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ABSTRACT

We obtain LP estimates for parametric Marcinkiewicz integrals associated to
polynomial mappings and with rough kernels on the unit sphere as well as
on the radial direction. These estimates will allow us to use an extrapolation
argument to obtain some new and improved results on Marcinkiewicz inte-
grals. Also, such estimates provide us with a unifying approach in dealing with
Marcinkiewicz integrals when the kernel function §2 belongs to the class of block
spaces B((Io’a) (S™~1) as well as when € belongs to the class L(log L) (S™~1).
Our conditions on the kernels are known to be the best possible in their respective
classes.

1. Introduction

Throughout this paper, let R™, n > 2, be the n-dimensional Euclidean space and S !
be the unit sphere in R™ equipped with the normalized Lebesgue surface measure do.

! The work of this paper was done while the first author was on sabbatical leave from Yarmouk
University
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Also, we let & denote £/ €| for £ € R™\{0} and p’ denote the exponent conjugate to
p, that is 1/p+1/p' = 1.

Let P(y) = (Pi(y),...,Pn(y)) be a polynomial mapping, where each P; is a real-
valued polynomial on R™. To P we associate a parametric Marcinkiewicz integral
operator M ¢, defined initially for C§° functions on R™ by

Mgt = ([Tl [ 5@ =P ) S nulind

ul<t

t

where p = 0 + it (0,7 € R with o > 0), h is a measurable function on Ry, and
Q € L'(S™ 1) and satisfies

/Sn_l Q (u) do (u) = 0. (1.1)

If m =n and P (y) = y, we shall simply denote M%’Qh by Mg,h and we denote Mfm
by Mg if h=1and p=1.

We point out that the class of operators ./\/l% o5, is related to the class of homo-
geneous singular integral operators
Qu

u|71)h(|u|)du. (1.2)

The class of operators defined by (1.2) belongs to the class of singular Radon trans-
forms and it has been studied by many authors. For more information about the
importance and the recent development in the study of this class of operators, we refer
the readers to [18, 10, 4, 2, 15], among others. The operators Mfl)?,ﬂ,h defined in (1.1)
have their roots in the classical Marcinkiewicz integral operator Mgq. In [16], E.M.
Stein introduced the operator Mg and proved that if Q € Lip,(S™1) (0 < a < 1),
then Mg is of type (p,p) for 1 < p < 2 and of weak type (1,1). Subsequently, the
study of Mq and some of its extensions has attracted the attention of many authors.
Readers may consult [20, 7, 1, 3, 2, 6], among a large number of references for their de-
velopment and applications. Before stating some known results relevant to our current
study, we need to recall and introduce some definitions.

For v > 0, let A (Ry) denote the collection of all measurable functions
h : [0, 00) — C satisfying

Tronf(@)=p. [ =P W)

2k+1
h = su (/
H HA” kepz 2k

and £,(Ry) denote the collection of all measurable functions h : [0, co) — C satis-
fying

L/
|h(t)]”’dt/t> < o0

2k+1

Ly =sup ([ mio)l(1og(2 + [m(o)]) dt/t) < .

keZ

Also, we let N (R4 ) denote the class of all measurable functions » on R4 such that

Ny(h) = S m72™dy (h) < oo,

m=1
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where dp,(h) = supyez 27% |E(k, m)| with
E(k,m) = {t € (2F,2F+1] . 2m=1 < |n(1)| < 2™}

for m > 2 and E(k,1) = {t € (2F, 28] : |h(t)| < 2}.

Remark 1 1t is easy to verify that the following inclusion relations hold and are proper:

(1) A, (Ry)CA (Ry) for 1T <1 < 2

(2) N, (Ry) CN, (Ry) for 1 <23

(3) L,(Ry)C L (Ry) for v < 2

(4) A (Ry) CNa(Ry) C Lo(Ry) for any v > 1, > 0;

(5) For a given a > 1, L,41,(R4) C L,(R4) for any v > 0;

(6) L(log L)Y (R4, dt/t) € Ny(Ry) for all v > 0, where L(log L)Y (R, dt/t) is the
class of all measurable functions A on R4 which satisfy

/R \h(t)| (log(2 + |A(t)]))7dt/t < .

The class L(log L) (S™!) (for a > 0) denotes the class of all measurable functions
Q) on S™! which satisfy

190 0 1y -1y = [, 190 1og” (2 + 192} Ddy) < oc.

Now we recall the definition of the block space BC(IO’U)(S"*). This space was
introduced by Jiang and Lu (see [13]) in their study of the mapping properties of
homogeneous singular integral operators and it is defined as follows: A g—block on 8?1
isan L7 (1 < ¢ < oo) function b(x) that satisfies (i) supp(b) C I; (i) [|b]|;q < ]I]_l/q/ ,

where |I| = o(I), and I = B(x}),00) = {2’ € S" ! : |2/ — x)| < 6y} is a cap on S" !
for some x), € S"~! and 6 € (0, 1]. The block space B§O7U)(S”_1) is defined by

B(go,v)(an) {Q e L}(S" Q= Z)‘ub MOv) {)\ }) < oo}

%

where each A, is a complex number; each b, is a g-block supported on a cap I, on
S»~! v > —1 and

[e.9]

v v -1

MOV (A} = 2N {1+10g™ D (11,7} (13)
u=1

0,v . 0,v oo
Let ”Q||B§°’“)(Sn—1) = Nq( )(Q) = inf {Mq( ) ({A)) - Q=252 A0, and each b, is
a g-block function supported on a cap I, on 8"~'}. Then [l geo.v)

q

the space B,go’v)(S"_l) and (Bé“’“)(sn—l), [l geo.v

(sn—1y 18 @ norm on

(§n-1) ) is a Banach space.
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Remark 2 For any ¢ > 1 and 0 < v < 1, the following inclusions hold and are proper:

Lip (S" ') c L9(S" ') c Llog L)(S" ') c H'(S"™ 1) c L*(S™™Y), (1.4)

L7 (8" ") c BOY)(8"7!) forany —1<wv andg>1, (1.5)
r>1
L(log L)’ (S™1) € Llog L)* (8™ ') if 0 < a < 3, (1.6)
Llog L)" (8™ c HY(S"™1) foralla > 1. (1.7)

Regarding the relationship between L(log L)” (S"~!) and H'(S"™1) for 0 < a < 1, it is
known that neither one is contained in the other. Here, H!(S"~!) is the Hardy space
on the unit sphere in the sense of Coifman and Weiss [5]. Also, recently the authors
in [22] proved that

0v) (qn—1 + 7yt qn-1 1/qn-1
B(g )(S"™ 1 < Llogt L) (8" 1) + HY(S" ) for any ¢ > 1 and v > —1  (1.8)

and Béo’o)(Snfl) is a proper subspace of H!(S"!). The question with regard to the

relationship between Béo’v_l)(sn_l) and L(log™ L)" (S™1) (for v > 0) remains open.

Now let us start recalling some known results relevant to our current work. We
start with the following result obtained in [3]:

Theorem A

If Q € L(logL)Y/? (S"!) then Mg is bounded on LP(R") for 1 < p < oo.
Moreover, the exponent 1/2 is the best possible.

The conclusion of Theorem A for p = 2 was first obtained by T. Walsh in [20].
Also, T. Walsh proved that the exponent 1/2 in L(log L)'/?(S"~!) cannot be replaced
by any smaller number. The study of parametric Marcinkiewicz operator /\/167,1 was
initiated by Hormander in [11] in which he proved that if h(r) =1, p > 0, and Q €
Lip, (S™ 1) with a > 0, then ngh is bounded on LP(R™) for p € (1,00). Sakamoto
and Yabuta [14] proved M&h is bounded on LP for p € (1,00) if h(r) = 1, Q €
Lip,(S™ 1) with 0 < v < 1,h(r) = 1 and p is complex with Re(p) = a > 0. An
improvement of the result in [14] in the case p = 2 was obtained in [8] as described in
the following theorem:

Theorem B

Ifh € A (Ry) for somey > 1 and Q € L(log L) (S"™!), then Mg, is bounded
on L*(R™).

On the other hand, when 2 belongs to the block space Béo’v)(S”_l) for some v
and ¢, the following result was established in [1]:
Theorem C

(a) IfQ € B,g()’_l/z)(S’“l)7 q > 1, then Mg is bounded on LP(R"™) for 1 < p < oc.
Moreover, there exists an §) which lies in B(SO’U)(S””) for all -1 < v < —% and
satisfies (1.1) such that Mg is not bounded on L?*(R™).
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In [7], the authors studied Marcinkiewicz operators MY, ¢, ,, related to polynomial
mappings and obtained the following:

Theorem D

Suppose that h € L®(Ry), p = 1,Q satisfies (1.1) and Q € H' (S*~1). Then for
1 < p < o0, there exists a constant C, > 0 such that

(Mo D] < Coll @iy 1 ey

LP(R™)

for any f € LP (R™). The constant C),, may depend on n,m,h (-) and deg (P;), but it
is independent of the coefficients of {P;} .

Our main concern in this paper will be in dealing with Marcinkiewicz operators
related to polynomial mappings and under very weak conditions on €2 and h. In fact, we
shall prove certain estimates for M%Q ;, and then we apply an extrapolation argument
to obtain some new and improved results on Marcinkiewicz integrals. Our conditions
on () are in the form Q € L(log™ L) (S"!) (for some o > 0) as well as Q belongs to
certain block spaces BSO’U) (S"71) (for —1 < v and ¢ > 1). Historically, in addition to
the condition Q € H'(S"~!), these conditions have received a considerable amount of
attention with respect to the study of the LP mapping properties of singular integral
operators and Marcinkiewicz integral operators. Our approach in this paper provides
an alternative way in dealing with such kind of operators. We should point out that
our work is very much motivated by the recent work of S. Sato [15] which in turn was
motivated by a remark in [4]. Our main results will be stated in the next section.

2. Main results

In this paper, we establish the following results:

Theorem 2.1

Suppose that Q € L4(S""') for some q € (1,2] and h € A (Ry) for some
1 <y < 0. Then

HM%,Q,hf’ Lo(Rm) < Cplq—1)7?A(y) 1920l La(gn—1y 1Alla 171l o @em) (2.1)
. 1/2 if > 2,
for [1/p—1/2| < min{1/2,1/9'}, where A(y) = { (7,y )2 g 1’Y< v<2 and

C, is a constant which may depend on n,m,~ and deg (P;), but is independent of
the coefficients of {P;}, Q,~v and q.

Remark 2 We notice that if v > 2, the range of p in Theorem 2.1 is the full range
(1,00), whereas this range becomes progressively smaller as v — 17. In our next
theorem one will see that the LP boundedness holds for the full range 1 < p < oo when
P lies in a special class of polynomial mappings (denoted by F (n,m)), irrespective
of how close 7 is to 1. This is true, in particular, when every P; is odd.
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Theorem 2.2

Suppose that P € F(n,m), Q satisfies (1.1), Q € LY(S" 1) for some q € (1,2] and
he A (Ry) for somey € (1,2]. Then

[ M5 0] gy < Cola= 207 2= 1) 72 12 sy Il 1l oy 2 < p < o0
(2.2)

and

[M5 00|y < Cola =07 = D7 1920 sy Il 1oy 361 <p <2

(2.3)
where the constant C), is a positive constant independent of vy, q, Q2 and h. Furthermore,
if P(—x) = —P(z), x € R", then the constant C, may depend on n, m, deg (FP;),
but is independent of the coefficients of {P;} .

By the conclusion in Theorems 2.1-2.2 and extrapolation, we respectively get the
following results:

Theorem 2.3
Suppose that ) satisfies (1.1) and h € A_(R4) for some v > 1.
(a) If Q € L(log L)Y/ (S*~1), then

[ M 0] gy < CoAO) (14 10 1 sy ) 1Bl 17 oy

for |1/p —1/2| <min{1/2,1/9'};
(b) IfQ € B (871 for some q > 1, then

| ME gt < CpAM) (14121 o120 gncry ) Il 16D ooy

Lr(R™)
for |1/p—1/2| < min{1/2,1/4'}. The constant C, is independent of 2, h and the
coefficients of {P;} .
Theorem 2.4

Suppose that P € F(n,m) and ) satisfies (1.1).
(a) If Q € L(log L)"/? (8"~1) and h € N} 2(Ry), then

[M 0] gy < Co (14 192 2t 2317281y (L Naja () 11l orumy

for 2 < p <oo;
(b) If Q € L(log L) (S*™') and h € N1(R+), then

|Mb o0

sy < Or (141901 ysn) (1+ N () 1 e

for 1 < p < 2, where the constant C), is independent of €}, h and the coefficients of
{P;}. Furthermore, if P (—x) = —P(z) , « € R", then the constant C},, may depend
on n, m deg (P;), but it is independent of the coefficients of { P;} .
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Theorem 2.5
Suppose that P € F(n,m) and Q satisfies (1.1).

(a) IfQ € BO Y2 (S"71) for some ¢ > 1 and h € Ny ;5(Ry), then

P
M5 0]

poigmy < Co(1H 1]/ o2y ) L+ Ny () 11l e

for 2 <p < o0;
(b) If Q € BV (S"~1) for some ¢ > 1 and h € N1(R.), then

p
[Mb.ans

poigmy < Co (1 120l o0 g sy )AL+ Na () 1o eny

for 1 < p < 2, where the constant C), is independent of Q, h and the coefficients of
{P;}. Furthermore, if P (—x) = —P(x), x € R", then the constant C,, may depend
on n,m, deg (P}), but it is independent of the coefficients of {P;} .

Remark 3
(1) By the conclusion in Theorem 2.4 (respectively Theorem 2.5) along with
Remark 1 (5), we conclude that M% anf 1s bounded on L? if p and Q are given

as in Theorem 2.4 (respectively Theorem 2.5) and if h € £ (R.) for some v > 3 in
Part (a) and h € £,(Ry) for some v > 2 in Part (b) in Theorem 2.4 (respectively
Theorem 2.5).

(2) Theorems 2.3-2.5 greatly generalize the main results in [1, 3].

(3) It is known that the conditions Q € B(go’fl/m (S"1) (¢ > 1) and Q €
L(log L)Y/2 (S"1) are optimal for the L? boundedness of Mg to hold in the sense
that 1/2 cannot be replaced by any smaller number. Also, the conditions imposed on
h in Theorems 2.4-2.5 are the weakest known conditions.

(4) It is clear in Theorems 2.4 and 2.5 the conditions on 2 and h in part (a)
are considerably better than the conditions on £ and h in part (b). It would be an
interesting problem to determine whether these conditions on © and h in part (b)
can be weakened to be as in part (a) in both Theorems 2.4 and 2.5.

(5) The method employed in this paper is based in part on ideas from [9, 10, 4,
2, 15, 1].

Marcinkiewicz integral operators belong to the broad class of Littlewood-Paley
g-functions and LP bounds regarding them are useful in the study of smoothness pro-
perties of functions and behavior of integral transformations, such as Poisson integrals,
singular integrals and, more generally, singular Radon transforms. While interest in
them dates back several decades, recent efforts have been mostly focused on finding
the weakest possible kernel conditions under which LP boundedness holds. The pa-
per [3] took a big step in this direction and the current paper represents a significant
improvement and expansion of it.

Throughout the rest of the paper the letter C' denotes a positive whose value may
be different at each appearance.

The authors wish to thank the referee for his helpful comments.
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3. Definitions and lemmas

We start this section by introducing some notation. For a positive integer m, we let
L(R™ R™) denote the space of linear transformations from R" into R"™, V,, denote
the linear space of real-valued homogeneous polynomials of degree m on R"™ with
ay = dim(V,,) and A, be the class of polynomials of n variables with real coefficients.
For P = (P1,...,Py) € (A,)™, we shall use deg(P) to denote maxj<j<y, deg(P)
and for P(y) = Y jaj=m @ay® € Vm, we set [|P|| = 34— laal. If m is an even,
positive integer, then we have |z|™ = (27 + 23 + --- + 22)™? € V,,,. We now choose
a basis {n1,...,7a,, } for the space V,, such that n;(z) = || for x € R". It is clear
that there are constants C1 and Cp such that C1 (357 [ej|) < |P|| < Ca( 325 [¢j])
for every P = Z?QI ¢jnj € Vm.We define the linear transformation Y, : V,, — Vi,
by Yin(P) = X5y ¢jn; for P = 39 ¢;n;. Also, define the linear transformation
40V — Vi by
{ tdy,, if m is odd

Y., if m is even.

Now we give the definition of the special class of polynomial mappings F (n,m). This
class of functions was introduced by Fan and Pan in [10]. It is defined as follows:

m

for n,m,l e N, let 7, mo =R,
Fms = {(Pr, Pn) € W)™« |l ¢ span{Py,..., Pp}},

F(n,m) = {ZP}-:mZ 0, P! € Fpm, for 0 <1 Sm}.
=0

It is clear that F, ,,,; = (V)™ if | is odd. Also, notice that if P =(Py,..., Py) with
Pj e A, and P(—z) = =P (x), then P € F(n,m).

For 1 < m < n, we define the projection operator 77, : R® — R™ by 7, ({) =
(€1, .+, &m) . Also, let t£% = inf (¢7, t~).

DEFINITION 3.1 Let 6 > 2. For a suitable mapping ® : R” — R"™, a measurable
function h : Ry — C and 2 : S" ! — R, we define the family of measures
{ot®n:t € R4} and the related maximal operators 0y and Mpge on R™ by

1 Qu'
[ fiman =+ F @)l 20 g
R™ P J1)2t<|u)<t |
o f(@) = sup loan] * F(@)],
t€R+
0k+1
Mioaf() =sup [ lloranl « f(o) de/t.
keZ J Ok

where |0, ¢ 5| is defined in the same way as oy ¢, but with Q replaced by [Q| and
h replaced by |h|.
The following result follows from Lemmas 3.3-3.4, 3.7 and Remark 3.6 in [10].
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Lemma 3.2

Let m € N. Then there exists a positive constant A, . such that

sup [ P(y) = N doly) < Anc | Z5(P) (3.)
AeR JSn1
for every P € Vy,, and € € [0,£(m)), where e(d) = m. If U is a subspace of
Vi satistying |z|™ ¢ U, then there exists a constant A, . such that
sup [ |P(y) = A7 do(y) < Ay 1P (32)
AeR /81
holds for ¢ € [0,e(m)) and all P € U. The constant A;,, . may depend on the subspace

U if m is even, but it is independent of U if m is odd.

We shall need the following lemma which has its roots in [9, 10, 2]. A proof of
this lemma can be obtained by the same proof (with only minor modifications) as that
of Lemma 3.2 in [2]. We omit the details.

Lemma 3.3

Let {o} : k € Z} be a sequence of Borel measures on R"™. Let L : R" — R™ be
a linear transformation. Suppose that for allk € Z, £€ R", for some a > 2, a,C > 0,
A>1 and pg € (2,00) we have:

(i) [6x(€)] < CA(a" |L(g)])F/ ol

(i)
| Po Po

for arbitrary functions {gr} on R"™. Then for p{, < p < po, there exists a constant
Cp > 0 such that the inequality

(e

keZ

(Slowsau?)””

keZ

()"

keZ

< GpA|l 11,
p

holds for all f in LP(R"™). The constant C,, is independent of A and the linear trans-
formation L.

The proof of Theorems 2.1 and 2.2 will rely heavily on the following lemma:

Lemma 3.4

Let a > 2, A>1and C > 0. Let {0y : t € Ry} be a family of Borel measures
on R™ and let L: R® — R™ be a linear transformation. Suppose that we have the
following:

k+1

) o ) 1/2 o onta
(i) (fak \ot(§)|2dt/t> < CA(a’f|L(§)|)i /logta),
(ii) for some pg € (1,0),

okl 12
|(Z/k o+ el dt /1)
kez %"

holds for all functions {gx} on R".

< CpoAH ( > |gk|2)1/2

keZ

Po Po
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Then for every p with either p € [2,pg) if py € [2,00) orp € (po,2] if po € (1,2],
there exists a positive constant C}, such that

(e rpay”

for all f € LP(R™). The constant C), is independent of A. Here we use the convention
p € [2,2)U(2,2] to mean that p=2.

< GpA| fll,

p

Proof. Without loss of generality, we may assume that 0 < a < 1. By the arguments

in the proof of Lemma 6.2 in [10], we may assume without loss of generality that m <n
1/2

and L = 7. Let Hf(z) = (fo‘x’ oy * f(:c)]2dt/t) / and let {p4}> be a sequence

in C*((0, c0)) such that

0 < 77/}743,(1 < 11 Zwk,a (t) = 17 supp wk,a C [a_k_la a_k+1]7 ’(d/dt)]wk,a (t) | < ?;a
k

where t > 0,k € Z, j € N and the constants C} are independent of a. For k € Z, let
T},q be the operator defined by (T/ka\f)(f) = p.a(|TEN F(€) for € € R™. Then for any
f € SR") and j € Z we have f(x) = > 1ez(Thtjaf)(x). Thus by using Minkowski’s
inequality we get

H(f) <D Hi(f), (3-3)

JEZ
where
ak+1 /
Hif@ = (X [0 ovsTisaf)@) P dtfe) " and f € SRM).
kez @

So it is clear that we only need to estimate [[H;(f)||, for any j. First, we compute
[ (f)Il,, for p = po.

okl 1/
17 fll,, = H(Z /ak (ot * Tk+j,af)|2dt/t>

keZ

Po

< CppA

(3 Teur?)”

keZ

LPo

< cAllf| (3.4)

po’
where the first inequality follows by using condition (ii) and the second inequality
follows by using Littlewood-Paley theory and Theorem 3 along with the remark that

follows its statement in [17, p. 96].
Now, we compute |[H;(f)|l,. Let A; = {¢ : a=UF) < |z¢| < a0V}, By
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Plancherel’s theorem

ak+1

15 = 3 /R ona(mneDP|F@ ([, o) arft)a
-/ / 6 a/e) |F(e)[ e

keZ

a/(loga)
OA2Z/+I€ kng‘i/(g
A

keZ

IA

2
()| de

IN

a0y [ e ae

kez
CA%e el £|I3

IA

and hence ‘
1M ()l < CAe™/2l| £, . (3.5)

By interpolating between (3.4) and (3.5) we get
1H; ()l < Clasp)Ae LI f],, (3.6)

where C(c,p) and oy, are positive constants independent of a, A and j. Lemma 3.4
now follows from (3.3) and (3.6).

Lemma 3.5

Let N € N and {at(l) :t € Ry, 0 <l < N} be a family of Borel measures on R™
with 0! =0 forallt € Ry. Let {a; : 1 <1< N} CR4\(0,2), {my: 1 <1< N} CN,
{ay: 1<I< N}CRy, andlet L € L(R",R™) for 1 <1 < N. Suppose that for all
teRy, 1 <IN, forall £ € R" and for some constants C >0 and A >0 we
have the following:

aFt1 2 1/2 o /(loe(a
o (14" o0 ©f ae)” < calaie) Jog(a).

ak+1 _ 9 1/2 1 .
() (L |6 © -6 @ ar/t) T < CAlafLi(©) o /(o8(e)).

(iii) for some pg € (1, 00),

(Z /:?H ’O_gl) *gk‘th/t)l/Q
kez %

holds for arbitrary functions {gx} on R™.
Then for every p with either p € [2,py) ifpg € [2,00) orp € (po,2] ifpo € (1,2],
there exists a positive constant C), such that

(S lal?)"”

keZ

o

Po po

(bt

< CpA | fll, (3.7)
p

for all f € L? (R” The constant C), is independent of A and the linear transfor-
mations {L;}1% .
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Proof. The idea of the proof is similar to the one appearing in the proof of Theorem 7.6
in [10]. Without loss of generality, we may assume that 0 < o; < 1, m; < n and
Li(§) = (&,....&m,) for € = (&1,...,&) € R" and 1 < [ < N. Define the family of

measures {,uy) :1 <1< N,te Ry} as follows: choose and fix a function ¢ € C§°(R)
such that ¢(s) = 1 for |t| < 1 and ¢(s) = 0 for [t| > 1. Let ¢(t) = ¢(t?) and for
tc R+, let

i@ =6l T v@im@©)-a"© I ¢ m©l) (3.8)

I<j<N 1-1<j<N

when 1 <[ < N —1 and

i) = M) — eV () dk ILi(©))). (3.9)

By straightforward calculations, conditions (i)-(ii) and (3.8)—(3.9) we get

i
k
a

By condition (iii), it is easy to see that

(s [ )
kez

holds for all functions {gx} on R",for1 < p < oo, f € LP(R")and 1 < [ < N.
By (3.10)-(3.11) and invoking Lemma 3.4, for 1 <[ < N and for each p given as in the
statement of the lemma, there exists a positive constant C), such that

b Py

2 1/2
gg”(g)\ dt/t) " < CA®E L))/ R for all 1 << N, (3.10)

(3.11)

(S )"

keZ

o

LPo(R™) Lo (R™)

< GpA | fll, (3.12)
p

holds for all f in LP(R™). Since aﬁo) = 0, we find that O'IE:N) =N, ,u,(cl) and hence
by (3.12) we get (3.7). The proof of Lemma 3.5 is complete.

Lemma 3.6

Let 9 > 2, h € A (Ry) for some~ >1 and Q € LY(S" ') for some ¢ > 1.
Suppose F' : R™ — R is a function given by F (z) = é’:opj (x) + W (|z|), where
P;(-) is a homogeneous polynomial of degree j for 0 < j <1 and W (-) is an arbitrary
function. Let

t )
L(Q,F) = /1/% /an 6D Q(2)h(s)do (x) ds/s with ¢t € Ry .

Then there exist positive constants C' and o independent of 6 such that

0k+1

|, @ PP < Clogo) 221114 (3.13)

o+t 2 2 2 Ik a/(lv'q")
|, @ pPay < clogoy Qi In, (0% 1) 3.4)



On certain estimates for Marcinkiewicz integrals and extrapolation 135

holds for all k € Z. The constant C' is independent of k, 2, W (-) and the coefficients
of Pj(-). If G is a subspace of V| satisfying z|' ¢ G for some | € N, then there exists
a constant C’ such that

9k+1

[ 1m@.F) R < Clogs) 1912 IR (3.15)
ot 2 211112 Ik (')
[ i@ pPay < cooso) 02 im0 1m0 @)

holds for allk € Z and P, € G. The constant C' may depend on the subspace G if |
is even, but it is independent of G if | is odd.

Proof. 1t is easy to verify that (3.13) and (3.15) hold. First By a change of variable
and Holder’s inequality we have

! —iF(stx v 1
QL F)| < C A5 (/1/2\/8“9(@6 P do ()| dsfs)
If 1 < v <2, by noticing that

—iF(sx)
L 0@ Ddo(@) < 195 sny.

we obtain

o 2/’Y —zF (stx) 1/
2@ P < Il WS (]2 o) ds /)

If v > 2, by Holder’s inequality, we get

(2 F)| < k]l / | [ 0@ oo @) dsys)

Thus, in either case we have

1/2

max{2 2
T, F)] < [l 00202

_iF(stz 2 1/(max{2,y'})
/1/2 ‘ /an Q(z)e st )dcr(x)’ ds/s) :

Therefore,
max{2, -2 4
| J:(2, F)[ < [[hlla, HQHLl(Si Y)} 2
S| 1/(max{2,7'})
X (/ Q(z)Q(y) (/ ei(F(stx)*F(sty))dS/S> do (z) do (y)>
Sn—lxsn—1 1/2
(3.17)
By Van der Corput’s lemma we obtain
1 .
‘/1/2 ez(F(stx)—F(sty))ds/s‘ < C'min { log 2, ‘tl(Pl (z) — Pl(y))’_l/l}
(P (2) — Pi(y)) Y09 i1 <y <2,
s¢ » (3.18)
t(Py () — Py(y))| 7YY if oy > 2,
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By Hoélder’s inequality, (3.17)—(3.18) and applying Lemma 3.2 we get

max max 1/(4l
(@, F)| < Clllla 12122 o) et @ | zipy )~

1/(41
< Cllla, 19 agsnmry (E 1 Zi(PYI) A

which easily implies (3.14). A proof of (3.16) can be constructed by following essentially
the same argument as in the proof of (3.14). Lemma 3.6 is proved.
Lemma 3.7

Let h € A (Ry) for some1 <~y <2, Qe LIS" ') for somel < q<2 and
9 =277 Let P = (Pi,..., Py) be a polynomial mapping from R™ into R™. Then for
any p satisfying |1/p —1/2| < 1/+" and f € LP (R™), there exists a positive constant
C, which is independent of q,7,) and h such that

holds for arbitrary functions {gy(-)},cz on R™.

9k+1

1/2
Z/ v % gl dt/t)

keZ

L»(R™)
< Cypla =172 (v = )72 Q| pyggny 1 hlla (3.19)

LP(R™)

(S la2)"”

keZ

Proof. We follow an argument employed in [10, 1]. Let us first consider the case
2 < p < 2v/(2 — 7). By duality there exists a nonnegative function b in L®/?)’(R™)
with [|b]|,,/2), < 1 such that

“ e

LP(R™) keZ

9k+1

H Z/ ‘O’t’ph*gk| dt/t

gr+t dt
S [ lopngnla) b e
keZ o

(3.20)

By applying Schwarz’s inequality we get

7P * ge(@)]* < ORI, 19l Logn1)

X(/l;t /s lgk(z = P(s9))* [2()] [B(s)]* 7 do(y)ds/s) .

Therefore, by a change of variable we have

where b(x) = b(—z). By a result of Stein and Wainger ([18, pp. 476-478]) we get that
there exists a positive constant C), which is independent of €2, h and the coefficients
of Py, ..., Py, such that

0k+1

2
1/2
(T [, tora-ataipe)

Lr(R™)

< CIRIA, 190 [ (X @) )My ghl—a)de,  (3:21)
keZ

b (1], < CollQpasemsy Inlls, 171, (3.:22)
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for7' <p<ooand f € LP (R™). By (3.21) and noticing that ‘h(‘)|277 € Av/(%w)(RJf)
and (p/2) > (ﬁ)/ we obtain

M1 000 o gy < @ D70 =D [0

IA
Q
—
(=)
|
—_
|
AN
—~
0
—
S—
L
>
Y
_ =2

Ay /2

X ||Q||Lq(sn—1) ||b||L(p/2)/(Rm)
< Cplg = )7y = D7 IR 1921y - (3:23)

Thus, by (3.21), (3.23) and Hoélder’s inequality we get (3.19) for 2 < p < 2v/(2 — 7).
Let us now prove (3.19) for the case 2v/(3y — 2) < p < 2. By duality, there exist

functions f = fi(x,¢) defined on R™ x Ry with || | full 2 ot gv+17.40/0 u| < 1such
that
or ! 1/2
’ > / loep.n % gkl dtﬁ)
keZ »
orHt dt
=[S [ o)) fula ) Gda
" kez
<Cola— 120 -2 (T al) | naEen . G20
keZ »
where -
dt
Z/ ot pn * fi(, 1) -
keZ
Now, since p/ > 2, there exists a function ¢ € L¥/?(R™) such that
9k+1 t
Dy = 3 fo fyo 1ol Satoio
By a similar argument as above, the choice of fi(z,t) and (3.21) we have
9k+1
Il o < CURIA 15y [ op e @) (2 [ 1l dt/t) o
kEZ
9k+1
< ORI 190 sy |( [, GO )| 105 @l
keZ p'/2

< ClhllA, 1920701

which in conjunction with (3.24) yields (3.19) for 2v/(3y — 2) < p < 2. The proof
Lemma 3.7 is complete.
By following a similar argument as in the proof of Lemma 3.7 we get the following:
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Lemma 3.8

Let h € A (Ry) for some v > 2, Q € LS ') for some 1 < ¢ < 2 and
9 =277, Let P = (Py,...,Py) be a polynomial mapping from R" into R™. Then
for any p satisfying 1 < p < oo and f € LP (R™), there exists a positive constant C),
which is independent of q,~,§) and h such that

0k+1

1/2
( Z / |0t,P,h * gk|2 dt/t)
kez /0"

L»(R™)

(S la?)"”

keZ

< Cyla = 1) 221192 oy 1D,

Lr(R™)

holds for arbitrary functions {gy(-)},cz on R™.

Lemma 3.9

Let h € A (Ry) for some 1 <y <2, Qe LI(S"!) for somel < q<2 and

9 =297, Suppose that P € F (n,m). Then for every p,1 < p < oo, there exists a
positive constant C, which is is independent of h,€),q and s such that

1Mo (F)ll, < Cpla =) 0y = D)7 QU gaggn1y 1l £l (3.25)
lop n (D, < Cola =) (v = )7 19l pagn-1) IRl 111, (3.26)
for every f € LP(R™). Furthermore, if P(—x) = —P(x), then the constant C),

depends only on p, n, m,deg(P) and neither on the function ,;h nor on the
coefficients of the polynomial components of the mapping P.

Proof. We shall start by proving (3.25). We may assume without loss of generality that
2 >0 and h > 0. We shall prove (3.25) by induction on deg (P) . First, if deg (P) = 0,
then
Myopf(x) < Cla—1)7 0y = D71 pagnmy [18lla, 1 (@ = P (0))]

and hence (3.25) holds trivially. Next, assume that (3.25) holds for all P € F (n,m)
with deg (P) < d — 1.

Now suppose that deg (P) = d. Then P = H (z) + R (x) for some non zero H €
Fom.d, R € F(n,m) and with deg (R) < d — 1. By the inductive hypothesis we have

1Muo R ()l oy < Cpla = 1)y = )7 Ql pagn) Ikl £ zo@my — (3-27)

for 1 <p <ooand f e LP(R™).

Let my = dim(V;) and L : R™ — R™? be a linear transformation such that
1(€-H) ()| = |L(&)] for & € R™. Then by the proof of Lemma 3.6 and straightforward
calculations we obtain

loepnll < ClQlLagn-1y [hlla; lorrall < CHR Lagn—1y (1Al a; (3.28)

) —1/(4dv'q’)

16624 (O] < ClIQ Lagn—1y [hlla, (tdlL(é)l ; (3.29)

)1/(4dv’q’) (3.30)

612 (8) = 1m0 ()] < ClIR gaggnmny IBlla, (1L (€)]
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By the arguments in the proof of Lemma 6.2 in [10], we may assume without loss
of generality that mgq < m and L = 73 .Choose and fix a ¢ € S(R™4) such that

@(z) =1 for |z| <1/2 and $(x) = 0 for [z] > 1. For each t € Ry, let (o) (z) = p(tx).
Define the family of measures {Y;};cr, and the sequence of measures{V}}recz by

6k+1

Y€)= 61 (€) = 170 () (@) (mn, ) and Au(©) = [ Tu(©atst. (331)

By (3.28)—(3.31) and the choice of ¢ we obtain

3] = Cla— 170 = 1) 19 gy Il 2O e
Let e
g<f>=(kezzm*f|2) and A" (£) = sup||\e| = f]
Then by (3.31) we have
Migpf(2) < g (F) (@) + C(Mu, @ idgnns) Mg f(z).  (333)
XF (2) < g () (&) +20(Mon, @ idn-na)] (Mg o f(@)), (3.34)

where M denotes the Hardy-Littlewood maximal function on R*. It follows from (3.32)
and Plancherel’s theorem that

lg(Hllzz < Cla =17y = D7 HIQl oggnry l1Rlla, £l - (3.35)

By the LP boundedness of the Hardy-Littlewood maximal function, (3.27) and (3.34),
(3.35) we get

IN(Hlly < Cla=17 0 = D7 Il aggn—y 1Rl A, £l (3.36)
for some positive constant C' independent of €2, h,q and . By using (the proof

of) the lemma in [9, p. 544] with p9 = 4 and ¢ = 2 and the estimate ||Agz| <
Clg—1)71 (7= 1) 1920 gagsos) Il we obtain

1S e )™ < e =176 07 1oy I, (5 )]

keZ keZ
(3.37)
if 1/4 = |1/po — 1/2|. Now, by (3.32), (3.37) and invoking Lemma 3.3 we get
lg(Hllze < Cola =)™ (v = DI pagnry 1olla, 1120 (3.38)

forp € (%,4). By the LP boundedness of the Hardy-Littlewood maximal func-

tion, (3.27), (3.34) and (3.38) we get

IN(Hllr < Cla=17H 0y = D7l aggny Rlla, £l (3.39)
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for p € (3,4). Reasoning as above, (3.32), (3.37), (3.39) and Lemma 3.3 provide
lg(Hllze < Cola =17 v = D71 pagnny I1olla, 11 (3.40)

for p € (%, 8). By using this argument repeatedly we ultimately obtain that

lg(Hllze < Cola = D)7 (v = DI pagnry 1olla, 1120 (3.41)

for p € (1,00). Therefore, by the LP boundedness of the Hardy-Littlewood maxi-
mal function, (3.27), (3.33) and (3.41) we conclude that (3.2) holds for p € (1,00).
Also, (3.2) holds trivially for p = co. Finally, if P (—x) = —P (x), then at each step
of our inductive argument d is always an odd number. Therefore, by Lemma 3.2 and
the above argument, the constant C}, depends only p, n, m, deg(P) and neither on the
functions €2 and h nor on the coefficients of the polynomial components of the mapping
P. This concludes the proof of (3.25). Now we turn to the proof of (3.26). It is easy
to see that the following inequality holds:

chaf@ <2 ([ ipe-pe) ). )

keZ

Thus the proof of (3.26) follows by the last inequality and adapting a similar argument
as in the proof of (3.25).

By Lemma 3.9 and following argument similar to the one used in the proof of
Lemma 3.7 we get the following:

Lemma 3.10

Let h € A (Ry) for some 1 < v < 2, Q € LI(S"!) for some 1 < ¢ < 2 and
9 = 277" Suppose that Pe F (n,m). Then for any p € (1,00) and f € L (R™),
there exists a positive constant C), which is independent of q,~y,§) and h such that the
following inequalities

o 2 1/2 —1/2 —1/2
@ |(S[ toerarala) < Gylg— 1y - 1)
kez’? LP(R™)
1/2
<N gacson s, | (3 o) for2 < p < oo:
keZ LP(R™)
6k+1 1/2
O [(Z [, lowwnsalaen)
kez”’? Lr(R™)
<Cylg—1)'v=170 h 2)!/? for 1 2
< Cpla =17 (= )7 1« a1l | (3 lonl?) or1<p<
keZ LP(R™)

hold for arbitrary functions {gy(-)},cz on R™.
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4. Proof of the main results

Proof of Theorem 2.1 Let first assume that h € A (R4) for some v € (1,2]. By
Minkowski’s inequality we have

© e 1 Qu) 2 1/2
Mond@) = ([ 105 e syea e @ P @) phlia] au/t)
0o 001 Q(u/) 9 1/2
= I;) </0 tr /2k1t<y|§2’“t fla=Pw) |u]"ph(|u|)du‘ dt/t)
= (1-277) "' Sp o f(@), (4.1)

where
_ ([T Qu') 2 1/2
Spanf(@) = (/0 tp/l/2t<|ylgtf(:v—73(u)) |u|nph(\u|)du’ dt/t) ,

Let 0 <ny <ng <--- <ng = deg(P) be non-negative integers, and polynomials
{P':1 <v < N,1<1< N} such that for € R",P(z) = SV, Pl(z) + A(|z]),
where Pl(z) = (Pl(z),...,P4(2)) € (Hnn)Y, A(t) = (A1(t),..., An(t)) with t € R,

Zn(Py="Pland A, € A;for 1 <v<Nand1<!<N.For1<1<N,let § denote

the number of elements of {3 € (NU{0})": |3| = m;} and write {3 € (NU{0})" :
18] = i} = {B(1),...,0(8)}. Write PJl(x) = Zilzl Nk;2°*) and define the linear
mappings Ly : RN — R by Ly(§) = (71 mi j&5,- - X 1y, ;65) for 1< j < N, 1<
[ < N. Let ®(z) = 23:1 Pi(z) + W(|z|) for 1 < 1 < N and ®¢(z) = W(|z|). For

simplicity, let O't(li)l = 01,9, and a}(ll)*f(m) =0y, pf(x) for 1 <1< N. Let 0 =277, By
definition of O‘g,)l

and invoking Lemma 3.6, it is easy to verify that

9k+1

(s

oo arse) "

< Clg =172y = D)7 2119 o 1hlls, for 1 <1< N; (4.2)

oo arse) "

_ _ n —1/(4ny'q")
< Cla— 1720y = 172 [l agsns Nhlla |07 Li(E) R
Also, by a change of variable we have
0k+1 9 1/2
~(1 ~(1-1
([, Pho-a @l an)
ok
< Clg— 1)y = )72 Q| paggny IRl o [0 Li(€)].
By the trivial estimate (4.2) and the last estimate we obtain
0k+1 9 1/2
([ oo -el @ aur)
_ _ n 1/(4nv'q")
< Clg— 1720y = )72 Q1 pagnny I1Bla, |07 Li©) L
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Also, by Lemma 3.7 we get for any p satisfying |1/p — 1/2| < 1/4/, there exists a
positive constant €}, which is independent of ,€ and h such

|| ( Z /ejkﬂ ‘US})L . gk’2 dt/t) 1/2

keZ Lr(R™)
_ _ 1/2
< Cola— 120 = 1) @ gy Il [[( X I9xl?) (45)
keZ Lr(R™)
for arbitrary functions {gx(-)},cz on R™. By (4.1) we have
oy 1
Mponf(e) < (1-277) Sp g, f(2)
B o) < 2 1/2
=(1-27)" (/O o)+ f@)] dtft) " (4.6)

By (4.2)-(4.6) and applying Lemma 3.5 we get (2.1) for the case h € A (Ry) for some
1 < < 2. Finally the proof of (2.1) for the case h € A (Ry) for some v > 2 follows
by the same argument as above except that we need to invoke Lemma 3.8 instead of
Lemma 3.7. Thus the proof of Theorem 2.1 is complete.

Proof of Theorem 2.2 Since P € F (n,m), there are integers 0 < nj < ng < --- < ny =
deg(P), and nonzero P! € F,, ., for 1 <1 < N such that P(z) = P(0) + S5, Pl(z).
Let ®g(z) = P(0) and ®;(z) = P(0) + 22:1 PI(z) for 1 <1 < N. Now, the rest of the
proof of Theorem 2.2 follows the same argument as in the proof of Theorem 2.1 and
invoking Lemma 3.10 instead of Lemma 3.9. Details will be omitted.

Proof of Theorem 2.3 (a) We follow the extrapolation method of Yano (see [21, 23,
Chapter XII, p. 119-120]). Assume Q € L(log L)!/? (S*~!) and satisfies (1.1). Let
us now fix P,h € A (Ry) for v > 1 with Hh||AW < 1,p satisfies |1/p—1/2| <
min{1/2,1/9'} and a function f with ||f[|, < 1. Let R(Q2) = HM%,Q,h(f)Hp' Then
we have R(21 + Q2) < R(Q1) + R(€Q2). Now, we decompose (2 as follows: For m € N,
let J ={recS"1:2m<|Q (2)] <2™}. Forme N, set b = Qx,, , where x, is
the characteristic function of a set A. Set I(Q) = {m € N : ||b, ||, > 27*™} and define
the sequence of functions {Q,,},,c;yugor bY

Q,.() = b, ll, " (b,.(2) - / b, (2)do(x)) for m € I(9),

Sn—1

Qo) = Qa) = Y bl 2, ().

mel(Q)
Now, it is easy to see that
/ Q.. (u) do (u) = 0. (4.7)
Sn—1
Next, we notice that if m € N, z € J_, we have m < — log (2 + |Q ()|) which in

log 2
turn easily implies

1
S w2 |, |, < T3 120 L og L1281 (4.8)

melq
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Also, by the definition of I and straightforward computations we have
1211 41/m < 2° for m € Iq and [|Q0l|, < 2%. (4.9)
Therefore, by (2.1), (4.7)-(4.9) we have

R(Q) < R(Q)+ > b, ]l B(Qm)
mel(Q)

< A (10l 2y + 3 w2 ol [l )
mel(Q)

< CrA(7) (1 + HQHL(logL)l/?(S”*l)) :

Proof of Theorem 2.3 (b) Assume that Q € Bgo’_l/Q)(S”_l) for some ¢ > 1 and
satisfies (1.1). We may assume without loss of generality we may assume 1 < ¢ < 2.
Fix P,h € A (Ry) for v > 1 with Hh||AW < 1,p satisfies [1/p — 1/2| < min{1/2,1/+'}
and a function f with || f[|, < 1. Let X (2) = ||M%7Q’h(f)||p. Since 2 € B(go’_l/2)(S”_1),
we can write {2 as 2 = 220:1 Ab,, where A, € C, b, is a ¢g-block supported on a cap

pop?
I, on 8" and Mq(o’*lm ({\.}) < oo. To each block function b, (-), let Qu() be a
function defined by

Q,(2) = b, () - / b (u)do(u).

Sn—1 B
Let K={peN: |IH] < e—(q—l)—l} and let QO = 0= 3k )\HQM. Also, for p € K we
let a, = log(‘lu|_1) and =372 |A,|. Then it is easy to see that

Q=0+ > 2Q; (4.10)
neK
/ 9, (u) do (u) = 0 for all jr € K U{0}; (4.11)
Sn—
|6 < et/ (4.12)
q

Also, for p € K we have 1 + i < ¢ and hence by Holder’s inequality we have

q—l——o}M q—1—7au
<ollp || 17 1*0+52) <o (1 77 )1 [*0+a) —o|f "= <4, (4.13
1+ pllg 17p 7 7 n
op

1

.

By (4.10)—(4.13) and invoking Theorem 2.1 we get
X(Q) < X(Q)+ D A X(9,)

neK
< CoAM) ((a = D7 72ll, + 32 0] (Qog 117 29,1y, )
peK
< CpAM) (Bt a = 1) +4° 3 (A (log|1,[7)"%))
pneK

< CpAM)(1+ 9] o172 gury -
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Proof of Theorem 2.4 We start with a proof of Theorem 2.4 (a). Fix P €
F (n, ) q € (1,2], Q € LI(S™1), p € [2,00) and a function f with £, <
Let B(h) = [|[Mf o ( )Hp. Decompose h as follows: For m € N, let E, = {z €
R, : 2m < |h(x)] < 2™} For m € N, set h, = hxg and set D(h) =
{m € N :dp(h) >274"}. Also, let h, = h — >men(h) M- Then it is easy to ver-
ify that

hollay,,,, < 27 (@)™ < 27, (h); (1.14)
Iholla, < 32 (115)

By (4.14)-(4.15) and invoking Theorem 2.2 we get

B(h) < B(hy)+ Y dm(h)B(h,,)
meD(h)
< Gplg-1)72(324 > m!22md,(h))
meD(h)

< Cypla =172 |9l (1 + Nyyo(h)).

Next, fix h € Nyjp,p € [2,00) and a function f with [f[|, < 1. Let S(Q) =
M i )Hp. Thus we have

S(Q) < Cp(1+ Nypp(h))(g — D729, -

Now we follow the same argument as in the proof of Theorem 2.3 (a). Details will be
omitted.

A proof of Theorem 2.3 (b) can be constructed by the following a similar argument
as in the proof of Theorem 2.4 (a). Again we omit the details.

Proof of Theorem 2.5 By the same arguments as in the proof of Theorems 2.4
and 2.3 (a). Details will be omitted.
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