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Abstract
Purpose  We present an approach that combines finite element analysis and genetic algorithms to find the optimal configura-
tion of local resonators created in the host structure to suppress their vibration in a target low-frequency range. Such local 
resonators are indeed metastructures that alter the wave propagation in the host structure, thereby attenuating their vibration.
Methods  To demonstrate the approach, we cutout zigzag resonators in a thin aluminium plate that is subjected to base-
excitations. The thin plate and the zigzag cutouts are modelled using the finite element method, and the optimal location 
and optimal tip mass of the zigzag cutouts are obtained using genetic algorithms through iterative simulations. Two case 
studies are considered, and the fitness function used in the optimization problem is the plate’s root mean square of vibration 
in a specific low-frequency range. In the first case, the plate has two aligned zigzag cutouts. In this case, the objective is to 
find the optimal linear location and tip masses of the two zigzag cutouts. In the second case, the plate also has two zigzag 
cutouts, but their linear and transverse locations can vary along with the respective tip masses. The two optimal specimens 
are manufactured and tested experimentally.
Results   Numerical results were compared to experimental results which demonstrate that the proposed approach is reliable 
and can be used to tune the band gap of plates, thereby maximizing the vibration attenuation in the target frequency range.
Conclusion   Genetic algorithms can be used along with finite element analysis and zigzag cutouts to tune the band gap of 
plates subjected to base-excitations. The approach can be extended to plates/structures with other types of excitations and 
boundary conditions.

Keywords  2D metastructure · Multiobjective optimization · Genetic algorithm · Finite element simulation · Vibration 
attenuation

Introduction

The demand for thin and lightweight structural components 
is driven by customer and regulatory requirements for opti-
mal mechanical designs. However, such structural compo-
nents are usually flexible and lightly damped, requiring the 
design and implementation of vibration suppression tech-
niques to ensure adequate in-service performance. Active, 

semi-active, and passive vibration suppression techniques 
have been proposed to address this design requirement. 
Among passive vibration techniques that have been proposed 
by researchers and gained much attention recently is the use 
of metamaterials and metastructures. Inserting metamateri-
als or creating metastructures can alter wave propagation 
patterns in the host structure, thereby reducing its vibration. 
For example, the Bragg scattering effect in one-dimensional 
(1D) [1, 2], two-dimensional (2D) [3, 4], and three-dimen-
sional (3D) [5, 6] metamaterials lead to the occurrence of 
frequency band gaps in periodically changing materials 
which contribute to vibration suppression. However, the 
center of the lowest frequency gap in such applications is 
about twice the lattice constant [7]. Thus, the sample’s mate-
rial and structural configuration affect the occurrence of the 
low transmission zone. An alternative approach to passive 
vibration suppression is using local resonant substructures; 
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this approach was first proposed by Liu et al. [8]. Locally 
resonant materials or substructures may comprise a matrix 
of scatterers that resonate and interact with the host struc-
ture’s long wavelengths, thus restricting the propagation of 
the waves through the host structure. Pai [9] showed that the 
idealized models of uniform isotropic bars or tiny spring-
mass subsystems could be used only for elastic waves having 
wavelengths much longer than the unit cell’s length. Sun 
et al. [10] also showed that to absorb low-frequency waves, 
boundary conditions and resonant modes of the structure 
need to be considered at the design stage [10]. Thus, the 
local resonance’s long-wavelength, low-frequency zones 
depend on their natural frequency and substructure design. 
Different resonant materials have been proposed to achieve 
this effect.

Single degree of freedom (SDOF) oscillators have also 
been used to suppress vibration. The inclusion of vibra-
tion dissipating components in a host structure permits the 
reduction of vibration transmission within the desired fre-
quency range while ensuring the continued performance of 
the host structure’s original function. In this approach, the 
SDOF oscillator is designed so that its natural frequency 
is very close to the frequency at which the host structure’s 
vibration is to be reduced. Many researchers used SDOF 
oscillators for attenuating vibration in beams [11–15]. 
These studies have shown that SDOF oscillators contribute 
to vibration attenuation and that the low transmission zone 
depends on the resonance frequency of the inserted oscilla-
tor. However, the contribution of SDOF oscillators to sup-
pressing the vibration of the host structure is usually limited 
to a narrow frequency band around their natural frequency. 
Recently, researchers proposed using zigzag beams as local 
resonators in host structures (often beams) that can be used 
instead of more traditional SDOF oscillators. In this regard, 
Hobeck and Inman [16] demonstrated experimentally that 
a cantilevered zigzag beam with low natural frequency can 
generate a low transmission zone to reduce vibration in the 
host structure. Essink and al. [17] and Karami and Inman 
[18] proposed structures with zigzag inserts for piezoelec-
tric energy harvesting. Abdeldjaber et al. [19] proposed a 
closed-form approach to optimizing zigzag inserts for vibra-
tion attenuation. Numerical work on modeling the zigzag 
inserts assumes that the zigzag inserts are cantilevered to 
the host structure with no further interaction with the host 
structure. Chen et al. [14] used a zigzag configuration on the 
walls of a hollow square cross-section bar. They argued that 
the zigzag topology allows realizing a lower stiffness within 
a confined space. Despite the work done in this area, there is 
a lack of experimental results studying the geometric non-
linearity of zigzag metastructures [20, 21] and focusing on 
vibration attenuation with minimum intervention on the host 
structure. Furthermore, the optimization of zigzag inserts 
has not been studied in the literature.

This paper proposes using finite element analysis to 
model a structure with zigzag cutouts. The finite element 
model is coupled with a genetic algorithm (GA) to find the 
optimal location and tip mass of the zigzag cut-outs. The 
zigzags will not be inserted into the structure but will rather 
be cut out using a laser cutting machine. The objective of the 
optimization is to find the optimal location of the cut-outs 
and the optimal mass to be placed at the tip of the zigzag 
to attenuate the structure’s vibration in a specific frequency 
range and consequently transform the resonance frequency 
band around the plate’s natural frequency to a low transmis-
sion zone. Previous researchers only used local resonators 
to suppress the vibration of the host structure at a specific 
frequency; however, in this paper, the fitness function of 
the GA is the root-mean-square of the vibration of the host 
structure at a specific location and in a target frequency 
range. Thus, identifying the “best location” for placing the 
zigzag cutouts becomes less obvious, and the use of the GA 
for the optimization process becomes evident. Although the 
presented approach is demonstrated numerically and experi-
mentally on two plate structures with zigzag cutouts, the 
approach can be extended to further structures and other cut-
outs. Thus, this paper fills a gap in the literature and presents 
an approach that can be applied to minimize the vibration of 
a host structure with other cutouts.

Experimental Setup

Experiments were performed on thin aluminum plates with 
cut-out zigzags (Fig. 1), manufactured using a laser cutting 
machine, and a tip mass can be placed at the free end of 
the zigzag. The plates are clamped to a horizontal shaker 
(Fig. 2), exciting the plate at its base in the direction per-
pendicular to its plane. An APS 400 exciter is used due to 
its suitability for low-frequency investigations. The entire 
test setup is placed on a passive optical table (Model T46H-
PTP602, Thorlabs) to ensure isolation from ambient vibra-
tions. Two accelerometers were used to record the input 
and output signals, namely a miniature accelerometer (Type 
4394 piezoelectric CCLD accelerometer, Brüel & Kjær) and 
a Piezoelectric Accelerometer, TEDS (Type 8344, Brüel & 
Kjær), respectively. The input and output accelerometers 
were placed at the vertical midline of the plate, at points i 
and j, respectively (Fig. 3). A swept sine signal ranging from 
1 to 100 Hz is introduced at the base of the plate, and the 
frequency response function (FRF) is determined from the 
Fourier transform ratio of the output and the input accelera-
tion signals. A schematic of the experimental setup is shown 
in Fig. 2.

Two types of aluminum plates were considered for opti-
mization, P1 and P2. Details of plates P1 and P2 geometries 
are found in Table 1. Two control plates, R1 and R2, with 
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randomly placed zigzags and tip masses (Table 1), are tested 
along with P1 and P2 for vibration transmission. The plates 
are clamped at 40 mm, resulting in a free height of 460 mm. 
The tested specimens are shown in Fig. 4, and the zigzag 
dimensions are detailed in Table 2 and Fig. 5.

The frequency response functions (FRFs) of the speci-
mens P1, R1, P2, and R2 are plotted in Fig. 6. Figure 6A 
shows that the first two flexural modes of P1 are around 10 
and 67 Hz. Plate R1 is obtained by cutting out two zigzags 
(at random locations) in P1 and adding random tip masses 
to the free ends of the zigzags. The first two flexural modes 
of R1 are around 6.5 and 64 Hz, depicted in Fig. 6A, which 
are slightly lower than their corresponding counterparts in 
P1 due to the reduction in mass and stiffness resulting from 
cutting out material to construct the zigzags. Around 48 and 
57 Hz, two peaks emerged in R1 (Fig. 6A); these peaks cor-
respond to the two randomly located zigzag cutouts forming 
a low transmission zone around 52 Hz. In Fig. 6B, the first 

two flexural modes of P2 are around 10 and 69 Hz. Plate R2 
is obtained by cutting out two zigzags (at random locations) 
in P2 and adding tip masses to the free ends of the zigzags. 
The first flexural mode of R2 is about 6.5 Hz (Fig. 6B), as its 
corresponding counterpart in P2, due to the plate’s large size 
compared to the zigzags. Two peaks around 43 and 72 Hz 
emerged in R2 (Fig. 6B); these peaks correspond to the two 
randomly located zigzag cutouts, forming two narrow, low 
transmission zones around 43 and 72 Hz. Adding two zig-
zag cutouts with masses allows for minimum intervention 
to the host structure; however, obtaining a low transmission 
frequency zone using two zigzags requires optimizing the 
zigzags’ position and tip masses. Experimental results of the 
two random plates with zigzags show that two zigzag cutouts 
can develop low transmission zones in the low-frequency 
zone without significantly affecting the stiffness and mass 
of the plate.

Optimization Process 

In this section, we will use the experimental results presented 
in the previous section to optimize the location and the tip 
mass of the zigzag cutouts in plates P1 and P2 (Fig. 4). The 
optimization algorithm we will use is the genetic algorithm 

Fig. 1   Plate with zigzag cutouts: A plate with two zigzags and B 
close-up of the zigzag

Fig. 2   Schematic of the experi-
mental setup. The entire setup 
is placed on an optical table 
(Model T46H-PTP602, Thor-
labs) to isolate the experiment 
from ambient vibration

Fig. 3   Aluminum plates with 
zigzag cutouts, accelerometers 
are placed at the input location 
(i) and at the output location (j). 
The structure is clamped to the 
shaker at location (i) and free at 
location (j)
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(GA) which will be used in conjunction with a finite element 
model of P1 and P2. The approach is detailed below.

Optimization Parameters 

As demonstrated in Fig. 6A, B, the zigzag cutouts intro-
duce a resonance in the range (60–80 Hz). Thus, we pro-
pose to optimize the location of the zigzag cutouts and 
their respective tip masses to minimize the vibration of the 
plates P1 and P2 (Fig. 4). The optimization of P1 and P2 
will be referred to as Case 1 and Case 2, respectively. The 
optimization parameters for both cases are the locations 
and the weight of the tip masses of the zigzag cutouts. The 
location of the zigzag is determined by (x, y) where x and 

y are the coordinates of the lower-left side of the zigzag 
opening, and the origin is at the lower-left corner of the 
plate, as illustrated in Fig. 7. The optimization parameters 
are:

Table 1   Testing matrix: all 
plates have a thickness of 3 mm

Specimen name Plate size H × W x T 
(in mm)

Zigzag cutout location (mm) Tip masses (g)

Zigzag 1 (x,y) Zigzag 2 (x,y)

Plain (P1) 500 × 49 × 3 – –
Random (R1) 500 × 49 × 3 (5, 99.1) (5, 400) 4.71, 5.77
Plain (P2) 500 × 135 × 3 – –
Random (R2) 500 × 135 × 3 (91.9, 49.3) (17.3, 422.1) 14.9, 1.2

Fig. 4   Plate specimens: two 
control plates (P1 and P2) and 
two plates with zigzag cutouts 
at random locations and random 
masses at their free ends (R1 
and R2)

Table 2   Zigzag dimensions—
see Fig. 5 for the schematic of 
the zigzag

Zigzag parameters Values

�-beam length 28 mm
�-beam width 5 mm
�-beam length 6.1 mm
�-beam width 5 mm
Number of �-beams 11

Fig. 5   Description of the zigzag geometry
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•	 y1,m1, y2,m2 for Case 1
•	 x1, y1,m1, x2, y2,m2 for Case 2

Numerical Modelling

Multiple finite element (FE) models representing the differ-
ent plates in this section were developed in ANSYS® [22], as 
illustrated in Fig. 8. The FE simulations were used to obtain 
the frequency response function of the aluminum plates by 
running a modal analysis followed by a harmonic analysis 
over the 1–100 Hz frequency range. The model’s response 
was computed in the frequency domain under harmonic 
excitation, mimicking the experimental setup described 
in the previous section. A base excitation is applied at the 
bottom of the plate, and the output is calculated at output 
location (j), illustrated in Fig. 3. This simulation aims to 
develop a reliable numerical model that can be used in 
the optimization process. The model was meshed with the 
SHELL281 element. SHELL 281 element has eight nodes 

Fig. 6   Experimental frequency response function for Case1: A P1 and R1, Case 2: B P2 and R2 (defined in Table 1)

Fig. 7   Optimization parameters A Case 1 B Case 2

Fig. 8   FE model of a plate with 
zigzag cutouts with refined 
mesh at the zigzag beams
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with six degrees of freedom at each node (three translations 
and three rotations). A mesh convergence study was per-
formed, and appropriate refinements at the zigzag cutouts 
were implemented. The linear elastic material model was 
assumed for the aluminum plate with an elastic modulus of 
72 GPa, a Poisson ratio of 0.33, and a density of 2700 kg/m3.

The numerical FRFs of specimens P1, R1, P2, and R2 
are shown in Fig. 9. The experimental FRFs of P1 and R1 
are compared to their numerical counterparts in Fig. 10. 
There is good agreement between the experimental FRFs 
and the numerical FRFs. The numerical results obtained in 
this section provided confidence to proceed with optimizing 
the plate with zigzag cutouts. A MATLAB® code was then 

written to generate an FE model (in ANSYS) of the plate 
from the variable set of parameters (position of the zigzag 
and the tip mass), while other parameters are constant such 
as the geometry of the plate and the material properties. 
The optimization parameters and codes are described in the 
following subsection.

Optimization Algorithm and Fitness Function

Genetic algorithms (GAs) use functions inspired by biologi-
cal evolution and adaption. A GA uses the fitness function 
to search for the optimum solution from multiple points in 
parallel [23]. Therefore, this algorithm allows finding the 

Fig. 9   Numerical FRFs for specimens for Case1: A plain plate P1 with random plate R1, Case 2: B plain plate P2 with random plate R2

Fig. 10   Experimental vs. numerical FRFs of P1 and R1
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global optima where conventional optimization methods risk 
being stuck in local optima where multiple local optima are 
expected. Moreover, GAs overrides the continuity and exist-
ence of derivatives problems [24].

In this study, GA has been performed to minimize vibra-
tion transmission in the two cases of thin aluminum plates 
for the 60–80 Hz frequency range. The fitness value of the 
proposed optimization is the root-mean-square (RMS) in the 
(60–80 Hz) range of the FRF of the specimen. The closer 
the RMS is to zero, the better the vibration attenuation per-
formance of the specimen. A MATLAB routine was written 
to act as a fitness function of the optimization [25]. This 
routine generates a FE model of the plate with the zigzag 
cutouts in ANSYS®, conducts a modal analysis followed by 
a harmonic analysis in the range 1–100 Hz, and returns the 
FRF between the output and input acceleration within the 
desired frequency range. The fitness value is the RMS of the 
FRF in the 60–80 Hz frequency range. The population size 
selected for this optimization is 20. The optimization process 
is demonstrated in Fig. 11.

In this optimization, two linear constraints were imposed 
on the optimization routine. The first constraint ensures that 
the zigzag remains within the plate dimensions without 
being less than 2 mm away from its edges for laser cutting 
feasibility. The second constraint ensures that the two zig-
zag cutouts do not interlope with each other’s and remain 
2 mm away in both orthogonal directions. The tip masses 
have been limited to 20 g to ensure they remain on the zig-
zag’s tip. These constraints are depicted in Eqs. (1) and (2) 
for Case 2.

where W is the total width of the plate, wz is the width of the 
zigzag opening, H is the total height of the plate, hz is the 
zigzag’s opening height. These constraints ensure that the 
optimal specimen can be manufactured using the available 
methods and further demonstrate the practicality of the pro-
posed approach. Similar equations can be written for Case 
1 with x1 = x2 = 5 mm.

Optimization Algorithm and Fitness Function

Case 1

The first GA optimization was conducted for P1 to find 
the optimal locations and tip masses of the zigzag cutouts 
that minimize the plate’s vibration within the 60–80 Hz 
frequency range. The GA took 27 generations to converge 
to the optimal specimen illustrated in Fig. 12 and detailed 
in Table 3. The optimal specimen, O1, is a plate with two 

(1)

⎡⎢⎢⎢⎢⎢⎢⎣

0.002

0.002

0.002

0.002

0

0

⎤⎥⎥⎥⎥⎥⎥⎦

≤

⎡⎢⎢⎢⎢⎢⎢⎣

x1
x2
y1
y2
m1

m2

⎤⎥⎥⎥⎥⎥⎥⎦

≤

⎡⎢⎢⎢⎢⎢⎢⎣

W − wz − 0.002

W − wz − 0.002

H − hz − 0.002

H − hz − 0.002

20

20

⎤⎥⎥⎥⎥⎥⎥⎦

(2)
[ ||x1 − x2

||||y1 − y2
||
]
≤

[
wz + 0.002

hz + 0.002

]
,

Fig. 11   The layout of the optimization process
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zigzags around its middle section with 3.9 g and 13.4 g tip 
masses.

The optimal specimen O1 was manufactured and tested 
in the experimental conditions described earlier. Figure 13 
shows the numerical and experimental FRFs of the opti-
mal specimen O1 and the plain plate P1. There is a clear 
low transmission zone in the 60–80 Hz range, replacing the 
original resonance zone in the corresponding plain plate. It 
is worth mentioning that the numerical RMS values in that 
frequency range are 17, 10.8, and 0.3 mm/s2/N, for P1, R1, 
and O1, respectively. Thus, the presence of the zigzag cut-
outs has successfully suppressed the vibration of the plate 
in the target frequency range. The optimization of the FE 
model using GA yielded an optimal specimen with satisfac-
tory experimental FRF; thus, the optimization of Case 1 is 
reliable.

Case 2

The second GA optimization was conducted for P2 to find 
the optimal locations and tip masses of the zigzag cutouts 
that minimize the plate’s vibration within the 60–80 Hz fre-
quency range. The GA took 36 generations to converge to 
the optimal specimen, O2, illustrated in Fig. 14 and detailed 
in Table 4. The optimal specimen is a plate with two zigzags 
with 4 g and 7.3 g tip masses.

The optimal specimen O2 was manufactured and tested 
in the experimental conditions described earlier. Figure 15 
shows the numerical and experimental FRFs of the optimal 
specimen O2 and the plain plate P2. Observing the 60–80 Hz 
range in Fig. 15, two narrow low transmission zones appear 
around 60 and 70 Hz, replacing the high transmission zone 
in the corresponding plain plate. The resulting numerical 
RMS values are 14.8, 19.7, and 6.3 mm/s2/N, for P2, R2, and 
O2, respectively. Again, in this case, the zigzag cutouts in 
the optimal configuration minimize the vibration of the plate 
in the target frequency range. Thus, the optimization process 
of P2 resulted in an optimal specimen O2 with satisfactory 
experimental FRF.

Fig. 12   Optimal specimen O1: 
A contour plot of the FE model, 
B fabricated specimen

Table 3   First optimization 
results

Optimization 
parameters

Optimal values

y1 158.8 mm
m1 3.9 g
y2 231.9 mm
m2 13.4 g
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Conclusion

For two-dimensional mechanical metastructures, one of the 
most common vibration attenuation mechanisms is the use 
of local resonators, where the resonant components in a host 
structure interact with the long wavelength of the traveling 
wave leading to wave transmission restrictions. In this study, 

zigzag beams are cut out in an aluminum plate to generate 
targeted low transmission zones with minimum structural 
intervention. Plain plates and plates with randomly located 
zigzag cutouts were tested experimentally using a shaker, 
and vibration was measured using accelerometers. Compar-
ing the frequency response functions (FRFs) of the plates 
with randomly located zigzag cutouts with the FRFs of the 

Fig. 13   Comparison between the FRFs of the optimal specimen O1 and the corresponding plain plate P1 A experimental B numerical

Fig. 14   Optimal specimen O2: 
A contour plot of the FE model, 
B fabricated specimen
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corresponding plain plates shows that two zigzag cutouts 
can generate a low transmission zone. The plates were mod-
eled using the finite element (FE) method to optimize the 
location of the zigzag cutouts and their tip masses. The FE 
models were coupled with a genetic algorithm (GA) to find 
the optimal zigzag cutout configuration. The fitness function 
for the GA was the root-mean-square (RMS) of the plate’s 
vibration at its free end. Physical and practical constraints 
were enforced on the optimization problem to ensure that 
the obtained solution is manufacturable. Two host structures 
were considered. In the first case, a plate with two aligned 
zigzag cutouts was considered where the GA had to find the 
optimal locations of the zigzag cutouts and the optimal tip 
masses. This optimization problem has four parameters. In 
the second case, a plate with two non-aligned zigzag cutouts 
was considered where the GA had to find the optimal linear 
and transverse location of each zigzag cutout and the optimal 
tip mass for each zigzag. This optimization problem was 
more challenging and involved six parameters. The optimal 
plates were manufactured and tested experimentally. Numer-
ical and experimental results demonstrate that the zigzag 
cutouts introduced a low transmission zone in the targeted 
frequency range. The comparison between the experimental 
FRFs of the optimal specimens shows that the optimization 

has been reliable and can be used to tune the plate to match 
its structural dynamic service needs. Although the devel-
oped approach was demonstrated for the case of a plate, the 
methodology is general and can be extended to suppress the 
vibration of other host structures.
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