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ABSTRACT

In this paper we prove a theorem concerning a relation between the summability methods IR,p,4,le and IRyl k21,

which generalizes a result of Bor [2].

1. INTRODUCTION

Leti;an be an infinite series with partial sums s,. Let o
and nns denote the nth Cesaro mean of order & (8 > — 1) of
the sequences {s,} and {na,} respectively. The series ;“n
is said to be summable IC, 8l , k > 1 if

=
an-'-l

n=1

k

< oo

L]
k
-1{..8
or equivalently Z" Na

n=l

Let {p,} be a sequence of real or complex numbers with
Pn=p()+pl+"+pn' P—] =P_1=0.

The series 2.9 is said to be summable [N, p,| , if

1 @
Z|t,,—t,,_l|<oo )
n=1

w©
-1
tn = Pn an—vsv

where

(’_1 = 0) .

We write p = {p,} and

P+l < Pn+2
Pn Pn+1.

It is known that for p € M, (1) holds if and only if (Das [3])

M={pp>0& <I,n=01,.}

ipn—vvav <®
=l val

Definition 1 (Sulaiman [4]). For p € M, we say that
Y a is summable [N, p,|,, k 21,if

k
ZlnP" zpn-v
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< W
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In the special case in whichp, = A,"! | r> — 1, where
A," is the coefficient of x" in the power series expansion of
(I-—x)""forlxl < 1 ,|N, Pyl summability reduces to|C, ],

summability see [3].

The series Xa, is said to be summable |R,p,|,
respectively 'ﬁ,p” . k21 ,(Bor [2] & [1])if.

k-1
° =[P
3 T, - T,,_,|k <o respectively Z(p_") |7, - T»-;l" <o
=} ol "
where

= P.."ipvsv
v

In the special case when p, =1 for all values of n (resp.
k=1), then |R,p,|, summability is the same as |C,rly (resp.
IR,p,|) summability.

Let {g,} . {u,} be sequences of numbers and denote with
Qi=dp+q;++4q,,9,=0,=0
U, =ug+u, + .. +u,, uy, =U,;, =0

Rn = Pody t P t -t Pndo

A f, = f,=f,+s » for any sequence {f,l} .
Here we give the following new definition.
Definition 2. Let {p,} , {q,} be sequences of positive

real constants such that g€ M. We say theis ;"n is
summable |R,p,,q, |, . &= 1,if

np, <
P,,TZ P, 4,4,

n-1 va=l|

k
<

L

Zl

n=1"

Clearly, |[Rp,l[, and |[R.1, p,|, are equivalent to
IR,p,l; and |N,q,|, respectively . This
summable |R,p, 1], , iff.

$

n=}

follows as Xa,

<o

PP ZP"“

n-} y=}

summable|R,p,|," Since 0<Q,<Q,,, then

i ;“»

Qn =0 (er+l ). As

Q'H'/ =Q,+ Gues S Qn +q,< 2Qn
thenQ, ., = O (Q,)

Therefor 2.4, summable |R .1, Qlg » iff
1

k
|
(v-1q,.a,| <x
nzln Qn-l §l )q"-
L n 13
iff Zl L >vq,..a, <o
n=1"{n o
iff 2 a, summable|N, A, |,

2. MAIN RESULT

We prove the following :
THEORM 1. :

Let {P,}, {g,} and {u,} be sequences of positive real

numbers such that g =
{n1k

{g,} , and assume ¢ € M,
P,/ p,R,.;} nonincreasing for ¢, # c.Let T,
denote the (N,u,) - mean of the series Ya, . Let {e 2l bea

sequence of constants. If :
s n Pn n""p”"'
"§l PkR,,_, v = 0{ P,," ,
k k
3 P -P"; ﬂ'. k k
;1 (P") [Rn—l) (u,,) Ie", |AT"-II <@,
an "E l IA 1I <0,

() (ot <o

and
Zlkl( )lA ||AT|| <o,

then the series >a, is summable [R,p,,q,|,» K> 1.
In [5], we proved that if ¢ € M  thenforO<r<1,

Dn-v-1 -r
An-v-l _ 0
ngﬂ Qn— (v )

Proof of the Theorem :

Denote : ul
¢, = z P, \gp-sa, €,.
vl
Since T, = U;‘zn‘,u,ia, =U, ‘i(U, -U, )a,,
vl r=0
then AT, = ZU -19y

n—l val

By means of the Abel’s transformation, one gets :
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In order to prove the theorem, it is sufficient, by
Minkowski’s inequality, to show that.
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Applying Holder’s inequality , '
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3. APPLICATIONS

Throughout the rest of the paper, we may assume that {p,}
{q,}, and {u } are sequences of positive real constants such
that P, Q,,and U, are all tends to oo .

THEOREM 2 (Bor [2]) : A necessary condition that Zan is
summable |R,p,|, , whenever it is summable |Ru,l; ., k=1

is:

ann = O(Pnun) ¢ (2)
If o k- -1 k=

znk lp: =O nk lp: 1

e ) B 3)

then (2) is also sufficient.

Proof : Necessity. This follows on the lines of [2] as
fore,=landg,=1,

Py = 2U,
PRy AT

Sufficiency . Follows from theorem 1 by putting
€,=1&gq,=1,

THEOREM 3 : Sufficient conditions that Ya_is summable
IR,p,lx » whenever it is summable |N, u,l, k21, are (2),
'(3) & nu, =0 (U)).

Proof : Follows from theorem 1 by putting € 2=l&g, =1

THEOREM 4 : Sufficient conditions that Ta, is summable
IN, p,li , whenever it is summable |N, uly k21, are.
n=0(Q,) , nu, = O(U,) & U, = O (nu,).

Proof : Follows from theorem 1 by putting €,,=1& ¢, = 1,
and making use of lemma 1 .

COROLLARY 1
summable |R,p,|,, whenever it is summable IC\1 .0 k2 1,
are (3) & np, = O(P,).

: Sufficient conditions that Ya  is

Proof : Follows from theorem 3 by putting u, =1.

REMARK : If P, =O(np,), then Rpl, = |N.p.|,

COROLLARY 2

summable |N , Poli » whenever it is summable |C, 1] k21,

Sufficient conditions that Ya, is

18.

np, = OP,) & P, = O(npn). “4)

Proof : .
© nk—lp P p ]
2l _onyy Loy~
&, 00 Z 5 =0

1)vk-l vk—lek—l
AT

The proof follows from corollary 2 and the remark.

THEOREM 5 (Bor [1]) : If (4) is satisfied, then the series
Ta,is N, Puli - if and only if itis [C,1], , k> 1.

Proof : Follows from theorem 4 with g, = 1, and

corollary 2.
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