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There are multiple types of interactions among neurons, each of which has a remarkable effect on
the neurons’ behavior. Due to the significance of chimeras in neural processes, in this paper, we
study the impact of different electrical, chemical, and ephaptic couplings on the emergence of chimera.
Consequently, a multi-weighted small-world network of neurons is considered. The simultaneous effects
of two and three couplings are explored on the chimera and complete synchronization. The results

represent that the synchronization is achieved in very small coupling strengths in the absence of chemical
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synapses. In contrast, without electrical synapses, the neurons only exhibit chimera behavior. In the
three-weighted network, the synchronization is enhanced for special chemical coupling strengths. The
network with directed links is also examined. The general behaviors of the directed and undirected
networks are the same; however, the directed links lead to lower synchronization error.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Synchronization is one of the essential collective behaviors in
complex dynamic networks [1]. Numerous studies have been done
on this phenomenon in coupled systems in various fields of science
and engineering, including biology [2]. These studies have shown
that the synchronized behavior of the systems depends on many
factors, including the topology of the network and the coupling
configuration [3,4]. In the nervous system, several neural processes
are accompanied by synchronous firings. Some of its valuable ap-
plications are cognitive tasks, learning, and memory [5,6]. In con-
trast, synchronization may emerge in some pathological diseases
such as Parkinson’s disease, Alzheimer’s disease, etc. [7,8]. Con-
sequently, a bunch of researches have been concentrated on the
synchronous behavior of the coupled neurons [9-13].

One of the exceptional cases of synchrony in coupled oscillators
is the simultaneous existence of synchronization and asynchroniza-
tion in the network [14]. This particular situation, termed chimera
state, has been reported in massive studies of physical, chemical,
and biological oscillators [15]. Extensive investigations of chimeras
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have been done in coupled neural models with the motivation
of the advent of chimera-like behavior in neuronal functions, in-
cluding uni-hemispheric sleep, neural bumps, etc. [16-21]. The
occurrence of chimera has been found in a variety of coupled
neuron models in complex networks [22], multilayer structures
[23], time-variant topologies [24], hierarchical and fractal connec-
tivity [25]. Simo et al. [26] reported the appearance of the chimera
state, multi-chimera, alternating chimera, and multi-cluster trav-
eling chimera in the coupled Hindmarsh-Rose neurons with con-
sidering the electric field. Rontogiannis et al. [27] investigated the
impact of the reflecting connectivity as a model of the brain hemi-
spheres’ connections on the coupled FitzHugh-Nagumo oscillators.
Ruzzene [28] studied the formation of the chimera states in a mul-
tilayer neuronal network and presented a controller by using the
pacemaker oscillator to adjust the positions of the synchronous
and asynchronous groups.

The communications among neurons occur through different
ways of information transmissions. The first type of transmission
is the chemical synapse accompanied by the release of neurotrans-
mitters from the pre-synaptic neurons [29,30]. The post-synaptic
neuron then receives the transmitter. The second type is through
the electrical synapses, in which the transmissions occur directly
via the channels (gap junctions) between neurons [31,32]. It has
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been revealed that the neurons’ communication results from both
of these transmissions rather than one of them [33-35]. Besides
the synaptic transmissions, the membrane potential of the neurons
is influenced by the ephaptic coupling [36,37]. The ephaptic cou-
pling refers to the effects of the electric fields outside the neurons’
membranes. To consider the ephaptic impact, scientists have mod-
ified the neuronal models by adding the magnetic flux with using
memristors [38-40]. The effect of ephaptic coupling on the syn-
chronization and chimera has been investigated in several studies
[41-45].

This paper aims to investigate the simultaneous effects of
different interactions on the emergence of synchronization and
chimera. In the previous studies, the chimera and synchroniza-
tion have been explored with considering hybrid electrical and
chemical connections [46,23,47-50]. In these studies, the type of
connections for the synapses is considered differently. For exam-
ple, a multilayer network has been constructed, and the chemical
and electrical synapses have been used as the interlayer and in-
tralayer links [23]. In other studies, these synapses were applied
as the different links of a modular structure [49], or a hyper net-
work [47]. Here, we assume the same structure for the synapses
(small-world), and also, the links are weighted. Furthermore, we
include the ephaptic coupling, which had not been considered with
other couplings so far. Therefore, a multi-weighted network is con-
structed with three weighted small-world structures to model the
electrical, chemical, and ephaptic couplings. The network is solved
in different cases, and the synchronization error and the strength
of incoherence are calculated numerically. It is observed that the
electrical synapses have an important role in enhancing the syn-
chronization among neurons, without which the synchrony is not
achieved and neurons develop in the chimera state. Furthermore,
in the presence of all couplings, the synchronization is enhanced in
special chemical coupling strengths. Then, the links are considered
to be directed, and investigations are repeated. The results repre-
sent that the directed links cause the lower synchronization error.
The regions of different dynamical behaviors are obtained in each
case.

2. The neuronal network with multi-weights

A complex multi-weighted network with N nodes and k
weights between the nodes can be described by,

; N N
Xi= f(Xi) + €12 al-lei]jH](Xj)+€2 > al.zjwizj )
N .
Ha(Xj) 4+ + € Y jq awhH(X)), i=1,2,--- N
where X is the d-dimensional state vector, f(X) is the evolution
function of the single node, €1, €1, ..., € are the coupling strengths
of each weighted subnetwork, and H{(X), ..., H,(X) are the inner
coupling functions. The topology of the subnetworks is defined by
the matrices Ak = [a{.‘j]NxN, with ai.‘j =1 if the ith and jth nodes
are connected, and ai.‘j =0, else. The matrices Wk = [Wifj]NxN de-
fine the weights of the links of the subnetworks.

Here, the Fitzhugh-Nagumo model with electromagnetic induc-
tion [51] (X = [u, v, ¢]) is used to describe the dynamics of each
node of the network (f(X) = f(u, v, ¢)) as,

U=u(—a)(1—u)—v+ksup(p),
v=¢e(u —dv), (2)

¢ =kiu —k2¢ + dext,

where u, v and ¢ show the membrane potential, the slow cur-
rent variable, and the magnetic flux. The parameter a plays an
important role in the fast dynamics and is usually set at a > 0
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Fig. 1. The schematic of the considered multi-weighted network with 12 nodes.
Three subnetworks are illustrated with different colors (red, green, and black) re-
lating to the couplings to represent the multiple weights better. All topologies are
considered to be small-world. (For interpretation of the colors in the figure(s), the
reader is referred to the web version of this article.)

to preserve the electrophysiological meaning [52]. Here, the pa-
rameters are kept at a = 0.5, =0.02,d =1 in which the non-
memristive model represents the resting state. p(¢) is the flux-
controlled memristor, considered as p(¢) = & 4+ 38¢2 with o = 0.1
and S = 0.02, and the parameters of the memristor are adjusted
as k3 =1,k; =0.5,ky = 0.9, ¢exr = 2.4 in which the neuron spikes
regularly [51]. The topology of all subnetworks is considered to
be small-world with probability p = 0.1, and each node is con-
nected to its four nearest neighbors, i.e., two nodes from each
side. The weights of all links are determined randomly in (0, 1].
Here, we consider three subnetworks (k = 3) regarding the inter-
actions among neurons which can be through electrical synapses
(H1), chemical synapses (Hz), and ephaptic coupling (electromag-
netic induction) (H3). Therefore, we have

- . Vs—u;
uj—uj THexp(—i(u;—05))
H1(Xj) = 0 , Ha(Xj) = 0 ,
0 0
- Z (3)
0
H3(X;) = 0
| ¢j — i |

where vy = 2,0; = —0.25, 1 = 10. The schematic of the multi-
weighted network is shown in Fig. 1.

3. Results

The multi-weighted network with N = 100 is solved numer-
ically using the 4th order Runge-Kutta algorithm for 3000 time
units with time step 0.01. All of the initial conditions are selected
randomly. The network is investigated for different values of cou-
pling strengths (€1, €2, €3). To evaluate the synchronized behavior
of the network, the synchronization error is calculated as,

E= <ﬁ ik \/(ul —upt 4+ (V1= Vj)?+ (1 — ¢j)2> (4)

t
Furthermore, the strength of incoherence [53] is used to distin-
guish the chimera pattern from the synchronous and asynchronous
states. This measure is found by transforming the u; variables
to z; = ujy1 — uj, and splitting N neurons to M = N/n groups
of n neurons. Then, the local standard deviation is calculated
as &8(m) =< \/Z’}Zn(mq)ﬂ (zi—<z>)2 >, m=1,...M where
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Fig. 2. The strength of incoherence (SI, top row) and the synchronization error (E, bottom row) of the undirected multi-weighted network considering two interactions. (a) In
the parameter plane (€1, €3), € =0. (b) In the parameter plane (€1, €2), €3 =0. (c) In the parameter plane (€3, €3), € =0. When €, =0, the synchronization occurs in weak
coupling strengths, while when €3 = 0, stronger couplings are needed for achieving synchronization. In contrast, in the case of €; = 0, the synchronization cannot occur and
the pattern is the chimera for any coupling strength values.
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Fig. 3. The evolution of the undirected network with considering two interactions, corresponding to the points specified in Fig. 2. (a) €3 =0; A: €1 =0.0015, €3 = 0.0065;
B: € =0.0009, €3 = 0.004. (b) €3 =0; C: €; = 0.0055, €3 = 0.0434; D: €; =0.017, €3 = 0.0532. (c) €; =0; E: €3 =0.078, €3 = 0.05; F: €2 = 0.01, €3 = 0.09. This figure
represents different chimera patterns observed with considering two types of couplings.
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Fig. 4. The time series of the neurons of the network in different coupling configurations: (a) €; =€, = €3 =0, (b) €2 =0, €1 =0.0015, €3 = 0.0065, (c) €3 =0, €; = 0.0055,
€2 =0.0434, (d) €1 =0, €, =0.078, €3 = 0.05, (e) the corresponding attractors. The type of synapses affects the time series and attractor of the neurons.
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Fig. 5. The strength of incoherence (SI, top row) and the synchronization error (E, bottom row) of the undirected multi-weighted network in the parameter plane (e1, €3), for
different €;. (a) €2 =0.01, (b) €2 =0.05, (c) €2 =0.1, (d) €2 = 0.2. Comparing parts a to d represents that by increasing €3, the synchronization is enhanced until €; = 0.1,
and for €; > 0.1, it is disturbed.



. Hussain, S. Jafari, M. Perc et al.

Fig. 6. The strength of incoherence of the undirected multi-weighted network ac-
cording to €1, for €3 =0.05 and €; = 0.01, 0.05, 0.1, 0.2. By increasing the chemical
coupling strength, the chimera region shrinks until €, =0.1 and then is enlarged.

<Z>= %Z?’:l zj. Thus, the strength of incoherence is obtained
with the following equations:

Sm = H(ty — 5(m)),

—1_ Znism (5)
SI=1- Lmm

where H(-) denotes the piecewise Heaviside step function and tj
is a small threshold. Consequently, SI=0,0<SI <1, and SI=1
defines the synchronous, chimera, and asynchronous states, respec-
tively.

In the first step, the network is considered to be undirected.
To realize the simultaneous effect of two types of interactions,
firstly, three cases are considered as i) €1 # 0,€; =0, €3 # 0, ii)
€1 #0,62 #0,€3 =0, and iii) €1 = 0,€; # 0,€3 # 0. For each
case, two coupling strengths are varied, and synchronization er-
ror and strength of incoherence are computed. The results are
demonstrated in Fig. 2. By considering the electrical and ephap-
tic couplings, the network is asynchronous for very small coupling
strengths, and the chimera emerges for a slight increase of both
coupling strengths. More increases in the coupling strengths result
in complete synchronization. Fig. 2a represents a wide synchro-
nization region (dark green region) in this case. However, with
increasing coupling strengths, for specific €; and €3, the synchro-
nization is disturbed, and a chimera island is observed. By ignor-
ing the ephaptic coupling and instead considering the chemical
interaction, the synchronization decreases among the systems in
the weak coupling, and the pattern is mostly the chimera state.
As can be seen in Fig. 2b, the complete synchronization appears
in stronger electrical coupling strength. Furthermore, higher €1 is
needed for complete synchrony by increasing the chemical cou-
pling strength. Finally, considering the chemical and magnetic cou-
plings does not lead to complete synchronization. Although the
level of synchrony changes by varying the chemical and ephaptic
interactions, the pattern remains chimera (Fig. 2c).

The behaviors of the network for the points specified in Fig. 2
are represented in Fig. 3. As is shown in part (a) of Fig. 3, there
is high synchrony among the neurons when €; = 0. Therefore, the
pattern is either the chimera state with a large synchronous clus-
ter (B) or the solitary state (A). When €3 =0, the pattern and the
formed clusters depend highly on the value of the electrical and
chemical coupling strengths. Part (b) represents two examples of
chimera states in this case. The neurons in the D region are more
synchronous than the C region. Finally, two spatiotemporal pat-
terns relating to €; = 0 are illustrated in part (c). It should be
noted that when €; =0, the most synchronous pattern is the soli-
tary state, and complete synchronization does not occur.

Apart from the collective behavior, the interactions also affect
the time series of the systems and their attractors. Fig. 4 depicts
the time series and the attractors of the first node of the network
relating to the points A, C, and E. The time series of the single node
without coupling is shown in Fig. 4a. It can be seen from Fig. 4b
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that when €; =0, the time series of the systems are similar to the
single system. While in the case of € =0 and €3 = 0, the time
series of coupled systems are different from the single system. The
corresponding attractors are demonstrated in Fig. 4e.

Now the multi-weighted network with three types of cou-
plings is considered. Fig. 5 shows the synchronization error and
the strength of incoherence in the parameter plane (€1, €3) for
€2 =0.01,0.05,0.1,0.2 in the same region as Fig. 2a. As illustrated
in Fig. 2a, there is a wide region of synchronization for €; = 0.
This region is changed considerably by adding the chemical con-
nections to the network even with small strength as e; = 0.01. It
can be seen from Fig. 5a that the complete synchronization can-
not be formed in this region, and the pattern of neurons is the
asynchronization or the chimera. As the chemical coupling strength
increases, the synchrony level increases, although the complete
synchronization is not achieved in this region. Fig. 5b represents
that with these parameter values and e, = 0.05, the pattern is
chimera state. When €, increases to 0.1, synchronization error de-
creases more; while for higher €, again the synchronization error
increases, and asynchronization is observed for particular param-
eter values (as shown in Fig. 5d for €; = 0.2). To find the mini-
mum electrical coupling strength for complete synchronization, the
strength of incoherence for €3 =0.05 and ¢; = 0.01,0.05,0.1,0.2
are plotted according to electrical coupling strength (Fig. 6). It
is observed that increasing the chemical coupling (e2) until 0.1
causes the chimera region to lessen and enhances synchronization.
But a further increase in €; to 0.2 disturbs the synchronization
considerably.

The exemplary spatiotemporal patterns of the three-weighted
network are illustrated in Fig. 7. The panels A-F correspond to
the points specified in Fig. 5. Panels A-D, which represent chimera
state, refer to lower chemical coupling strengths, i.e., €2 =0.01 and
€2 = 0.05. While for €; = 0.1, the coherency is increased among
neurons, and the pattern is the solitary state, as shown in panel E.
In panel F, €, raises to 0.2, and the incoherency is raised accord-
ingly. Therefore, the pattern returns to the chimera state. Similar to
the two-weighted network, varying the coupling strengths results
in the variation of the time series.

In the second step, the network is considered to be directed.
Therefore, the effects of the directed links on the chimera state
and synchronization can be obtained. Fig. 8 represents the SI and
synchrony error of the directed network with two types of cou-
plings in 2D parameter planes. It can be seen that the most re-
markable change in the regions happens when €; =0 (part a). As
mentioned previously, for €, = 0, the synchrony was increased by
strengthening €; and €3, although there was an island of chimera
region approximately in the interval €; € (0.004,0.0085) and €3 €
(0.004, 0.037) (Fig. 2a). But this region does not exist in the di-
rected network, and synchronization enhances monotonically by
increasing €; and es3.

In the absence of magnetic coupling, the dynamical regions
of the undirected and directed networks are almost the same
(Fig. 8b). Finally, the dynamical region of the network is slightly
changed by using directionally weighted links when the electri-
cal coupling is ignored (Fig. 8c). Comparison of Fig. 2c and Fig. 8c
demonstrates that the asynchronous region is enlarged a bit. Fur-
thermore, in the undirected network, the most synchrony was ob-
served around €; = 0.1, while in the directed network happens
around €3 =0.12.

Finally, Fig. 9 depicts the SI and synchrony error for the directed
network in the (€1, €3) plane, which can be compared with the
undirected network in Fig. 5. Fig. 9a shows that the asynchronous
region is a bit lessened for €, = 0.01; moreover, for €; = 0.2,
the asynchronization disappears, and the network’s behavior is
the chimera in all the parameter plane (Fig. 9d). In addition, the
value of maximum error is decreased for all €; values. Thus, it can
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Fig. 7. The evolution of the undirected network with considering three interactions, corresponding to the points specified in Fig. 5. A: €1 = 0.006, €; = 0.01, €3 = 0.008;
B: €1 =0.008, €; =0.01, €3 =0.04; C: €1 =0.001, € =0.05, €3 =0.007; D: €; = 0.005, €3 =0.05, €3 =0.02; E: €1 =0.002, € =0.1, €3 =0.01; F: ¢; =0.009, €; =0.2,
€3 = 0.03. The figure represents the chimera patterns formed by varying the strength of couplings when all types of interactions exist in the network.

be concluded that directed links can enhance synchronization. For
more illustration, 1D SI diagrams according to € are represented
in Fig. 10 for €3 =0.05 and €; =0.01,0.05,0.1,0.2. In contrast to
the undirected network, synchronization is achieved for stronger
electrical couplings by increasing the chemical coupling strength.

4. Discussion and conclusion

This paper is focused on the synchronization and chimera in
a multi-weighted network of memristive Fitzhugh-Nagumo model.
It is known that the neurons interact through three types of cou-
plings named electrical synapses, chemical synapses, and ephaptic
coupling. In the previous studies, mostly the collective behaviors
of the neurons have been investigated with either of these cou-
plings. However, a few have considered hybrid couplings of elec-
trical and chemical synapses in different frameworks. For example,
Mishra et al. [50] found the traveling chimera patterns among
neurons coupled with local gap junctions and non-local chemi-
cal synapses. Hizanidis et al. [49] represented the formation of
chimera states in the modular neuronal network with electrical
synapses within communities and the electrical synapses between
communities. Here, three types of interactions are considered with
weighted links constructed by the small-world structure. To quan-
tify the synchronization and the chimera, the synchronization error

and the strength of incoherence are computed. At first, the net-
work is considered to be undirected. When considering two types
of interactions, the most synchronization level is attained with
electrical and magnetic couplings. In contrast, the presence of the
chemical and electrical synapses leads to complete synchroniza-
tion in stronger electrical coupling. This result is consistent with
the finding of Refs. [47,48]. In [47], Makarov et al. investigated
a multi-scale network of Hindmarsh-Rose neurons. They showed
that by increasing the chemical coupling strength, the synchro-
nization is attained by a stronger electrical coupling. However, an
inverse result was obtained for strong chemical coupling by chang-
ing the connections of the subnetworks. Calim et al. [48] reported
a variety of neuronal behaviors for different chemical strengths
in weak electrical connections and enhanced synchronization in
strong electrical coupling. Moreover, here, we find that by only
considering the chemical and magnetic couplings, the synchroniza-
tion cannot be achieved, and the chimera state is just developed.
Then the three-weighted network is investigated by adding the
chemical synapses to the network with electrical and ephaptic
couplings. It is observed that the chemical coupling disturbs the
synchrony and extends the chimera region. Increasing the chemical
coupling strength to a certain value leads to improved synchrony,
but a further increase has the opposite effect and increases the
threshold of transition from chimera to synchronization. In the
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Fig. 8. The strength of incoherence (SI, top row) and the synchronization error (E, bottom row) of the directed multi-weighted network with considering two interactions.
(a) In the parameter plane (€1, €3), €2 = 0. (b) In the parameter plane (€1, €3), €3 =0. (¢) In the parameter plane (€3, €3), € = 0. Compared with the undirected network
(Fig. 2), a part of chimera region in the plane of (€1, €3) is removed and changed to synchronization. Furthermore, the asynchronization region in the plane of (€3, €3) is

extended.
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Fig. 9. The strength of incoherence (SI, top row) and the synchronization error (E, bottom row) of the directed multi-weighted network in the parameter plane (€1, €3),
for different €,. (a) €2 =0.01, (b) €, =0.05, (c) €2 =0.1, (d) €2 =0.2. Similar to the undirected network, the synchronization is enhanced around €, = 0.1. However, the

maximum synchronization error is generally lower in the directed network.

next step, the links of the network are assumed to be directed.
In the presence of two interactions, the most difference between
directed and undirected networks refers to the electrical and mag-
netic couplings, where the directional links remove a chimera re-
gion and extend the synchrony region. However, in the presence
of directed chemical and magnetic couplings, the asynchronous re-
gion is slightly enlarged. In the three-weighted network, generally,
the directed links lead to a decrease in the synchronization error.
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Fig. 10. The strength of incoherence of the directed multi-weighted network ac-
cording to €1, for €3 =0.05 and €; = 0.01,0.05, 0.1, 0.2. By setting €3 = 0.05 and
increasing the chemical coupling strength, larger electrical coupling is needed for
synchronization. This is in contrast to the undirected network (Fig. 6).
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