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Abstract: Effective gas dispersion and liquid mixing are significant parameters in the design of
an inert-particle spouted-bed reactor (IPSBR) system. Solid particles can be used to ensure good
mixing and an efficient rate of mass and heat transfer between the gas and liquid. In this study,
computational fluid dynamics (CFD) coupled with the discrete phase model (DPM) were developed
to investigate the effect of the feed gas velocity (0.5–1.5 m/s), orifice diameter (0.001–0.005 m),
gas head (0.15–0.35 m), particle diameter (0.009–0.0225 m), and mixing-particle-to-reactor-volume
fraction (2.0–10.0 vol.%) on the solid mass concentration, average solid velocity, and average solid
volume fraction in the upper, middle, and conical regions of the reactor. Statistical analysis was
performed using a second-order response surface methodology (RSM) with central composite design
(CCD) to obtain the optimal operating conditions. Selected parameters were optimized to maximize
the responses in the middle and upper regions, and minimize them in the conical region. Such
conditions produced a high interfacial area and fewer dead zones owing to good particle dispersion.
The optimal process variables were feed gas velocity of 1.5 m/s, orifice diameter of 0.001 m, gas head
of 0.2025 m, a particle diameter of 0.01 m, and a particle load of 0.02 kg. The minimum average air
velocity and maximum air volume fraction were observed under the same operating conditions. This
confirmed the novelty of the reactor, which could work at a high feed gas velocity while maintaining
a high residence time and gas volume fraction.

Keywords: CFD-DPM simulation; hydrodynamics; gas–liquid reactor; inert mixing particles;
response surface methodology; particle dispersion

1. Introduction

Spouted beds have several advantages and potential applications compared to moving
beds. They can handle granular particles with a wide size distribution range, provide an
efficient mixing between the solid and gas phases and significant rates of heat and mass
transfer [1–8]. Inert particles spouted bed reactor (IPSBR) is a spouted bed in which a gas
jet is injected at the bottom of a conical vessel containing liquid and inert particles [9].
El-Naas et al. [10,11] developed and investigated a novel IPSBR to deal with both CO2
capture and reject brine management. Their results indicated that the CO2 capture efficiency
reached up to 97.7% at a gas-to-liquid volume ratio of 123. They also concluded that the
interfacial area between the gas and liquid was enhanced using inert gas particles. This
was due to the circular motion of the particles inside the reactor, which enhanced the CO2
capture efficiency and ion removal [6]. The hydrodynamics of the same IPSBR were studied
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by Mohammad et al. [12–14]. They used computational fluid dynamics (CFD) with ANSYS
Fluent and Eulerian models to examine the influence of mixing particles on the velocity
distribution, gas spreading, and eddy viscosity stresses inside the reactor [13]. In addition,
they studied the effects of operating conditions (i.e., feed-gas velocity, orifice diameter, gas
head, mixing-particle diameter, and mixing-particle loading) on the average air velocity
and air volume fraction in three contact system sectional areas (i.e., the conical, middle, and
upper regions) [4]. The results indicated that the conical part of the reactor, along with the
mixing particles, enhanced the circulation and gas dispersion in the liquid. It also increased
the residence time and gas hold-up [13]. According to the researchers, the optimum
response were found when the gas velocity was 1.5 m/s, the orifice diameter was 0.001 m,
the gas head was 0.164 m, the mixing particle diameter was 0.0220 m, and the mixing-
particle loading was 0.02 kg [13]. The results were validated using a bench-scale IPSBR. A
good agreement was found between the experiments and the model calculations [12–14].

The optimization of various operating parameters for the reactor mentioned above is
still under investigation. It is essential for the reactor’s design, pilot plant scale-up, and
industrial operation [13]. The focus of the current work is to understand the interactions
between the most effective factors, which will result in good particle distribution through-
out the reactor. Accordingly, more responses will be introduced to the response surface
design to confirm additional precise optimum conditions to be used in real CO2 capturing
reaction using the IPSBR system.

Kim et al. [4] established a CFD model for two reactors that had a diameter of 2.2 m
and a height of 6.0 m. The CFD results for the gas holdup, interfacial area, and mass
transfer were tested by the experimental results and empirical correlations published in
the literature. However, the CFD results for CO2 capture efficiency were compared with
pilot plant data. They determined that the error for these parameters was in the range of
1–8%. Su et al. [15] investigated the hydrodynamics of a slurry bed by CFD-PBM using a
modified drag force model. The results displayed that the modified model could be used to
evaluate the flow hydrodynamics in the existence of particles. Their results demonstrated
that bubble coalescence had been enhanced; thus, large-diameter (more velocity) bubbles
were formed by increasing the particle load. This parameter should have been controlled,
as it reduced the gas holdup in the reactor. They also stated that the uniformity of the
particle flow was decreased by increasing the superficial gas velocity. A CFD simulation,
namely Fluent, was developed by Yancheshme et al. [16] to model a 2D cylindrical bubble
column with a diameter of 0.49 m, height of 3.6 m, and superficial gas velocity of 0.14 m/s
under unsteady-state conditions. The dispersed phase was the air, whereas the continuous
phase was water, which operated in the churn–turbulent flow regime. It was concluded
that the bubble size distribution at the inlet of the column did not affect the distribution
inside the column. Lakhdissi et al. [17] investigated the impact of particle diameter and
concentration on gas holdup for a slurry bubble column. The process consisted of three
phases (air, water, and glass beads). Their results indicated that the gas holdup was reduced
by increasing the particle diameter and solids concentration. In addition, a novel correction
factor was implemented to consider the additional impact of particles on bubble flow
with regard to the collision aspect. In a study conducted by Sasaki et al. [18], the effect of
several superficial gas velocities, mean particle volumetric concentrations, and initial slurry
heights on gas holdup were examined. They concluded that for 100-µm silica particles,
the gas holdup decreased as the concentration was increased up to 0.40. However, the
holdup was independent at higher concentrations. They also mentioned that, in general,
increasing the solids concentration reduces the gas holdup and therefore increases the
bubble diameter [17]. Rabha et al. [19] examined the effect of particle size (50–150 µm)
and solids concentration Cs of (0–0.20) on the hydrodynamics of a slurry bubble column
by utilizing ultrafast electron beam X-ray tomography. The experiment was conducted
at a superficial gas velocity of between 0.02 and 0.05 m/s. It was observed that when the
particle size and solids concentrations were less than 100 µm and 3%, respectively, the
average gas holdup was independent of them. However, at larger diameters and solids
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concentrations, they detected that the average gas holdup was decreased remarkably by
increasing the size and concentration of the particles. Many studies [20,21] are in agreement
with Rabha et al. [19], and it has been reported that by increasing the particle size, the
gas holdup decreased. The effect of particle size (60–150 µm) and particle volumetric
concentration (0% to 50%) on gas holdup was investigated by Ojima et al. [22]. Their
results indicated that the bubble coalescence increased by decreasing the particle size and
increasing the concentration of solids; thus, the gas holdup was decreased.

Gholamzadehdevin et al. [23] studied the hydrodynamic performance of an activated-
sludge bubble column. They combined CFD (Eulerian–Eulerian) and the design of the
experiment (full-factorial design) to obtain the influence of superficial gas velocity, tracer
injection position, and sparger type on the mixing time. Their findings indicated a strong
connection between the superficial gas velocity and the location of the tracer injection on
the mixing time. Moreover, the hydrodynamic performance was improved by a modified
star-shaped gas sparger. Central composite design was used to optimize the operating
conditions of the bubble column (piperazine–H2O–CO2) [24]. The results indicated that the
maximum value (97.7%) of CO2 capture could be achieved with a piperazine concentration
of 0.162 M, solution flow rate of 0.502 L/h, CO2 flow rate of 2.199 L/min, and stirrer
speed of 68.89 rpm. They mentioned that the p-values of the dependent parameters were
under 0.05, which reflected their significance and importance. Song et al. [25] developed a
new cryogenic process based on free-piston Stirling coolers to enhance the CO2 removal
efficiency. They used response surface methodology (RSM) to optimize the operating
conditions. They concluded that the process could capture up to 95.20% of the CO2 under
the optimal conditions of 2.16 L/min flowrate, temperature of −18 ◦C, and operation time
of 3.9 h.

In light of the literature mentioned above, much helpful information has been reported
on the impact of operating conditions on the hydrodynamics and bubble behavior of
various bubble column reactors. The literature also reveals the importance of optimizing the
operating parameters of the reactor, as they have an observable potential for enhancing the
design and overall performance of the process. However, there is still a lack of information
on optimizing the most effective hydrodynamic parameters (feed gas velocity, orifice
diameter, gas head, diameter of mixing particles and mixing particle load) of an IPSBR.
Optimization of various operating parameters for the IPSBR is still under investigation,
and it is essential for the design, pilot plant scale-up, and industrial operation of the reactor.
The current work focuses on understanding the interactions between the most effective
factors resulting in good particle distribution throughout the reactor. Accordingly, more
responses are introduced to the response surface design to ensure more accurate optimum
conditions for real CO2 capture reactions using the IPSBR system. Therefore, the main
objective of the present study is to combine the CFD model with RSM analysis to study
the impact of these variables on the mass concentration, average velocity, and average
volume fraction of mixing particles throughout the reactor. The combination of the CFD
model and RSM analysis enables the prediction of the best conditions at which the solid
particles are dispersed perfectly to obtain high gas hold-up, greater interfacial area, and
longer residence time.

2. CFD Simulation
2.1. Simulation Configuration

ANSYS Fluent 18.0 (CFD) combined with Eulerian multiphase was used to model the
axisymmetric of a 2D IPSBR, which was working in a semi-batch mode. The simulated
reactor configuration was sourced from a previous study, as shown in Figure 1 [12]. The
simulation was conducted with three phases (air, water, and solid). The solid phase
consisted of polymethyl methacrylate particles (average density of 1020 kg/m3 and average
particle size of 0.013 m). First, the simulated IPSBR reactor was filled with a specific amount
of water. An air space (gas head) was retained at the top of the reactor because the water
level would rise once the gas started to flow [12,13]. Mohammad et al. performed a
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mesh independence study [12] and concluded that a grid size of 0.0020 (cell count = 3287)
would be sufficient and could be applied in this study. An intensive mesh study was
conducted by a previous research study [12,13]. The simulation runs were all converged.
Seven meshes with mesh sizes ranging from 0.0022 to 0.0016 were tested (22,845, 28,568,
32,871, 36,112, 39,068, 41,386, and 42,372). The air velocity convergence was achieved at
a mesh size of 0.0016, which was only about 1% different from the previous mesh size.
The oscillation-shaped solution was found to be mesh-independent, with no significant
differences between the last four mesh sizes. As a result, in the 2D column runs, the grid
size of 0.0020 was used, which results in a 2.6% difference from the finest mesh.

Figure 1. (a) IPSBR system with 2D vertical cross section and simulated model with major dimensions
and gas/liquid heads, and (b) the computational grid and mesh structure for the CFD model [12,13].

2.2. CFD Model

The Eulerian multiphase model in the commercial CFD software package Fluent 18.0
was used to model and investigate the hydrodynamic flow behavior of the IPSBR system
under transient and gravitational acceleration operational conditions. All runs were carried
out under isothermal and unsteady-state behavior. In addition, gas was considered to have
constant properties, which was considered as the secondary phase and the liquid as the
main phase. The top of the reactor was open to the atmosphere. Bubbles of equal diameter
(0.001–0.005 m) were created at the bottom of the reactor through a spherical orifice with a
specific diameter. A very small step size of 0.00001 s was employed with 20 iterations for
each time step. The convergence criterion was identified to be 10−3 for the relative error
between two sequential iterations. To solve the numerical model, a finite volume method
was employed. Turbulence was simulated using the standard k-εmixture model using wall
functions (low-Re k-ε near the wall). The discrete phase model (DPM) was implemented
to consider the impact of mixing particles. CFD describes the fluid phase by solving the
Navier–Stokes equations. The particle velocities and forces are calculated in DEM by
solving Newton’s equations of motion. The time it takes to record converged results is
20 s or longer. The transient state’s time-averaged profile was previously calculated at
25 and 30 s time intervals (averaged data over 5 s of flow was chosen) [12]. In this work,
the time-averaged profile for the transient state has been selected to be over 60 to 65 s time
intervals to insure more stability of the quasi steady state condition. The standard error
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deviation was in the range of (0.00429–0.00961) [13]. The equations are listed in Table 1.
More information and details can be found in the preceding research work [12,13].

Table 1. Governing equations and correlations.

Governing equations
Continuity equation is given by [12,13]
∂
∂t (αkρk) +∇.

(
αkρk

→
v m

)
=

n
∑

q=1

.
mqk (1)

Momentum equations is given by [26]
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The stress tensor (τk,ij) is given by [27]
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Transport Equations for the Standard k-εMode [28]
Turbulence Kinetics Energy [29]
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Turbulence Energy Dissipation Rate [28]
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The eddy viscosity (µt) is obtained as
µt = ρmCµ

k2

ε
Where σk = 1.0, σε = 1.3, C1 = 1.44, C2 = 1.92, Cµ = 0.09 [27] (7)
Newtonian equation of motion (to consider the effect of mixing particles)
∂vp
∂t = fD(

→
v m −

→
v p) +

g(ρp−ρm)
ρp

+ f (8)

g = 9.81 m/s2

For the Morsi and Alexander model [29]:
fD = 3 µm CD Re

4ρpd2
p

(9)

Re =
ρmdp

∣∣∣→v p−
→
v m

∣∣∣
µ

(10)

CD = a1 +
a2
Re

+ a3
R2

e
(11)

where a1, a2, and a3 are constants that are employed for smooth spherical particles over several ranges of Reynolds number [30],
which are defined as following:

a1, a2, a3 =



0, 24, 0 0 < Re < 0.1
3.690, 22.73, 0.0903 0.1 < Re < 1
1.222, 29.1667,−3.8889 1 < Re < 10
0.6167, 46.50,−116.67 10 < Re < 100
0.3644, 98.33,−2778 100 < Re < 1000
0.357, 148.62,−47500 1000 < Re < 5000
0.46, −490.546, 578700 5000 < Re < 10, 000
0.5191, −1662.5, 5416700 Re ≥ 10, 000

a1, a2, a3 =



0, 24, 0 0 < Re < 0.1
3.690, 22.73, 0.0903 0.1 < Re < 1
1.222, 29.1667,−3.8889 1 < Re < 10
0.6167, 46.50,−116.67 10 < Re < 100
0.3644, 98.33,−2778 100 < Re < 1000
0.357, 148.62,−47500 1000 < Re < 5000
0.46, −490.546, 578700 5000 < Re < 10, 000
0.5191, −1662.5, 5416700 Re ≥ 10, 000
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3. Response Surface Methodology (RSM) Design

Central composite design (CCD) is a frequently used form of RSM that affords the
opportunity to study interactions between the independent process parameters and depen-
dent process responses [31–38]. In this study, a full-factorial CCD design was carried out
using Minitab 19.0 to investigate the influence of input parameters (i.e., feed gas flowrate,
orifice diameter, gas head, mixing particle diameter, and mixing particles load) on the
responses (i.e., mass concentration, average velocity, and average volume fraction of the
mixing particles) throughout the reactor. Table 2 listed the levels of the independent param-
eters and the consistent variation levels used to optimize the process conditions. Thirty-two
runs with five levels of each parameter were designated. The conditions of each run were
entered into the ANSYS software, and all of the data attained were analyzed using the
Minitab software (RSM).

Table 2. Levels of independent parameters of CCD runs.

Levels Feed Gas
Velocity

Orifice
Diameter Gas Head Diameter of Mixing

Particles
Total Mass of

Mixing Particles

Units m/s m m m kg

Tag V OD GH DM FM

Level −α 0.5 0.001 0.15 0.009 0.02

Level −1 0.75 0.002 0.2 0.0045 0.04

Level 0 1 0.003 0.25 0.0135 0.06

Level +1 1.25 0.004 0.3 0.018 0.08

Level +α 1.5 0.005 0.35 0.0225 0.1

4. Results and Discussion
4.1. Impact of Independent Parameters on Average Solid Velocity Distribution

(a) Effect of feed gas velocity on average solid velocity distribution

Figure 2a–c illustrates the effect of the feed gas velocity (0.5, 1, and 1.5 m/s) on the
average solid velocity distribution in the conical, upper, and middle regions versus the
dimensionless radial coordinate (R), which represents the dimensionless diameter of the
IPSBR system, where R = 0.0 and R = 1.0 are the IPSBR system walls in the 2D model. The
results were observed at a constant orifice diameter of 0.003 m, gas head of 0.25 m, mixing
particle diameter of 0.0135 m, and total mass of mixing particles of 0.06 kg. It is clear from
the figures that the effect of a feed gas velocity of 1.5 m/s had a significant effect on the
average solid velocity distribution in the middle region and reached a maximum value of
0.014 m/s. At a feed gas velocity of 1 m/s, the influence was observed more in the conical
region compared with the middle and upper regions. By contrast, at a minimum feed gas
velocity of 0.5 m/s, the solids existed in almost all of the regions of the reactor. Due to the
no-slip boundary condition, the solid velocity was almost zero at the wall for all values of
feed gas velocity. It is worth noting that the solid particle velocity was detected in the three
system zones at low gas velocity of 0.5 m/s, as shown in Figure 2a. However, when the
particle velocity was increased to 1 m/s and 1.5 m/s, most of the detected velocities were
zero; this could be explained by accelerating the solid particles in the studied surface zone
and thus the disappearance/absence of these solid particles, as shown in Figure 2b,c.
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Figure 2. Effect of feed gas velocity ((a) 0.5 m/s, (b) 1 m/s, and (c) 1.5 m/s) on the average solid
velocity at a constant orifice diameter of 0.003 m, gas head of 0.25 m, mixing particle diameter of
0.0135 m, and total mass of mixing particle of 0.06 kg in the conical, middle, and upper regions.
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(b) Effect of Orifice Diameter on Average Solid Velocity

Figure S1a,b depicts the effect of two different orifice diameters (0.003 and 0.005 m) on
the average solid velocity in the three regions. The results were extracted for a constant feed
gas velocity of 1 m/s, gas head of 0.25 m, mixing particle diameter of 0.0135 m, and mixing
particle load of 0.06 kg. It was found that increasing the orifice diameter from 0.003 to
0.005 m reduced particle velocity throughout the upper region and made it easier to detect,
as shown in Figure S1b. The mixing particles, on the other hand, were not detected when a
smaller orifice diameter was used, as shown in Figure S1a. It is clear from Figure S1b that
the particle velocity was not detected in the conical and middle regions. Whereas, in the
upper region it reached a peak value of almost 0.1 m/s. This is also connected to the gas
velocity inside the reactor, which increased inside the reactor at higher orifice diameters,
owing to the creation of larger bubble sizes. Because of that, the particles would not be
well distributed in a uniform profile throughout the reactor at higher orifice diameters [36].

(c) Effect of gas head on average solid velocity

The effect of gas head on the average solid velocity distribution was studied at a
constant feed gas velocity of 1 m/s, 0.003 m orifice diameter, mixing particle diameter of
0.0135 m, and total mass of mixing particle of 0.06 kg in all three regions. In the conical
region, it was expected to see high dispersion and turbulence of the particle distribution
because that is the injection zone for those particles. Furthermore, the cross-sectional area
of the conical region was smaller than those of the middle and upper regions. Therefore, a
clear behavior was not detected in conical region. It can be seen in Figure 3a,b that more gas
head resulted in an increase in the particle velocity in the middle and upper regions. From
the simulated data of a gas head value of 0.15 m, it was found that the mixing particles
at R = 0.2 to 0.6 had an average velocity of around of 0.04 m/s. However, in the same
section with a gas head value of 0.35 m, the average solid velocity approached a value
of around 0.06 m/s. A lower gas head meant a higher liquid level. As the liquid level
increased this exerted more pressure on the mixing particles; therefore, a lower particle
velocity was observed.

(d) Effect of mixing particle diameter on average solid velocity

The influence of the mixing particles diameter of 0.0135 and 0.0225 m at a constant
feed gas velocity of 1 m/s, 0.003 m orifice diameter, gas head of 0.25 m, total mass of
mixing particle of 0.06 kg on the average solid velocity in all three regions is illustrated
in Figure S2a,b. It was observed that at high mixing particles diameter (0.0225 m), some
of the particles settled in the conical section of the reactor and show zero velocity. It was
also found that by increasing the size of the mixing particles, their velocity decreased
remarkably in the middle and upper regions. As illustrated in Figure S2b, the maximum
particle velocity reached was approximately 0.037 m/s in the upper region, which is still a
relatively low value. Decreasing the particles diameter as shown in Figure S2a resulted in
an increase in the solids velocity as detected in the conical region.

(e) Effect of mixing particle load on the average solid velocity

Figure 4a,b illustrates the solid velocity profile obtained along the contact system
diameter for mixing particle loads of 0.02 and 0.06 kg in all three regions. The effect was
examined at a constant feed gas velocity of 1 m/s, orifice diameter of 0.003 m, gas head of
0.25 m, and mixing particle diameter of 0.0135 m. As expected, the trend of the velocity
distribution was not well detected in the conical region because the disturbance of the
mixing particles was very high. From the simulated data for the upper and middle regions
for all of the particle loads, it was observed that the liquid level and gas holdup could
be increased by increasing the particle load. On the other hand, it was also found that
increasing the particle load would increase the particle velocity, which would also increase
the collisions between particles. Figure 4b shows that the particle velocity reached its
maximum value of almost 0.058 m/s at R = 0.43 in the middle region, whereas at a particle
load of 0.02 kg (Figure 4a), the particle velocity was almost zero at the same lateral position.



Processes 2021, 9, 1921 9 of 25

The increase in particle velocity with particle load will negatively affect the gas holdup.
Therefore, the optimization of this parameter is discussed in Section 4.6, which presents
the best particle load to enhance the overall performance of the reactor.
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Figure 4. Effect of mixing particle load ((a) 0.02 kg and (b) 0.06 kg) on the average solid velocity at
a constant feed gas velocity of 1 m/s, orifice diameter of 0.003 m, gas head of 0.25 m, and mixing
particle diameter of 0.0135 m in the conical, middle, and upper regions.

4.2. Effect of Independent Parameters on the Average Solid Volume Fraction

(a) Effect of feed gas velocity on the solid volume fraction

By comparing the effect of a feed gas velocity of 1.5 m/s with the effects of velocities
of 1 and 0.5 m/s in all of the column regions under a constant orifice diameter of 0.003 m,
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gas head of 0.25 m, mixing particle diameter of 0.0135 m, and total mass of mixing particles
of 0.06 kg, it was found that the maximum solid volume fraction was 0.043 in the conical
region at a feed gas velocity of 1.0 m/s. When the feed gas velocity was reduced to
0.5 m/s, the majority of the particles congregated at the reactor’s bottom. This is evident
in Figure 5a, which shows a very low volume fraction in almost all of the regions. This is
due to the fact that all of the particles were concentrated at the bottom of the reactor and
moving very slowly.
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Figure 5. Effect of feed gas velocity ((a) 0.5 m/s and (b) 1.0 m/s) on the average solid volume fraction
at a constant orifice diameter of 0.003 m, gas head of 0.25 m, mixing particle diameter of 0.0135 m,
and total mass of mixing particle of 0.06 kg in the conical, middle, and upper regions.
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(b) Effect of orifice diameter on solid volume fraction

The effect of the orifice diameter was examined under a feed gas velocity of 1 m/s,
mixing particle diameter of 0.0135 m, and mixing particle load of 0.06 kg and gas head of
0.003. It was observed that as the orifice diameter was reduced from 0.005 m to 0.001 m,
the volume fraction of gas phase decreased in all regions and accordingly the superficial
velocity of the created bubbles inside the reactor is decreased. More circulation and eddies
were also observed because of increasing gas residence time inside the system. This
enhanced the surface contacted between the three phases along the reactor.

(c) Influence of gas head on solid volume fraction

Figure 6a,b demonstrates an overview of the change in the solid volume fraction with
respect to the gas head (0.15 and 0.35 m) at a feed gas velocity of 1 m/s, orifice diameter of
0.003 m, mixing particle diameter of 0.0135 m, and total mass of mixing particle of 0.06 kg
in all three regions. It was observed that by decreasing the gas head (more gas holdup)
from 0.35 to 0.15, the solids concentration decreased throughout the reactor. The solid
volume fraction at R = 0.55 m and a gas head of 0.15 m was around 1.2 × 10−6 in the upper
region. For a gas head of 0.35 at the same position (R = 0.55) m, the solid volume fraction
approached the value of 2.3 × 10−6 in the upper region.

(d) Effect of mixing particle diameter on solid volume fraction

The effect of particle size could not be separated from the effect of the solids con-
centration. It was concluded that deceasing the particle size from 0.0225 to 0.0135 could
increase the solid volume fraction in the conical region. Where increasing the particle size
resulted in a high precipitation of solids at the bottom of the reactor. This is illustrated in
Figure S3a,b for a particle size of 0.0135 and 0.0225 m under a constant feed gas velocity of
1 m/s, orifice diameter of 0.003 m, gas head of 0.25 m, and total mass of mixing particle
of 0.06 kg in all three regions. Selecting the proper particle diameter is very important
for ensuring a uniform distribution of particles along the reactor. This will enhance the
interfacial areas between the gas and liquid, and also improve the gas holdup and thus the
overall performance of the reactor.

(e) Effect of mixing particle load on solid volume fraction

It was noted that when the particle load increased from 0.02 kg to 0.1 kg, the solid
volume fraction increased from 3 × 10−5 to 0.045, especially in the conical region. This
enhanced the contact area between the gas and liquid in the middle and upper regions.
However, in the conical region, increasing the volume fraction enhanced the bubble coales-
cence and accordingly decreased the gas holdup owing to the small cross-sectional area
compared to the middle and upper regions, as was also observed by other reporters [39].

4.3. Influences of Factors on the Mass Concentration of Mixing Particles

Based on the RSM responses, a polynomial equation (second order) in terms of
dependent and significant independent coded variables for the three regions is given by
Equations (12)–(14), respectively.

Particle mass concentration (Con.) [kg/cm3] = −55.87 + 24.10 V + 6044 OD + 170.3 GH + 1384 DM + 254.7
FM − 11.73 V2 − 801,540 OD2 − 313.0 GH2 − 43,206 DM2 − 2099 FM2 − 931 V OD − 1.6 V GH + 95 V DM

+ 37.7 V FM + 939 OD GH − 18,689 OD DM − 8095 OD FM − 951 GH DM − 32 GH FM − 57 DM FM
(12)

Particle mass concentration (Mid) [kg/cm3] = 12.942 − 5.911 V − 2130 OD − 58.78 GH + 314.6 DM − 68.77
FM + 2.588 V2 + 280,405 OD2 + 61.40 GH2 + 755 DM2 + 17.5 FM2 − 81.1 V OD + 15.84 V*GH − 156.6 V DM +
3.85 V FM − 435 OD GH + 36,716 OD DM − 1747 OD FM − 567.6 GH DM + 396.8 GH FM − 2381 DM FM

(13)

Particle mass concentration (Upp.) [kg/cm3] = 2.29 + 3.01 V − 1210 OD − 21.06 GH + 381.3 DM − 81.5 FM
+ 0.642 V2 + 314,512 OD2 + 61.0 GH2 + 1482 DM2 + 612.2 FM2 − 1443 V OD + 21.20 V GH − 248.6 V DM −
44.62 V FM − 3613 OD GH + 73,183 OD DM + 17,861 OD FM − 1672 GH DM − 0.1 GH FM + 1074 DM FM

(14)
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Table 3 and Table S1 show the results obtained from the regression model for the solid
mass concentration in the middle and upper regions, respectively. The p-values were low
(<0.05) for most of the interactions, which is an indication of the high significance of the
model as reported by others [38–40]. Moreover, the regression model had a high value of
R2, which was 99.68% for the middle region and 98.50% for the upper region.
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Figure 6. Effect of gas head ((a) 0.15 m and (b) 0.35 m) on the average solid volume fraction at a
constant feed gas velocity of 1 m/s, orifice diameter of 0.003 m, mixing particle diameter of 0.0135 m,
and total mass of mixing particle of 0.06 kg/s in the conical, middle, and upper regions.
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Table 3. ANOVA analysis for average middle particle mass concentration.

Source DF Adj SS Adj MS F-Value p-Value Significance

Model 20 12.1582 0.60791 169.52 0.000 Significant

Linear 5 3.6904 0.73808 205.81 0.000 Significant

V 1 1.8090 1.80895 504.43 0.000 Significant

OD 1 1.4608 1.46079 407.34 0.000 Significant

GH 1 0.4042 0.40416 112.70 0.000 Significant

DM 1 0.0066 0.00663 1.85 0.201 Non-significant

FM 1 0.0098 0.00985 2.75 0.126 Non-significant

Square 5 3.3525 0.67050 186.97 0.000 Significant

V*V 1 0.7673 0.76726 213.95 0.000 Significant

OD*OD 1 2.3064 2.30639 643.14 0.000 Significant

GH*GH 1 0.6913 0.69125 192.76 0.000 Significant

DM*DM 1 0.0068 0.00685 1.91 0.194 Non-significant

FM*FM 1 0.0014 0.00144 0.40 0.539 Non-significant

2-Way Interaction 10 5.1153 0.51153 142.64 0.000 Significant

V*OD 1 0.0066 0.00658 1.83 0.203 Non-significant

V*GH 1 0.6274 0.62742 174.96 0.000 Significant

V*DM 1 0.4969 0.49689 138.56 0.000 Significant

V*FM 1 0.0059 0.00594 1.66 0.225 Non-significant

D*GH 1 0.0076 0.00758 2.11 0.174 Non-significant

OD*DM 1 0.4368 0.43677 121.79 0.000 Significant

OD*FM 1 0.0195 0.01953 5.45 0.040 Significant

GH*DM 1 0.2610 0.26100 72.78 0.000 Significant

GH*FM 1 2.5187 2.51873 702.35 0.000 Significant

DM*FM 1 0.7349 0.73488 204.92 0.000 Significant

Error 11 0.0394 0.00359

Pure Error 5 0.000000 0.000000

Total 31 12.1977

Std. Dev. 0.0598844

R-sq 0.9968

R-sq (adj)
R-sq (Pred)

0.9909
0.9133

Pareto plots for the middle, upper, and conical regions were used to detect the most
significant factors and interactions that affect the solid mass concentration. It was found
that most of the main effects and two-factor interactions are statistically significant at a
5% significance level. It is also worth mentioning that the normal plots indicate that the
residuals fall approximately in a straight line, which provides further confirmation of the
acceptability of the model.

4.4. Influences of Factors on Average Solid Volume Fraction

The ANOVA analysis for the average solid volume fraction in the middle region
is provided in Table S2. It shows that all of the linear and quadratic coefficients are
significant (p > 0.05). The exception is the two-way interactions between the orifice diameter
and mixing particle load. This is according to the p-values, which are greater than 0.05.
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Moreover, the R2 had a high value of 0.9961. The adequacy of the results for the conical,
middle, and upper regions was confirmed by residual analysis, and the transformed data
in the normal probability results were found to be very close to the normality distribution
curves. Furthermore, the residuals-versus-order fluctuations revealed that there is no
pattern, indicating independence. All of the collected data showed a good distribution of
the CFD-simulated data and predicted values, with no differences observed.

4.5. Influences of Factors on Average Mixing Particle Velocity

The second-order polynomial regression equations indicating the mixing particle ve-
locity are expressed by Equations (15)–(17) for the three regions of the system, respectively:

Conical solid velocity [m/s] = −0.12564 + 0.10226 V + 28.51 OD − 0.4387 GH + 9.788 DM + 1.1276 FM −
0.05986 V2 − 3275 OD2 + 0.7234 GH2 − 200.12 DM2 − 9.575 FM2 − 6.746 V OD + 0.1609 V GH − 0.026 V DM +
0.0059 V FM − 15.89 OD GH − 263.7 OD DM + 59.33 OD FM − 5.508 GH DM + 1.239 GH FM − 35.78 DM FM

(15)

Middle solid velocity [m/s] = 0.10768 − 0.07098 V − 8.91 OD − 0.7358 GH + 6.722 DM − 0.4310 FM + 0.01074
V2 + 631.2 OD2 + 1.1561 GH2 + 3.63 DM2 + 5.444 FM2 + 3.216 V OD + 0.3102 V GH − 1.060 V DM − 0.2796 V
FM + 17.23 OD GH − 611.9 OD DM + 73.70 OD FM − 10.323 GH DM − 0.390 GHFM − 20.53 DMFM

(16)

Upper solid velocity [m/s] = 0.08385 − 0.01650 V − 11.27 OD − 0.7723 GH + 6.179 DM − 0.1158 FM + 0.00325 V2

+ 1005 OD2 + 1.3412 GH2 + 46.69 DM2 + 1.181 FM2 − 2.333 V*OD + 0.2618 V*GH − 2.249 V*DM − 0.3501 V*FM
+ 7.71 OD*GH − 117.6 OD*DM + 134.92 OD*FM − 14.809 GH*DM + 0.026 GH*FM − 10.61 DM*FM

(17)

The Pareto analysis, which reveal the most important factors influencing the average
mixing particle velocity in all three regions, was carried out and exposed that most of the
parameters had a great impact on the responses. These results were confirmed from the
p-value, which is less than 0.05 for most of the factors, and the R2, which is very close to
1. The residual normal probability analysis for the solid velocity indicates that all of the
residuals fall around a line, with no obvious outliers or scattering.

4.6. Response Optimizer

In this study, three responses (mass concentration of mixing (R1–R3), average solid
volume fraction (R4–R6) and average mixing particle velocity (R7–R9)) are calculated. It is
desirable to find the maximum values of these three responses in the middle and upper
regions. However, in the conical region it is desirable to find their low values. In the conical
region, most of the particles will have settled and it is important to minimize the concentra-
tion of solids and turbulence in this region by setting the velocity and concentration to a
minimum (Table S3). This will reduce the coalescence between the bubbles and increase
the gas holdup in the region. In order to ensure a good distribution of particles in the
middle and upper regions, the values of solid velocity and concentration should be at their
maximum. This will increase the interfacial areas between particles, gas, and liquid. It will
also enhance the residence time of the process.

In our previous work [13], the desirable upper, middle, and conical air volume frac-
tions (R10–R12) were considered and targeted to be maximum to achieve maximum inter-
facial area concentration, whereas the desirable upper, middle, and conical air velocities
(R13–R15) were studied and targeted to be minimal to achieve maximum gas residence
time. The optimizer prediction shows that the lowest average air velocity and highest
average air volume fraction in the conical, middle, and upper regions were achieved at
feed-gas velocity of 1.5 m/s, gas head of 0.164 m, orifice diameter of 0.001 m, mixing-
particle diameter of 0.0225 m, and total mass of mixing-particle of 0.02 kg as demonstrated
in Table S4.

In this work, all preceding responses (R1–R15) were combined together and optimized
using the Minitab response optimizer conferring to the stated targets to have a wider indi-
cation for the hydrodynamic performance for the IPSBR system. The optimal parameters
were found to be a feed gas velocity of 1.5 m/s, orifice diameter of 0.001 m, gas head of
0.202 m, mixing particle diameter of 0.0107 m, and total mass of mixing particles of 0.02 kg.
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The optimization outcomes are listed in Table 4. Remarkably, for the same optimal parame-
ters, a high air volume fraction and low air velocity were attained. This result reflects the
novelty of the IPSBR, which can operate at high feed gas velocities while maintaining a
high gas residence time and high gas volume fraction. The overall desirability is assessed as
one, which specifies that the response optimization is satisfactory [41,42]. When comparing
Table S4 and Table 4, operational conditions in the same range were observed, confirming
the same physical concept of achieving high contact surface area, gas residence time, and
mixing particle distribution at the specified operational conditions range.

Table 4. Optimum conditions and simulated fitted responses with composite desirability of one.

Solution
V (m/s) OD (m) GH (m) DM (m) FM (kg)

1.5 0.001 0.202 0.0107 0.02

R1 Fit R2 Fit R3 Fit R4 Fit R5 Fit R6 Fit

4.421 3.175 0.0001 0.00005 0.0001 0.000003

R7 Fit R8 Fit R9 Fit R10 Fit R11 Fit R12 Fit

0.0225 0.0251 0.0012 0.235 0.3586 0.1285

R13 Fit R14 Fit R15 Fit

0.0806 0.0233 0.0029

4.7. Validation of the CCD Model

The optimal operational conditions of feed gas velocity 1.5 m/s, orifice diameter
0.001 m, gas head 0.202 m, mixing particle diameter 0.0107 m, and mixing particle load
of 0.02 kg were entered into the ANSYS software model to collect all predicted responses
(R1–R15). The predicted responses from the regression model were found to agree with
those obtained from the simulated data, which confirmed the model’s validity and ade-
quacy, as shown in Table 5. The predicted and simulated responses are very close and
within the 95 percent confidence interval, indicating that the model can predict the hydro-
dynamic performance of the simulated IPSBR system under various operational conditions.

Solid velocity, mass concentration, and eddies viscosities were plotted to visualize the
effect of the optimum conditions on the dispersion of the mixing particles throughout the
system region, as shown in Figure 7a at feed gas velocity of 0.5 m/s, orifice diameter of
0.003 m, gas head of 0.25 m, mixing particle diameter of 0.018 m, and total mass of mixing
particle of 0.04 kg. These results were compared at the optimum condition, Figure 7b, with
a feed gas velocity of 1.5 m/s, orifice diameter of 0.001 m, gas head of 0.202 m, mixing
particle diameter of 0.0107 m, and total mixing particle mass of 0.02 kg. It was clear
that the optimized condition exhibits uniform eddies viscosity distribution, velocity and
mass concentration among the three regions, and thus better mixing particle dispersion
is expected. In addition, the swirling motion, which is detected in Figure 7b, affects the
particle movement as it pushes particles in fluid movement direction. This may lead to
larger residence time for the fluid due to the circulation zone [43].

4.8. Contour Plots

Figure 8a–d depicts the effect of feed gas velocity and orifice diameter on the average
solid velocity and solid volume fraction in the contact system’s conical and middle regions.
The contours show that increasing the feed gas velocity (to nearly 1.5 m/s) and decreasing
the orifice diameter (to 0.001 m) are important in maximizing the solid velocity and volume
fraction in the middle region.

Figure S4a,b demonstrates that the maximum solid volume fraction in the conical and
upper region can be obtained at a gas head value of nearly 0.24 m and at a low particle
diameter value.

From Figure 9a, it is clear that the feed gas velocity and particle load had a significant
impact on the solid velocity in the middle region of the reactor. By increasing the feed gas
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velocity and decreasing the particle load can maximize the solid velocity at this region.
However, at the same parameter conditions, the solid volume fraction reached its minimum
value in the conical region as shown in Figure 9b.

As mentioned in Section 4.1 (c), the effect of particle dispersion on turbulence in the
three system zones is significant. Figure 10a–c depicts the change in turbulent kinetic
energy as a function of feed gas velocity and total mass of the mixing particles. The
turbulent kinetic energy was found to be significantly higher in the conical and upper
regions than in the middle region. Since particles are injected into the conical region and
gas bubbles are generated through an orifice, large turbulences and disturbances are likely
to occur. Similarly, high turbulences can be expected in the upper region where bubbles
exit the liquid phase and enter the gas outlet from the reactor’s top.

4.9. Validation of the CFD Model

Many studies have investigated the hydrodynamics of conical-base spouted bed
based on 2-dimentional axisymmetric geometry assumption using the CFD–DEM coupling
approach [4,44–48], and based on the conventional gas–solid or gas–liquid spouted bed
phenomena. The novelty of the current research is to investigate the performance of
inert-particle spouted bed reactor (IPSBR) system with three-phase mixture (liquid, gas,
and solid).

It is important to note that the fluid movement simulation obtained by solving the
Navier–Stokes equation is always correct for the fluid domain for the given operating
conditions. The location of the solid particles may vary based on its location in the
axisymmetric plan. Accordingly, the results obtained from the studied model are valid if
the particles are located in the radial location. However, the particles may not always be
present in the same location around the axisymmetric plan, then caution should be stressed
that the axisymmetric assumption is valid for the fluid domain and not for the particles
in the Lagrangian model [49,50]. An experimental validation for the tested model would
show us the deviation on simulated data based on the previous assumption and will be
compared with the reported data.

Table 5. Results of validation tests for CCD design and optimizer outputs.

Predicted
Responses

(CCD Model)

Simulated
Responses

(Eulerian Model)
Unit 95% Confidence Interval Standard Error

Deviation

R1 4.421 × 10−6 3.883 × 10−6 kg/cm3 3.824 × 10−6–5.29 × 10−6 0.38042

R2 3.175 × 10−6 3.017 × 10−6 kg/cm3 2.976 × 10−6–3.435 × 10−6 0.11172

R3 1.0 × 10−10 8.1 × 10−11 kg/cm3 6.0 × 10−11–1.7 × 10−9 1.3435 × 10−5

R4 5.0 × 10−5 5.8 × 10−5 - 3.1 × 10−5–7.1 × 10−5 2.8284 × 10−6

R5 1.0 × 10−4 7.3 × 10−4 - 6.0 × 10−5–1.8 × 10−4 0.00045

R6 3.0 × 10−6 4.0 × 10−5 - 2.0 × 10−6–4.0 × 10−6 2.6163 × 10−5

R7 0.0225 0.0177 m/s 0.0122–0.0361 0.00339

R8 0.0251 0.0176 m/s 0.0113–0.0461 0.00523

R9 0.0012 0.0010 m/s 0.00051–0.0031 0.00014

R10 0.235 0.311 - 0.141–0.415 0.05374

R11 0.3586 0.3491 - 0.1521–0.5201 0.00665

R12 0.1285 0.1552 - 0.0411–0.236 0.01888

R13 0.0806 0.0761 m/s 0.0581–0.142 0.00318

R14 0.0233 0.0317 m/s 0.0147–0.0402 0.00594

R15 0.0029 0.0041 m/s 0.0013–0.00561 0.00085
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Figure 7. Solid eddies, velocities, and particle mass concentration contours over the three regions
(a) at 0.5 m/s feed gas velocity, 0.003 m orifice diameter, 0.25 m gas head, 0.018 m mixing particle
diameter, and 0.04 kg total mixing particle mass and (b), with a feed gas velocity of 1.5 m/s, an orifice
diameter of 0.001 m, a gas head of 0.202 m, a mixing particle diameter of 0.0107 m, and a total mass
of 0.02 kg.
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Figure 8. (a,b) average middle solid velocity and solid volume fraction (c,d) on 2D plots as a function of feed gas velocity
and orifice diameter.

Figure 9. (a) middle solid velocity and (b) conical solid fraction on 2D plots as a function of feed gas velocity and mixing
particle load.
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Figure 10. (a) conical, (b) middle, and (c) average upper turbulent kinetic energy on 2D plots as a function of feed gas
velocity and total mass of mixing particles.

A laboratory-scale IPSBR system with the same geometry as that considered in previ-
ous studies [13,14] was utilized to validate the Eulerian model. Spherical acrylic particles
with a diameter of 0.005 m was used. A gas orifice (ID of 0.002 m) is located at the center
of the bottom plate for gas injection. The validation runs considered the presence and
absence of mixing particles. A high-speed digital video camera was used to collect mea-
surements reflecting bubbles characteristics, such as the velocity, trajectories, and diameter.
The bubble velocity and volume fraction was measured in the radial direction and ver-
tically using Photron FASTCAM Viewer software (PFV) Ver. 3282. Figure 11 shows the
simulated and experimental results at specific height from the gas inlet (50 mm) for gas
velocity and volume fraction in the two cases: with and without mixing particles. The
detected alteration in velocities and volume fractions values are in good agreement with
the CFD-simulated data and with an acceptable deviation as listed in Table 2. Still, as
reported by Ekambara et al. [31], the 3D model is the only model that could closely predict
the experimental data for the majority of the three-phase system. However, the proposed
2D model showed a good and simple estimation with an acceptable deviation between the
simulated and experiment data (5–10%), as confirmed in Table 6. Table 7 summarizes the
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main findings from the current research and compares them with validated results from
the literature.
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Table 6. Experimental and simulated average gas velocity and volume fraction with and without mixing particles and
calculated error deviation (5–10%).

Case

Detected Measurement With Mixing Particles Without Mixing Particles

Average simulated gas velocity (m/s) 0.2361 0.2977

Average experimental gas velocity (m/s) 0.2250 0.2700

Error deviation % 4.701% 9.319%

Average simulated gas volume fraction 0.1072 0.0662

Average experimental gas volume fraction 0.1131 0.0704

Error deviation % 5.163% 5.888%

Table 7. Summary of some CFD validated results studied based on 2-dimentional axisymmetric assumption.

Reference Phase Reactor Design Validation Parameter Error

Szafran et al. [44] Gas-solid Conical-base spouted bed Fraction of gas bypassing to the
annulus region. 2–22%

Shi et al. [45] Gas-solid Conical-base spouted bed Time-averaged
axial solid velocity ~1–30%

Yang et al. [46] Gas-solid Conical-base spouted bed lateral profile of particle vertical
velocity in the spout region

Simulations agree well with the
experiments at all bed heights

Duarte et al. [47] Gas-solid Conical–cylindrical spouted bed Minimum spout velocity Deviation error of 3.8%

Kim et al. [4] Gas-liquid Bubble column: Cylindrical body with
complex gas sparger configuration

Gas holdup, interfacial area,
and mass transfer coefficient. 1–8%

Current study Gas, liquid, solid Conical–cylindrical spouted bed Averaged air velocity and air
volume fraction 5–10%

5. Conclusions

RSM was implemented to assess the effects of feed gas velocity, orifice diameter, gas
head, mixing particle diameter, and particle load on the average solid volume fraction,
mass concentration of mixing particles, and average mixing particle velocity, which was
produced from the CFD results of the novel IPSBR system. The best conditions were a feed
gas velocity of 1.5 m/s, orifice diameter of 0.001 m, gas head of 0.2025 m, particle diameter
of 0.0107 m, and particle load of 0.02 kg. A good distribution of particles throughout the
reactor was observed under these conditions. It was also observed that the maximum air
volume fraction and minimum air velocity from the previous work occurred inside the
reactor under the same feed gas velocity of 1.5 m/s, orifice diameter of 0.001 m and total
mass particles of 0.02, and with very similar gas head and particle diameter values. This
was a significant confirmation of the novelty of the reactor, as it could achieve a high gas
holdup, high residence time, and good particle distribution under the maximum feed gas
velocity value of 1.5 m/s.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/pr9111921/s1, Figure S1: Effect of orifice diameter ((a) 0.003 m, and (b) 0.005 m) on the average
solid velocity at a constant feed gas velocity of 1 m/s, gas head of 0.25 m, mixing particle diameter
of 0.0135 m, and total mass of mixing particle of 0.06 kg in the conical, middle, and upper regions,
Figure S2: Effect of mixing particle diameter ((a) 0.0135 m, (b) 0.0225 m) on average solid velocity at a
constant feed gas velocity of 1 m/s, orifice diameter of 0.003 m, gas head of 0.25 m, and total mass
of mixing particle of 0.06 kg in the conical, middle, and upper regions, Figure S3: Effect of mixing
particle diameter ((a) 0.0135 m and (b) 0.0225 m) on the average solid volume fraction at a constant
feed gas velocity of 1 m/s, orifice diameter of 0.003 m, gas head of 0.25 m, and total mass of mixing
particle of 0.06 kg/s in the conical, middle, and upper regions, Table S1: ANOVA analysis for average
upper particle mass concentration, Table S2: ANOVA analysis for average middle solid volume
fraction, Table S3: Optimization setting for particle mass concentration, solid volume fraction, solid
velocity, air velocity, and air volume fraction, Table S4: Optimum conditions and fitted responses

https://www.mdpi.com/article/10.3390/pr9111921/s1
https://www.mdpi.com/article/10.3390/pr9111921/s1
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with composite desirability of one [8]. Figure S4: Average conical and upper solid volume fraction on
2D plots for response surface optimization versus particle diameter and gas head.
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Nomenclature

Roman letters
CD Drag coefficient
dp Particle diameter (m)
2DD Two dimensional
fD Drag force (N)
g Gravity (m/s2)
Kqk Momentum exchange coefficient between qth and kth phases
→
Rqk Interphase exchange forces
Re Reynolds number
Latin letters
Ui Tensor notation for velocity in i direction
Uj Tensor notation for velocity in j direction
xi, xj Tensor notation for space coordinates
C1, C2, Cµ Turbulence model constants
Greek letters
=
τk kth phase stress–strain tensor
→
v m Average mixture velocity (gas and liquid)
→
v k Fluid velocity for kth phase (m/s)
Abbreviations
CFD Computational fluid dynamics
CCD Central composite design
CO2 Carbon dioxide
CSTR Continuous stirred-tank reactor
DM Diameter of mixing particle
DPM Discrete phase mode
FM Mixing particle load
GH Gas head
IPSBR Inert-particles spouted-bed reactor
OD Orifice diameter
PBM Population balance model
RSM Response surface methodology
→
v q Fluid velocity for qth phase (m/s)
µm Mixture molecular viscosity (Pa·s)
µt Eddy viscosity (Pa·s)
ρk Density for phasek (kg/m3)

https://dx.doi.org/10.13039/501100002672
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ρm Mixture density (kg/m3)
ρp Particle density(kg/m3)
K Turbulence energy
ε Isotropic turbulence dissipation rate
vp Particle velocity (m/s)
µk Molecular viscosity for kth phase (Pa·s)
σk Diffusion Prandtl number for turbulence energy
σε Diffusion Prandtl number for dissipation rate
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