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ABSTRACT 

GHACHI, RATIBA, F., Doctorate : June : 2021, 

Doctorate of Philosophy in Civil Engineering 

Title: Wave Propagation Identification of Viscoelastic and Metallic Mechanical 

Metamaterials 

Supervisor of Dissertation: Wael, I, Alnahhal. 

Mechanical Metamaterials (MMs) are artificially engineered composites which 

have unconventional mechanical properties that stem from their microstructural 

geometry rather than from their chemical composition.  Several studies have shown the 

effectiveness of viscoelastic MMs in vibration attenuation due to their inherent 

vibration dissipation properties. This study investigates different metamaterial wave 

transmission properties, namely viscoelastic phononic crystals and plates with locally 

resonant zigzags, hence giving rise to the two MMs vibration attenuation phenomena 

called Bragg scattering and local resonance. First, an analytical dispersion relation of 

an arbitrary multilayered crystal using the transfer matrix method was investigated. The 

analytical results from this computation served as a topology design tool for bilayered 

phononic crystals later in the study. Second, a multi-objective optimization was 

introduced to find the viscoelastic phononic crystal with the lowest vibration 

transmission in a targeted frequency range. Another objective was optimization of the 

phononic crystal mass since inertia correlates with vibration attenuation. Experimental 

testing and finite element analysis were used to support the optimization procedure. An 

electrodynamic shaker was used to measure the vibration transmission of the three 

control specimens and the optimal specimen in the frequency range of 1 to 1200Hz. 
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The test results demonstrated that the optimized specimen provided better vibration 

attenuation than the control specimens by both having a band gap starting at a lower 

frequency and having less transmission at its passband. Third, in order to explore 

another type of vibration attenuation mechanism, namely local resonance, a genetic 

algorithm optimization of zigzag cutouts was developed for an optimal zigzag mass and 

stiffness and localization in two types of thin cantilever aluminum plates.  The objective 

of the optimization was to cut out optimal zigzags so as to attenuate vibration in a 

specific frequency range and consequently transform the resonance frequency band 

around the plate’s natural frequency to a low transmission zone. The effectiveness of 

the proposed optimization was demonstrated numerically and experimentally. Lastly, 

the nonlinear vibration attenuation properties of the viscoelastic MMs were 

investigated. The electrodynamic shaker was used to investigate the wave motion 

through MMs. However, the nonlinear behavior viscoelastic constituent of the crystal 

made it difficult for the proper identification with low amplitude tests. Therefore, a 

modified SHPB setup was used to investigate the impulse-dependent behavior of 

viscoelastic phononic crystals. The proposed modified SHPB setup was a hybrid SHPB 

with an aluminum input bar and a nylon output bar to bypass the conventional SHPB 

limitations such as high signal-to-noise ratios and low incident impulse. Experimental 

results demonstrated a good agreement between the low transmission zones observed 

in the shaker test and their counterparts in the SHPB tests. Nevertheless, new low 

transmission zones appeared in the SHPB high-impulse test results that were not shown 

in the shaker test results with linear harmonic excitation. 
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CHAPTER 1: INTRODUCTION 

Energy absorption, vibration control, and acoustic shielding are highly sought after in 

construction, aerospace, and automotive applications. Mechanical metamaterials 

(MMs) incorporating metallic and viscoelastic constituents hold great promise for 

their potential applications in infrastructure monitoring and even shielding structures 

from earthquakes. Despite the fascinating concept of MMs, practical products of MMs 

have not appeared yet, and will not appear in the immediate future due to several 

challenges. To illustrate, one of the most challenging obstacles for practical vibration 

control is that elastic band gap materials made of conventional structural materials 

(e.g., metals) possess typically narrow spectral band gaps in some high-frequency 

ranges (i.e., beyond hundreds of kHz). However, undesirable vibrations/noises 

disturbing the human body are characterized by broadband frequency content in a 

rather low-frequency regime (commonly only up to a few kHz). Thus, in order to bring 

down band gap frequencies to acceptable practical ranges, the use of viscoelastic 

materials becomes inevitable. Numerical studies based on linear viscoelasticity theory 

clearly show that band gaps are widened and placed in a lower frequency range when 

viscoelastic materials (e.g., elastomers) are employed as one of the MM constituents. 

However, a recent study of nonlinear elastic PCs reports that the nonlinearity driven 

by finite displacements allows some higher harmonic waves to penetrate band gaps, 

which can adversely affect the attenuation properties of PCs subjected to finite-

amplitude displacement excitation. Thus, there is an urgent need to experimentally 

and numerically investigate the amplitude-dependent attenuation properties of 

viscoelastic MMs subjected to finite-amplitude excitations. There is a further need to 

assess their effectiveness for realistic applications, whose loading conditions are 

typically represented by broadband frequency content and a multitude of finite-
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amplitude excitations. 

1.1 Background 

One of the most critical challenges in practice is the realization that MMs which 

possess low-frequency band gaps (< 10 kHz) strongly affect the human body. For 

example, the frequency band gaps of typical PCs are of the order of 𝑐/𝑎, where 𝑐 is a 

wave speed in a media, and 𝑎 is the lattice constant related to the length-scale of a 

lattice structure. Thus, for the matrix (i.e., host of PCs) made of conventional 

structural materials like metals, the band gap structures for low frequencies that affect 

the human body would require impractical meter-scale macrostructures. The 

microstructure of smaller scales (e.g., millimeter-scale or smaller scales) can only be 

achieved by employing compliant matrix materials having very low elastic modulus 

such as elastomers (i.e., polymer with viscoelasticity). Alternatively, local resonance 

independent of microstructural periodicity is also combined with PCs in order to 

overcome the limitations associated with metallic PCs. Typically, the local resonance 

is brought into PC matrices by introducing elastomer-coated metal inclusions. For 

instance, Liu et al. [1] have experimentally observed that the acoustic frequency band 

gaps were as low as 400 𝐻z using elastomer-coated lead spheres embedded in an 

epoxy matrix. 

Furthermore, due to the strong energy absorption properties of some viscoelastic 

materials (e.g., polyurea), the consideration given to practical applications such as 

vibration isolation and noise reduction naturally leads to the idea of employing 

elastomers in the matrix of PCs. However, viscoelastic materials have not been 

considered effective for creating PCs due to their inherent damping property, and it 

was only recently that researchers started actively working on the numerical 

investigation of wave propagation in PCs made of dissipative media. 
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1.2 Motivation 

Phononic crystals and locally resonant materials require close consideration both 

experimentally and numerically for them to be applied in practice. The elastic 

bilayered materials composed of only metals show a very high-frequency attenuation, 

thus, to achieve low-frequency attenuation, a large dimension would be required. The 

use of viscoelastic materials paired with metals overrides this problem due to the wave 

propagation impedance mismatch between them. However, another problem arises 

because the inherent damping of the viscoelastic material affects the dispersion 

relation of the crystal. Thus, viscoelasticity also has been shown to induce deviation 

in the dispersion relation of viscoelastic composites. 

The FE method has been used to model geometric and material nonlinearities, 

however, numerical analysis for vibration is impaired in the FEM by fictitious modes 

[2–4]. One solution to avoid the appearance of fictitious modes is to reduce the height 

of the crystal. 

Thus, there is a need to experimentally and numerically investigate the attenuation 

properties of viscoelastic MMs subjected to finite-amplitude excitations. Scientists 

must assess their effectiveness for realistic applications (e.g., vibration 

isolation/control and impact energy absorption), whose loading conditions are 

typically represented by broadband frequency content and a multitude of finite-

amplitude excitations.  

1.3 Objective 

In this dissertation, phononic crystals are investigated vis-à-vis their attenuation 

proprieties when using viscoelastic constituents and inserts for their natural damping 

proprieties. The general objective of this study is to develop nonlinear MMs 

possessing energy-absorbing capability (i.e., impact-resistant MMs), and investigate 

their characteristic effect on elastodynamic waves. This will provide a tool to assess 
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the attenuation characteristics of viscoelastic MMs with the distinct benefit of filling 

a knowledge gap. The following points summarize the main objectives of this study: 

✓ Identify amplitude-dependent low transmission frequency zone performance 

(i.e., attenuation characteristics) of MMs. 

✓ Determine the Dispersion Relation of various bilayered crystals using the 

transfer matrix method. 

✓ Simulate the behavior of viscoelastic phononic crystals numerically using the 

FE method. 

✓ Assemble an electrodynamic shaker setup for testing in the structure 

laboratory. 

✓ Develop metal and polymer SHPB equipment for the structure laboratory. 

✓ Assess the effectiveness of amplitude-dependent MMs subjected to practical 

and wide-ranging loading conditions represented by broadband frequency 

content and a multitude of finite-amplitude excitations. Thus, to identify 

potential key factors by which their band gap performance can be improved 

and. 

✓ Write multiobjective optimization algorithms that successfully generate 

optimal specimens whose low transmission zones can be validated 

numerically and experimentally for both 1D phononic crystals and 2D locally 

resonant materials. 

✓ Utilize SHPB to measure the band gap performance of MMs experimentally 

at high impulse on a high-frequency range. 

 

1.4 Dissertation Outline 

In order to achieve these objectives, different numerical and experimental methods 
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are proposed. Since the dissertation focuses on the characterization and optimization 

of mechanical metamaterials, different aspects of the study are outlined in six 

chapters. Besides the Chapters related to the introduction and conclusion, the content 

of the remaining four chapters is outlined in this section. 

Chapter 2 is a literature review. In Chapter 3, an analytical investigation of the 

dispersion relation of phononic crystals using the transfer matrix method is presented. 

The analytical results are used to estimate specimen size and testing matrices used in 

the forthcoming chapters. 

Chapter 4 presents a full procedure of multiobjective genetic algorithm optimization 

which generates a vibration attenuation optimal specimen whose low transmission 

zones can be validated numerically and experimentally. The chapter details the 

experimental procedure using the electrodynamic shaker, along with a numerical 

simulation of the viscoelastic phononic crystal that allows for the polymer's 

viscoelastic nature. 

Chapter 5 summarizes an optimization study on 2D locally resonant materials 

achieved by enhancing thin plate vibration attenuation through introducing zigzag 

inserts with various geometries and tip masses. Multiple parameters are optimized 

with the main focus on the practical application on real-life structures. 

Chapter 6 describes the development of the experimental facility for large-amplitude 

excitation SHPB and impact testing. Elastic and viscoelastic SHPBs are used to test a 

1D phononic crystal, and the setup is modified to include a hybrid system with an 

aluminum input bar and a nylon output bar. The aim is to apply a large impact load to 

the specimen without much wave dissipation using the aluminum bar and to read the 

weak transmitted signal with the nylon output bar in an effort to adapt the SHPB 

apparatus to Mechanical Metamaterial testing. 
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CHAPTER 2: LITERATURE REVIEW 

2.1 Phononic crystals (PCs) 

A decade ago, Liu et al. [1] conducted pioneering experiments on a composite 

structure, which significantly affects acoustic transmission in a narrow frequency 

band. Since then, there has been a growing interest in the field of mechanical 

metamaterials (MMs) [5–7]. These are identified as artificial materials engineered to 

have unconventional mechanical properties stemming from their microstructural 

geometry rather than from their chemical composition. It is well known that much 

research has reported predominantly on the numerical aspect of phononic crystals 

(PCs) made of periodic structures designed to control the mechanical waves through 

Bragg scattering [8–11]. Research has also been reported on locally-resonant 

materials (LRMs) having the added feature of local resonances [12,13], and cloak 

materials characterized by transformation-based cloaking/waveguide features [14–

16]. Potential applications of MMs can range from vibration control [17], noise 

reduction [18], to waveguide endeavors [19]. 

Despite the fascinating concept of MMs, practical products of MMs have not appeared 

yet, and may not appear in the immediate future due to several challenges. To 

illustrate, one of the most challenging obstacles for practical vibration control is that 

elastic band gap materials made of conventional structural materials (e.g., metals) 

possess typically narrow spectral band gaps in some high-frequency ranges (i.e., 

beyond hundreds of kHz or higher). However, unwanted vibrations/noises disturbing 

the human body are characterized by broadband frequency content in a rather low-

frequency regime (20 kHz and less). To bring down band gap frequencies to 

acceptable ranges, the use of viscoelastic materials becomes inevitable. Numerical 

studies based on linear viscoelasticity theory clearly show that band gaps are widened 
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and placed in a lower frequency range when viscoelastic materials (e.g., elastomers) 

are employed as one of the MM constituents [20–24]. However, a recent study on 

nonlinear elastic PCs reports that the nonlinearity driven by finite displacements 

allows some higher harmonic waves to penetrate band gaps [25], which can adversely 

affect the attenuation properties of PCs subjected to finite-amplitude displacement 

excitation. 

2.2 Investigation methods 

2.2.1 Analytical Studies 

Many studies have investigated the analytical dispersion relation for wave 

propagation perpendicular to the layers of elastic, infinitely periodic, bilayered 

composites (IPBC) [26–28] and infinitely periodic, multilayered composites (IPMC) 

[29–31] . Several investigations [32–34] have also been conducted on the analytical 

dispersion relations of the sagittal wave in IPBC. Other studies [35–37] have focused 

on the dispersion relation of oblique wave propagation in IPMCs. Due to the 

complexity of the formulation in the aforementioned studies, few studies have 

presented a generalized formulation for the analytical dispersion relation in 

multilayered composites [38]. 

In order to reach low-frequency range attenuation, polymeric materials have been used 

as a constituent of composites due to the existing impedance mismatch between them 

and metals. Note that polymeric materials are viscoelastic in nature. Researchers have 

considered the viscoelasticity of these polymers since their damping attenuation 

affects the overall periodic composite vibration attenuation. For instance, Tanaka and 

Kon-No [39] used the polymer complex moduli to compute the dispersion relation of 

viscoelastic-elastic layered composites. Other numerical methods to determine the 

complex dispersion relation of viscoelastic composites are: the transfer matrix method 

[40], the finite element method [41], the finite difference method [42], the Fourier 



  

8 

 

expansion method [43], the variational method [42], and the plane wave expansion 

method [24]. 

2.2.2 Numerical Studies 

Researchers studying wave propagation in periodic composites have also used 

numerical techniques. These include the plane wave expansion method [24], the finite 

difference method [42], the continuum power series method [44,45], the effective 

stiffness method [46–48], the mixture theory [49–51], the variational method [52,53] 

and the finite element method [2,54,55]. The FEM Is the most used method due to the 

ease of use, the possibility of modeling multilayered composites, and the seamless 

modeling of nonlinear geometries and materials [55–59]. 

2.2.3 Experimental Studies 

In order to experimentally characterize a phononic crystal wave attenuation behavior, 

vibration shakers, transducers, and impact testing are used. In this section, a literature 

review on these methods is presented. 

2.2.3.1 Small Amplitude Experiments using shaker 

One-Dimensional Crystals 

Case 1 (Mass-Spring System) 

A periodic mass-spring system was created by Wen et al. [60] to determine the band 

gap property of a crystal. A set of round copper and aluminum plates was connected 

by springs within a guiding pole system as shown in Figure 1. The crystal was excited 

along its vertical direction by a vibrometer (VE 5000) derived by a signal analyzer 

B&K 3650. For the excitation signal in the frequency range 0-2kHz, the response was 

obtained by the accelerometer (B&K 4507B) at the base and top of the crystal. A 

comparison of the two signals presents the attenuation characteristics of the crystal. 

The crystal was analyzed for the loaded and unloaded condition. In both cases, 
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attenuation of the wave was found at frequencies 60-125 Hz (Figure 2). 

 

Figure 1. Schematics of Experiment Setup by Wen et al. [60] 

 

 

Figure 2. Wave Transmission Property of Mass-Spring Crystal Wen et al. [60] 

Case 2 (Copper -Silicone rubber) 

Another one-dimensional phononic crystal was experimentally investigated by Wang 

et al. [61] . Only the longitudinal wave was applied to the specimen made of copper 

and silicone rubber material through a vibration exciter. The diameter and length of 

each plate were 25 mm and 20 mm respectively, which gave a 120 mm long specimen 

overall. A force sensor was used for measuring the applied force of the vibration, and 

an accelerometer was used for determining the dynamic response. The result was 
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obtained for a low-frequency range of 0 – 2 kHz and a definite band gap frequency 

range was not observed. The reason was attributed to the viscoelastic damping 

property of the rubber material. 

 

Figure 3. Schematic of Experiment Setup by Wang et al. [61] 

Case 3 (Periodic Airfoil System) 

The effect of fluid-structure interaction on the band gap property of a periodic airfoil 

was investigated by Casadei and Bertoldi [62]. Each unit cell was prepared by 

attaching an aluminum bender with acrylic flaps by superglue. Six-unit cells were 

connected to an aluminum beam to finally produce the periodic airfoil system. The 

total length of the airfoil was 300 mm. 

The study showed that the band-structure property of the periodic airfoil was highly 

dependent on the airflow velocity. For the experiment shown in Figure 4, the periodic 

airfoil system was placed inside a wind tunnel by clamping one end and keeping free 

boundary conditions on the other. The velocity of the wind was varied to determine 

the evolution of the band gap. Moreover, two different lengths of the bender were 

used for the experiment to obtain the tunable property of the system. The K2025E013 

electrodynamic shaker was used to excite the clamped end of the airfoil through a load 

cell (208C01 PCB Piezotronics). Two accelerometers (352C22 PCB Piezotronics) 
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were placed at two ends of the airfoil to determine the input and output responses. 

The transmission coefficient obtained from the ratio of accelerometer responses 

shows the band gap shifting behavior for different air velocities and bender lengths as 

demonstrated in Figure 5. 

 

Figure 4. Experiment Setup for Periodic Airfoil System by Casadei and Bertoldi [62] 

 

Figure 5. Evolution of Band gap Property of Periodic Airfoil System for Different 

Bender length and Airflow Velocity [62] 

Case 4 (1-D Waveguide) 

The attenuation property of the flexural wave in the 1-D waveguide (length = 3 m) 

was determined by Domadiya et al. [63] using two types of periodic beam system. 
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The steel and aluminum beams were experimented on by suspending them from both 

ends. The excitation system was composed of a suspended mini shaker which was 

attached to the beams by a stinger to apply a linear sweep between 100 to 6000 Hz. 

By suspending the entire system as shown in Figure 6, it was possible to generate 

purely flexural waves without any longitudinal or torsional modes. 

 

Figure 6. Experimental Setup of 1-D Waveguide [63] 

 

Figure 7. Acceleration-Power Spectra Obtained from Different Accelerometers [63] 

The shaker produced a linear sweep in the frequency range of 100-6000 Hz. The 

acceleration response of the system was obtained through use of accelerometers at 

five different locations. The acceleration power spectra of the experiment are shown 
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in Figure 7. 

Case 5 (Elastic/ Viscoelastic Layers) 

For a composite pipe made of a periodic repetition of steel and rubber, Wen et al. [64] 

performed a vibration experiment to determine the attenuation property of the pipe. 

They used two different specimen settings for this test. In one case, they used three-

unit cells in the specimen, while the other case included six-unit cells. In each of the 

cases, the length of the unit cell length was 1.27 m (asteel = 1.05m, arubber = 0.22m). 

 

Figure 8. Experimental Setup for Pipe System from Wen et al. [64] 

 

Figure 9. Frequency Response for Pipe with 3 and 6 Unit Cells, Wen et al. [64] 

The pipe system was excited using a force transducer. A white noise signal between 

bandwidths 0.0-3.2 kHz was sent to this transducer using a vibration shaker (B&K 

Modal Exciter - 4824) as shown in Figure 8. The vibration generated a flexural wave 

in the pipe, and its response was measured on two ends for obtaining the input and 
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output spectral responses. The attenuation of the signal was obtained by comparing 

the spectral result of the two accelerators. It was found that the pipe had two distinct 

band gaps at frequency ranges 0.45-1.68 kHz and 1.78-2.45 kHz for both specimens 

(See Figure 9). 

Case 6 (Piezoelectric cantilever beams) 

Chen et al. [65] have researched broadband vibration energy harvesting using the 

piezoelectric effect. Their research widened the resonant bandwidth of a piezoelectric 

harvester using one-dimension PPCBs (Phononic piezoelectric cantilever beams). 

First, they calculated and analyzed the band gap. Then they conducted a parametric 

study by use of numerical and finite element simulations. The proposed method was 

validated by experimental tests.( Figure 10) 

 

Figure 10. Diagram of a one-dimensional PPCB [65] 

The main focus of their research was to introduce PCs into the VEH field. The broad 

bandwidth of a piezoelectric cantilever beam could be achieved by resorting to band 

gaps. 

Table 1. Testing results under different masses (m) 

m 0.002 kg 0.004 kg 0.006 kg 0.008 kg 0.010 kg 

Band gap (Hz) 74.8 80.6 84.4 88.2 92.7 

Center frequency (Hz) 134.1 127.2 123.1 121.2 116.1 

ASR of voltage (V) 5.0467 5.8797 6.0354 6.1347 6.02596 
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Figure 11. Vibration band gaps under different amplitudes (a) a=0.08m, (b) a=0.1m, (c) 

a=0.2m and (d) a=0.3m [65] 

The correlation between vibration band gaps and the amplitude is presented in Figure 

11. There was a direct correlation between the number of band gaps and the input 

vibration amplitude. By increasing the amplitude, the band gap would move to a lower 

frequency and the bandwidth would decrease. Table 1 shows the test results for the 

center frequency, the band gap, and the ASR for the voltage for different masses. 

Two-Dimensional Crystals 

Case 1 (Tunable Pattern Transformation) 

Shan et al. [66] studied the effect of tuning of a 2-D phononic crystal on the elastic 

band gap. They used a highly tunable soft PC (initial lattice constant 10 mm and 

dimension 200 mm × 240 mm) and determined the band gaps at different deformed 

shapes by both FEM and experiments. Figure 12 shows the numerical and 
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experimental results of the pattern transformation of the PC due to a different angle 

of loading. 

Using an electrodynamic shaker (model K2025E013), the vibration was applied to the 

specimen for finding the phononic band gap of the PC (Figure 13). An amplifier was 

used to generate a Gaussian white noise. A uniform in-plane wave was guaranteed 

using a PTFE block which guaranteed a proper contact surface between shaker and 

sample. The response of the crystal resulting from the vibration was captured using 

the miniature accelerometer (352C22 PCB Piezotronics). This response was 

compared with the input force signal obtained from the load cell. 

 

Figure 12. Different Deformed Shapes of Tunable Phononic Crystals Shan et al. [66] 
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Figure 13. Experimental Setup by Shan et al. [66] for determining the band gap 

The parameter set for obtaining a quantitative response was the ratio of the output 

acceleration signal to the input force signal.  Figure 14 shows the band gap results at 

the non-deformed and different deformed shapes of the PC obtained numerically and 

experimentally. 

 

Figure 14. FEM (left) and Experimental (Right) Phononic Band gap [66] 
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Case 2 (Phononic Crystal Plate) 

The frequency band gap of a phononic crystal plate with scatter was experimentally 

obtained by He and Jin [67]. Round steel (4 mm thick) and silicone rubber (5 mm 

thick) scatters of 40 mm diameter were placed in a square array pattern on an 

aluminum plate acting as the matrix (1 m×0.8 m×0.5 m). The lattice constant of each 

unit cell was 50 mm, and the overall size of the crystal was 0.75m×0.25m. The entire 

matrix was suspended by rubber rope to replicate free boundary conditions as shown 

in Figure 15. The experimental instruments are shown in Table 2. 

Figure 15. Experimental Setup for Aluminum Plate with Scatter [67] 

Table 2. Experimental Instrument [67] 

Item No. Name Model No. Supplier 

1 Signal generation module LMS SCADASIII LMS 

2 Power amplifier BAA120 TIRA, 

Germany 

3 Exciter TIRA, 

Germany 

4 Force sensors PCB, USA 

5 Acceleration sensor ICP PCB, USA 

6 Intelligent acquisition 

system 

LMS SCADASIII LMS 

7 Software Test lab 11A LMS 
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A vibration exciter was used to apply vertical excitation from the bottom of the 

suspended matrix. The white noise input signal from a signal generator was used for 

driving the exciter. The response of the crystal due to this excitation was measured by 

nine accelerators. The transmission spectra in Figure 16 show the response 

comparison of the matrix with and without the phononic crystal. The result shows that 

the use of a phononic crystal attenuates waves in the band gap frequency range. 

  

Figure 16. Wave Transmission Property of Aluminum Matrix with and without the 

Phononic Crystal [67] 

Table 3 summarizes the keys features of the electrodynamic shaker experiments of 

metamaterials in the presented literature review. 
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Table 3. Summary of the listed experiments using an electrodynamic shaker 

Subsection Specimen 

Description 

Specimen 

Dimension 

Experiment 

Frequency 

Range (kHz) 

Excitation 

System’s 

Frequency 

(kHz) 

Excitation 

System’s 

Displacement 

Receiver 

1 Aluminum-

Copper 

Mass-

Spring 

 0.2 Vibrator 

(VE5000) 
 Accelerometer 

(B&K 4507B) 

2 Copper -

Silicone 

Layered 

120 mm 2.0 (Vibration 

exciter) 
 Accelerometer 

3 Airfoil 

System 

300 mm 0.05 (K2025E013 

shaker) 9.0 

16 mm Accelerometers 

(352C22 PCB 

Piezotronics) 

4 1-D 

Waveguide 

3.00 m 6.0 Mini shaker  Accelerometer 

5 Steel-

Rubber 

Pipe 

3.81m 3.2 5.0 

(B&K 

Exciter: 

4824) 

25 mm Accelerometer 

(B&K 4507B) 

6 2-D 

Silicone 

Rubber 

with Air 

Hole 

200×240 mm2 3.0 9.0 

(K2025E013 

shaker) 

16 mm Accelerometers 

(352C22 PCB 

Piezotronics) 

7 Crystal 

Plate 

750×250 mm2 1.0 20.0 

(TIRA: TV 

50018) 

5 mm Accelerometers 

(ICP PCB) 

 

Case 3 (Triangular beam lattices) 

Qi Jian Lim et al. [68] investigated the effect of hierarchy on the propagation of elastic 

waves in triangular beam lattices. They found that a structural hierarchy could be used 

to introduce an additional type of band gap other than the Bragg type and locally 

resonant band gaps which could provide a way to design lattice-based metamaterials 

possessing hybrid band gap properties. 
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Figure 17. Triangular lattice structure with a different order of hierarchy 

The researchers studied the propagation of small amplitude elastic waves in fractal-

inspired beam lattices. This was first done numerically using the Finite Element (FE) 

commercial package Abaqus/Standard and then experimentally by use of an 

electrodynamic shaker (Brüel & Kjær - model LDS V406).The shaker was attached 

to the left edge, and the dynamic response was recorded using miniature piezoelectric 

accelerometers (DJB Instruments-model A/25/E) attached at both ends of the sample. 

The findings show that the position of this gap was fully predictable (it always occurs 

at X = 1), thus facilitating the design of systems that suit the engineering constraints. 

Case 4 (resonating units scattered in an elastic matrix) 

Pai Wang et al. [68] described a new class of tunable switchable acoustic 

metamaterials that consisted of resonating units scattered in an elastic matrix (Figure 

18). The structure of this material was a metallic core connected to the elastomeric 

matrix through elastic beams. The buckling of the beams was exploited for the control 

of elastic wave propagation. The development of the locally resonant band gap was 

shown first by a numerical analysis, and the effect of nonlinear pre-deformation was 

fully studied . In the experimental front, He et al. [28] measured the transmission of 

vibration while changing the applied loading in a finite-size sample. This study 

proposed the concept of expanding the abilities of an acoustic metamaterial by 
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enabling tuning over a wide frequency range. The researchers demonstrated that 

deformation can be used for turning on and off the band gap and opening the way for 

adaptive switches design. 

 

Figure 18. Tunable acoustic metamaterial [68] 

Three-Dimensional Crystal 

Case 1 (Sandwich panel) 

Delpero et al. [69] presented a three-dimensional phononic crystal whose dispersion 

properties shows a large band gap starting from 2 kHz.. A sample of the crystal was 

used as a core of a sandwich panel to verify the presence of the band gap. The acoustic 

transmissibility between the two panel faces showed a large attenuation in this range 

of frequency. This study clarified the simplicity and reliability of the concept and 

permitted the finding of the reduction value. Other geometric configurations could be 

explored other than the one presented in order to shift the attenuation band to lower 

ranges (Figure 19). 
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Figure 19. Sandwich panel with the phononic crystal core [69] 

Case 2 (Cylindrical resonators distributed in soil) 

Krödel et al. [70] designed a new civil “metastructure” to protect structures from 

seismic vibration through application of locally resonant metamaterials to decrease 

low-frequency waves. They validated their concept in a 1:30 scale system and 

suggested a full-scale resonator geometry that considered the construction constraint 

and using rubber bearings. The metastructures consisted of arrays of cylindrical tubes 

enclosing a resonator suspended by a soft bearing. Eigenvalues were used to obtain 

broadband attenuation characteristics (See Figure 20). 

 

Figure 20. Components in a resonator, consisting of a cylindrical hollow tube 

containing a heavy bulk cylinder (left). Schematic diagram of a resonator array in our 

2-D equivalent model with transmission spectrum (right) [70] 
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2.2.3.2 Small Amplitude Experiments using Transducers 

One-Dimensional Crystal 

Case 1 (Elastic-Elastic Layers) 

There have been very few experimental studies conducted for determining band gap 

generated by the shear waves in a layered phononic crystal. One such was done by 

Robinson and Leppelmeier [71]. They combined multiple layers (0.002″) of steel and 

copper foils through diffusion bonding. The specimen parameters are shown in Table 

4. In order to cover a wide range of frequency responses, two techniques were applied 

using quartz transducers. Responses for frequencies below 10 MHz were determined 

using the pulse-echo method, and those above 8 MHz were determined using the long-

pulse method. Figure 21 shows a dispersion relation comparison and spectral results 

presented by this study. 

 

Figure 21. Analytical (Solid) and Experimental (Dot) Dispersion of 1st Shear Band gap 

[71] 
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Table 4. Specimen Description of Experiments by Robinson and Leppelmeier [71] 

Materials Layer thickness Number of Cells Overall Thickness 

Steel and Copper 0.002” (0.05 mm) 75 0.15” (3.75 mm) 

 

Case 2 (Elastic/Elastic and Elastic/Viscoelastic Layers) 

One of the noteworthy experiments into the acoustic band gap of the one-dimensional 

multilayered composite was done by Hayashi et al. [72]. They used different 

combinations of steel, aluminum, copper, and PVC for finding the band gap of the 

multilayer composite samples shown in Figure 22. 

Also, the combinations of different materials which were used in the specimens for 

this study are shown in Table 5. The main objective of the study was to characterize 

the imaginary wavenumber i.e., attenuation property of the samples. When the 

imaginary part of the complex wave number increases, i.e., attenuation rises, the band 

gap in the real part of the wavenumber takes place. Figure 23 shows the theoretical 

dispersion curve for both real and imaginary wave numbers for steel aluminum PC. 

Here, the band gap in the real wave vector was observed in the frequency range, where 

the imaginary wave vector appeared. 

 

Figure 22. Sample Specimen from Hayashi et al. [72] 
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Table 5. Details of Specimen used in the Study of Hayashi et al. [72] 

Materials Thickness of Each Layer Number 

of Cells 

Overall 

Thickness 

Steel and Aluminum Steel 0.02” (0.5 mm) and 

Aluminum 0.02” (0.7 mm) 

35 1.34” (35 mm) 

Steel and Aluminum Steel 0.027” (0.7 mm) and 

Aluminum 0.027” (0.7 mm) 

20 1.1” (28 mm) 

Steel and Copper Steel 0.02” (0.5 mm) and 

Copper 0.02” (0.5 mm) 

20 0.79” (20 mm) 

Copper and Aluminum Copper 0.027” (0.7 mm) and 

Aluminum 0.027” (0.7 mm) 

20 1.1” (28 mm) 

Steel and PVC Steel 0.011” (0.3 mm) and PVC 

0.011” (0.3 mm) 

35 0.87” (22 mm) 

Aluminum and PVC Aluminum 0.011” (0.3 mm) 

and PVC 0.02” (0.5 mm) 

35 1.1” (28 mm) 
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Figure 23. Dispersion Relationship of 1D Fe-Al Phononic Crystal [72] 

 

 

Figure 24. Attenuation Comparison of Steel-PVC and Steel-Aluminum [72] 

The theoretical results for viscoelastic PVC itself, compared with a steel-PVC periodic 

specimen are shown in Figure 24. Here the frequency is plotted against both real and 

imaginary parts of the wave numbers. Until around 1.5 MHz, both the real and 

imaginary wave vector increases similarly. After that, the periodic specimen of Fe-

PVC attenuated severely compared with the viscoelastic PVC. At the same time, the 

real wave vector of Fe-PVC started to open the band gap. 
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Figure 25. Schematics of Experimental Setup by Hayashi et al. [72] 

For the experiment, a specimen was placed between a transmitting and receiving 

piezoelectric vibrator. The studies presented only the imaginary part of the 

wavenumber which defined the attenuations of the specimen. Figure 26 shows the 

frequency content of the attenuation for elastic/ elastic and elastic/viscoelastic 

specimens.  

 

(A) 
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(B) 

Figure 26. Attenuation of (a) Elastic/Elastic and (b) Elastic/Viscoelastic Samples [72] 

Case 3 (Periodic Quartz Chain) 

Periodically arranging a set of sixteen quartz cylinders on an L-shaped ladder, 

Meidani et al. [73] investigated the band gap property of the 1-D crystal. The 

cylindrical particles (radius 9 mm and height 18 mm) were alternately placed at a 

similar angle for the experiment to obtain a 290 mm long crystal. The crystal was 

attached to a piezoelectric actuator (Piezomechanik, model PSt 150/14/40VS20) on 

one side and a roller supported block of mass on another side. The actuator was fixed 

with a rigid wall, while the block of mass was attached to another wall through a 

spring. The experimental setup is shown in Figure 27a and Figure 27b.  
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Figure 27. Experimental Setup of Quartz Chain Phononic Crystal [73] 
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Figure 28. Experimentally Obtained Transmission Spectra of Quartz Chain Crystal [73] 

A function generator was used to apply white noise excitation of the piezoelectric 

actuator. The quartz chain crystal response was measured by a force sensor (PCB, 

model 208-C01) which was fixed to a heavy-mass block. The transmission spectra 

from the experiment show a band gap between f = 8.0-11.0 kHz in Figure 28. 

Case 4 (Elastic/ Viscoelastic Layers) 

In another study, Martínez et al. [74] used a multilayer lead/epoxy sample with nylon 

to demonstrate the band gap in response to a longitudinal wave. Lead and epoxy layers 

were glued together Although the lead and epoxy were elastic in nature, nylon 

imparted the viscoelastic property in the experiment. The lead/epoxy specimen was 

placed between two semi-circles of nylon (Figure 29). The properties of the materials 

are shown in Table 6 and the specimen description in Table 7. 

 

Figure 29. Sample Spectral Analysis of Input and Output Pulses [74] 
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Table 6. Properties of Materials in Experiments by Martínez et al. [74] 

Material 𝜌 (kg m-3) 𝑐𝑙 (m s-1) 𝑐𝑡 (m s-1) 

Pb 10760 1960 850 

Epoxy 1140 2770 1300 

Nylon 1110 2600 1100 

 

Table 7. Specimen Description of Experiments by Martínez et al. [74] 

Materials Thickness of Each Layer Number of Cells Overall Thickness 

Lead and Epoxy 0.04” (1 mm) 6 0.63” (16 mm) 

 

The objective of their study was to determine the omnidirectional elastic band gap. 

This is defined as the band gap of the phononic crystal irrespective of the incident 

angle of the wave. In general, an omnidirectional lattice band gap is difficult to find. 

In Figure 30, both the sagittal and transverse planes did not share a common band gap. 

However, if a suitable medium could be used for the incidence and transmission of 

the wave on the PC, the omnidirectional band gap could be achieved. In the Martínez 

et al. [75] experiment, nylon semi-circles worked as the medium. If the longitudinal 

phase velocity of nylon is Cl,Ny, then only the region above the line Ll,Ny (=Cl,NyKx) in 

Figure 30 can be incident on the PC of lead/epoxy. Therefore, between the frequencies 

273-371 kHz (Dash line in Figure 30) a band gap could be found irrespective of the 

incident angle. 



  

33 

 

 

Figure 30. Omnidirectional Band gap (Horizontal Dash Lines) Obtained Using 

Viscoelastic Nylon Medium [74] 

 

Figure 31. Schematic Experimental Setup from Martínez et al. [74] 

Two ultrasonic wave pulsers and a receiver transducer were used in the experiment. 

The longitudinal wave was generated at one piece of nylon using a transducer 

(emitter), and the response was recorded on another transducer (receiver) which was 

placed on the second nylon piece. The schematic of the experiment is shown in  

Figure 31. The applied longitudinal wave underwent mode conversion while passing 

through the sample and resulted in two waves, longitudinal and transverse. The 

receiver could collect both the waves. Different pulsing and receiving angles were 
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used in this study. 

The band gaps obtained from the experiments are shown in Figure 32. 

 

Figure 32. Frequency Content Showing Band gap in Study by Martínez et al. [74] 

Two-Dimensional Crystal 

Case 1 (Lead Coated by Rubber) 

The research was performed on two-dimensional locally resonant phononic crystals 

by Yu et al. [75] on thin plates of a lead-epoxy composite (Figure 33). An 8×8-unit 

cell configuration was used for the plate. The two lead-epoxy combinations used were 

a 1 mm thick 100 mm×100 mm plastic plate with 64 circular holes containing 6mm 

thick square Pb blocks. As shown in Figure 33, the two combinations were as follows: 

(a) the Pb was coated on two sides by rubber and (b) the Pb was coated on all sides 

by rubber. 
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Figure 33. Locally Resonant Photonic Crystal (LRPC) Specimen by Yu et al. [75] 

Using a white noise generator, the specimen was excited between 5 Hz to 3000 Hz. 

The transmitted vibration was measured with an accelerometer at the other side of the 

specimen. Then the transmission FRF (Frequency Response Function) was measured 

with B&K 4507 accelerometers. The obtained results were compared with a FEM 

study.  Figure 34 shows the experimental frequency band gap between 950-2750 Hz 

due to the incident wave along the x-direction. The numerical result was found to be 

in good agreement with the experimental result. 
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Figure 34. (a) Experimental and (b) Theoretical FRF for the Second Combination of 

LRPC Yu et al. [75] 

Case 2 (Nylon with Air Hole) 

The spectral property of a 2-D phononic crystal was investigated by Pachiu [76] to 

find the nonlinear dispersion effect. The crystal was prepared using SLS technology 

from nylon powder, where the square arrays of air cylinders gave rise to periodic 

properties. The experimental setup of the study shown in Figure 35 was a crystal 

(50mm×50mm) with a lattice constant of 3.9 mm. 
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Figure 35. Experimental Setup of a 2-D Nylon Phononic Crystal with Square Array of 

Air Cylinders Pachiu [76] 

A Panametrics V152 piezoelectric transducer (1 MHz central frequency) was used for 

both generating and receiving signals on two faces of the crystal.  Figure 36 shows 

that the second harmonic generation of the signal was found in the experiment. 

Because, if an input signal with central frequency f belonged to a band gap zone, a 

transmitted signal was found at 2f. The authors attributed this phenomenon to the 

granular structure of the nylon powder. 
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Figure 36. Second Harmonic Generation Results for a 2-D Phononic Crystal Pachiu 

[76] 

Case 3 (Hexagonal Aluminum Cell) 

A wavefield reconstruction of the elastic wave using a two-dimensional PC was 

performed by Celli and Gonella [77]. The laser vibrometry technique was applied for 

the detection of in-plane and out of plane movements at different nodes of the crystal. 

A hexagonal lattice structure made of aluminum with unit cell dimensions of 31.2 

cm×30 cm was used for the study. A total of 20×18 similar unit cells was combined 

to obtain the crystal. The crystal was clamped at the bottom and loaded at the top using 

a transducer as shown in  

 

Figure 37(b). A total of 5 cycles of sinusoidal bursts modulated by a Hann-window 

was used as a forcing signal. 

The response of the crystal was determined by a 3D Laser Doppler Vibrometer (3D-

SLDV). This vibrometer system used three scanning heads ( 
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Figure 37(a)) which also contained rotating mirrors. The mirrors directed the laser 

beam to each patch. The PSV software was used for combining the three laser beams 

by video triangulation options. In this way, 100 readings were taken at each selected 

node on the vibrometer. The velocity-time histories at all grid points were used for 

reconstructing the wavefield on the entire crystal. 

In the post-processing phase, displacement was determined from the velocity 

readings, and color maps were obtained by interpolating the snapshots at each point. 

An FE model was created for simulating the experiment. Figure 38 presents one of 

the comparisons of the numerical and experimental results from the study by Celli and 

Gonella [77]. 

 

 

Figure 37. (a) Experimental Setup (b) The White Circle Showing the Loading 

Location and Blue Circle Showing Clamping Location (c) Detail of Transducer 
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Location (d) Reflective Tape Patches on Different Nodes of  the Crystal [77] 

 

Figure 38. Comparison of Experimental (a-d) and Numerical (e-h) Wavefields [77] 

Case 4 (High-Q filters) 

Topology optimization of a waveguide-cavity structure in phononic crystals for 

designing narrowband filters under given operating frequencies was presented in the 

Dong et al. study [78]. The cavity typology was optimized to have high symmetric 

resonance; thus, this crystal could be used as a filter. The optimization of the cavity 

in 2D PnCs was made by perforating holes in the elastic matrix. (Figure 39) 

 

Figure 39. A PnC drop filter with a W1 waveguide and a single defect cavity 

Three-Dimensional Crystal 

Case 1 (3-D Steel Balls) 
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A hexagonal closed pack (hcp) arrangement was used for creating a 3-D phononic 

crystal by Merkel et al. [79] to study the acoustic transfer function (ATF). The crystal 

of unit cell 8×8×8 mm3 was excited by a piezoelectric transducer from the bottom, 

and the vibration response of the crystal was determined through a laser vibrometer 

as shown in Figure 40. 

 

Figure 40. Schematic of Experimental Setup by Merkel et al. [79] 

 

Figure 41. Evaluation of Resonance Frequency of the 3-D Granular Crystal [79] 

The vibrometer was focused on a single ball of the top layer of a steel hcp crystal. The 

whole crystal was put inside a container with an external loading mechanism at the 

top. The crystal was experimented on  by varying the load amplitude. The objective 

of the study was to determine the effect of the external loading on resonance 
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characteristics of the crystal which represents the natural frequency of the system. For 

different load conditions up to 10 kHz frequency the occurrence of resonance is shown 

in Figure 41. 

Case 2 (3-D Steel Balls) 

In order to show the evidence of rotational elastic waves in the Cosserat theory, 

Merkel and Tournat [80] carried out an experiment on a 3-D granular PC. Cosserat’s 

theory predicts the contribution of rotation in different elastic wave modes. The theory 

predicts the existence of: 

• Two pure longitudinal modes LA and LO, 

• Two pure rotational modes R1 and R2 and 

• Four coupled transverse and rotational modes RT1, TR1, RT2, and TR2. 

 

Figure 42. (a) Schematics of Experiment Setup (b) Theoretical Dispersion Modes [80] 

The 3-D granular PC was arranged in the hexagonal closed packed (hcp) structure of 

steel balls (2 mm diameter) in a frame. The PC was excited from the bottom along the 

Z-axis by a shear piezoelectric transducer, and transmitted waves (0-200kHz) were 

obtained using two different transducers from the top (Figure 42a; Figure 42b). The 

receiving transducers are: 

• L-receiver: a compressional transducer (sensitive only to the longitudinal 

mode L) 
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• S-receiver: a shear transducer (sensitive to shear modes (TR and RT) and 

longitudinal mode L). 

Figure 43 shows the comparison of theoretical and experimental modes showing the 

evidence of rotational effects. In the case of the L-receiver in Figure 43, the RT mode 

was not captured since the transducer could only detect the longitudinal mode. 

 

Figure 43. Received Signals from S and L Receivers (Top). The Spectrogram of Signal 

with Theoretical L, RT and TR Curves (Bottom) [80] 

Table 8 summarizes the keys features of the Transducers experiments of metamaterials 

in the presented literature review. 

Table 8. Summary of the listed experiments using Transducers 

Serial Specimen 

Description 

Specimen 

Dimension 

Experiment 

Frequency 

Range 

Excitation 

System’s 

Frequency 

Excitation 

System’s 

Displacement 

 

Receiver 

1 Steel-

Copper 

Layer 

7 mm MHz    

2 Steel-Al-

PVC Layer 

35 mm 40.0 MHz   Piezoelectric 

vibrator 

3 Quartz 

Cylindrical 

Discrete 

Crystal 

290 mm 14.0 kHz 15.0 kHz 

(Piezomechanik: 

PSt 

150/14/40VS20) 

55 μm Force sensor 

(PCB 208-C01) 

4 Lead-

Epoxy 

8 mm 600 kHz 50.0 MHz 1-9 μm Range Ultrasonic 

wave pulser 
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Serial Specimen 

Description 

Specimen 

Dimension 

Experiment 

Frequency 

Range 

Excitation 

System’s 

Frequency 

Excitation 

System’s 

Displacement 

 

Receiver 

Layer (Panametrics: 

5077-PR) 

and receiver 

transducer 

(5077-PR 

Panametrics) 

5 Rubber 

Coated 

Lead 2D 

Crystal 

100×100 

mm2 

3.0 kHz   Accelerometers 

(B*&K4057) 

6 2-D Nylon 

with Air 

Hole 

50×50 

mm2 

0.5 MHz 1.0 MHz 

(Panametrics: 

V152) 

1-9 μm Range Panametrics 

V152 

piezoelectric 

transducer 

7 Hexagonal 

Aluminum 

31.2×30 

cm2 

3.1 kHz   3-D Laser 

Doppler 

vibrometer 

8 3-D Steel 

Balls 

8×8×8 

mm3 Unit 

Cell 

10 kHz   Laser 

vibrometer 

9 3-D Steel 

Balls 

2×2×2 

mm3 Unit 

Cell 

200 kHz    

 

2.2.3.3 Large Amplitude Excitation Based on Impact  

One dimensional crystal 

Case 1 (SHPB System) 

Feng and Liu conducted two experimental studies on 1-D periodic composites by 

adopting a steel-based SHPB system to study the effect of initial stress [81] and 

confining pressure [82] on the band gap of 1D MM.  The effect of initial stress was 

evaluated using periodic composites of steel-epoxy and aluminum-epoxy. The 

experimental setup of the test is shown in  

 

Figure 44, and the transmission spectra obtained from the experiments are shown in 
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Figure 45.  On the other hand, for different confining pressure on a steel-epoxy 

composite, the evolution of the transmission spectra is presented in Figure 46.  Note 

that all the numerical and analytical results in these works were based only on the 

elastic property of epoxy. 

 

 

Figure 44. Schematic of SHPB Test for 1D phononic Crystal [81] 
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Figure 45. Transmission property of (a) Steel/Epoxy and (b) Aluminum/Epoxy with 

Different Initial Stresses [81] 

 

Figure 46.  Change in Transmission Spectra of Layered Steel-Epoxy Crystal Due to 

Different Confining Pressure [82] 
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Case 2 (Nonlinear wave in the discrete periodic chain) 

 

Figure 47. (a) Schematic of the experimental setup of diatomic crystal in the study of 

Herbold et al. [83] showing the 1D crystal enclosed in PTFE tube and striker (b) 

force sensor embedded in the PTFE sphere 

Different types of nonlinear waves such as quasi-harmonic, solitary, and shock waves 

were generated in the discrete periodic chain using impact tests by Herbold et al. [83]. 

This study’s objective was to generate linear, weakly nonlinear, and strongly 

nonlinear waves in a diatomic periodic chain composed of a PTFE sphere and steel 

cylinder. The total height of each unit cell was 7.88 mm, and the entire crystal was 

placed within a PTFE tube. The impact was created at the top of the crystal by using 

an Al2O3 cylindrical striker as shown in  

Figure 47. The force in several PTFE spheres was obtained by embedding 

piezoelectric sensors. Moreover, the force on the wall was also recorded by a sensor. 

The entire 1D crystal was subjected to a pre-compression, and different types of waves 

were created by varying the mass of the Al2O3 striker (e.g., 0.61 gm, 1.22 gm, 2.75 
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gm, and 17.81 gm). Figure 48 shows a comparison of experimental and numerical 

results of the nonlinear wave at the PTFE sphere of the 13th cell and the wall. 

The study showed that due to the nonlinear effect, the wave propagated within the 

band gap frequency range of the corresponding linear system. Moreover, a few other 

studies were conducted in similar experimental settings where various types of waves 

were created in discrete chains [84,85]. 

 

Figure 48.  (a) Experimental wave signal generated by 2.75 gm striker at 13th cell (blue) 

and the wall (red); (b) Fourier spectrum of the experimental signals; (c) Numerically 

calculated force signals at 13th cell (blue) and the wall; (d) Fourier spectrum of the 

numerical signals [83] 

Case 3 (amplitude-dependent band gap in the discrete periodic chain) 

Yang and Dario [86] experimented on discrete periodic chains to find the amplitude-

dependent band gap properties of discrete periodic chains. The periodic chain of unit 

length 28.63 mm consisted of spherical and cylindrical steel particles. The evolution 

of the linear band gap to nonlinear solitary waves in the crystal was studied by varying 
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the geometric configuration and impact condition. Two types of excitation systems, 

namely piezoelectric actuator, and impact strikers were used in the study. The actuator 

was exclusively used to generate a linear wave. On the other hand, a spherical 

aluminum striker and different sizes of cylindrical steel strikers were employed for 

the impact tests. Moreover, two types of configuration (straight and curved) of the 

periodic chain were used which is shown in  

Figure 49. 

The crystal was subjected to static pre-compression Fo during the study. By varying 

the striker sizes, impact forces Fd ranging between 50-1000 N were applied at the top 

of the crystal.  It was found that, due to an increase of the striking force, the band gap 

starts to shift to a lower frequency range. Figure 50 shows that the band gaps 

eventually disappear at a high ratio of Fd/Fo. 

 

Figure 49. Experimental setup of diatomic crystal in (a) straight configuration and 

(b) curved configuration in the study of Yang and Dario [86] 
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Figure 50. Power spectral density from an experiment showing the effect of nonlinearity 

on band gap of diatomic crystal. The black zone represents the band gap which 

disappears at a higher value of Fd/Fo [86] 

Two-dimensional crystal 

Case 1 (2D granular system) 

Nonlinear wave propagation in the 2D granular crystal was investigated by Yang and 

Sutton [87].  The particularity of this research is that it was performed to show the 

importance of rotational dynamics between granular particles. Two types of crystals, 

a straight granular chain and the 2D granular system were considered. The 2D crystal 

was arranged in hexagonal packing which consisted of 19.05mm diameter steel 

spheres as shown in  

Figure 51. The impact force on the crystal was applied by similar spheres where the 

striker was released from a higher ramp. The force at every three particles was 

measured using embedded sensors. 
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Figure 51. Schematics of the experimental setup of (a) linear 1D chain and (b) 2D 

hexagonal granular crystal used by Yang and Sutton [87] 

 

Figure 52. Comparison of temporal profiles obtained from numerical model 

considering axial dynamics (solid blue lines), a numerical model based on axial-

rotational interaction (dotted gray lines), and experimental result from force sensors 

(solid gray lines) [87] 

A numerical model was created based on Hertz-Mindlin's contact to capture both axial 

and rotational interactions between the particles. Rotational motion in the 2D crystal 

was introduced by the distribution of the impact force on the ±30o inclined spheres 

(see  

Figure 51b). Due to this configuration, the particles were subjected to both axial and 
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rotational interaction. Two numerical models were compared with the experimental 

result, where only the axial dynamics were considered for the first model, and both 

axial-rotational interactions were included in the other model. The temporal force 

profiles in several sensors are shown in Figure 52. Here, blue lines denote the 

numerical model with only axial dynamics, the dotted gray lines represent a numerical 

model which considers the axial-rotational interaction, and the experimental result is 

shown by solid gray lines. The result proved that the inclusion of rotational interaction 

resembles more the experimental result. 
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CHAPTER 3: DISPERSION RELATION OF VISCOELASTIC MULTILAYERED 

COMPOSITE 

3.1 Introduction 

Although spectral band gaps can be induced through mechanical joints, e.g., in helical 

waveguides [88], conventional elastic structural materials (e.g., metals) typically have 

narrow spectral band gaps in the high-frequency range [63,89]. Therefore, the use of 

viscoelastic materials is crucial to lowering the band gap frequencies. The band gap 

frequencies of typical phononic crystals (PCs) are of the order of the ratio v/a, where 

v is the wave speed in the medium and a is the lattice constant related to the thickness 

of the lattice structure [90]. 

Numerous researchers have observed that viscoelasticity not only attenuates wave 

transmission but also modifies the band gap frequencies which are substantially 

displaced and widened [20,21,91,92]. For matrices (i.e., an array of PCs) made of 

conventional structural materials such as metals, the band gap structures for low 

frequencies would require impractical meter-scale macrostructures. Smaller 

microstructures (e.g., millimeter-scale) can only be achieved by using compliant 

matrix materials with very low elastic moduli, such as elastomers (i.e., polymers with 

viscoelastic properties). Researchers have considered the viscoelasticity of these 

polymers since their damping attenuation affects the overall periodic composite 

vibration attenuation. Tanaka and Kon-No [39] used the polymer complex moduli to 

compute the dispersion relation of viscoelastic-elastic layered composites. Other 

numerical methods have attempted to determine the complex dispersion relation of 

viscoelastic composites such as the transfer matrix method [40]. 

This chapter presents the analytical dispersion relation of an arbitrary multilayered 
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crystal using the transfer matrix method. Due to the assumption of elastic behavior of 

the crystal, the results from this chapter serve as a limited reference for the viscoelastic 

time-domain and frequency domain simulations in chapter 4. The code written for the 

transfer matrix also serves as a control specimens’ topology design tool in the next 

chapter. 

3.2 Dispersion relation for Phononic Crystals 

 

Figure 53. Infinitely periodic multilayered composite 

In this section, the focus is on the study of the plane wave on infinitely periodic 

multilayered composites in the 𝑥3 direction (see Figure 53). According to the Bloch 

periodic condition, the displacement field 𝑢(𝑥) of an 𝑟 – periodic composite due to 

plane wave propagation is: 

𝑢(𝑥 + 1) = 𝑢(𝑥)𝑒𝑖𝜅𝑟        (1) 

Where 𝜅 is the wave vector. 

For a one-dimensional layered composite with 𝑀 layers per unit cell, the 𝑗-th layer 

would have a density 𝜌𝑗 and a thickness 𝑑𝑗. The lattice constant is then 𝑎3 = ∑ 𝑑𝑗
𝑀
𝑗=1 . 

When the MM is subjected to a harmonic wave with a 𝜔 frequency, the displacement 

and the stress fields in 𝑥1 − 𝑥3 plane for the 𝑛-th unit cell at the 𝑗-th layer are: 

𝑢3,𝑗,𝑛(𝑥3,𝑗,𝑛, 𝑡) = [𝑃𝐹,𝑗,𝑛𝑒
−

𝑖𝜔𝑥3,𝑗,𝑛

𝑐𝑝,𝑗 + 𝑃𝐵,𝑗,𝑛𝑒

𝑖𝜔𝑥3,𝑗,𝑛

𝑐𝑝,𝑗 ]𝑒−𝑖𝜔𝑡    (2) 
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𝑢1,𝑗,𝑛(𝑥3,𝑗,𝑛, 𝑡) = [𝑄𝐹,𝑗,𝑛𝑒
−

𝑖𝜔𝑥3,𝑗,𝑛

𝑐𝑠,𝑗 + 𝑄𝐵,𝑗,𝑛𝑒

𝑖𝜔𝑥3,𝑗,𝑛

𝑐𝑠,𝑗 ]𝑒−𝑖𝜔𝑡    (3) 

Where 𝑐𝑝,𝑗 and 𝑐𝑠,𝑗 are the pressure and shear waves of the 𝑗-th layer and 𝑃𝐹,𝑗,𝑛, 𝑃𝐵,𝑗,𝑛, 

𝑄𝐹,𝑗,𝑛 and 𝑄𝐵,𝑗,𝑛 are unknown coefficients. Note that the pressure and shear waves are 

decoupled in the displacement and stress fields. Since the derivation of the pressure 

and shear dispersion relations are similar, only the calculation for the  pressure wave 

is presented here. Due to the continuity of the stress and displacement fields, the 

following boundary conditions are applied at the interface between 𝑗-th and 𝑗 + 1-th 

layers of the 𝑛-th unit cell. 

[𝑢1,𝑗,𝑛]𝑥3,𝑗,𝑛=𝑑𝑗
= [𝑢1,𝑗+1,𝑛]𝑥3,𝑗+1,𝑛=0

, 

[𝑢3,𝑗,𝑛]𝑥3,𝑗,𝑛=𝑑𝑗
= [𝑢3,𝑗+1,𝑛]𝑥3,𝑗+1,𝑛=0

, 

[𝜎31,𝑗,𝑛]𝑥3,𝑗,𝑛=𝑑𝑗
= [𝜎31,𝑗+1,𝑛]𝑥3,𝑗+1,𝑛=0

, 

[𝜎33,𝑗,𝑛]𝑥3,𝑗,𝑛=𝑑𝑗
= [𝜎33,𝑗+1,𝑛]𝑥3,𝑗+1,𝑛=0

        (4) 

After applying the continuity boundary conditions successively at each interface, the 

transfer matrix 𝑇𝑝 which relates the first interface of 𝑛-th and 𝑛 + 1-th unit cells can 

be established as: 

𝑊𝑝,1,𝑛+1 = 𝑇𝑝𝑊𝑝,1,𝑛         (5) 

Where  

𝑊𝑝,1,𝑛 = [
𝑃𝐹,1,𝑛

𝑃𝐵,1,𝑛
 ] and  𝑊𝑝,1,𝑛+1 = [

𝑃𝐹,1,𝑛+1

𝑃𝐵,1,𝑛+1
 ] 

𝑇𝑝 =  𝑅𝑝,1
−1(𝑅𝑝,𝑀𝐷𝑝,𝑀𝑅𝑝,𝑀

−1 )… (𝑅𝑝,2𝐷𝑝,2𝑅𝑝,2
−1)𝑅𝑝,1𝐷𝑝,1

= 𝑅𝑝,1
−1(∏𝑅𝑝,𝑀+2−𝑗𝐷𝑝,𝑀+2−𝑗𝑅𝑝,𝑀+2−𝑗

−1

𝑀

𝑗=2

)𝑅𝑝,1𝐷𝑝,1 

𝑅𝑝,𝑗 = [
1 1

−𝜔𝜌𝑗𝑐𝑝,𝑗 𝜔𝜌𝑗𝑐𝑝,𝑗
], 𝐷𝑝,𝑗 = [ 𝑒

−
𝑖𝜔𝑑𝑗

𝑐𝑝,𝑗 0

0 𝑒

𝑖𝜔𝑑𝑗

𝑐𝑝,𝑗

 ]      (6) 
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Moreover, according to the Bloch periodic boundary condition (Equation 1), another 

relationship between the coefficient vectors can be written as: 

𝑊𝑝,1,𝑛+1 = 𝑒𝑖𝜅3𝑎3𝑊𝑝,1,𝑛       (7) 

Combining Equations (5) and (7), the eigenvalue problem of the 1D MM is: 

𝑇𝑝𝑊𝑝,𝑛 = 𝑒𝑖𝜅3𝑎3  𝑊𝑝,𝑛       (8) 

When solving the characteristic polynomial equation of the eigenvalue problem, the 

dispersion relation of plane pressure wave propagation perpendicular to the layers is: 

cos(𝜅3𝑎3) =
𝑡𝑟(𝑇𝑝)

2
        (9) 

Where 𝑡𝑟(𝑇𝑝) represent the trace of the matrix.  For a two-layered periodic MM, the 

dispersion relation becomes [38]: 

cos(𝜅3𝑎3) =  cos(
𝜔𝑑1

𝑐𝑝,1
) cos (

𝜔𝑑2

𝑐𝑝,2
) −

1

2
 (

𝜌1𝑐𝑝,1

𝜌2𝑐𝑝,2
+

𝜌2𝑐𝑝,2

𝜌1𝑐𝑝,2
) sin(

𝜔𝑑1

𝑐𝑝,1
) sin(

𝜔𝑑2

𝑐𝑝,2
)         (10) 

3.3 Geometry and Materials of Viscoelastic-Elastic Composite 

The samples used for the application of the previous section methodology were 

bilayered phononic crystals composed of Aluminum alloy (6061-T6) and viscoelastic 

material layers. The two viscoelastic materials used were Elite Double 32 from 

Zhermack, a vinylsiloxane, and Hapflex 560 from Hapco Inc., a hybrid elastomeric 

polymer alloy. All the material properties are listed in Table 9. The thicknesses of the 

layers for an infinitely periodic, bilayered phononic crystal are detailed in 

Table 10. A MATLAB code is written to execute the dispersion relation calculation 

described in section 3.2. 

 

Table 9. Elastic Properties of the Materials 

Properties Elite Double-32 Hapflex-560 Aluminum alloy 6061-T6 

Elastic Modulus (MPa) 0.83 9.58 68900 
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Density (kg/m3) 1196 1060 2700 

 

 

Table 10. Geometry of composites 

Phononic Crystal 

Thickness of layers 

Aluminum alloy Polymer 

Elite double 32 

510ED32 5 mm 10 mm 

55ED32 5 mm 5 mm 

520ED32 5 mm 20 mm 

530ED32 5 mm 30 mm 

1010ED32 10 mm 10 mm 

Hapflex 560 

510H560 5 mm 10 mm 

55H560 5 mm 5 mm 

520H560 5 mm 20 mm 

530H560 5 mm 30 mm 

1010H560 10 mm 10 mm 

 

3.4 Dispersion relation results 

The results of treating the viscoelastic materials as an elastic material are shown in  

the dispersion relation of the MMs in  

Table 10, using equation 10 and the equivalent transversal equation in Figure 54 to 

Figure 63. 
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Figure 54. Dispersion relation of a MM specimen consisting of 5 mm Aluminum 

and 10 mm Elite Double 32 

 

Figure 55. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 5 

mm Elite Double 32 
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Figure 56. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 

20 mm Elite Double 32 

 

Figure 57. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 

30 mm Elite Double 32 
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Figure 58. Dispersion relation of a MM specimen consisting of 10 mm Aluminum and 

10 mm Elite Double 32 

 

Figure 59. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 

10 mm Hapflex 560 
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Figure 60. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 5 

mm Hapflex 560 

 

Figure 61. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 

20 mm Hapflex 560 
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Figure 62. Dispersion relation of a MM specimen consisting of 5 mm Aluminum and 

30 mm Hapflex 560 

 

Figure 63. Dispersion relation of a MM specimen consisting of 10 mm Aluminum and 

10 mm Hapflex 560 

3.5 Discussion 

Figure 54 to Figure 63 represent different phononic dispersion relations for wave 

propagation through infinitely bilayered phononic crystals.  The longitudinal and 

transversal dispersions are presented by a solid line and a dotted line, respectively. In 

Figure 54, the orange bands represent the band gaps. In the same figure, the ranges 

from 2801 Hz to 5521 Hz, 7041-10960 Hz, 11840-16560 Hz and 17200-20000 Hz are 
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considered longitudinal band gaps for an infinite periodic material composed of 5 mm 

of Aluminum alloy and 10 mm of Elite Double 32. When comparing the first stop 

bands of the specimens 510ED32 and 510H560, it is noted that Elite double 32 

combined with aluminum allowed better attenuation at low-frequency ranges. This 

was due to the impedance mismatch between the aluminum alloy and the silicone 

rubber (Elite double 32). The polymeric materials were used in the periodic structure 

primarily for their low stiffness.  As a result, the metamaterials produced from a 

combination of polymer and metal achieved high impedance mismatches, which in 

turn gave a large band gap property in the low-frequency range. 

3.6 Conclusion 

In this chapter, the analytical dispersion relation of an arbitrary multilayered crystal 

was computed using the transfer matrix method assuming that the layers had elastic 

behavior. First, the plane wave on the sagittal direction was investigated using Bloch’s 

periodic condition to obtain the plane wave propagation relation. The formulation was 

then applied to a bilayered phononic crystal composed of Aluminum alloy (6061-T6) 

and polymer layers (Elite Double 32, Hapflex 560, Hapco) with different geometries. 

The dispersion relation was plotted to show potential analytical pass and stop bands. 

Viscoelastic materials with a low modulus of elasticity increased the performance of 

viscoelastic phononic crystals in low frequency range vibration attenuation. The 

hypothesis of the method that the materials were elastic did not cover the inherent 

damping of the viscoelastic materials. This aspect is explored in the next chapter. 
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CHAPTER 4: OPTIMIZATION OF VISCOELASTIC METAMATERIALS FOR 

VIBRATION ATTENUATION PROPERTIES 

4.1 Introduction 

Extreme applications in construction and other domains have created a high demand 

for engineered materials with enhanced mechanical properties such as high energy 

absorption [93,94], vibration control [95,96] and acoustic shielding [97,98]. 

Mechanical metamaterials (MMs) incorporating viscoelastic constituents provide 

promising solutions to extreme loading problems. The impetus to incorporate 

viscoelastic constituents in MMs stems mainly from their properties, such as strong 

energy absorption, inherent damping, and low elastic modulus. However, viscoelastic 

materials exhibit significantly high damping at high frequencies (above 20 kHz) [99], 

which is beyond the audio frequency range (20 Hz – 20 kHz) and well beyond the 

human range of sensitivity to sound (1 to 4 kHz) [100]. Incorporating viscoelastic 

materials in one-dimensional (1D) MMs in a bilayered or multilayered fashion with 

periodic variations can simultaneously lower the spectral band gap and introduce 

damping that is inherent to the viscoelastic component of the MM. Resulting in lower 

vibration transmission in the lower frequency range which is within the range of 

higher human sensitivity to sound and vibration.  

Although spectral band gaps can be induced through mechanical joints, e.g. in helical 

waveguides [88], conventional elastic structural materials (e.g., metals) typically have 

narrow spectral band gaps in the high-frequency range [63,89]. Therefore, the use of 

viscoelastic materials is crucial to lowering the band gap frequencies. The band gap 

frequencies of typical phononic crystals (PCs) are of the order of the ratio v/a, where 

v is the wave speed in the medium and a is the lattice constant related to the thickness 

of the lattice structure [90]. Soft Materials are the next generation of smart materials, 
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and the mechanics of soft smart metamaterials (using soft materials, such as hydrogel, 

elastomer, SMP…) is an emerging topic in the last decade. Huang et al. [101] 

discussed recent advances in the understanding of the mechanical behavior of the 

constitutive models of hydrogels and SMPs. Furthermore, Zheng et al. [102] 

developed the theory of the fast diffusion of hydrogels under different stimuli. Toward 

validating this theory, the authors applied three different stimuli: the chemical 

potential, the temperature, and the hydraulic pressure, respectively. It was found that 

the theory predicts the dynamic behavior of the diffusion process of hydrogels, 

especially the type driven by hydraulic pressure. 

Numerous researchers have observed that viscoelasticity not only attenuates wave 

transmission but also modifies the band gap frequencies which are substantially 

displaced and widened [20,21,91,92]. Arrays of phononic crystal made of metals 

necessitate quite large dimensions to generate a band gap in low frequency ranges. 

Smaller microstructures (e.g., millimeter-scale) can only be achieved by using 

compliant matrix materials with very low elastic moduli, such as elastomers (i.e., 

polymers with viscoelastic properties). 

Although most previous studies have focused on investigating viscoelastic MMs 

numerically based on the framework of linear viscoelasticity [22,24,92], a few studies 

have reported experimental investigations of viscoelastic MMs. For example, a 

number of researchers have used specimen-specific experimental methods such as the 

bead-chain setting [84], the ultrasonic technique [103], impedance tubes [103,104] 

and electrodynamic shaker tests [105]. Daraio et al. [84] observed that chains of 

polytetrafluoroethylene (PTFE) beads with different diameters provide low signal 

propagation speed due to its exceptionally low Young’s modulus and despite the 

viscoelastic nature of PTFE. Meng et al. [103] reported that an optimized MM slab 



  

66 

 

can attenuate vibration in the frequency range of 800-2,500 Hz, which illustrates the 

feasibility of combining several locally resonant acoustic MM layers for the design of 

anechoic coatings. Shan [66] harnessed multiple folding mechanisms in a periodic 

triangular elastomeric structure. He studied the effect of buckling and instability of 

the structure on the vibration attenuation, first by calculating the dispersion of the 

deformed configuration, then by considering three deformed configurations. Results 

showed that band gaps can be greatly affected depending on the geometry and the 

extent of the deformation. A limited number of studies have validated the 

corresponding numerical developments [68,103]. For example, Merheb et al. [92] 

utilized the finite difference time domain method to estimate the transmission spectra 

in the considered PC structure. Comparing the experimental and numerical results 

revealed that an elastic representation is sufficient to account for the behavior of the 

PC. Dong et al. [106] developed an optimization algorithm for structural optimization 

of elastic MMs which consists of an artificial neuronal network (ANN) trained with 

machine learning technics and optimized by GA. This surrogate algorithm has proven 

viable for elastic band gap prediction.  

The optimization of 1D and two-dimensional (2D) viscoelastic MMs using finite 

element (FE) modeling has been the focus of many studies [107–110]. For instance, 

Hussein et al. [107] studied the dispersion in wave transmission by using a multi-

objective genetic algorithm to generate a band gap frequency in an optimized 1D 

crystal topology. Sigmund and Jensen [111] proposed using topology optimization to 

design periodic materials and structures for obtaining a wave propagation band gap. 

Infinitely periodic crystals were considered to widen the band gap [108]. All of the 

aforementioned 1D and 2D topology optimization studies relied only on numerical 

simulations with no experimental validation. Moreover, the viscoelastic component 
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of MMs in these studies was modeled using the linear theory of elasticity [37]. 

This chapter describes how GA was used to optimize the geometry of bilayered MMs. 

GAs are evolutionary algorithms, which are biologically inspired optimization tools 

[112]. They are likely to find global optima without getting stuck around local optimal 

solutions and failing to reach convergence [113]. Besides, GAs apply to problems 

with linear and nonlinear constraints [114,115].  

As mentioned above, several researchers have documented the optimization 

procedures of MMs. However, these studies have not sufficiently addressed the 

viscoelastic behavior of MMs and have not validated the optimization results through 

experimental testing. In this chapter, an automated optimization procedure based on 

GAs was used to optimize viscoelastic MM crystals to maximize their vibration 

attenuation capabilities in a specific low-frequency range. A steady-state dynamic 

analysis was performed to determine the frequency response function (FRF) of the 

MM crystals. The optimization parameters in this study describe the geometry of the 

1D MM crystal, namely the lattice constant and the metal layer thickness. It is well 

documented that both mass and vibration attenuation are inherently related. Therefore, 

a multiobjective optimization procedure designed to minimize weight and maximize 

the vibration attenuation, was proposed in this study. The cost functions to be 

minimized were the total mass of the specimen and the FRF performance of the MM 

within a specific low-frequency range. All the numerical models were verified 

experimentally via an electrodynamic shaker test. 

4.2 Experimental shaker tests 

4.2.1. Test specimens 

MMs comprising multilayered media with periodic variation were used in this study. 

The thickness of a periodic cell is called the lattice constant – denoted by L in Figure 

64. The MM tested in this study was a bilayered crystal composed of metal and 
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polymer layers. The thickness represented the dimension of a layer in the longitudinal 

direction. The filling fraction was the ratio between the thicknesses of the constituents 

of the unit cell (namely a1/a2 in Figure 64), where a1 was the thickness of the metal, 

and a2 was the thickness of the polymer. 

 

Figure 64. Geometry of a cylindrical MM 

Cylindrical specimens were manufactured from layers of a polymer (Elite Double 32, 

Zhermack), alternating in a periodic arrangement with aluminum alloy layers (6061-

T6). It is worth mentioning that MMs are commonly composed of metals and 

polymers to exploit the high impedance mismatch between these two materials for 

wave attenuation [116]. The properties of the aluminum alloy used in this study are 

shown in Table 11. The polymer used in this study was a silicone rubber material and 

it was chosen because of its low elastic modulus and since it had been effectively used 

previously in the tuning of vibration band gaps [58,117]. The polymer was prepared 

by mixing equal volumes of a base and catalyst to obtain a Vinylpolysiloxane. The 

polymer was then cast in a mold with different thicknesses. The density of the polymer 

and its Poisson’s ratio are also shown in Table 11. Cylindrical aluminum layers were 

then glued to the polymer with a thin layer of silicone caulking product (Oxime). 

The frequency-dependent storage and loss modulus, expressed in equation (11), have 

been determined through dynamic mechanical analysis (DMA) using an RSA-G2 

Solids analyzer from TA instruments by applying infinitesimal strain. Detailed DMA 

testing results are presented in Appendix A.  
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𝐸 = 𝐸′ + 𝑖 𝐸′′          (11) 

Where E is the modulus of elasticity E’ is the storage modulus and E” is the loss 

modulus. 

Figure 65a shows the DMA testing equipment, while Figure 65b shows the obtained 

frequency-dependent loss and storage moduli. The generalized Maxwell model was 

used to represent the time-dependent behavior of Elite double 32. To identify the 

elastic equilibrium modulus 𝐸∞ and Prony series coefficients, a rheological tool kit, 

IRIS [118] was used. Prony series coefficients of the elite double 32 are presented in 

Table 12 and the 𝐸∞ =  1.196 𝑀𝑃𝑎. 

  

                               (a)                                                           (b) 

Figure 65. DMA testing of Elite double 32 

Three cylindrical specimens (A, B, and C) with a 40 mm diameter were tested to 

obtain statistical accuracy and precision and to validate the numerical models as 

specified in Table 13. The thicknesses were estimated via an analytical method which 

assumed that the viscoelastic part was linear elastic so as to have an initial estimate of 

the passbands and stopbands through the considered frequency range (1 to 1200 Hz). 

The analytical calculation was conducted using the transfer matrix method [119,120]. 
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Table 11. Properties of considered materials 

Material Properties Values 

Aluminum 

 

 

 

Young’s Modulus (GPa) 

Density (kg/m3) 

Poisson’s ratio 

68.9  

2700  

0.33 

Elite Double 32 

 

 

Density (kg/m3) 

Poisson’s ratio 

1134 

0.497 

 

Table 12. Prony series coefficients of Elite Double 32 [121] 

Branch Number, j Modulus Ej, MPa Relaxation Time, s 

1 0.477 4.99 × 10-8 

2 0.328 4.83 × 10-7 

3 0.221 3.55 × 10-6 

4 0.157 1.72 × 10-5 

5 0.113 6.04 × 10-5 

6 0.127 2.28 × 10-4 

7 0.114 1.33 × 10-3 

8 0.077 9.07 × 10-3 

9 0.059 6.42 × 10-2 

10 0.043 4.89 × 10-1 
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Table 13. Geometry of the tested specimens 

Specimen Name 

Thickness of components Number of layers 

Aluminum alloy Polymer Aluminum alloy Polymer 

A 10 mm 10 mm 8 7 

B 5 mm 20 mm 6 5 

C 5 mm 30 mm 5 4 

 

4.2.2 Experimental setup 

An experimental set-up consisting of an electrodynamic shaker (Type 4809, Brüel & 

Kjær) was used to monitor the dynamic response of a MM crystal subjected to 

longitudinal vibration as shown in Figure 66. The signal was generated by a power 

amplifier (Type 2718, Brüel & Kjær). The output and input signals were recorded 

with a miniature accelerometer (Type 4394 piezoelectric CCLD accelerometer, Brüel 

& Kjær) and a force transducer (Type 8230-001, Brüel & Kjær), respectively. The 

force transducer and accelerometer measured the input force applied to the specimen 

and the output acceleration signal, respectively. The test set-up was placed on a 

passive optical table (Model T46H-PTP602, Thorlabs) to isolate it from ambient 

vibrations (Figure 66b). The specimens were placed on a circular base connected to 

the force transducer and were attached to an accelerometer at the top, as shown in 

Figure 67. Additional viscoelastic phononic crystals test results are shown in 

Appendix B. 
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a) Schematic of the electrodynamic shaker test 

b) Set-up placed on an optical table (specimen C is shown in the photo) 

Figure 66. Experimental set-up of the electrodynamic shaker test 

       

                        (a) Specimen A         (b) Specimen B              (c) Specimen C                                  

Figure 67. Vibration shaker experiment set-up for Specimens A, B, and C 

 

 

 



  

73 

 

4.2.3 Experimental results 

The vibration transmission test was performed by applying a sine sweep signal (chirp) 

to the specimen, ranging from 1 to 1200 Hz. The frequency response functions were 

determined from the Fourier transform ratio of the output acceleration and the input 

force of the signal. The FRF for Specimens A, B, and C are shown in Figure 68. The 

drop in the frequency response shown in Figure 68 represents the attenuation effect, 

which occurs at different frequencies depending on the specimen’s geometry. 

As illustrated in Figure 68a, starting from a frequency of 750 Hz, the FRF has dropped, 

signaling the start of the low vibration transmission zone for Specimen A. The 

observed low vibration transmission zone continues to 1200 Hz. For Specimen B, a 

low vibration transmission zone starting from 600 to 1200 Hz was observed. 

Specimen C exhibited a low vibration transmission zone between 700 and 1200 Hz. 

The attenuation behavior observed in these specimens is caused by the Bragg 

scattering effect that occurs when interposing two materials with mismatching 

impedances and by the inherent damping properties of the viscoelastic material [37]. 
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a) Specimen A 

 

b) Specimen B 

 

c) Specimen C 

Figure 68. Frequency response function of specimens A, B, and C 

The vibration attenuation behavior shown in the experimental results confirms that 
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using viscoelastic materials as a component in MMs helps to lower and widen the low 

vibration transmission frequency zone. Specimens A, B, and C have filling fractions 

of 1, 0.25, and 0.16, respectively. The earliest low transmission zone is observed in 

the FRF of Specimen B with a 0.25 filling fraction. This behavior can be clarified by 

examining the wavelength in the layered materials at the low transmission zone’s 

starting frequency. Bragg-type band gaps typically occur at wavelengths of the order 

of multiples of unit cell length [122]. The wavelength depends on the phase velocities 

of the two constituting materials and the wave frequency [123]. At a certain frequency, 

the wavelength is comparable to the lattice constant L, leading to a frequency band 

where waves cease to propagate. The experimental results are used in the following 

section to validate the FE model.  

4.3 Numerical modeling 

Three axisymmetric FE models representing the three MM specimens were developed 

in Abaqus [124], as illustrated in Figure 69. Axisymmetric models were used in this 

chapter to make the analysis and the subsequent optimization iterations 

computationally feasible. Moreover, axisymmetric analysis has been successfully 

used to accurately model MM structures [22,121]. The three FE models were used to 

obtain the harmonic response of the viscoelastic MM specimens to harmonic 

excitation in the longitudinal direction. All three axisymmetric models had a width of 

20 mm (the radius of the cylindrical specimen). 

A steady-state harmonic analysis was performed within 1 to 1200 Hz. The response 

of the model was computed in the frequency domain under harmonic vertical 

excitation (mimicking the experimental setup of Section 4.2). The vertical loading 

was applied at the central input node of the lower layer, as illustrated in Figure 69. 

The vertical acceleration response was computed at the upper central node of the 
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upper layer, as also illustrated in Figure 69. 

The specimen is represented as a free model at both ends subjected to an oscillatory 

chirp force at one end (the input node in Figure 69). This investigation aimed to 

develop a reliable numerical alternative to laboratory testing, which could be used in 

the optimization process. The axisymmetric element CAX8RH (an eight-node 

biquadratic axisymmetric quadrilateral hybrid element) was chosen with a 1.25 mm 

mesh for both materials (i.e., metal and polymer). A mesh refinement study confirmed 

that the 1.25 mm mesh size was sufficiently small to accurately model the dynamics 

of the model as illustrated in Figure 70. The linear elastic model was considered for 

the aluminum alloy, while the viscoelastic material model in Abaqus [124] was 

adopted to simulate the frequency-dependent behavior of the polymer in small steady-

state harmonic oscillations. The dissipative part of the material’s behavior was defined 

by providing the real and imaginary parts of the frequency-dependent shear and bulk 

modulus. The moduli were defined as functions of the frequency by a Prony series 

expression for the shear and bulk relaxation moduli, as discussed earlier in Section 

4.2.1. 

 

Figure 69. MM axisymmetric specimen FE model, specimen B 
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The experimental FRFs for Specimens A, B, and C were compared to the numerically 

predicted FRFs in Figure 71. For the three specimens, there was good agreement 

between the experimental and numerical FRFs, especially in the range of 1-900 Hz. 

Moreover, the numerical results corresponded well with the vibration attenuation 

behavior of the experimental results. This provided confidence to proceed with the 

optimization of the MM crystal. A MATLAB code was written to generate an FE 

model (in Abaqus [125]) of the MM from any set of parameters (lattice constant and 

the metal layer thickness). In addition to the aforementioned optimization parameters 

(L, a1), the FE model also included the following parameters to comprehensively 

describe the specimen: total length, the radius of the specimen and the material 

properties. Details about the optimization parameters and routines are described in 

Section 4.4. 

 

Figure 70. FEM mesh convergence study 

 

a) Specimen A 
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b) Specimen B 

 

c) Specimen C 

Figure 71. Comparison of the numerical and experimental transfer functions of 

specimens A, B, and C 

4.4 The optimization Process 

4.4.1 Optimization parameters 

For the total thickness of 𝑇 = 160 mm, a cylindrical MM with a diameter of 40 mm 

was optimized to obtain the minimum longitudinal wave transmission in the low-

frequency range of 450-650 Hz. The optimization parameters used in this study were 

the thickness of the aluminum layer, 𝑎1, and the lattice constant, 𝐿 (see Figure 64). 

Different configurations of lattice constants and fraction ratios were possible for the 

maximum 160 mm thickness. 
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4.4.2 Optimization algorithm and fitness function 

The multiobjective GA optimization presented in this section aimed to maximize the 

vibration attenuation of viscoelastic MM crystals in the frequency range between 450-

650 Hz, while simultaneously minimizing the mass of the MM crystal. The fitness 

function of the proposed optimization process exhibits two cost functions. The first, 

𝐶1, indicates the mass of the MM crystal, and is calculated as follows:  

𝐶1 = (𝑛 + 1)𝜋𝑟2𝑎1𝜌1 + 𝑛𝜋𝑟2(𝐿 − 𝑎1)𝜌2     (12) 

where 𝑛 is the number of cells, 𝑟 is the radius of the specimen, and 𝜌1 and 𝜌2 are the 

aluminum and rubber densities, respectively (given in Table 11). The second cost 𝐶2 

represents the vibration attenuation performance within a specific frequency range. 

This is evaluated as the numerical integration of the FRF of the MM Crystal in the 

frequency range of 450-650 Hz. 

A MATLAB routine was written to act as the fitness function of this multiobjective 

optimization process. According to the inputs (i.e., dimensions and construction of the 

specimen), the routine generates an Abaqus FE model of the corresponding crystal 

and analyzes it to compute the FRF between the output acceleration and the input 

force of the signal within the desired frequency range. The cost 𝐶2 is then calculated 

as the area under the FRF amplitude curve by numerical integration using the 

trapezoidal rule.  The objective of the multiobjective GA is to minimize both 𝐶1 and 

𝐶2  within the specified frequency range at different masses. The optimization process 

is illustrated in Figure 72. 
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Figure 72. Layout of the optimization algorithm process 

The optimization parameters were defined along with their value ranges, nonlinear 

constraints, and the fitness function that evaluates the individuals. The GA 

optimization [114] was used here because of its ability to search for the optimum 

solution from multiple points, thus making it likely to find the global optima without 

getting stuck around a locally optimal solution. They are also applicable to problems 

with linear and nonlinear constraints. In this study, two linear constraints, and one 

nonlinear constraint are described in Equation 13 and Equation 14, respectively. 

The upper and lower bounds of the optimization parameters 𝑎1 and 𝐿 were selected in 

accordance with the geometry of the MM. The optimal specimen should contain at 

least two layers of aluminum; the smallest material thickness that can be manufactured 

is 5 mm. Moreover, a proportion of 𝑛 + 1 aluminum pieces for every 𝑛 polymer piece 

was adopted to maintain the MM’s periodicity and to ensure that the first and last 

layers of the specimen were made of aluminum so that the specimen can be installed 

on the shaker for testing. The following linear constraints were introduced to ensure a 

minimum aluminum layer thickness of 5 mm and that the maximum unit cell’s 

thickness of the MM was 150 mm (see Figure 64): 

[
1 −1
1    1

] [
𝐿
𝑎1

] ≤ [
0.005 m
0.16 m

]        (13) 
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A nonlinear constraint was imposed to ensure that the optimization process yielded a 

MM crystal that did not exceed the maximum total thickness T. The constraint could 

be written as follows: 

(floor [
𝑇−𝑎1

L
]) ∗ 𝐿 + 𝑎1 ≤ 𝑇 ,       (14) 

where 𝑓𝑙𝑜𝑜𝑟 [
𝑇−𝑎1

𝐿
] represents the number of periodic cells that can fit within the 

maximum total thickness T, making sure that both the first and last layers of the 

specimen were made of aluminum. 

The GA solver available in MATLAB’s GA toolbox [125] was used to generate the 

initial population, evaluate the individuals and apply the genetic operators (selection, 

crossover, and mutation). The first generation was randomly generated in accordance 

with the bounds and constraints. The population size was chosen as 50 individuals, 

for the two parameters. With a large population size, the GA searches the solution 

space more thoroughly, thereby reducing the chance that the algorithm returns a local 

rather than a global minimum. However, a large population may not be useful, since 

it leads to a large probability of finding locally optimal individuals [126]. 

4.5 Optimization results and discussion 

The multiobjective optimization process explained in Section 4.4 was conducted to 

obtain optimal viscoelastic MMs within the frequency range of 450-650 Hz. The GA 

process took 139 generations to converge to the results illustrated in Table 14. The 

optimization was repeated three times with different initial populations, and it 

converged to the same values every time. The results of this optimization are presented 

in Figure 73 as a Pareto front. An optimal specimen from the Pareto front is then 

selected given that it achieves a good vibration attenuation with a relatively low mass. 

The optimal specimen (red circled in the Pareto front) is composed of a 24 mm layer 

of the polymer (Elite Double 32) and 24 mm layers of aluminum for two-unit cells. 
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Figure 73. Pareto front for the multiobjective optimizations – the circled point 

represents the optimal specimen selected 

 

Table 14. Configuration of the optimal specimen 

 Aluminum Alloy Elite Double 32 

Layer thickness 23 mm 24 mm 

Number of layers 3 2 

 

The optimal specimen was manufactured and tested experimentally using the 

electrodynamic shaker as shown in  

Figure 74.    

Figure 75  shows a comparison between the numerical and experimental FRF of the 

optimal specimen. There is a good agreement between the experimental and numerical 

results, which demonstrates the validity of this approach. Slight differences might be 

caused by the manufacturing imperfections relating to how precisely the aluminum 

was cut, the preparation and uniformity of the polymer’s molding. 

Observation of the attenuation behavior of the FRF of the optimal specimen shows 

that the proposed optimization has considerably improved the vibration control 

capabilities of the MM by tuning its topology within the 450-650 Hz range. Figure 76  



  

83 

 

shows the experimental FRFs of the (optimal and control) specimens. The 

transmission behavior of the optimal specimen presents an earlier attenuation at lower 

frequencies compared to the control specimens, as shown in Figure 76. The optimal 

specimen performed significantly better than the control specimens in vibration 

attenuation in the 450-650 Hz range. It is important to note that the optimal sample 

(0.306 kg) provided a better attenuation performance than specimen A (0.373 kg), 

despite being much lighter in mass. This highlights the efficiency of the proposed 

multiobjective optimization process in maximizing vibration suppression while 

keeping the mass as low as possible. 

As stated in section 4.4, the total thickness of any specimen in this study should not 

have exceeded 160 mm. All specimens compared in Figure 76 satisfied this constraint. 

The optimal sample had the lowest total thickness with a higher lattice constant. It is 

important to note that the desired low transmission zone was achieved using the 

optimal sample with less amount of material. 

Figure 77 shows the deformation magnitude of the optimal sample within a 

transmission zone (Figure 77a) and a low transmission zone (Figure 77b). The 

response at the top of the specimen within the low transmission zone is significantly 

lower than that computed at the transmission zone which further demonstrates that the 

optimized specimen is effective in reducing vibration transmission. 
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Figure 74. Vibration shaker experiment set-up for the optimal specimen 
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Figure 75  . Comparison of the numerical and experimental transfer function of the 

optimal specimen 

 

Figure 76. Comparison between the experimental frequency response functions (FRFs) 

of the optimal and control specimens 

 

Figure 77. Displacement magnitude (in mm) of the optimal MM under a harmonic load. 

(a) Within a transmission zone (150 Hz). (b) Within a low transmission zone (600 Hz). 

The arrow represents the applied load, and the dashed line represents the axis of 

symmetry of the axisymmetric FE model 

 



  

86 

 

 

 

4.6 Conclusion 

Metamaterials (MMs) are composites that are artificially engineered to have 

unconventional mechanical properties that stem from their microstructural geometry 

rather than from their chemical composition. Several studies have shown the 

effectiveness of viscoelastic MMs in vibration attenuation due to their inherent 

vibration dissipation properties and the Bragg scattering effect. This chapter has 

presented a multiobjective optimization based on genetic algorithms (GA) that aims 

to find a viscoelastic MM crystal with the highest vibration attenuation in a chosen 

low-frequency range. A multiobjective optimization has allowed consideration of the 

attenuation due to the MM inertia versus the Bragg scattering effect resulting from the 

periodicity of the MM. The investigated parameters that influenced wave transmission 

in a one-dimensional MM crystal included the lattice constant, the number of cells 

and the layers’ thickness. Experimental testing and finite element analysis were used 

to support the optimization procedure. An electrodynamic shaker was used to measure 

the vibration transmission of three control specimens and the optimal specimen in the 

frequency range 1-1200 Hz. The following conclusions can be drawn from this study: 

• The FE models developed in this chapter provided a reasonable prediction of 

vibration attenuation of one-dimensional metamaterials (MM) compared with 

the experimental results. 

• The multiobjective optimization algorithm developed in this chapter 

successfully generated an optimal specimen whose low transmission zones 

have been validated numerically and experimentally. Thus, this algorithm 

could be considered reliable. The validated optimization algorithm could be 
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used in future research to investigate a wider range of parameters. 

• The resulting optimal specimens performed better than the control specimens 

in their respective frequency ranges without being of massive weight. 

Finally, the proposed methodology in this chapter showed a promising potential to be 

used in investigating the behavior of MMs at higher frequency ranges, given that the 

proposed model is based on the higher frequency behavior of this material. 
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CHAPTER 5: PLATE METASTRUCTURE FOR TARGETED LOW-FREQUENCY 

VIBRATION SUPPRESSION 

5.1 Introduction 

While the Bragg scattering effect in 1D, 2D, and 3D metamaterials explains the 

occurrence of frequency band gaps in periodically changing materials, the center of 

the lowest frequency gap is about twice the lattice constant. Thus, the occurrence of 

the low transmission zone depends on the properties of the constituting material and 

the structural configuration of the sample. An alternative approach to vibration 

suppression is using local resonances which was first proposed by Liu [1]. Locally 

resonant materials or substructures may comprise a matrix and scatterers that resonate 

and interact with the host structure’s long-wavelengths, thus restricting the 

transmission of the waves along the host structure. The local resonance low-frequency 

zones depend on the resonant material's natural frequency and design. Different 

resonant materials have been proposed to achieve this effect. One of these approaches 

is the use of single degree of freedom (SDOF) oscillators. The inclusion of vibration 

dissipating components to a host structure permits the reduction of vibration 

transmission within the desired frequency range while ensuring the continued 

performance of the host structure's original function. 

Many studies used SDOF oscillators for attenuating vibration in beams [127–129]. 

Those studies have shown that SDOF oscillators indeed contribute to vibration 

attenuation and that the low transmission zone depends on the resonating frequency 

of the inserted oscillator. Recently, zigzag inserts gained interest in the field of passive 

structural vibration attenuation. For example, Hobeck and Inman [130] demonstrated 

experimentally that cantilevered zigzag structures have lower natural frequencies. The 

low transmission zone generated by zigzag inserts occurs in the low-frequency range 
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which might apply to ambient vibration reduction. Besides, Essink et al. [131] and 

Karami and Inman [132] have proposed structures with zigzag inserts for energy 

harvesting. More recently, Abdeldjaber et al. [133] proposed a closed-form approach 

to optimize the vibration attenuation of a zigzag metastructure. Numerical work on 

modeling the zigzag inserts assumes that the zigzag inserts are cantilevered with no 

interaction with the host structure. There is a lack of experimental results studying the 

geometric nonlinearity on zigzag metastructures and focusing on vibration attenuation 

with minimum intervention on the host structure.  

In this chapter, the aim is to develop a genetic algorithm optimization of zigzag inserts 

for an optimal zigzag mass and stiffness and location in two types of thin cantilever 

plates.  The objective of the optimization is to incorporate optimal inserts to attenuate 

vibration in a specific frequency range and consequently transform the resonance 

frequency band around the plate natural frequency to a low transmission zone. The 

effectiveness of the proposed optimization is demonstrated numerically and 

experimentally. 

5.2 Experimental testing 

Experiments were performed on thin Aluminum plates with embedded zigzags 

(Figure 78). A LaserJet Cutting Machine was used to cut the zigzags out of the plate. 

A tip mass was placed at the free end of the zigzag. The plates were clamped to a 

horizontal direction shaker which would excite the plate at its base in the direction 

perpendicular to its plane. An APS 400 exciter was used due to its suitability for low-

frequency investigations and placed over a passive optical table (Model T46H-

PTP602, Thorlabs) to be isolated from ambient vibrations. Two accelerometers were 

used to record the input and output signals, namely a miniature accelerometer (Type 

4394 piezoelectric CCLD accelerometer, Brüel & Kjær) and a Piezoelectric 
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Accelerometer, TEDS (Type 8344, Brüel & Kjær), respectively. The input and the 

output accelerometers were placed on points i and j of the plate, respectively (Figure 

79). A swept sine signal ranging from 1 to 100 Hz was introduced and the base of the 

plate and the frequency response function (FRF) was determined from the Fourier 

transform ratio of the output and the input acceleration signal. A schematic on the 

experimental setup is in Figure 80. 

Two types of aluminum plates were considered for optimization namely plate P1 and 

P2. Details on plates P1 and P2 geometries are found in Table 15. Two control plates 

(R1, R2) with randomly placed zigzags and tip masses weights (Table 15) were tested 

along with P1 and P2 for vibration transmission. The tested specimens are shown in 

Figure 81 and the zigzag dimensions are detailed in Table 16 and Figure 82. 

   

Figure 78. Experimental shaker setup of the Aluminum plate with cutout zigzag 
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Figure 79. Aluminum plate with cutout zigzags 

 

 

 

Figure 80. Schematic of the Plate shaker test 
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Table 15. Testing matrix 

Specimen name Plate Size 

H*W*T 

(mm) 

Cutout zigzag location 

(mm) 

Tip masses (g) 

Zigzag 1 Zigzag 2 

Case 1 

P1 500x49x3 - - 

R1 500x49x3 99.10 400 

Case 2 

P2 500x135x3 - - 

R2 500x135x3 (91.9, 9.3)  (17.3, 382.1) 

 

           
                               (A)                   (B)                 (C)                (D)                         

Figure 81. Plate Specimens 

Table 16. Zigzag dimensions 

Zigzag parameters Values 

𝛼-beam length 28 mm 

𝛼-beam width 5 mm 

𝛽-beam length 6.1 mm 

𝛽-beam width 5 mm 

Number of 𝛼-beams 11 
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Figure 82. Description of the zigzag geometry 

The FRFs of the specimens P1, R1, P2, R2 were plotted in Figure 83 (A-D), 

respectively. Figure 83A shows that first two flexural modes of P1 are around 10 and 

67 Hz. Plate R1 were obtained by cutting out two zigzags (at random locations) in P1 

and adding tip masses to the free ends of the zigzags. Results demonstrate that the first 

two flexural modes of R1 are around 6.5 and 64 Hz, which is slightly lower that their 

corresponding counterparts in P1 as shown in Figure 83B. This is expected due to the 

reduction in mass and stiffness resulting from cutting out material to construct the 

zigzags. Two peaks around 48 and 57 Hz emerged in R1 (Figure 83B); these two 

peaks correspond to the two random cut zigzags allowing the formation of a low 

transmission zone around 52 Hz. In Figure 83C the first two flexural modes of P2 are 

around 10 and 69 Hz. Plate R2 was obtained by cutting out two zigzags (at random 

locations) in P2 and adding tip masses to the free ends of the zigzags. Results show 

that the first flexural mode of R2 is around 6.5 Hz, which is similar to its 

corresponding counterpart in P2 as shown in Figure 83D. This is due to the large size 

of the plate compared to the cut zigzags. Two peaks around 43 and 72 Hz emerged in 

R2 (Figure 83D); these two peaks correspond to the two random cut zigzags allowing 
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the formation of two narrow low transmission zones around 43 and 72 Hz. Adding 

two zigzags with masses allowed maintenance of a minimum intervention to the host 

structure, however to obtain a low transmission frequency zone using two zigzags 

required optimization on the position of the zigzags and their tip masses. Experimental 

results of the two random plates with zigzags show that two zigzag cutouts can 

develop low transmission zones in the low-frequency zone without significantly 

affecting the stiffness and mass of the host plate. 

 

(A) 

 
(B) 
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(C) 

 
(D) 

Figure 83. Experimental Frequency response function for Case1: (A) Plain plate P1 (B) 

Random plate R1, Case 2: (C) Plain Plate P2 (D) Random plate R2 

5.3. Numerical modeling 

Multiple FE models representing the different plates in this chapter have been 

developed in Ansys [134], as illustrated in Figure 84. The FE simulations were used 

to obtain the frequency response function of the aluminum plates by subsequently 

running a modal analysis rather than a harmonic analysis on the 1-100 Hz frequency 

range. The response of the model was computed in the frequency domain under 

harmonic excitation, mimicking the experimental setup described in section 5.2. The 

output was calculated at j the upper central node as illustrated in Figure 79. The lower 
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side of the plate was subjected to a fixed boundary condition. This simulation 

developed a reliable numerical solution that could be used in the optimization process. 

The model was meshed with element SHELL281 with eight nodes with six degrees 

of freedom at each node. A mesh convergence study was performed and appropriate 

refinements around the zigzags were implemented. The linear elastic model was 

considered for the aluminum plate with elastic modulus of 72 GPa and a 2700 kg/m3 

density. 

 
Figure 84. Plate with zigzag cutouts FE model 

The numerical FRFs of specimens A to D are plotted in Figure 85. There is good 

agreement between the experimental FRFs and the numerical FRFs in Figure 85. The 

numerical results obtained in this section provided confidence to proceed with the 

optimization of the plate with zigzag cutouts. A MATLAB code was then written to 

generate an FE model (in Ansys) of the plate from any set of parameters (position of 

the zigzag and the tip mass). Other parameters we kept constant in the FE model such 

as the geometry of the plate and the material properties. The optimization parameters 

and codes are described in section 5.4. 
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(A) 

 
(B) 

 
(C) 
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(D) 

Figure 85. Numerical Frequency response functions for specimens for Case1: (A) Plain 

plate P1 (B) Random plate R1, Case 2: (C) Plain Plate P2 (D) Random plate R2 

5.4 Optimization process 

5.4.1 Optimization parameters 

Two optimizations were run for two plates P1 and P2, these two cases were called 

case 1 and case 2, respectively. The plates in cases 1 and 2 were optimized to minimize 

wave transmission in the low-frequency range of 60-80 Hz due to their resonance at 

this range as shown in Figure 83 (A and C). The optimization parameters for both 

cases were the location of the zigzags and the weight of the tip masses. The location 

of the zigzag was determined by (𝑥, 𝑦) where x and y were the coordinates of the 

lower-left side of the zigzag opening as illustrated in Figure 86. The optimization 

parameters were: 

• 𝑦1, 𝑚1, 𝑦2, 𝑚2 for the case 1 optimization 

• 𝑥1, 𝑦1, 𝑚1, 𝑥2, 𝑦2, 𝑚2 for the case 2 optimization. 
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                                         (a)                                       (b) 
Figure 86. Optimization parameters (a) case 1 (b) case 2 

5.4.2 Optimization algorithm and Fitness function 

A Genetic algorithm (GA) optimization was performed in this study to minimize 

vibration transmission in the two cases of thin aluminum plates for the 60-80 Hz 

frequency range. The fitness value of the proposed optimization was the RMS of the 

60-80 Hz FRF of the specimen. The closer the RMS was to zero the better vibration 

attenuation performance of the specimen. A MATLAB routine was written to act as a 

fitness function of the optimization. This routine generated an Ansys FE model of a 

plate with zigzags and returns the FRF between the output and input acceleration 

within the desired frequency range. The fitness value was the RMS of the FRF in the 

60-80 Hz frequency range. The population size selected for this optimization was 20. 

The optimization process is detailed in Figure 87. 
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Figure 87. Layout of the optimization process 

In this optimization, two linear constraints were imposed to the optimization. The first 

constraint ensured that the zigzag remained within the plate dimensions without being 

less than 2 mm distant from its edges for waterjet cutting feasibility. The second 

constraint ensured that the two zigzags did not interlope on each other’s and remain 2 

mm distant in both orthogonal directions. The tip masses were limited to 20 g for the 

masses volume to remain on the tip of the zigzag. These constraints are written in 

Equations 4.1 and 4.2. 
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                                                 (15) 

 

[
|𝑥1 − 𝑥2|

|𝑦1 − 𝑦2|
] ≤ [

𝑤𝑧 + 0.002
ℎ𝑧 + 0.002

]       (16) 

Where W is the total width of the plate, 𝑤𝑧 is the width of the zigzag opening, H is 

the total height of the plate, ℎ𝑧 is the height of the zigzag opening. 

5.5 Optimization results and discussion 

5.5.1 Case 1 Plate 

The first GA optimization runs for the 500*49*3 mm plate were conducted to get the 



  

101 

 

optimal plate within the 60-80 Hz frequency range. The optimization took 27 

generations to converge to the optimal specimen illustrated in Figure 88 and detailed 

in Table 17. The optimal specimen was a plate with two zigzags around its middle 

section with 3.9 g and 13.4 g tip masses. 

  
(a)                                                           (b) 

Figure 88. Optimal specimen O1 

Table 17. First optimization results 

Optimization parameters Optimal values 

𝑦1 0.1588 m 

𝑦2 0.2319 m 

𝑚1 0.0039 kg 

𝑚2 0.0134 kg 

 

The optimal specimen O1 was prepared and tested in the experimental conditions 

described in section 5.2. Figure 89 shows the numerical and experimental FRFs 

comparison between the optimal specimen O1 and the plain plate P1. In the 60-80 Hz 

range, there is a clear low transmission zone replacing what was a resonance zone in 

the corresponding plain plate. The use of the Ansys finite element model in the 

optimization yielded an optimal specimen (O1) with satisfactory experimental FRF. 

The optimization of the case 1 plate is reliable. 
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(A) 

 

(B) 

Figure 89. Comparison between the FRFs of the optimal specimen O1 and the 

corresponding plain plate P1 (A) Experimental (B) Numerical 

 

5.5.2 Case 2 Plate 

The second GA optimization for the 500*135*3 mm plate was conducted to get the 

optimal plate within the 60-80 Hz frequency range. The optimization took 36 

generations to converge to the optimal specimen illustrated in Figure 90 and detailed 

in Table 18. The optimal specimen was a plate with two zigzags with 4 g and 7.3 g tip 

masses. 
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                  (a)                                                                   (b) 

Figure 90. Optimal specimen O2 

Table 18. Second optimization results 

Optimization parameters Optimal values 

𝑥1 0.093 m 

𝑥2 0.093 m 

𝑦1 0.385 m 

𝑦2 0.0472 m 

𝑚1 0.004 kg 

𝑚2 0.0073 kg 

 

The optimal specimen O2 was prepared and tested in the experimental conditions 

described in section 5.2. Figure 91 shows the numerical and experimental FRFs 

comparison between the optimal specimen O2 and the plain plate P2. Observing the 

60-80 Hz range in Figure 91, two narrow low transmission zones appear around 60 

and 70 Hz, replacing the high transmission zone in the corresponding plain plate. The 

use of the Ansys finite element model in the optimization yielded an optimal specimen 

(O2) with a satisfactory experimental FRF. The optimization of the case 2 plate is 
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reliable. 

 

(A) 

 

(B) 

Figure 91. Comparison between the FRFs of the optimal specimen O2 and the 

corresponding plain plate P2 (A) Experimental (B) Numerical 

5.6 Conclusion 

For two-dimensional mechanical metamaterials, one of the most common vibration 

attenuation mechanisms is local resonance, where the resonant components in a host 

structure interact with the long wavelength traveling wave leading to wave 

transmission restrictions. In this study, zigzags resonating on an aluminum plate host 

structure were proposed to generate targeted low transmission zones with a minimum 

of structural intervention. Plain plates and plates with randomly located zigzags were 

tested experimentally using a vibration exciter and accelerometers. The comparison 
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between the plates with randomly located zigzags frequency responses and the 

corresponding plain plates showed that two zigzag cutouts could generate low 

transmission zones. When modeling the control specimens numerically, it was 

observed that there was a good agreement with the experimental FRF. The numerical 

model was then used as a fitness function for two genetic algorithm optimizations, the 

first with four parameters and the second with six parameters. The two optimal 

specimens obtained showed low transmission behavior in the targeted frequency 

range and a good agreement with the corresponding FRFs. Observing the comparison 

between the experimental FRFs of the optimal specimens showed that the 

optimization was reliable and could be used as a tool to tune the plate matching its 

structural dynamic service needs. 
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CHAPTER 6: WAVE PROPAGATION IN PERIODIC VISCOELASTIC 

COMPOSITE 

6.1 Introduction 

The importance of material behavior under dynamic loading conditions has prompted 

considerable effort towards the development of experimental equipment capable of 

deforming a vast array of smart materials at elevated strain rates. The shock tube is 

the ancestor of the Split Hopkinson Pressure Bar (SHPB). A shock tube is a simple 

device capable of producing a compressive loading pulse with a very short rise time, 

which is typically used to simulate blast waves. This compressive loading pulse is 

delivered in the form of a shock wave, which is a highly compressed volume of gas 

traveling with great speed. Shock tubes appear in both compression-driven and blast-

driven varieties, producing shock waves through either a pressure differential or the 

detonation of a small explosive charge, respectively. A shock tube consists of a sealed 

tube at one end and separated into two sections by a thin layer of material. The sealed 

section is filled with pressurized air in the case of using the pressure-driven device, or 

some combustible gas in the case of using the blast-driven shock tube. Historically, 

these devices have seen great versatility in terms of use, having been used in the study 

of diverse areas including combustion, aerodynamic properties at high velocities, 

shock wave characteristics, and the response of structures and materials to blast 

loading. 

The shock tube has been present in the scientific community for over a century. French 

scientist Paul Vielle is credited with the first use of a shock tube in 1899 while 

studying combustion and detonation in tubes [135,136]. This early shock tube utilized 

a small tube, approximately 22 mm in diameter, which held explosive gasses in a short 

chamber separated from the remainder of the 6-m long tube by a thin layer of 
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cellophane. The Cranz-Schardin camera, invented in 1929 [137], was used by 

Schardin in further experiments with blast-driven shock tubes in 1932 [138], utilizing 

the high-speed camera with imaging techniques to observe shock waves. 

Shortly after World War II, Payman and Shepherd [139] developed a compression-

driven shock tube in response to concerns regarding landmines in the UK. This 

apparatus required that one segment of the tube, sealed from the remainder with a thin 

sheet of copper, be pressurized until the copper ruptured. The pressure differential 

between the pressurized section and the remainder of the tube, which existed at 

atmospheric pressure, would then compress the inert gasses into a shock wave while 

driving them out of the tube. The compression-driven shock tube offers obvious 

benefits in terms of safety and ease of use and produces pressure pulses with much 

longer durations than those typically produced by actual explosions [138]. As a result, 

shock tubes utilized for material characterization are very often of the compression-

driven type. The term “shock tube” also became prevalent in the years following 

WWII. With the first symposium on shock tubes, held in 1957 by the U.S. Navy and 

Air Force, the development of shock tubes had begun to mature [140]. 

Due to the increasing prevalence of blast-related damage and injuries in recent years, 

the shock tube apparatus has seen a substantial escalation in popularity as a means of 

investigating this phenomenon [67, 70]. Contemporary work exemplifies the 

capabilities of the shock tube as a preferred apparatus for examining the behavior of 

a wide variety of materials subjected to a number of dynamic loading stress states. 

This work ranges from metals subjected to bi-axial tension [141] to high-pressure blast 

testing of armor and combat material [142]. This versatility and capability regarding 

material testing, combined with the inherent safety of the device compared to the 

blast-driven counterpart, makes the compression-driven shock tube ideal for a 
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research environment. As such, this device was selected as an essential item for the 

dynamic material behavior research facility. 

The Split Hopkinson Pressure Bar (SHPB), also known as Kolsky bar, was one of the 

first experiments established to conduct high strain rate testing and has since become 

one of the most widely used experimental methods for observing dynamic material 

behavior. 

The development of the Split Hopkinson Pressure Bar (SHPB) apparatus began 

unknowingly, with numerous experiments performed by John Hopkinson in the early 

1870s, in which he examined stress waves in iron wires [142,143]. Bertram 

Hopkinson, son of John Hopkinson, continued this research, and by 1914 the 

Hopkinson pressure bar technique was born [144]. This technique was devised as a 

means of measuring the pressure produced at the end of a cylindrical bar, typically 

imposed by the impact of a bullet or the detonation of gun cotton [145]. Many years 

later, in 1949, H. Kolsky developed an experiment capable of extracting the stresses 

and strains present in a thin specimen placed between two long cylindrical bars. This 

would mark the first appearance of the split Hopkinson bar as known today, also 

referred to interchangeably as the Kolsky bar [146]. Specimen loading was 

accomplished by introducing a compressive wave at the end of one bar, referred to as 

the incident bar, typically by the detonation of a small explosive charge. This 

compressive wave propagates toward the specimen, where some portion is conducted 

through the specimen and into the second bar, known as the transmitter bar, while the 

remainder is reflected away from the specimen and back into the incident bar in the 

form of a tensile wave. 

Kolsky was able to show that the portion of the compressive strain wave passing 

through the specimen and into the transmitter bar, identified as the transmitted wave, 
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was proportional to the stress in the specimen. Similarly, Kolsky found that strain in 

the specimen was proportional to the portion of the compressive strain wave that is 

reflected, aptly referred to as the reflected wave. Typically, these waves are observed 

by way of strain gauges placed on the incident and transmitter bars. The bars on either 

side of the specimen therefore not only act to load the specimen but also become 

transducers for the stress and strain in the specimen. 

6.2 Development of the SHPB  

The conventional SHBP consists of a striker and its launching device, an incident bar, 

and a transmission bar (Figure 92). The bars have the same diameter and type of 

material and should remain elastic throughout the test so that stress waves could be 

measured from surface strains [147]. The bars would be aligned and free to move in 

the strike line axis. In order to have significant radial and shear stresses, the length to 

diameter ratio of these bars ought to be approximately twenty. Additionally, the striker 

length should be at most half of the incident bar to avoid wave overlapping at the 

radial reading location. Besides, to avoid wave overlapping at the strain gauge 

location, the incident bar is at least twice the length of the striker. 

In this study, a SHPB setup was developed to determine the amplitude-dependent 

wave motion behavior of viscoelastic phononic crystals. For this, an SHPB apparatus 

was built in the Structure Laboratory at Qatar University.
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Figure 92. Simple presentation of SHPB set-up  

 

6.2.1 Selection of Bar Material 

Because the SHBP system is composed of input and output bars, it was important to 

choose the right material according to its impedance. For elastic SHPB, 6061-T6 

aluminum alloy bars were selected to test high impedance materials. For low 

impedance materials, a wide range of polymeric bar materials were studied to 

determine which were appropriate for the polymeric SHPB setup. Table 19 compares 

the impedance of different polymeric bars having the same cross-sectional area.  

Table 19. Comparison of polymeric materials 

Polymeric 

Material 

Modulus 

(N/m2) 

Density 

(kg/m3) 

Wave 

Velocity 

(m/s) 

Impedance 

(Density*Velocity) 

(kg/(m2.s)) 

PTFE 4.6E8 2200 457.26 1.01E6 

LDPE 3.7E8 920 634.17 5.83E5 

UHMWPE 5.5E8 950 760.89 7.23E5 

HDPE 7E8 950 858.40 8.15E5 

NYLON 66 1.5E9 1140 1147.08 1.31E6 

ABS 1.4E9 1040 1160.24 1.21E6 

PC 2.4E9 1200 1414.21 1.7E6 

ABS 2.5E9 1020 1565.56 1.6E6 

PVC 3.4E9 1330 1598.87 2.13E6 

 



  

111 

 

Three materials Nylon-66, UHMWPE, and PTFE were selected, based on the gap in 

impedance value between them. According to the literature [148], the stress-strain 

curves of these polymeric materials have been plotted in  

Figure 93 and  

Figure 94 along with their initial elastic modulus. The stress-strain curves of these 

polymers are presented at low and high strain percentages in  

Figure 93 and  

Figure 94 respectively.  

 

Figure 93. Comparison of Stress-Strain Curves of Polymers at a Low Strain Rate 

[148] 
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Figure 94. Comparison of Stress-Strain Curves of Polymers at High Strain Rates 

[148] 

When the strain rate varies, the elastic modulus varies as well. According to  

Figure 93 and  

Figure 94, the variation is less severe for Nylon-66. Nylon-66 was thus selected for 

polymeric SHPB.  

6.2.2 General Configuration of SHPB System  

The experimental set-up for the SHPB was designed with 3.0 m long input and output 

bars.   

Figure 95 shows the setup in the Structure Laboratory at Qatar University. Shaft 

supports were used for holding the input and output bars. The locations of the shafts 

were determined from the buckling analysis for the striker generated force. The 

maximum longitudinal expected forces in the bars were based on the material 

properties of Nylon-66. The bar system was supported by an I-beam carried by four 

I-columns. Other components of the SHPB set-up were the specimen casing and 

rubber wall (Figure 96). The specimen casing was set for containing the crushed 

specimen fragments during the experiment (Figure 96a) and a rubber wall was placed 

for restraining the output bar from going out of the system (Figure 96b). 

The striker bar ( 

Figure 97) impacted the input bar after being launched by a gas gun. An automated 

gas launcher SURE-Launch™ from REL Inc was used ( 

Figure 98). This launcher could precisely accelerate a range of striker sizes for tension 

and compression testing. The diameter of the striker launcher barrel was 2 inches. 
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Figure 95. SHPB in structure laboratory 

   

(a)       (b) 

Figure 96. Safety components (a) Specimen casing (b) Momentum trap 

 

Figure 97. 150 mm Aluminum striker with UHMW Polyethylene rings 
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Figure 98. Striker launcher 

 

6.2.2.1 Bar Diameter  

The diameter of the Hopkinson bars is the main parameter to design a SHPB 

apparatus. It relates to the bar’s length and the specimen size. The assumption in 

SHPB for the 1D wave theory is that the length to diameter ratio of each bar should 

be greater than 20 [149]. The phononic crystals used in this study had a diameter of 

40 mm as illustrated in chapter 4. Thus, the Aluminum alloy and Nylon-66 bars 

dimensions were selected to be 3 meters in length and 50 mm in diameter, which gave 

a length to diameter ratio of 60.  

6.2.2.2 Striker Length  

The striker bar hits the input bar, and a wave propagates through the input then the 

output bar. At the free end of the output bar, the wave reflects back towards the input 

bar. The time difference between the reading of the incident and reflected signal by 

the input bar strain gauges is written as follows: 

∆𝑡 = 2𝐿𝑠 𝑣𝑠⁄  

Where 𝐿𝑠 is the striker length and 𝑣𝑠 is the striker velocity. To distinguish the incident 

and reflected signal readings, it is recommended for the striker length to be less than 
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half the length of the input bar. The ideal incident signal in SHPB is a sharp impulse. 

Moreover, the incident signal needs to be sufficient to excite the amplitude dependent 

dynamic behavior of the mechanical metamaterial specimen. A short impulse time can 

be achieved by adopting a shorter striker. Nonetheless, a shorter striker would have 

small inertia therefore a higher launching speed. The striker launching speed is 

typically limited by the specification of a given SHPB striker-launching system. 

Diversely, a longer striker would generate a high impulse with low launching speeds, 

but it suffers frequency amplitude drops in the incident wave spectrum [150–152]. 

 

6.2.2.3 Accompanying Accessories 

• Bar Support 

The input and output bars were each held up by six shaft supports. The shaft support 

had a detachable top for easy replacement of bars and an internal diameter of 50 mm. 

 

Figure 99. Detailed Shaft Support 

• Velocity sensor 

Along with SURE-Launch™, a speed sensor SURE-Speed™ was used for velocity 

measurement of striker bars during testing.  
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Figure 100. Velocity sensor from REL Inc. 

• Strain gauge and Data Acquisition 

Strain gauges are the standard technique to measure bar strains in SHPB setups. Two 

strain gauges are usually mounted at symmetrically opposing sides on the surface of 

each of the input and output bars. The signal from the strain gauges is conditioned 

with a Wheatstone bridge. Having the voltage output in the order of millivolts, a signal 

amplifier is necessary to record the signal paired with a high-frequency oscilloscope. 

The signal recorded in SHPB duration is usually shorter than one millisecond. In this 

setup, the frequency response of the data acquisition is 1 MHz. 

To read the strain on the polymer bars, where the strain was relatively higher, strain 

gauges with a high strain capacity were selected. An Omega strain gauge KFH series 

was selected with 120 Ω resistance and 0.8 mm gauge length.  

Figure 101 shows the block diagram of the data acquisition set-up of the strain 

measurements. The top and bottom strain gauges were utilized in the half-bridge 

electronic configuration for noise and offset signal cancellation caused by the long 

wires used from the bars connecting the signal conditioning circuit. The differential 

voltages produced by the two bridges (U01 and U02) are relatively small and difficult 

to be detected and may still include electrical noise, hence, a signal conditioning 

circuit was required to amplify and filter U01 and U02 signals resulting in V01 and V02, 
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respectively. V01 and V02 were then converted to a digital signal using the NI ELVIS 

II+ Board for a subsequent USB interface in the computer workstation. A LabVIEW 

graphical program (Appendix C) was created to visualize and record the vibration 

signals acquired from the input and output bars. 

Striker Input bar Output bar

Damping 
Material

Top Strain Gauge

Bottom Strain Gauge

Vsource

120 W  

120 W  

Top Strain Gauge

Bottom Strain Gauge

Vsource

120 W  

120 W  

U01
+- U02

+-

Electronic 
Signal 

conditioning 
circuit

V0 (input bar)

V0 (output bar)

+

+

-

-

NI-ELVIS II+ 

Board 

AI0+

AI0-

AI1+

AI1-

USB 
Interface

Computer 
Workstation

(input bar) (output bar)

+15V

-15V

 

(A) 

 

(B) 

Figure 101. Data acquisition set-up 
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6.3 Calibration of the SHPB setup   

In this study, the SHPB setup was used to obtain the transmission coefficient of the 

mechanical metamaterials composed of both elastic and viscoelastic material. The 

metallic SHPB bar material had significantly high impedance compared to the 

specimen viscoelastic material. This impedance mismatch between the elastic and 

viscoelastic materials caused a problem with the signal-to-noise ratio [147,153]. 

Therefore, both polymeric and metallic SHPB setups were considered. 

6.3.1 Bar Alignment Operation  

For the SHPB setup, the input bar, the striker, and the output bar ought to be perfectly 

aligned. For this purpose, the SHPB system was installed on top of a table made of a 

single I-beam. The gas gun was placed on this same beam to ensure the alignment of 

its barrel. Low tolerance aluminum shaft supports were used for the input and output 

bars. Moreover, a high-precision laser beam was used to align all components. 

Furthermore, the striker impacting end was tapered for a coaxial impact with the input 

bar (See Figure 103). 

 

Figure 102. Leveling of the Steel I-beam 
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Figure 103. Tapered Nylon and aluminum striker 

Each type of bar purchased had a straightness tolerance determined during 

manufacturing conditions. The straightness of the bars was necessary for 1D 

longitudinal wave propagation theory applicability. To reduce the risk of flexural 

creep in the bars, especially the viscoelastic ones, twelve shaft supports were placed 

to support the input and output bars. Besides this, the strain in the bars was measured 

by two strain gauges, one on top and one on the bottom of the bar, to nullify the 

flexural effect due to reading the strain from the surface of the bar.  The resultant 

reading from diametrically opposite strain gauges in a half-bridge configuration was 

a clean longitudinal wave. Figure 104 represents the top (o) and bottom (x) strain 

gauge signal that shows both longitudinal and flexural wave signal. The black line is 

the resultant longitudinal signal obtained with the half-bridge configuration without 

flexural waves. One last aspect of the bars' good alignment was the parallelization of 

the bars' end faces. For this, the input and output bars were placed in direct contact 

with each other to ensure that the read strain was the same throughout the two bars. 
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Figure 104. Strain signal from top and bottom strain gauges of the same bar section and 

the resultant longitudinal wave signal 

6.3.2 Propagation Coefficient Calibration  

6.3.2.1 Single Bar Impact Test  

To calibrate the aluminum and nylon bars, the frequency-dependent propagation 

coefficient needed to be determined. Metallic bars in SHPB are affected by wave 

dispersion [153], and the viscoelastic bars have inherent damping. Therefore, 

calibration of both systems of bars is necessary to determine the signal on both 

interfaces of the specimen based on readings on the mid-bar surface. The frequency-

dependent propagation coefficient of each type of bar: Aluminum and Nylon is 

determined in this section. The time-domain signal recorded by the strain gauges is 

converted by Fourier transformation to a frequency domain signal. The rightward 

traveling wave is defined as 𝜀�̂�(𝑥0, 𝜔) and the leftward traveling wave 𝜀�̂�(𝑥0, 𝜔) 

where 𝑥0 is a random reference point in the bar. The wave is then: 

𝜀̂(𝑥, 𝜔) =  𝜀�̂�(𝑥0, 𝜔)𝑒−𝑖𝜅𝑏𝑎𝑟(𝜔)(𝑥−𝑥0) + 𝜀�̂�(𝑥0, 𝜔)𝑒−𝑖𝜅𝑏𝑎𝑟(𝜔)(𝑥−𝑥0)  (17) 

The propagation coefficient of the SHPB bar 𝜅𝑏𝑎𝑟(𝜔) is a function of the bar’s 

material complex modulus �̂�(𝜔). 
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𝜅𝑏𝑎𝑟
2 (𝜔) =  

𝜌𝜔2

�̂�(𝜔)
         (18) 

The propagation coefficient is composed of a real 𝜅𝑏𝑎𝑟
𝑅  and imaginary part 

𝜅𝑏𝑎𝑟
𝐼  representing the wavenumber and the attenuation coefficient, respectively.  

𝜅𝑏𝑎𝑟(𝜔) =  𝜅𝑏𝑎𝑟
𝑅 (𝜔) + 𝜅𝑏𝑎𝑟

𝐼 (𝜔)      (19) 

The identification of the propagation coefficient effort is called the single-bar impact 

test. Whenever only one bar is hit on one end by a striker the wave travels along the 

bar (incident wave 𝜀�̂�𝑛𝑐) and the reflects at its free end (reflected wave 𝜀�̂�𝑒𝑓). The 

transfer function [147] is then: 

𝐻(𝜔) =  −
�̂�𝑟𝑒𝑓

�̂�𝑖𝑛𝑐
= 𝑒−2𝑖𝜅𝑏𝑎𝑟(𝜔)𝑑      (20) 

𝑑 is the distance between the free end and the strain gauges. The wavenumber and the 

attenuation coefficient are then: 

𝜅𝑏𝑎𝑟
𝑅 (𝜔) =  −

𝑎𝑟𝑔|𝐻(𝜔)|

2𝑑
   ,     𝜅𝑏𝑎𝑟

𝐼 (𝜔) =  −
𝑙𝑛|𝐻(𝜔)|

2𝑑
     (21) 

The propagation coefficient can then be used to determine the end of the bar reading 

based on the strain gauge readings, and consequently, the interfaces of the specimen 

with the bars in the SHPB test are determined. 

The propagation coefficient 𝜅𝑏𝑎𝑟(𝜔) depends on the pulse energy and shape. The 

pulse energy and shape can be widened by varying the striker sizes and velocities. 

Comparing the longitudinal phase velocity 𝑐𝑙 to the Pochhammer-Chree longitudinal 

wave equation [154] permits the determination of the valid frequency range of the 

experimentally recorded 𝜅𝑏𝑎𝑟(𝜔). 

2𝛼

𝑟𝑏
(𝛽2 + 𝜅2)𝐽1(𝛼𝑟𝑏)𝐽1(𝛽𝑟𝑏) − (𝛽2 − 𝜅2)2𝐽0(𝛼𝑟𝑏)𝐽1(𝛽𝑟𝑏) −

4𝜅2𝛼𝛽𝐽1(𝛼𝑟𝑏)𝐽0(𝛽𝑟𝑏) = 0       (22) 

The Pochhammer-Chree longitudinal wave equation of a circular bar of 𝑟𝑏 radius is 

calculated according to Equation 22 where 𝛼 is the pressure wave and 𝛽 is the shear 
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wave and 𝐽0 and 𝐽1 are Bessel functions of the first kind. Figure 105 represents the 

results of the calibration for the nylon bar. A single bar test was conducted for the 

nylon bar where a 150 mm striker at 5.09 m/s hit the bar on one end, and the other end 

was free. The first wave in Figure 105(A) is the incident wave, and the second wave 

is the reflected wave recorded by strain gauges located in the middle of the bar. The 

signal obtained in Figure 105(A) is converted to a dispersion relation in Figure 105(B) 

and compared to the corresponding analytical Pochhammer-Chree longitudinal wave 

equation. Note that the experimental validity of the phase velocity of the nylon bar is 

up to 12 𝑘𝐻𝑧 according to the comparison in Figure 105(B). Moreover, the frequency-

dependent attenuation coefficient presented in Figure 105(C) shows a quasi-linear 

relation in the same validity frequency range. 

 

(A) 
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(B) 

 

(C) 

Figure 105. Single bar test results (A) Incident and reflected wave of a single Nylon bar 

hit by a 250 mm striker (B) Phase velocity (𝑐𝑙 = 𝜔/𝜅) in function of frequency 

compared to Pochhammer-Chree analytical results (C) Frequency-dependent 

attenuation coefficient. 

6.3.2.2 Refined Propagation Coefficient  

The propagation coefficient, and consequently the phase velocity and the attenuation 

coefficient, depends on the pulse energy and duration. Thus, single bar tests ought to 

be run with different lengths and velocities of strikers. The results ought then to be 

presented in the form of a propagation coefficient spectrum. So, for each SHPB bar 
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type, the strain at the specimen/bar interface can be inferred by the reading of the 

strain gauges on the mid bar location. Multiple strikers should be used for multiple 

single bar tests for each bar material, and the results averaged of the phase velocity 

and the attenuation coefficient. Thirty single bar tests were therefore run with striker 

lengths ranging from 50 to 300 mm with speeds up to 20 m/s. Figure 106(A-1) and 

(B-1) show the propagation coefficient spectrum for both aluminum and nylon bars, 

respectively. The dashed line represents the average experimental values, and the solid 

line represents the analytical solution (Equation 22) assuming the material is linear. 

By comparing the analytical and experimental plots, there is a fair agreement up to 40 

𝑘𝐻𝑧 for Aluminum alloy bars and up to 10 𝑘𝐻𝑧 for nylon bars. At low frequency, the 

phase velocity of the nylon bar deviates from the Pochhammer-Chree solution due to 

the viscoelastic effect of the material. In Figure 106(A-2) and Figure 106(B-2), the 

attenuation coefficient presents a quasi-linear relation with the frequency up to 40 kHz 

and 11 kHz, respectively. The validity of a SHPB setup consisting of aluminum and 

nylon bars for determining the transmission properties of MMs specimens is then 

demonstrated up to 11 𝑘𝐻𝑧. 

 

(A-1) 



  

125 

 

 

(A-2) 

 

(B-1) 

 

(B-2) 

Figure 106. (A-1) Phase velocity of the aluminum bar, (A-2) Attenuation coefficient 

of the aluminum bar, (B-1) Phase velocity of the nylon bar, (B-2) Attenuation 

coefficient of the nylon bar 
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6.3.3 SHPB Bar Alignment Calibration 

To check the SHPB bar system alignment, the striker is launched on the incident bar, 

which is in direct contact with the transmission bar without any specimens in between. 

The incident pulse should have a trapezoidal shape with a clean baseline. If the striker 

and the bars are not appropriately aligned, a reflected wave would appear in the 

incident signal reading. To have both qualitative and quantitative calibrations for the 

bar alignment, the strain signal for both bars should overlap each other. The strain 

signal measured at 𝑥𝑖𝑛𝑝 and 𝑥𝑜𝑢𝑡, is called 𝜀𝑅,𝑖𝑛𝑝(𝑥𝑖𝑛𝑝, 𝑡) and 𝜀𝑅,𝑜𝑢𝑡(𝑥𝑜𝑢𝑡, 𝑡), 

respectively. At the contact location 𝑥𝑐, the input strain signal 𝜀�̂�𝑛𝑝(𝑥𝑐, 𝜔) and 

𝜀�̂�𝑢𝑡(𝑥𝑐, 𝜔) can be calculated using the following formulas: 

𝜀�̂�𝑛𝑝(𝑥𝑐, 𝜔) =  𝜀�̂�,𝑖𝑛𝑝(𝑥𝑖𝑛𝑝, 𝜔)𝑒−𝑖𝜅𝑏𝑎𝑟(𝜔)(𝑥𝑐−𝑥𝑖𝑛𝑝)  

𝜀�̂�𝑢𝑡(𝑥𝑐, 𝜔) =  𝜀�̂�,𝑜𝑢𝑡(𝑥𝑜𝑢𝑡, 𝜔)𝑒𝑖𝜅𝑏𝑎𝑟(𝜔)(𝑥𝑜𝑢𝑡−𝑥𝑐)    (23) 

𝜀�̂�𝑛𝑝(𝑥𝑐, 𝜔) and 𝜀�̂�𝑢𝑡(𝑥𝑐, 𝜔) would then be converted using an inverse Fourier 

transform to 𝜀𝑖𝑛𝑝(𝑥𝑐, 𝑡) and 𝜀𝑜𝑢𝑡(𝑥𝑐, 𝑡), respectively. Figure 107 shows the input and 

output signals for bar alignment calibration using different striker lengths. The solid 

line represents the input signal, and the pointed line the output signal. Comparing the 

output and the input signal confirms the accuracy of the 𝜅𝑏𝑎𝑟(𝜔), and the similitude 

between the signal confirms the good alignment of the bars. 
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(A) 

 

(B) 

 

(C) 
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(D) 

Figure 107. Bar alignment test results (A) 150 mm striker (B) 200 mm striker (C) 250 

mm striker (D) 300 mm striker 

6.4 Electrodynamic shaker tests  

The phononic crystals experimental study using harmonic small amplitude forces 

employs electrodynamic shakers [62,155] and piezoelectric actuators [74,156]. 

However, to study the nonlinear behavior of phononic crystals, higher amplitude 

dynamic testing conditions and the dispersion properties of the viscoelastic 

constituents should be considered. In this study, the nonlinear wave transmission 

behavior of one-dimensional viscoelastic phononic crystals was investigated. 

However, before investigating the amplitude-dependent vibration attenuation 

behavior, a reference study using an electrodynamic shaker was conducted with small 

forces and a high-frequency range. Later an impulse-dependent vibration attenuation 

of the same specimen was conducted using the SHPB apparatus. 

The specimen selected to compare the electrodynamic shaker results and the SHPB 

impact test results was a bilayered phononic crystal composed of four layers of 

aluminum 6061-T6 and three layers of silicone rubber (Elite double 32, Zhermack). 

The properties of each material are detailed in chapter 4, section 4.2.1. 
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                      (a)                                                                  (b) 

Figure 108. Specimen and detailed electrodynamic shaker setup 

The specimen was subjected to a chirp signal base excitation. The output acceleration 

signal and the input force signal were recorded. The frequency response function was 

the Fourier transform ratio of the output acceleration over the input force of the signal 

(see Figure 109(A). The base excitation force was 21 N. Similarly to section 4.3, a 

finite element simulation was conducted using Abaqus steady-state harmonic analysis 

[124] in the 1 to 16000 Hz range. The specimen was modelled asymmetrically (See 

Figure 110).  The vertical loading was applied at the central input node of the lower 

layer, as illustrated in Figure 110. The vertical acceleration response was computed at 

the upper central node of the upper layer, as also illustrated in Figure 110. The 

specimen here was composed of aluminum alloy 6061-T6 and Elite double 32; all 

material properties and finite element model details (mesh element, mesh size) are 

shown in chapter 4, section 4.3. The response of the model was computed in the 

frequency domain under harmonic vertical excitation. The numerical results are 

shown in Figure 109(B). Three low transmission zones appear in the numerical 

frequency response in Figure 109 (B). The low transmission zones are highlighted in 

yellow: (A) Experimental: 2kHz, 3 kHz, 10 kHz, and 14 kHz, and (B) Numerical: 

2kHz, 3 kHz, 10 kHz, and 14 kHz. The experimental low-frequency zones in Figure 

109(A) are in good agreement with the finite element equivalent. 
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(A) 

 

(B) 

Figure 109. Frequency response function. (A) Experimental FRF (B) Numerical FRF 
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Figure 110. MM axisymmetric specimen FE model 

6.5 Impact Excitation Analysis and Results 

Recent studies by Feng and Liu [81,82] proposed the SHPB apparatus as a mean to 

study wave propagation in phononic crystals. The SHPB was preferred for its high 

strain rate tests [153]. Feng and Liu used a steel SHPB setup to test steel/epoxy 

phononic crystals (𝐸𝑒𝑝𝑜𝑥𝑦 ≈ 4𝐺𝑃𝑎 ≪ 𝐸𝑠𝑡𝑒𝑒𝑙 ≈ 210 𝐺𝑃𝑎). The difference between 

the two materials’ moduli of elasticity produced an impedance mismatch in the 

mechanical conductivity between the two mediums. The viscoelastic properties of the 

constituents of the phononic crystals therefore require proper attention to correctly 

determine their propagation properties. Some researchers have  attempted to use 

hollow bars [157,158] or polymeric bars [159,160] to override this problem. 

Nevertheless, the modified SHPB bar system should still provide high impact energy 

that ensures a good signal-to-noise ratio, which is not the case if the input bar 

significantly dissipates the incident wave. Additionally, the length of the striker does 

affect the spectrum of the incident wave, where a long striker causes amplitude-drops 

in the incident wave at some frequencies [150,161]. This study adapted the SHPB 

apparatus for viscoelastic phononic crystal analysis with proposed solutions to the 

above-mentioned limitation. 
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6.5.1 Hybrid SHPB Configuration 

In the typical SHPB, a striker is launched at a certain speed and hits the input bar 

producing a stress wave. The wave passes through the input bar, the specimen, and 

the output bar. A metallic SHPB setup would ensure a high signal-to-noise ratio of the 

incident wave. However, the transmitted wave would be very weak due to the 

viscoelastic damping of the phononic crystal constituents. The transmitted wave 

would have a low signal-to-noise ratio. If a modified SHPB is adopted namely a 

polymeric SHPB, the transmitted wave would have a high signal-to-noise ratio. 

However, a high impulse could deform the polymeric input bar. Such an impulse in 

the elastic domain of the bar would also be attenuated by passing through the 

viscoelastic material of the input bar [147,162]. Thus, the requirement for a fitting 

SHPB setup is a configuration which both allows the transmission of a large input 

force and the recording of weak transmitted wave. For this purpose, a hybrid SHPB 

was developed, where the input bar was made of aluminum and the output bar of 

nylon. The equipment used for this setup is detailed in section 6.2.2. The details about 

the hybrid bar system are listed in Table 20. 

Table 20. Hybrid SHPB bar system 

Components Material type Length, 𝑚 Diameter, 

𝑚𝑚 

Longitudinal 

wave speed, 

𝑚/𝑠 

Mass 

density, 𝑘𝑔/

𝑚3 

Distance 

between the 

specimen/bar 

interface and the 

strain gauge, 𝑚 

Striker Aluminum 

alloy 6061-

T6 

0.05, 0.15, 0.25, 

0.3 

45 5070 2700 - 

Input bar Aluminum 

alloy 6061-

T6 

3 45 5070 2700 1.5 

Output bar Nylon PA-66 3 50 1700 1140 0.3 
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The apparatus aluminum and nylon bars are calibrated as shown in section 6.3.2.2 and 

the phase velocity 𝑐𝑏𝑎𝑟(𝜔) = 𝜔 𝜅𝑏𝑎𝑟
𝑅 (𝜔)⁄  and the attenuation coefficient 𝜅𝑏𝑎𝑟

𝐼 (𝜔) for 

both bars are shown in Figure 106. 

To study the wave attenuation behavior of phononic crystals, the incident signal 

should be high to excite the amplitude-dependent behavior of the specimen and its 

impulse sharp in time domain. The nearer the input signal is to the Dirac delta 

function, the better. In SHPB, a sharp impulse can be obtained using a short striker, 

but due to the low inertia of short strikers, a high launching speed is required. The 

launching speed is limited by the specifications of the launching system. Conversely, 

a long striker can generate high impulses due to its inertia. However, the input wave 

suffers amplitude drops [150–152]. An amplitude drop means that the incident wave 

lacks some frequencies in its range. When an amplitude drop occurs, the transmission 

coefficient of the specimen is compromised. 

To study this effect, additional single bar tests were conducted with different lengths 

of strikers (50, 150, 250 mm). The input bar signal was recorded and using the Fast 

Fourier transform (FFT) of the incident signal, the input strain is plotted in Figure 111. 

Amplitude drops can be noted in Figure 111 which occur at different frequencies 

according to the striker length. By analyzing the results plotted in Figure 111, the 

frequency ranges valid for each striker can be determined. The frequency ranges up 

to 8 kHz, 14 kHz and 20 kHz are the validity ranges of the 250, 150, 50 mm strikers, 

respectively. 
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Figure 111. Input strain signal at different striker lengths 

The hybrid SHPB tests were conducted on the phononic crystal specimen composed 

of four layers of aluminum 6061-T6 and three layers of silicone rubber (Elite double 

32, Zhermack) (Figure 112). Three different striker conditions were operated: (A-1) 

50 mm striker (A-2) 150 mm striker (A-3) 250 mm striker (See Figure 113). The input 

force spectrum 𝐹(𝜔) and the output acceleration spectrum 𝐴(𝜔) are a function of the 

FFT of the incident and the transmitted strain signals.  

𝐹(𝜔) =
𝑠𝑎𝑙𝜌𝑎𝑙𝜔

2

𝜅𝑎𝑙(𝜔)2
𝜀�̂�𝑛𝑐(𝜔)𝑒𝑖𝜅𝑎𝑙(𝜔)Δ𝑎𝑙  

𝐴(𝜔) =
−𝑖𝜔2

𝜅𝑛𝑦(𝜔)
𝜀�̂�𝑟𝑎(𝜔)𝑒𝑖𝜅𝑛𝑦(𝜔)Δ𝑛𝑦      (24) 

Where 𝜀�̂�𝑛𝑐(𝜔) and 𝜀�̂�𝑟𝑎(𝜔) are the FFT of the incident and transmitted signals; 𝜌 is 

the density and 𝑠 is the cross-section area; a𝑙 is for aluminum alloy 6061-T6 and 𝑛𝑦 

is for Nylon-66.  Delta (Δ) is the distance between the strain gauge location and the 

specimen bar interface. The wave transmission coefficient 𝐶𝑡(𝜔) is then calculated: 

𝐶𝑡(𝜔) =
‖𝐴𝑜𝑢𝑡(𝜔)‖

‖𝐹𝑖𝑛(𝜔)‖
,        (25) 

where ‖ ‖ is the Euclidean norm. 

The wave transmission coefficient for the experimental SHPB is plotted in Figure 
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113A. Note that the highlighted areas in yellow indicate the low transmission zones. 

The solid line represents the transmission coefficient and the dotted part the distorted 

experimental transmission coefficient due to the amplitude drop discussed above. The 

impulse applied to the specimen can be calculated by reconstructing the time history 

of the incident wave then dividing it by the loading duration. The time signal is the 

inverse of the FFT of 𝐹(𝜔). The 50, 150, 250 mm strikers' impulses are then 5.6, 13.2, 

18.6 N.s respectively. By examining the solid line in Figure 113(A-1), three low 

transmission zones appear around 1.5, 3, and 7.5 kHz. These low transmission zones 

are close to the one found for the electrodynamic shaker test in section 6.4. However, 

the 14 kHz low-frequency zone cannot be identified in Figure 113(A-1), due to the 

low signal-to-noise ratio in this frequency range. As the impulse gets higher in Figure 

113(A-2) and Figure 113(A-3), a new low transmission zone appears around 5.5 𝑘𝐻𝑧 

and becomes more pronounced at higher impulses. The latter low transmission zone 

was not observed from the electrodynamic shaker test in section 6.4. 

 

Figure 112. Hybrid SHPB 

6.5.2 Time-domain FE Simulations  

An explicit Abaqus model has been simulated representing the SHPB components 

(Striker, input bar, specimen, output bar). The simulation is run in the time domain 
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using a two-dimensional axisymmetric model, see Figure 114. The axisymmetric 

element CAX8RH (a 4-node bilinear, reduced integration with hourglass control) was 

chosen with a 1.25 mm mesh for the specimen and 2.5 mm for the bars. The aluminum 

bar was modeled as an elastic material with properties listed in Table 11. The nylon 

bar was modeled as a linear viscoelastic material with scaled Prony series parameters 

from Fujikawa and Takashi Generalized Model [163]. The contact face between the 

specimen and the bars was modeled with a Coulomb friction of 1.2 for the 

aluminum/aluminum interface and 0.1 for the nylon/aluminum interface [164,165].  

The numerical transmission coefficient 𝐶𝑡(𝜔) is shown in Figure 113B. Figure 113B 

simulations correspond to Figure 113A testing conditions. The solid line represents 

the transmission coefficient and the dotted part the distorted experimental 

transmission coefficient due to the amplitude drop. In Figure 113(B-1), three low 

transmission zones can be identified around 2, 8 and 15 kHz. The low transmission 

zone around 15 kHz corresponds to the electrodynamic shaker test at 14 kHz, with the 

difference due to a low signal to noise ratio. Interestingly, the 5.5 kHz new 

transmission zone is predicted numerically in Figure 113(B-2,3) similar to the 

experiments 5.22(A-2,3). Moreover, another new transmission zone appears around 

12 𝑘𝐻𝑧 in Figure 113(B-1,2) that does not appear in experiments due to the low signal 

to noise ratio in high frequencies. 
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(A-1) 

 

(B-1) 

 

(C-1) 

 

(A-2) 
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(B-2) 

 

(C-2) 

 

(A-3) 
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(B-3) 

 

(C-3) 

Figure 113. Transmission coefficient (A) Experimental tests (A-1) 50 mm striker with 

5.6 N.s impulse; (A-2) 150 mm striker with 13.2 N.s impulse; (A-3) 250 mm striker 

with 18.6 N.s impulse; (B) FE simulation of the experimental tests ;(A-1) 50 mm striker 

with 5.5 N.s impulse; (A-2) 150 mm striker with 13.6 N.s impulse; (A-3) 250 mm 
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striker with 18.5 N.s impulse; (C) 150 mm striker FE simulation ;(A-1) 5.5 N.s impulse 

(A-2) 13.6 N.s impulse; (A-3) 18.7 N.s impulse 

 

Figure 114. Hybrid SHPB FEM mesh in Abaqus 

 

 

6.5.3 Impulse-dependent Wave Transmission behavior analysis 

 

In Figure 109 (A, B) the electrodynamic shaker simulation and its corresponding 

numerical simulation both display low transmission zones around 2 kHz, 3 kHz, 10 

kHz, and 14 kHz. The shaker tests are used as a low-amplitude reference to the SHPB 

that has higher amplitude excitations. To discern the difference between the excitation 

in these tests, the shaker test chirp signal is converted to a pulse signal. For this, the 

artificial energy-equivalent pulse needs to be determined. Cook [166] and Klauder et 

al. [167] proposed the following closed-form formula: 

𝑝𝑐(𝑡) = |√𝑖𝐵𝑐𝑇𝑐
sin (𝜋𝐵𝑐𝑡)

𝜋𝐵𝑐𝑡
𝑒𝑖2𝜋(𝑓𝑐𝑡−𝑘𝑐𝑡

2/2)|     (26) 

Where 𝑇𝑐 is the chirp signal time duration, 𝐵𝑐 is the linear frequency bandwidth, 𝑓𝑐 

the signal starting frequency, 𝑘𝑐 is the linear rate of frequency change = 𝐵𝑐/𝑇𝑐. 

The resultant energy artificial pulse 𝑝𝑐(𝑡) has a duration of 2/𝐵𝑐 and a maximum 
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amplitude of √𝐵𝑐𝑇𝑐. According to Klauder et al. [167], 𝑝𝑐(𝑡) is an exponentially 

decaying Sine function, therefore the central peak carries most of the stored energy. 

Accordingly, to convert the chirp signal to an impulse, the energy equivalent pulse 

signal is multiplied by each average of each swept frequency force to get the energy 

equivalent pulse force time signal. The latter is then integrated over the sweep time to 

get the impulse. For section 6.4 chirp signal with 21 N amplitude, the calculated 

impulse is 0.04 N. Note that the shaker test equivalent pulse is approximately 400 

times smaller than the hybrid SHPB. 

The results plotted in Figure 113 are discussed here to assess the performance of the 

proposed hybrid SHPB in studying the wave transmission behavior of phononic 

crystals. Figure 113A-1/B-1 displays the transmission coefficient obtained 

experimentally and numerically, respectively. Both plots show low transmission 

zones around 2 and 8 kHz, which are comparable to the electrodynamic shaker results. 

In Figure 113A-2,3/B-2,3 the impulse increases and two new frequency zones around 

5.5 kHz and 12 kHz appear which were not detected in the shaker test results. Note 

that in SHPB results, the reliable transmission frequencies depend on the striker length 

(Figure 111). On the other hand, the FE simulation in Figure 113B is free from the 

limitations of signal-to-noise ratio and striker launching speed. Thus, a striker length 

was selected with an acceptable frequency range of transmission coefficient validity. 

Namely, the aluminum striker of 150 mm with an amplitude drop of 14 kHz. FE 

simulation was performed for 5.5, 13.6, 18.7 N.s impulse using the 150 mm striker at 

different speeds. The striker speeds were selected to provide comparable impulses to 

those in Figure 113A and B. For instance, launching the 150 mm striker at 8 m/s 

generated a 5.5 N.s impulse, and in Figure 113A the 50 mm striker at 12.18 m/s 

generated a 5.6 N.s speed. 
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The 150 mm striker FE simulation results are plotted in Figure 113C, where the 

impulse in Figure 113(C-1,2,3) is equivalent to the impulse in Figure 113(A/B-1,2,3), 

respectively. When analyzing the transmission coefficients of Figure 113B and Figure 

113C, a good agreement is found in the locations of the low transmission zones in the 

valid frequency range. This consistency in results of the same impulse energy suggests 

that the impulse is a good parameter to monitor the wave transmission behavior of the 

considered one dimensional viscoelastic mechanical metamaterial. The new low-

frequency zones around 5.5 kHz and 12 kHz observed in Figure 113A/B appear more 

pronounced in the Figure 113C. The 12 kHz low transmission zone appears in 18.7 

N.s impulse in Figure 113(C-3), but it does not appear in the 250 mm striker with the 

same impulse due to an amplitude drop caused by the length of the striker. All the 

results from Figure 109 and Figure 113 suggest that the behavior of the viscoelastic 

phononic crystals is impulse dependent and that the hybrid SHPB is a fitting apparatus 

to investigate this impulse-dependent behavior. 

6.6 Conclusion 

Over the last years, investigation of the nonlinear wave transmission behavior of 

viscoelastic phononic crystals has been of interest due to their advantageous potential 

application in mechanical wave control. Electrodynamic shaker and piezoelectric 

actuators have been used to investigate the wave motion through these materials. 

However, the nonlinear behavior of the viscoelastic constituent of these materials has 

made it difficult for the proper identification with low amplitude tests. This study 

proposes a modified SHPB setup to investigate the impulse-dependent behavior of 

viscoelastic phononic crystals. The proposed modified SHPB setup is a hybrid SHPB 

with an aluminum input bar and a nylon output bar to bypass the conventional SHPB 

limitations such as high signal-to-noise ratios and low incident impulses. The 
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aluminum bar permits high incident impulses to reach the specimen, while the nylon 

bar allows a higher signal to noise reading. There is a good agreement between the 

low transmission zones observed in the shaker test and their counterparts in the SHPB 

tests. Nevertheless, new low transmission zones appear in the SHPB high impulse test 

that does not show in the shaker test with linear harmonic excitation. 

The corresponding FE simulations demonstrate low transmission zones at different 

launching conditions with good agreement with their experimental counterparts in 

terms of their function of impulse. The wave propagation in viscoelastic phononic 

crystals is thus impulse dependent. Moreover, results reveal that the hybrid SHPB 

setup is a fitting experimental investigation tool to investigate viscoelastic phononic 

crystals. This study therefore opens the door to more investigation of phononic 

crystals using different types of SHPB setups such as tension torsion and shear SHPB. 

It also expands the SHPB tool from the high strain material testing sphere to the 

emerging field of nonlinear wave characteristics of mechanical metamaterials.  
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CHAPTER 7: CONCLUSION 

7.1 Summary 

In this dissertation, different types of Mechanical Metamaterials were investigated 

experimentally and numerically for their vibration attenuation properties. Viscoelastic 

phononic crystals and thin plate host structures with locally resonant inserts were the 

focus of this study. For the viscoelastic phononic crystals, the analytical dispersion 

relation of an arbitrary multilayered crystal was computed using the transfer matrix 

method. Analytical results showed that the periodically arranged metals and 

viscoelastic materials permit the formation of band gaps in the low-frequency range. 

However, the analytical model did not encompass the inherent damping effect of the 

viscoelastic material on the overall vibration attenuation. On the other hand, the 

vibration attenuation of the viscoelastic phononic crystals was dependent on their unit 

cell geometry. A multiobjective genetic algorithm optimization was conducted on the 

geometric parameters for a targeted low-frequency range. The multiobjective 

optimization allowed for the consideration of the attenuation due to the MM inertia 

versus the Bragg scattering effect resulting from the periodicity of the MM. The 

fitness function of the optimization was based on an FEM. This modeled the 

viscoelastic material damping as frequency-dependent, which is key for an accurate 

representation of the response of the viscoelastic phononic crystal in the function of 

frequency. The FE results are validated by experimental testing. The optimization 

successfully generated an optimal phononic crystal with a low transmission zone in 

the targeted frequency range, which was validated numerically and experimentally. 

The main outcomes for the low amplitude viscoelastic phononic crystal study are: 

• The Analytical dispersion relation using the transfer Matrix method shows 

potential pass bands and stop bands but does not account for the inherent 
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damping effect of the constituting viscoelastic materials. 

• Pairing low modulus polymeric material with high modulus metals improves 

the performance of phononic crystals in low-frequency vibration attenuation. 

• Extensive investigation of the complex modulus of viscoelastic materials 

allows a more accurate representation of the frequency-dependent 

transmission behavior of viscoelastic phononic crystals. 

• The FEM of viscoelastic phononic crystals offered a good prediction of the 

location of the low transmission zone. 

• The optimal specimen validated numerically and experimentally shows that a 

FEM based on the loss and storage modulus on the viscoelastic material gives 

a good prediction on the frequency-dependent PC behavior. 

• The multiobjective optimization algorithm developed for the viscoelastic 

phononic crystal shows that considering a mass cost value along with the 

vibration attenuation cost value allows generation of a Pareto front of different 

optimal specimens and avoids the yielding of a massive specimen with large 

layer thicknesses which is undesirable in practice. 

The second vibration attenuation mechanism studied in this dissertation was the local 

resonance. Zigzag resonants embedded in thin aluminum plates were optimized to 

generate a low transmission zone to replace an otherwise resonant frequency range. 

Two zigzags were cut out of the host structure for minimum structural intervention 

but positioned geometrically for maximum efficiency of vibration attenuation. The 

optimization generated optimal specimens were validated numerically and 

experimentally. This optimization was reliable and could be used as a tool to tune host 

structures for their structural dynamic service needs. The main outcomes for the 

locally resonant plate study were: 
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• The Aluminum plate genetic algorithm optimization is a tool for tuning the 

band gap of plates without compromising their structural stability. 

•  The optimization of zigzag plates generated optimal specimens that have been 

validated numerically and experimentally. 

The main focus of this study was to revitalize the practical applications of viscoelastic 

MMs since it explored nonlinear experimental studies on composites. However, the 

conventional experimental methods are limited to the identification of small 

amplitude low transmission zones. Thus, this study proposed a detailed procedure to 

allow the experimental identification of amplitude-dependent waves of transmission 

of viscoelastic MMs. A modified SHPB setup is therefore proposed to adapt the 

conventional SHPB to study the impulse-dependent behavior of viscoelastic phononic 

crystals. A new hybrid SHPB apparatus is proposed with an Aluminum alloy input 

bar and a Nylon66 output bar to bypass the SHPB limitations of the low incident 

impulse of the polymeric SHPB, and the high signal-to-noise ratios in the metallic 

SHPB, respectively. Low transmission zones identified in the low amplitude shaker 

test corresponded to the hybrid SHPB zones. Nevertheless, new low transmission 

zones emerged in the high amplitude SHPB tests which did not appear in the shaker 

test. In conclusion, the viscoelastic phononic crystals vibration transmission behavior 

was amplitude-dependent, and the proposed apparatus expanded the SHPB tool from 

the high strain material testing sphere to the emerging field of nonlinear wave 

characteristics of mechanical metamaterials. The main outcomes for the high 

amplitude viscoelastic phononic crystal study were: 

• The hybrid SHPB with a metallic input bar and a polymeric output bar allows 

the adaptation of an impact-based test on viscoelastic mechanical metamaterial 

for wave propagation characterization. 
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• Viscoelastic phononic materials are impulse dependent, and new low 

transmission zones appear at a higher amplitude which is not observed using 

conventional methods. 

• The incident wave suffers amplitude drops which prevents acquisition of 

accurate results for higher frequencies. The SHPB apparatus for viscoelastic 

MMs testing should have a high launching speed and a short striker. 

• New low transmission zones appearing at a higher amplitude experimentally 

are predicted numerically with a full hybrid SHPB setup/phononic crystal 

specimen FE model. 

7.2 Future investigation and recommendations 

The outcomes of the current thesis lead the way for the following research pursuits: 

• Investigation of closed-form analytical solutions for wave propagation in 

viscoelastic phononic crystals to better predict the vibration attenuation 

behavior of nonlinear metamaterials. Moreover, incorporating an analytical 

model as a fitness function in the optimization process reduced the 

computational time and effort required to carry out the optimization with 

successful convergence. 

• Use of a full 3D model to provide information on the optimization if the 

specimen was subjected to multiple excitation forces in different directions. 

• Investigate the amplitude-dependent wave transmission behavior in 2D and 

3D viscoelastic phononic crystals. 

• Increase the reliable transmission coefficient frequencies in the SHPB by 

adapting the experimental setup of SHPB to reduce the impulse duration 

resulting in a high sharp impulse. 

• Investigation wave transmission for deformed 2D and 3D MMs. 
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APPENDIX A: DMA TESTS 

Temperature Ramp – Elite 

double 32 

       

Angula

r 

frequen

cy 

Step 

time 

Temperat

ure 

Oscillati

on strain 

Oscillati

on stress 

Tan(delt

a) 

Storage 

modulu

s 

Loss 

modulu

s 

Phase 

angle 

Oscillati

on force 

rad/s s °C % Pa 
 

Pa Pa ° N 

6.28319 8.5298

3 

-79.676 0.613556 37455 0.09493

7 

607726

0 

576957 5.423

24 

0.41200

5 

6.28319 22.234 -80.188 0.613523 53765.8 0.08774

6 

872990

0 

766011 5.014

61 

0.59142

4 

6.28319 31.53 -80.169 0.613524 60197.2 0.08608

8 

977555

0 

841560 4.920

36 

0.66217 

6.28319 40.530

3 

-79.998 0.613525 65555.9 0.08690

8 

106450

00 

925135 4.966

97 

0.72111

5 

6.28319 49.530

7 

-79.413 0.613525 70558.5 0.08786

7 

114564

00 

100663

0 

5.021

49 

0.77614

3 

6.28319 58.531 -78.762 0.613528 75533 0.08882 122630

00 

108919

0 

5.075

68 

0.83086

3 

6.28319 67.531

3 

-78.205 0.613528 80619.3 0.08962

3 

130878

00 

117297

0 

5.121

33 

0.88681

3 

6.28319 76.531

5 

-77.416 0.613529 85906.7 0.09076

7 

139447

00 

126573

0 

5.186

37 

0.94497

4 

6.28319 85.531

5 

-76.698 0.613527 91552.5 0.09195

2 

148596

00 

136637

0 

5.253

68 

1.00708 

6.28319 94.532 -75.97 0.613532 97644.2 0.09344

1 

158461

00 

148067

0 

5.338

24 

1.07409 

6.28319 103.53

2 

-75.239 0.613532 104367 0.09516

9 

169344

00 

161163

0 

5.436

41 

1.14804 

6.28319 112.53

2 

-74.611 0.61353 111912 0.09713

3 

181553

00 

176348

0 

5.547

91 

1.23104 

6.28319 121.53

2 

-73.988 0.613531 120587 0.09955

1 

195580

00 

194701

0 

5.685

12 

1.32646 

6.28319 130.53

3 

-73.45 0.613539 130759 0.10214

9 

212019

00 

216576

0 

5.832

49 

1.43835 

6.28319 139.53

3 

-72.958 0.613554 142978 0.10501 231758

00 

243369

0 

5.994

66 

1.57276 

6.28319 148.53

3 

-72.447 0.613567 157281 0.10847

2 

254844

00 

276434

0 

6.190

76 

1.73009 

6.28319 157.53

4 

-72.009 0.613603 174566 0.11210

6 

282722

00 

316949

0 

6.396

5 

1.92023 

6.28319 166.53

4 

-71.514 0.613647 195582 0.11749

8 

316542

00 

371931

0 

6.701

41 

2.1514 

6.28319 175.53

4 

-71.078 0.613698 221620 0.12356

5 

358397

00 

442853

0 

7.044

05 

2.43782 

6.28319 184.53

4 

-70.638 0.613767 253293 0.13040

4 

409221

00 

533639

0 

7.429

65 

2.78622 

6.28319 193.53

5 

-70.166 0.61386 291384 0.13842

2 

470192

00 

650846

0 

7.880

89 

3.20522 

6.28319 202.53

5 

-69.71 0.614007 336608 0.14626

3 

542443

00 

793396

0 

8.321

28 

3.70269 

6.28319 212.97

5 

-69.212 0.614277 399069 0.15482

6 

642007

00 

993997

0 

8.801

02 

4.38976 

6.28319 222.53

6 

-68.744 0.614705 463886 0.16282

9 

744839

00 

121282

00 

9.248

26 

5.10275 

6.28319 231.53

6 

-68.304 0.615081 533644 0.16994

2 

855336

00 

145357

00 

9.644

8 

5.87008 

6.28319 246.94

1 

-67.553 0.615715 678532 0.18151

5 

1.08E+

08 

196818

00 

10.28

8 

7.46386 

6.28319 256.53

7 

-67.089 0.616144 792513 0.18784

8 

1.26E+

08 

237466

00 

10.63

89 

8.71765 
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6.28319 265.53

8 

-66.642 0.616438 894240 0.19366

3 

1.42E+

08 

275814

00 

10.96

04 

9.83664 

6.28319 274.53

8 

-66.175 0.61677 990510 0.19895

6 

1.58E+

08 

313375

00 

11.25

24 

10.8956 

6.28319 287.78

8 

-65.508 0.616992 1124510 0.20401

4 

1.79E+

08 

364325

00 

11.53

09 

12.3696 

6.28319 297.53

9 

-65.052 0.616953 1199410 0.20611

7 

1.9E+0

8 

392458

00 

11.64

65 

13.1935 

6.28319 306.54 -64.601 0.617178 1268840 0.20656 2.01E+

08 

415882

00 

11.67

09 

13.9573 

6.28319 315.54 -64.145 0.617316 1334020 0.20614 2.12E+

08 

436293

00 

11.64

78 

14.6742 

6.28319 324.54 -63.701 0.617505 1382690 0.20486

4 

2.19E+

08 

449387

00 

11.57

76 

15.2095 

6.28319 333.54 -63.251 0.617453 1403110 0.20277

7 

2.23E+

08 

451603

00 

11.46

28 

15.4342 

6.28319 342.54

1 

-62.802 0.617082 1405030 0.20010

1 

2.23E+

08 

446751

00 

11.31

55 

15.4553 

6.28319 351.54

1 

-62.372 0.616698 1424800 0.19788

5 

2.27E+

08 

448489

00 

11.19

33 

15.6728 

6.28319 360.54

1 

-61.937 0.61627 1428890 0.19532

3 

2.28E+

08 

444477

00 

11.05

2 

15.7178 

6.28319 369.54

2 

-61.486 0.615844 1404740 0.19237

2 

2.24E+

08 

430898

00 

10.88

91 

15.4521 

6.28319 378.54

2 

-61.023 0.615504 1393310 0.18907

5 

2.22E+

08 

420554

00 

10.70

68 

15.3264 

6.28319 387.54

2 

-60.572 0.615349 1379090 0.18595

2 

2.2E+0

8 

409723

00 

10.53

39 

15.17 

6.28319 396.54

2 

-60.114 0.61534 1363680 0.18331

3 

2.18E+

08 

399589

00 

10.38

77 

15.0004 

6.28319 405.54

3 

-59.668 0.615355 1340530 0.18123

6 

2.14E+

08 

388489

00 

10.27

26 

14.7459 

6.28319 414.54

3 

-59.244 0.615363 1308930 0.17977

9 

2.09E+

08 

376373

00 

10.19

17 

14.3983 

6.28319 423.54

3 

-58.761 0.615373 1274530 0.17885

2 

2.04E+

08 

364643

00 

10.14

02 

14.0199 

6.28319 432.54

3 

-58.314 0.615404 1231920 0.17848

2 

1.97E+

08 

351729

00 

10.11

97 

13.5511 

6.28319 441.54

3 

-57.892 0.615449 1185330 0.17837

1 

1.9E+0

8 

338197

00 

10.11

36 

13.0386 

6.28319 450.54

3 

-57.441 0.615456 1135270 0.17836

5 

1.82E+

08 

323901

00 

10.11

32 

12.488 

6.28319 459.54

4 

-56.962 0.615486 1081710 0.17844

6 

1.73E+

08 

308740

00 

10.11

77 

11.8988 

6.28319 468.54

4 

-56.535 0.6155 1024090 0.17863

1 

1.64E+

08 

292579

00 

10.12

8 

11.265 

6.28319 477.54

4 

-56.106 0.615508 964886 0.17888

9 

1.54E+

08 

276049

00 

10.14

23 

10.6137 

6.28319 486.54

4 

-55.632 0.615494 902749 0.17927

8 

1.44E+

08 

258822

00 

10.16

39 

9.93024 

6.28319 495.54

5 

-55.166 0.615492 838723 0.17975

6 

1.34E+

08 

241088

00 

10.19

04 

9.22595 

6.28319 504.54

5 

-54.721 0.615462 776011 0.18029

2 

1.24E+

08 

223716

00 

10.22

02 

8.53612 

6.28319 513.54

5 

-54.282 0.615396 713958 0.18086

9 

1.14E+

08 

206486

00 

10.25

22 

7.85354 

6.28319 522.54

5 

-53.82 0.615345 653184 0.18155

9 

1.04E+

08 

189623

00 

10.29

04 

7.18502 

6.28319 531.54

6 

-53.414 0.615271 594689 0.18220

3 

950893

00 

173255

00 

10.32

62 

6.54158 

6.28319 540.54

6 

-52.945 0.61519 535444 0.18296

2 

856160

00 

156645

00 

10.36

83 

5.88989 

6.28319 549.54

6 

-52.501 0.615078 477733 0.18364

2 

763928

00 

140289

00 

10.40

59 

5.25506 
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6.28319 558.54

6 

-52.057 0.61497 424654 0.18426

4 

679096

00 

125133

00 

10.44

05 

4.6712 

6.28319 567.54

6 

-51.585 0.614843 372612 0.18473

3 

595944

00 

110090

00 

10.46

64 

4.09873 

6.28319 576.54

7 

-51.151 0.614715 324334 0.18478

3 

518834

00 

958715

0 

10.46

92 

3.56768 

6.28319 585.54

7 

-50.656 0.614584 280225 0.18428

6 

448409

00 

826355

0 

10.44

17 

3.08248 

6.28319 594.54

7 

-50.223 0.614458 239645 0.18296

4 

383641

00 

701926

0 

10.36

84 

2.63609 

6.28319 603.54

7 

-49.789 0.614335 202489 0.18063

9 

324357

00 

585914

0 

10.23

94 

2.22738 

6.28319 612.54

8 

-49.334 0.614204 169451 0.17698

6 

271665

00 

480810

0 

10.03

66 

1.86396 

6.28319 621.54

8 

-48.912 0.614082 140601 0.17235

6 

225634

00 

388894

0 

9.779

18 

1.54661 

6.28319 630.54

8 

-48.446 0.613967 115963 0.16625

6 

186317

00 

309764

0 

9.439

43 

1.27559 

6.28319 639.54

8 

-48.007 0.613861 95011.4 0.15951

4 

152845

00 

243809

0 

9.063

13 

1.04513 

6.28319 648.54

9 

-47.56 0.613775 78555.3 0.15160

5 

126541

00 

191842

0 

8.620

67 

0.86410

8 

6.28319 657.54

9 

-47.112 0.613703 66100.7 0.14280

6 

106626

00 

152269

0 

8.127

22 

0.72710

8 

6.28319 666.54

9 

-46.666 0.613648 56562.5 0.13335

9 

913652

0 

121844

0 

7.596

08 

0.62218

7 

6.28319 675.54

9 

-46.199 0.613611 46888 0.12322

7 

758395

0 

934551 7.025 0.51576

8 

6.28319 684.55 -45.733 0.613586 35807.9 0.11328

5 

579876

0 

656913 6.463

2 

0.39388

7 

6.28319 693.55 -45.304 0.613564 26827 0.10464

6 

434858

0 

455060 5.974

02 

0.29509

7 

6.28319 702.55 -44.851 0.613557 20621.3 0.09619

8 

334550

0 

321832 5.494

85 

0.22683

4 

6.28319 711.55 -44.405 0.613554 16611.9 0.08881

6 

269687

0 

239525 5.075

47 

0.18273

1 

6.28319 720.55 -43.945 0.61355 14101.4 0.08226

2 

229060

0 

188430 4.702

69 

0.15511

6 

6.28319 732.28

2 

-43.369 0.613548 12215.7 0.07536

9 

198536

0 

149634 4.310

18 

0.13437

2 

6.28319 741.55

1 

-42.914 0.613545 11380.7 0.07089

3 

185027

0 

131172 4.055

1 

0.12518

8 

6.28319 750.55

2 

-42.471 0.613542 10988.3 0.06740

7 

178690

0 

120449 3.856

28 

0.12087

1 

6.28319 759.55

2 

-42.026 0.613541 10821.2 0.06467

7 

176006

0 

113835 3.700

55 

0.11903

4 

6.28319 768.55

2 

-41.56 0.61354 10750.2 0.06261

7 

174873

0 

109501 3.583

03 

0.11825

2 

6.28319 777.55

3 

-41.103 0.613539 10720.4 0.06113

8 

174405

0 

106628 3.498

61 

0.11792

5 

6.28319 786.55

3 

-40.671 0.61354 10704.8 0.06016

1 

174162

0 

104777 3.442

81 

0.11775

3 

6.28319 795.55

3 

-40.182 0.61354 10697 0.05924

7 

174044

0 

103116 3.390

66 

0.11766

7 

6.28319 804.55

3 

-39.771 0.61354 10694.4 0.05863

7 

174008

0 

102033 3.355

81 

0.11763

8 

6.28319 813.55

4 

-39.321 0.613543 10693.4 0.05807

6 

173995

0 

101049 3.323

76 

0.11762

7 

6.28319 822.55

4 

-38.874 0.613542 10704.1 0.05764

6 

174175

0 

100404 3.299

19 

0.11774

5 

6.28319 831.55

4 

-38.389 0.613541 10698.3 0.05717

5 

174085

0 

99533.3 3.272

33 

0.11768

1 

6.28319 840.55

5 

-37.946 0.613538 10699.9 0.05672

2 

174117

0 

98762.4 3.246

44 

0.11769

9 
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6.28319 849.55

5 

-37.525 0.613537 10700.5 0.05632

9 

174130

0 

98085 3.223

98 

0.11770

5 

6.28319 858.55

5 

-37.091 0.613537 10709.5 0.05595

2 

174280

0 

97513 3.202

46 

0.11780

4 

6.28319 867.55

5 

-36.609 0.613536 10711.1 0.05554

1 

174312

0 

96813.8 3.178

97 

0.11782

3 

6.28319 876.55

5 

-36.144 0.613537 10714.4 0.05510

6 

174368

0 

96087.9 3.154

17 

0.11785

8 

6.28319 885.55

6 

-35.68 0.613537 10727.3 0.05471

6 

174582

0 

95523.6 3.131

85 

0.118 

6.28319 894.55

6 

-35.227 0.613536 10727.8 0.05439

7 

174594

0 

94973.5 3.113

64 

0.11800

6 

6.28319 903.55

6 

-34.817 0.613535 10733.9 0.05406

5 

174696

0 

94449.6 3.094

69 

0.11807

2 

6.28319 912.55

6 

-34.367 0.613536 10733.7 0.05371

8 

174697

0 

93844.5 3.074

88 

0.11807

1 

6.28319 921.55

7 

-33.931 0.613537 10736.2 0.05335

1 

174739

0 

93225.9 3.053

91 

0.11809

8 

6.28319 930.55

7 

-33.467 0.613535 10745.1 0.05296

9 

174889

0 

92636.1 3.032

04 

0.11819

6 

6.28319 939.55

7 

-33.013 0.613535 10752 0.05264

1 

175004

0 

92123.4 3.013

31 

0.11827

2 

6.28319 948.55

7 

-32.562 0.613532 10758.7 0.05230

1 

175117

0 

91588.2 2.993

91 

0.11834

6 

6.28319 957.55

8 

-32.116 0.613534 10764.9 0.05193 175221

0 

90992.3 2.972

7 

0.11841

4 

6.28319 966.55

8 

-31.633 0.613534 10769.8 0.05156

7 

175304

0 

90399.5 2.951

97 

0.11846

8 

6.28319 975.55

8 

-31.175 0.613536 10769.7 0.05121

6 

175305

0 

89784.2 2.931

89 

0.11846

7 

6.28319 984.55

8 

-30.739 0.613537 10773.5 0.05093

6 

175370

0 

89327.1 2.915

92 

0.11850

9 

6.28319 993.55

8 

-30.304 0.613536 10784.2 0.05057

1 

175547

0 

88775.4 2.895

02 

0.11862

6 

6.28319 1002.5

6 

-29.882 0.613535 10787 0.05029 175595

0 

88306.8 2.878

98 

0.11865

7 

6.28319 1011.5

6 

-29.401 0.613537 10797.7 0.04996

3 

175772

0 

87820.8 2.860

29 

0.11877

5 

6.28319 1020.5

6 

-28.945 0.613537 10803.3 0.04966 175865

0 

87333.8 2.842

95 

0.11883

6 

6.28319 1029.5

6 

-28.532 0.613538 10815 0.04941

7 

176058

0 

87002.6 2.829

08 

0.11896

5 

6.28319 1038.5

6 

-28.063 0.613534 10813.7 0.04910

9 

176041

0 

86452.4 2.811

49 

0.11895

1 

6.28319 1047.5

6 

-27.628 0.613534 10820.2 0.04881

9 

176149

0 

85993.7 2.794

89 

0.11902

2 

6.28319 1056.5

6 

-27.173 0.613535 10828.7 0.04860

4 

176289

0 

85682.8 2.782

59 

0.11911

6 

6.28319 1065.5

6 

-26.712 0.613537 10837.9 0.04831

1 

176441

0 

85240.3 2.765

86 

0.11921

7 

6.28319 1074.5

6 

-26.245 0.613534 10844.4 0.04804

9 

176549

0 

84830 2.750

89 

0.11928

8 

6.28319 1083.5

6 

-25.815 0.613536 10848.3 0.04775

9 

176615

0 

84349.7 2.734

31 

0.11933

2 

6.28319 1092.5

6 

-25.366 0.613536 10857.7 0.04750

4 

176769

0 

83972.9 2.719

75 

0.11943

4 

6.28319 1101.5

6 

-24.909 0.613537 10868.7 0.04724

2 

176951

0 

83594.3 2.704

73 

0.11955

6 

6.28319 1110.5

6 

-24.475 0.613538 10868.6 0.04697

1 

176951

0 

83115.5 2.689

26 

0.11955

4 

6.28319 1119.5

6 

-24.045 0.613535 10880.5 0.04670

8 

177148

0 

82742.9 2.674

25 

0.11968

5 

6.28319 1128.5

6 

-23.589 0.613534 10891.6 0.04643 177331

0 

82335.4 2.658

36 

0.11980

7 
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6.28319 1137.5

6 

-23.127 0.613536 10903.9 0.04617

2 

177534

0 

81970.1 2.643

56 

0.11994

3 

6.28319 1146.5

6 

-22.676 0.613534 10905.9 0.04597

3 

177568

0 

81633 2.632

2 

0.11996

5 

6.28319 1155.5

6 

-22.175 0.613536 10916.7 0.04567

6 

177745

0 

81186.2 2.615

2 

0.12008

4 

6.28319 1164.5

6 

-21.752 0.613534 10925.6 0.04539

1 

177894

0 

80747.9 2.598

93 

0.12018

2 

6.28319 1172.5

6 

-21.33 0.613534 10934.7 0.04516

3 

178044

0 

80410.5 2.585

9 

0.12028

2 

6.28319 1181.5

6 

-20.896 0.613533 10937.5 0.04496

8 

178091

0 

80083.4 2.574

72 

0.12031

3 

6.28319 1190.5

6 

-20.471 0.613535 10949.6 0.04477

1 

178288

0 

79821.7 2.563

48 

0.12044

5 

6.28319 1199.5

6 

-20.012 0.613532 10955.2 0.04448

8 

178383

0 

79358.6 2.547

28 

0.12050

7 

6.28319 1208.5

6 

-19.57 0.613534 10967.7 0.04427

2 

178588

0 

79064.8 2.534

95 

0.12064

5 

6.28319 1217.5

6 

-19.129 0.613536 10981.5 0.04405

7 

178813

0 

78779.6 2.522

64 

0.12079

6 

6.28319 1226.5

6 

-18.672 0.613533 10986.8 0.04384

6 

178903

0 

78442.2 2.510

6 

0.12085

5 

6.28319 1235.5

6 

-18.248 0.613535 10997.3 0.04362

9 

179074

0 

78127.3 2.498

14 

0.12097 

6.28319 1244.5

7 

-17.767 0.613535 11007.8 0.04339

5 

179247

0 

77784.4 2.484

79 

0.12108

6 

6.28319 1253.5

7 

-17.288 0.613532 11011.2 0.04314

6 

179306

0 

77363.9 2.470

57 

0.12112

4 

6.28319 1262.5

7 

-16.847 0.613534 11023.9 0.04296

9 

179513

0 

77135 2.460

43 

0.12126

3 

6.28319 1271.5

7 

-16.374 0.613531 11037.4 0.04273

3 

179735

0 

76806.1 2.446

92 

0.12141

1 

6.28319 1280.5

7 

-15.986 0.613531 11041.7 0.04249

9 

179807

0 

76416.6 2.433

56 

0.12145

9 

6.28319 1289.5

7 

-15.496 0.613532 11051.6 0.04222

9 

179970

0 

75998.9 2.418

09 

0.12156

7 

6.28319 1298.5

7 

-15.038 0.613532 11066 0.04204

9 

180206

0 

75775.4 2.407

83 

0.12172

6 

6.28319 1307.5

7 

-14.643 0.613532 11075.5 0.04187

8 

180362

0 

75531.2 2.398

01 

0.12183 

6.28319 1316.5

7 

-14.17 0.613531 11085.2 0.04168

6 

180522

0 

75252.7 2.387

05 

0.12193

7 

6.28319 1325.5

7 

-13.735 0.61353 11095.3 0.04149

2 

180688

0 

74970.7 2.375

94 

0.12204

8 

6.28319 1334.5

7 

-13.262 0.61353 11101.5 0.04122

8 

180791

0 

74536 2.360

84 

0.12211

6 

6.28319 1343.5

7 

-12.779 0.613533 11116.9 0.04096

6 

181043

0 

74166.3 2.345

87 

0.12228

6 

6.28319 1352.5

7 

-12.323 0.61353 11129.6 0.04078

9 

181251

0 

73931.4 2.335

77 

0.12242

5 

6.28319 1361.5

7 

-11.871 0.61353 11135.1 0.0406 181343

0 

73625.8 2.324

95 

0.12248

6 

6.28319 1370.5

7 

-11.453 0.61353 11144.4 0.04043 181496

0 

73378.1 2.315

19 

0.12258

8 

6.28319 1379.5

7 

-11.013 0.613529 11151.7 0.04021

6 

181617

0 

73039.6 2.302

98 

0.12266

9 

6.28319 1388.5

7 

-10.575 0.61353 11169 0.04005

3 

181899

0 

72855.4 2.293

62 

0.12285

9 

6.28319 1397.5

7 

-10.12 0.613528 11180.9 0.03980

9 

182096

0 

72489.7 2.279

66 

0.12299 

6.28319 1406.5

7 

-9.639 0.613529 11184.1 0.03960

9 

182149

0 

72147.9 2.268

26 

0.12302

5 

6.28319 1415.5

7 

-9.234 0.613526 11196.6 0.03944

8 

182354

0 

71935.3 2.259

04 

0.12316

3 
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6.28319 1424.5

7 

-8.782 0.613528 11207.6 0.03927

3 

182534

0 

71687.3 2.249

04 

0.12328

4 

6.28319 1433.5

7 

-8.314 0.613529 11220.2 0.03911

6 

182741

0 

71480 2.240

01 

0.12342

3 

6.28319 1442.5

7 

-7.838 0.613528 11231.7 0.03894

9 

182928

0 

71248.9 2.230

49 

0.12354

8 

6.28319 1451.5

7 

-7.394 0.613528 11245.8 0.03871

8 

183161

0 

70915.3 2.217

24 

0.12370

4 

6.28319 1460.5

7 

-6.966 0.613526 11250.5 0.03856 183238

0 

70656.1 2.208

21 

0.12375

6 

6.28319 1469.5

7 

-6.496 0.613531 11262 0.03838

6 

183425

0 

70409.4 2.198

27 

0.12388

2 

6.28319 1478.5

7 

-6.064 0.613528 11274.4 0.03828

2 

183629

0 

70295.9 2.192

3 

0.12401

8 

6.28319 1487.5

7 

-5.64 0.613532 11285.7 0.03809

9 

183813

0 

70030.5 2.181

84 

0.12414

3 

6.28319 1496.5

7 

-5.174 0.613528 11292.4 0.03795

4 

183925

0 

69807 2.173

57 

0.12421

7 

6.28319 1505.5

7 

-4.737 0.613529 11308.8 0.03778 184193

0 

69588.3 2.163

62 

0.12439

7 

6.28319 1514.5

7 

-4.307 0.613529 11318.7 0.03759

4 

184355

0 

69306.5 2.152

96 

0.12450

6 

6.28319 1523.5

7 

-3.782 0.61353 11331.6 0.03734

8 

184567

0 

68931.8 2.138

88 

0.12464

8 

6.28319 1532.5

7 

-3.366 0.613529 11347.8 0.03721 184831

0 

68775.7 2.130

99 

0.12482

6 

6.28319 1541.5

7 

-2.893 0.613528 11359.6 0.03698

8 

185025

0 

68437.2 2.118

29 

0.12495

5 

6.28319 1550.5

7 

-2.478 0.613529 11367.3 0.03686 185152

0 

68246.9 2.110

96 

0.12504

1 

6.28319 1559.5

7 

-2.016 0.613528 11378.1 0.03664 185330

0 

67904.5 2.098

37 

0.12515

9 

6.28319 1568.5

7 

-1.557 0.613527 11386.9 0.03645

2 

185474

0 

67608 2.087

59 

0.12525

6 

6.28319 1577.5

7 

-1.112 0.613527 11405.9 0.03625

7 

185785

0 

67360.3 2.076

47 

0.12546

5 

6.28319 1586.5

7 

-0.68 0.613527 11412.5 0.03612

9 

185893

0 

67161 2.069

13 

0.12553

7 

6.28319 1595.5

7 

-0.231 0.613529 11427.8 0.03597

3 

186143

0 

66961.4 2.060

22 

0.12570

6 

6.28319 1604.5

7 

0.397 0.613526 11438.6 0.03576

3 

186322

0 

66634.8 2.048

21 

0.12582

5 

6.28319 1613.5

7 

0.764 0.613526 11455.7 0.03556

7 

186601

0 

66368.2 2.036

98 

0.12601

3 

6.28319 1622.5

8 

1.235 0.613526 11458.3 0.03542

3 

186644

0 

66115.2 2.028

75 

0.12604

1 

6.28319 1631.5

8 

1.639 0.613525 11478.2 0.03531

1 

186969

0 

66021.2 2.022

35 

0.12626 

6.28319 1640.5

8 

2.083 0.613524 11483.9 0.03523

7 

187063

0 

65915.7 2.018

11 

0.12632

3 

6.28319 1649.5

8 

2.553 0.613526 11495.6 0.03507

3 

187254

0 

65676.2 2.008

73 

0.12645

2 

6.28319 1658.5

8 

2.992 0.613531 11530.1 0.03497

9 

187815

0 

65696.1 2.003

34 

0.12683

1 

6.28319 1667.5

8 

3.336 0.613532 11535.5 0.03482

2 

187904

0 

65431.2 1.994

33 

0.12689 

6.28319 1683.8

3 

4.136 0.613525 11544.3 0.03457

2 

188052

0 

65013.5 1.980

05 

0.12698

8 

6.28319 1693.5

8 

4.568 0.613526 11554.7 0.03447

2 

188221

0 

64882.8 1.974

29 

0.12710

2 

6.28319 1702.5

8 

4.977 0.613527 11567.9 0.03432

4 

188436

0 

64679.5 1.965

86 

0.12724

7 

6.28319 1711.5

8 

5.365 0.613527 11579.4 0.03421

5 

188625

0 

64538.8 1.959

63 

0.12737

4 
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6.28319 1720.5

8 

5.75 0.613525 11588.6 0.03417

8 

188776

0 

64520 1.957

5 

0.12747

5 

6.28319 1729.5

8 

6.241 0.613528 11608.1 0.03404

2 

189093

0 

64370.1 1.949

68 

0.12768

9 

6.28319 1738.5

8 

6.664 0.613528 11611.5 0.03390

1 

189150

0 

64122.7 1.941

61 

0.12772

7 

6.28319 1747.5

8 

7.155 0.613524 11624.9 0.03370

4 

189371

0 

63826.2 1.930

39 

0.12787

4 

6.28319 1756.5

8 

7.736 0.613526 11646.3 0.03356

1 

189718

0 

63671.4 1.922

18 

0.12810

9 

6.28319 1765.5

8 

8.373 0.613526 11663.3 0.03336

1 

189997

0 

63384.1 1.910

71 

0.12829

6 

6.28319 1774.5

8 

8.976 0.613525 11674.8 0.03324

2 

190185

0 

63221.7 1.903

93 

0.12842

3 

6.28319 1783.5

8 

9.577 0.613527 11695.7 0.03303

9 

190527

0 

62947.9 1.892

3 

0.12865

3 

6.28319 1792.5

8 

10.162 0.613526 11708.9 0.03282

5 

190742

0 

62611.4 1.880

06 

0.12879

7 

6.28319 1801.5

8 

10.716 0.613525 11725.2 0.03266

4 

191011

0 

62391.5 1.870

84 

0.12897

8 

6.28319 1810.5

8 

11.246 0.613524 11739.9 0.03249

4 

191251

0 

62145.8 1.861

13 

0.12913

9 

6.28319 1819.5

8 

12.009 0.613525 11759.5 0.03224

2 

191571

0 

61765.5 1.846

67 

0.12935

4 

6.28319 1828.5

8 

12.781 0.613526 11783 0.03202

5 

191955

0 

61474.4 1.834

29 

0.12961

3 

6.28319 1837.5

8 

13.568 0.613524 11797.9 0.03178

3 

192200

0 

61087.2 1.820

43 

0.12977

6 

6.28319 1846.5

8 

14.354 0.613527 11822.4 0.03155

5 

192600

0 

60775.3 1.807

38 

0.13004

6 

6.28319 1855.5

8 

15.126 0.613526 11841.2 0.03132

4 

192908

0 

60426.1 1.794

13 

0.13025

4 

6.28319 1864.5

8 

15.854 0.613525 11861.2 0.03111

9 

193235

0 

60132.6 1.782

4 

0.13047

3 

6.28319 1873.5

8 

16.598 0.613525 11888.5 0.03088

1 

193681

0 

59810 1.768

77 

0.13077

3 

6.28319 1882.5

8 

17.325 0.613524 11907 0.03068

5 

193985

0 

59523.2 1.757

54 

0.13097

7 

6.28319 1891.5

8 

17.821 0.613523 11927.6 0.03052

2 

194321

0 

59309.7 1.748

21 

0.13120

3 

6.28319 1900.5

8 

17.992 0.613526 11936.8 0.03044

8 

194471

0 

59213.3 1.744

03 

0.13130

5 

6.28319 1909.5

8 

17.982 0.613525 11948.1 0.03046

2 

194654

0 

59294.7 1.744

78 

0.13142

9 

6.28319 1918.5

8 

18.314 0.613524 11953 0.03036

2 

194735

0 

59124.7 1.739

06 

0.13148

3 

6.28319 1927.5

8 

18.616 0.613527 11961 0.03023

2 

194865

0 

58912.3 1.731

66 

0.13157

1 

6.28319 1936.5

8 

18.702 0.613528 11967 0.03020

5 

194963

0 

58888.2 1.730

08 

0.13163

7 

6.28319 1945.5

9 

18.965 0.613527 11976.6 0.03011

2 

195120

0 

58754.4 1.724

76 

0.13174

2 

6.28319 1954.5

9 

19.301 0.613525 11984.7 0.02999

1 

195254

0 

58557.7 1.717

81 

0.13183

2 

6.28319 1963.5

9 

19.474 0.613526 11992.8 0.02992

7 

195386

0 

58473.4 1.714

18 

0.13192

1 

6.28319 1972.5

9 

19.721 0.613523 12004.2 0.02984

2 

195572

0 

58362.9 1.709

32 

0.13204

6 

6.28319 1981.5

9 

20.068 0.613524 12013.9 0.02972

6 

195731

0 

58183.8 1.702

7 

0.13215

3 

6.28319 1990.5

9 

20.264 0.613524 12021.3 0.02966

4 

195853

0 

58098 1.699

13 

0.13223

4 

6.28319 1999.5

9 

20.568 0.613526 12030.1 0.02954

8 

195996

0 

57913 1.692

48 

0.13233

1 
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6.28319 2008.5

9 

20.519 0.613528 12038.5 0.02956

3 

196132

0 

57981.9 1.693

32 

0.13242

4 

6.28319 2017.5

9 

20.266 0.613526 12035.9 0.02966

3 

196089

0 

58166.4 1.699

08 

0.13239

4 
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APPENDIX B:  PHONONIC CRYSTALS SHAKER TESTS 

Cylindrical specimens were manufactured using cylinders of polymers: Elite Double 

32/Elite double 8/Hapflex 560 alternating in periodic arrangement with aluminum 

alloy cylinders (Table 21). Different specimens of 40 mm diameter are described in 

Table 22.  The experimental set up for the vibration test is shown in Figure 66(a). The 

specimens were placed on a circular base connected to the force transducer and were 

attached to an accelerometer at the top Figure 115.  These linear perturbation tests 

were performed by applying a chirp sine sweep signal to the specimen up from 1 Hz 

to 20 kHz.  The pseudo-transfer functions were determined from the fast Fourier 

transform (FFT) ratio of acceleration and force signal as below: 

𝐹𝑅𝐹(𝜔) =
|𝐴𝑜𝑢𝑡 (𝜔)|

|𝐹𝑖𝑛(𝜔)|
             

Where |Aout (ω)| and |Fin (ω)| represents the frequency spectrum of acceleration and 

force signals, respectively. 

Table 21. Elastic Properties of the Materials 

Properties Elite Double-32 Hapflex-560 Elite Double-8  

Elastic Modulus (MPa) 0.83 9.58 0.28 

Density (kg/m3) 1196 1060 980 

 

Table 22. Shaker test specimen’s composition 

Specimen Composition Number of Layers 

Aluminum alloy Polymer 

Elite double 32 510ED32 5 mm 10 mm 4 

1010ED32 10 mm 10 mm 3 

Elite double 8 510ED8 5 mm 10 mm 4 
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Specimen Composition Number of Layers 

Aluminum alloy Polymer 

1010ED8 10 mm 10 mm 3 

520ED8 5 mm 20 mm 3 

Hapflex 560 510H560 5 mm 10 mm 4 

1010H560 10 mm 10 mm 3 

520H560 5 mm 20 mm 3 

 

       

    (A)                         (B)                           (C)                         (D) 

       

(E)                       (F)                            (G)                           (H) 

Figure 115. Vibration shaker experiment set-up for specimens (A) 510ED32 (B) 

1010ED32 (C) 510ED8 (D) 1010ED8 (E) 520 ED8 (F) 510H560 (G) 1010H560 (H) 

520H560, respectively 

The pseudo-transfer functions for specimens 510ED32, 1010ED32, 510ED8, 

1010ED8, 520 ED8, 510H560, 1010H560, 520H560 are shown in Figure 116 to 
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Figure 123, respectively. 
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Figure 116. Frequency response function of the specimen 510ED32 

 

Figure 117. Frequency response function of the specimen 1010ED32 

 

Figure 118. Frequency response function of the specimen 510ED8 
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Figure 119. Frequency response function of the specimen 1010ED8 

 

Figure 120. Frequency response function of the specimen 520ED8 
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Figure 121. Frequency response function of the specimen 510H560 

 

Figure 122. Frequency response function of the specimen 1010H560 

 

Figure 123. Frequency response function of the specimen 520H560 
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APPENDIX C: LABVIEW G PROGRAM 

 




