o
of characteristic functions (c.fs.) in combination with the < 7P (an,k +1 I)Pz(an_k +] t) v, 17(an,l t)> .
k=1
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Using (3.2) one can get (see [9] p- 394)

Man 1) = (1 + 5 Blank f))/(l + 5 Colan ')),

r=] r=1

(34)

where , Br(an,k l) =

}% <12R(2)A’(2' ank 1)dz y .p> :
11

1
Cr(an,k t) = jR(z)A’(z ank t)dz 4 -P> ' and
1

1

Az anict) = (Plani ) ~P@) RG) .

LEMMA 1. For |t <(10VZM3(p) 8, 1,)
Hank ) =1 s ZM2@)m, 7, 1P )

[Manie ) = 1= B,(ane 1) - ( Balans 1)

18
~Clank 1)) = 3 M@ mi 1, 11,

3.6)
and
B, (an,k r) + Bg(an,k t) - C2(an,k l) + '21'“;21.1:’2 <
) :
SEM(p)ﬂn ¥n 't|3 + 2 (ﬂn Yn * 5n) Mz' (3.7)

PROOF :

On noticing that C/(a,,t) = 0, we have.

o0
A(an.k ')‘1=Bl(an,k ’) + 22( Br(an,k ’) = Cr(an.k ’) ) +
r=

® 00 .
* X ( Br(an,k ’) - Cr(an,k ’) ) z (‘I)ICj(an,k ’)
r=i Jj=1 (3.8)

Hane 1) =1 = Bilami 1) ~ ( Balang 1) - Colan s 1) ) =

=7 ( Br(an,k ) - C"(a"vk t)) ’

r=3

a0 2] .
* ):]( Br(an,k ’) - Cr(an,k ’) ) z (‘I)ICj(an,k ’),

r= ].—.1
3.9

[= ]

where , C(an.k ’) = 2 Cr(an,k ’) :

r=2

Now . the validity of (3.5) and (3.6) follows from (3.8) and

18

(3.9) on noticing that

|R@)| < M@p) .

"A(Zy an,k ’)" SM@)m oy, lf| = oM@p),
and for r=1,2, ...

,Br(an,k f) - Cr(an,k ’), Sg (eM@p) " .
lCr(an,k ’)l s(oM(p)’,

k4

, (3.10)
and  |Clani 1)] < % <#- G.11)
Now, it is easy to see that
Bulank ) + Bolank 1) ~ Colang )+
202, i <My v my, (3.12)
. 2
where, M} = | Bilang 1) - ;{MP(“"I) .

M2 = | Bolank 1) - Colanp 1) -
~(nan (Do @) I(an 1(n)sce.an )|
X
It is not hard to get that

3
I

t
M <| +ltI2J Batn . (3.13)

and , M, SZM(Q)ﬂ,,ynltI3+25”t2.
Relation (3.7) follows from (3.12) - 3.14).

(3.14)

The next lemma can be shown analogously to lemma 1 .

LEMMA 2. For |t <(10vZM3(0) 8, 7,)",

4
SE Mz(p) my 7n Itl ’

d
E'l(an,k ’)

Ztank ) = 1~ B,(an ) - ( Byam 1) -

- C,(ank 1)) ) 32 M3(p) B, 7, 1P

‘)

SAM(0) B, 1, 10 + 4(B, 7, + 64) I

and

<

d
2(8iank 1) + olani ) - Colam 1) + La

Using lemmas 1 and 2 and by means of certain additional
arguments one can prove

-]
LEMMA 3. For Ifl<(10~/5M3(p)ﬂn m)
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[ 1) B, 1yt +

ﬁ j-(an,k f) - e_fz/z <
k=1

(3.15)
and 2 (ﬁn Yn * Jn)ltlz 9_12/5
g ( 17 Man 1) - %12
' k=l
5
< [7 h(p) B, v, max( [t 1) + (3.16)

e )] %5

where, h(p) = J— M3(p) * 7 Mz(p) * > M () .

+ 4 (ﬂn 'n * &) max( ¢

-1
LEMMA 4. For || <( 2M2@)my 7,)" .

1
'Hz(an.k f) - 1‘ S( 3 m2ny + 5M3(p)ﬂn + T)}’n |f|2 N

18 (3.17)
|H, (an.k 1) 5(1—7 M3(0) my + r) ol a1

d
!E Hl (an,k t)‘ <

21 1
S(mzn + 5 M0) By + - Mo} my min + 21:) Yn I

2

3.19
and* ( )

d
ar Hz(an.k ') <

81
( W M3() my * s Mz(p) mj mjg + f)?’n lf] -
(3.20)

PROOF .

The proof of (3.17) and (3.18) is similar to that of (4.4) and
(4.6) , respectively , in [7] , and the proof of (3.19) and
(3.20) is obtained analogously by using the following
representations :

Hiank t) =1 =05 +J3 + J3

fe o)
HZ(an,k ’) =2 Dr(an,k 1),

r=l
where ,

= j(eitaan(é) ~ 1 —itan 1 (&) 2(@E)
X

= jei'an,lf(f) m(d¢) | (ei'an,k +1 /() - ]) s(&dn)
X X

(o o]
1
-_—22—
r=2

dfan, If(f) (

[
X
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[ [Rz) (2. apj+1

Oadmmw,
1]

Dr(an,k ') =

= 51’; <Ij2zR(z)B’(z, an k t)dz v, ]7(an,1 f)> )

[ <]
B(z, an.k ’) = I7A(z, an k+1 t).

and ,

4. PROOFS OF THE THEOREMS.

We first prove theorem 1 .

-1
We have App <af™" an, 4.1
According to theorem 1 in [7] , we have
C
tns—5(Byry+on)+Comigry. (4.2)
(-p)

Now , from (3.3) , using lemmas (3) and (4) and some
additional arguments , one can see that.

Wnalt) - e 2 < {3 h0) B, 7, max(e? . |13) +

+[2 (,Bn Yn t 5,,) + (% myg + z') Yn ] |¢|2}e-—t2/5 +

18
[ MEm | @3

and
L Wnnlt) - e—t2/2)}

< 26 1(p) By 1y maxlle] . 11*)e=tl5 +
+ [4(/3,,7,,+6n)+

9
+ 3( mig +27t) 7, 1 max([t] , |,|3 ) o125 .
1 -2
+ 1—7M(P) mimig¥pll et /5 +

8l i
+ [ w4 M3 my + 7 M2(@) m) mig + f] n Lol -
(4.4)

From (4.3) and (4.4) ,using the well known smoothing
lemma , due to Esseen , of the metric of the space ( see for
example [8], p. 28, theorem 1.5.4) one can get.

An] < — max (ﬂn}'n +Op.mimig ¥y, mig¥y )
1-p) (4.5)

Finally from (4.1), (4.2) and (4.5) we get (2.1) .
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The proof of theorem 2 goes along the lines of the proof
of theorem 1, where the condition is taken into account .

It suffices to prove theorem 3 under the condition ( the
general case reduces to this partial one (see [2]) .) . By
theorem 1 it suffices to show that

Bn i+ —0 as n—eo 4.6)
Since m2 < oo then SUp _{ fz(ﬂ)l’(fvd'l)—’ 0

Xn
Hence, B, %, =0 as n —eo (4.6)

On the other hand , one can show that
12
& S sup | £2( n)p(édn)] C@48)

4
— m]Z
1-p 2/ [feX Xn

Relation (4.6) follows from (4.7) and (4.8) .

Now , let us prove theorem 4 .

In accordance with the properties of the functions ,
x

g(x) and g(x)one can, easily, get that

-1
sup [ |f (ﬂf p(edn) < 2 mg .
¢eX xp g\z,

-1

7 o
gir;,’j &

sup | fA(n)p(Edn)s

and ,

éeX Xn
Hence,  Bn?n < 1=y mg. 4.9
g\,
Similarly , it can be shown that
1
on < T—) Og - (4.10)
g\7,

Finally , (2.3) follows from (2.2) , (4.9) and 4.10).

The corollary is proved analogously .
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