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Koopman Operator Approximation Under
Negative Imaginary Constraints

Mohamed A. Mabrok™, llyasse Aksikas™, and Nader Meskin

Abstract—Nonlinear Negative Imaginary (NI) systems
arise in various engineering applications, such as control-
ling flexible structures and air vehicles. However, unlike
linear NI systems, their theory is not well-developed. In this
letter, we propose a data-driven method for learning a lifted
linear NI dynamics that approximates a nonlinear dynamical
system using the Koopman theory, which is an operator
that captures the evolution of nonlinear systems in a lifted
high-dimensional space. The linear matrix inequality that
characterizes the NI property is embedded in the Koopman
framework, which results in a non-convex optimization
problem. To overcome the numerical challenges of solving
a non-convex optimization problem with nonlinear con-
straints, the optimization variables are reformatted in order
to convert the optimization problem into a convex one
with the new variables. We compare our method with local
linearization techniques and show that our method can
accurately capture the nonlinear dynamics and achieve
better control performance. Our method provides a humer-
ically tractable solution for learning the Koopman oper-
ator under NI constraints for nonlinear NI systems and
opens up new possibilities for applying linear control
techniques to nonlinear NI systems without linearization
approximations.

Index Terms—Negative imaginary systems, Koopman
operator, system identification.

[. INTRODUCTION

EGATIVE imaginary (NI) systems are systems that have
Na negative imaginary frequency response [1], [2] and
their theory has been widely used for analysis and design of
linear-time-invariant (LTI) control systems, especially for flex-
ible structures and air vehicles [1], [2], [3]. NI systems have
several desirable properties, such as robust stability under pos-
itive feedback, disspativity with respect to collocated inputs
and outputs, and existence of optimal controllers [4]. A cen-
tral result in the NI theory is that the positive feedback
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interconnection between an NI system and a strictly NI system
results in a robustly stable feedback interconnection [1], [2].
This implies that if a given system is NI, then, it is a great
advantage to synthesis a strictly NI controller to guarantee
robust stability.

There have been various approaches to address the NI con-
trol synthesis problem [5], [6], [7]. In [5], a negative imaginary
and strict negative imaginary lemma is used to construct a
static controller that ensures robust stability against strict nega-
tive imaginary uncertainty. In [6], a data-driven controller syn-
thesis methodology is proposed that uses measured frequency
response data to construct the controller response and trans-
fer function. A synthesis methodology for non-linear systems
is proposed in [7] using a library of controllers parametrized
and strictly negative imaginary, optimized through Sequential
Quadratic Programming. This methodology can be applied to
different non-linear systems. The data driven linear NI system
identification problem is addressed in [8], where a modified
subspace system identification algorithm that guarantees the
negative imaginary property in the identified model by impos-
ing constraints to ensure stability and negative imaginariness
was proposed.

Negative imaginary systems’ theory provides a way to ana-
lyze robustness and design robust controllers. In other words,
the theory can be used to design controllers that are able
to maintain stability and performance even in the presence
of uncertainties in the system, such as unmodeled spillover
dynamics or variations in resonant frequencies and damping
levels [9].

However, many real-world systems are nonlinear in nature
and cannot be adequately modeled by LTI systems. For exam-
ple, the dynamics of a mass-spring-damper system with a
nonlinear spring or a nonlinear damper are nonlinear NI
systems [10]. Nonlinear NI systems pose significant challenges
for analysis and control, as the existing NI systems theory
does not directly apply to them. Therefore, there is a need to
develop a general framework for nonlinear NI systems that
can capture their essential features and enable their effective
control.

One possible approach to deal with nonlinear systems is
to use the Koopman operator, which is a linear operator
that describes the evolution of scalar observables of non-
linear systems in an infinite-dimensional Hilbert space [11].
The Koopman operator has attracted considerable attention
in recent years as a powerful tool for nonlinear dynamics
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modeling and control [11], [12], [13]. By using the Koopman
operator, one can lift the nonlinear dynamics to a high-
dimensional space where they become linear, and then apply
linear techniques to analyze and control them. However, learn-
ing the Koopman operator from data is generally a challenging
task, as it involves solving a non-convex optimization problem
with nonlinear constraints [11].

The nonlinear NI systems possess unique characteristics that
make their analysis and control challenging compared to linear
systems. Our choice of the Koopman theory is motivated by its
ability to capture the evolution of nonlinear systems in a lifted
high-dimensional space, providing a powerful framework for
modeling and control. Moreover, the Koopman operator pro-
vides a data-driven approach to system identification. By
analyzing observed system trajectories, the Koopman opera-
tor captures the underlying dynamics and generates a linear
model that approximates the behavior of the nonlinear system.
This data-driven nature of the Koopman-based technique is
particularly advantageous for NI systems, as it does not rely
on explicit knowledge of the system dynamics, which can be
challenging to obtain in practice.

In this letter, we propose a data-driven method for learning
the Koopman operator under NI constraints for nonlinear NI
systems. We design a data-driven method for learning a lifted
linear NI dynamics that approximates a nonlinear dynamical
system using the Koopman theory. To overcome the numeri-
cal challenges of solving a non-convex optimization problem
with nonlinear constraints, we use a change of variable tech-
nique, which allow us to reformulate the problem as a convex
optimization that can be solved efficiently. We compare our
method with local linearization techniques and show that our
method can accurately capture the nonlinear dynamics and
achieve better control performance. Our method provides a
numerically tractable solution for learning the Koopman oper-
ator under NI constraints for nonlinear NI systems and opens
up new possibilities for applying linear control techniques to
nonlinear systems without linearization approximations.

[I. PRELIMINARIES AND NOTATION
A. Negative Imaginary Systems
Consider the following LTI system

(1) = Ax(?) + Bu(?), (1)
y(®) = Cx(t) + Du(t), )

where A € R™" B ¢ R"™"™M C e R™" D e R™™ and with
the square transfer function matrix G(s) = C(s/ —A)~'B+D.
(1), (2). A NI system is defined as follows:

Definition 1 [2]: A square transfer function matrix G(s) is
NI if the following conditions are satisfied:

1) G(s) has no pole in Re[s] > 0.

2) For all ® > 0 such that s = jw is not a pole of G(s),

i(G(jw) — G(jw)*) > 0. 3)

3) If s = jwp with wp > 0 is a pole of G(s), then it is

a simple pole and the residue matrix K = lim (s —
S—>jw,

Jwo)jG(s) is Hermitian and positive semidefinite.

4) If s = 0 is a pole of G(s), then lim s*G(s) = 0 for
s—0

all k > 3 and 1im0s2G(s) is Hermitian and positive
§—>

semidefinite.

Definition 2 [14]: A square transfer function matrix G(s)
is SNI if the following conditions are satisfied:

1) G(s) has no pole in Re[s] > 0.

2) For all w > 0, j(G(jw) — G(jw)*) > 0.

The negative imaginary lemma is a result that describes NI
systems using a pair of LMIs, similar to how the positive-real
lemma does [15], [16]. This result was presented in [1], [17]
and it also covers the case where there are poles on the
imaginary axis except at zero [14].

Lemma 1 (See [14]): Let |:A B be a minimal state space

C\D
realization of a transfer function matrix G(s). Then G(s) is

NI if and only if det(A) # 0, D = DT and there exists a real
matrix P > 0 such that

AP + PA* <0, B=—APC*. 4)

The theory of nonlinear NI is not yet well investigated.
Preliminary work has been carried out in [10], [18], [19].
Consider the following nonlinear dynamical system

x(0) = fx(0), u(®), y@) = h(x()), (&)

where x(#) € R”, u(r) € R™, and y(r) € R™ are the system
state, control input, and output, respectively.

Definition 3: The nonlinear system (5) is said to be NI if
there exists a positive storage function Sy : R" — R of a class
C' such that

t
Sp(x() < S(x(0)) + / uX (0)y(r)dr, ¥t > 0. (6)
0

It is important to note that the way output measurement
is defined in NI systems is different from passive systems.
NI systems use position or acceleration measurements, while
passive systems use velocity sensors. NI systems also allow
for transfer functions with a relative degree of up to two,
while passive systems permit relative degree zero or one.
This is seen in systems that use force actuators and position
sensors, like robotics and nano-positioning systems. Stability
results for negative feedback interconnections between pas-
sive and strictly passive systems do not apply to positive
position feedback interconnections between negative imagi-
nary and strictly negative imaginary systems. This was shown
in [20] for physical systems like mass-spring-damper systems
and RLC electrical networks by comparing stability results for
feedback interconnections of negative imaginary systems with
those for passive systems.

There are several important mechanical systems that satisfy
the nonlinear NI property. For instance, a mass-spring-damper
system with positive nonlinear damping coefficient is a non-
linear NI from force input and displacement output. A more
general class of nonlinear NI systems is the class of systems
that are governed by Euler-Lagrangian dynamics,

M(q)g+ C(q. 9)q+ G(g) = F. (7

It has been shown in [10] that the dynamical systems governed
by (7) are indeed nonlinear NI systems.
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B. Koopman Theory

In this section, a brief introduction for the Koopman
operator given in [21] is presented. The Koopman opera-
tor is a mathematical tool used in the analysis of dynamical
systems. In particular, in the context of dynamical systems, the
Koopman operator provides a powerful tool for studying the
evolution of the system over time. By mapping the system’s
state space to a higher dimensional space, the operator allows
for the analysis of nonlinear dynamics through linear methods.
This is particularly useful in cases where traditional nonlinear
analysis techniques, such as numerical simulations or bifurca-
tion analysis, become computationally expensive or infeasible.
One key application of the Koopman operator is in data-
driven modeling of complex systems. By using data from the
system, the Koopman operator can be estimated and used to
approximate the system’s behavior.

Consider the following nonlinear difference equation

{X(i+ D =fx0), u@)),
y() = g(x(),

where j represents the discrete time, u € R™ represents the
input, x € R” represents the state of the dynamical system,
y € R’ represents the output, and f(x, u) : R — R”" and
gx) :R" — R’ are the nonlinear functions. Let & to be defined

as, £ == [z] € R"™_ Also, define T to be the nonlinear oper-

®)

ator given by F(§) = [fé);,uz;)]’ where E is the time-shift

operator, i.e., E(u(j)) = u( + 1). This implies that the time
evolution of £ can be given as £(j+1) = F(§(j)). Also, define
a set of scalar valued observable function ¢ : R* — R,
which forms an infinite dimensional Hilbert space H con-
sists of the Lebesque square-integrable functions. Now, we
can define the Koopman operator K : H — H as

K(p$) = o[ (E)) 9

where the time evolution of the observable lifting function
¢ (&) is given as follows;

¢EG+ D) =K(oEGD).

which is a linear mapping defined on the infinite-dimensional
state space [26].

In order to approximate the infinite-dimensional Koopman
operator by a finite-dimensional approximation, we define the
Ny-dimensional lifting function ¢ (£) : R s RNo a5

¢1(5)

(10)

e RV,

P& = :
o, (€)
Now, define U € R¥*N¢ to be a finite-dimensional matrix

that approximates the Koopman operator /C, i.e., U minimizes
the following norm ||U¢(§) — ¢ (F(&))||. This implies that

¢EG+ 1) = UspEQ)), Y

which describes the behavior of ¢ s(§), defined in (10).
Similar to the approach in [21], we consider a class of
the lifting function ¢(£) = [T (x),uT]T € RV where,

V() =[¥1(), ..., yn@) T € RV, and N + m = Ny holds.
The matrix U can be given as

U=[A4By] e RW>*WNFm),

where Ay € RV*N and B; € RV>*", This implies that (11) can
be rewritten as

v (x( 4+ 1) = Agy (x() + Bau()).

In order to formulate the output equation in Koopman operator,
the approximation of the output equation in (8) can be approx-
imated as y(j) ~ Cqy (x(j)) where C; € R>N . The final linear
state-space model can be defined as follows:

{ YGi+1) =Aqv () + Bau()),

(12)

¥G) — Cav (). (13)

[1l. FORMULATING THE KOOPMAN NI CONSTRAINTS

In this section, the NI constraints for discrete dynamical
systems are formulated and then imposed into the learning
problem for obtaining the approximated Koopman operator
given in (11). Consider the following discrete time system

x(+ 1) = Agx(j) + Bau(j),

y() = Cax(j) + Dau(j),

where Ay € R™" By € R™" Cy € R™" and Dy € R™™,
The NI lemma given in Lemma 1, which is formulated in

continuous-time and therefore, a bilinear transformation, as
presented in [8], in the following form,

(14)
15)

A =7U0+A)" Aa=D. B=(U+A)""Ba,
C=1Cyl+A)~". D =Dy~ Call +As)"'Ba,
with 7 denoting a sampling time is used to transform the con-
ditions (4) into corresponding discrete-time conditions. The

Lemma 1 conditions are transformed from a continuous-time

to a discrete-time form as follows:
AP +PAT <0 & A4PA) — P <0, (16)

B=—-APCT & B ——lA —DPI+ADH 1T 17
= q = T(d PUI+A) C;. (A7)

A. Koopman Operator Learning Problem

Similar approach in [21], define the following data matrices,
which are generated from L measurements,

Q= [u(), uG+1),...,u¢+L—1)]eR"™L, (18)
Y =), yG+ 1), ..., yG+L—1)] € R™E, (19)
O =W vG+1),...,v(G+L—1D]eRV*E (20
Oy =[G+, vGi+2),....,vG+L]eRVL (1)

This implies that the Koopman operator learning problem can
be formulated as follows:

min J1(Ag, By) + J2(Cyo)
Ag, By, Cy
S.t.

P >0, (16), (17)

(22)
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where
2

; (23)

J1(Ad. Ba) = H®+ ~[Ad Bd][g}
F

1(Ca) = ¥ — CO > (24)

It should be noted that the condition (16) assure the stabil-
ity of the obtain NI model. The optimization problem given
in (22) is non-convex due to the non-convexity of the con-
straints. In order to overcome this issue, we replace the matrix
inequality (16) by a strict inequality with a positive & > 0 such
that the following holds,

P>al
A4PAY — P < —al.

(25)
(26)

Now, using Schur complements, the LMIs given in (25)
and (26) can be written as follows;

|:PPA§I A;P} N [PQTaI g} =0, o7
where Q = Ay4P.

The LMI (27) is now convex in the variables Q and P.
However, the overall optimization problem is still non-convex
because the variables in the cost function still A4, Bz, Cy4. To
tackle this issue, the identification of the matrix C; is con-
sidered as a separate optimization problem by minimizing the
cost function given in (24), which has an optimal solution
given as

C;=Y0O", (28)

where (-)T donates the Moore-Penrose pseudoinverse of ©.
Second, two weighting matrices W and W are introduced
into the cost function (23) as follows:

2
J1(Ag, Bg) = ”W(@+—[AdBd][g])W . (29
F
where W is selected as:
w_leT . (TeyeT " rPo 30)
=lal “\laella “lor| (

It is assumed that there exists sufficient data to be collected,

which allows us to assume that to be full row rank. This

®
Q
implies that the cost function in (29) can be written as follows:

JP. 0. By = Wo,W - w[Q Bd]Hi. (31)

Therefore, the optimization problem can now be written as
follows;

Problem 1:
n 2
min  |we,W-wlo B .
P,Q, By F
s.t. (32)
P—al Q
o b=

where W is defined as in (30), and the matrix W is a weighting
matrix, which can be treated as a design parameter to tune the
optimization problem.

The optimization problem in (32) is now convex in the
variables P, O, B;. Using any convex optimization solver, such
as CVX, one can accurately compute the variables P, Q, By,
and consequently the matrix A; from the fact that Q = A4P as
Ag = QP~!. Note that the matrix C, is computed separately
in (28).

In the event of mismatches between the true system and
the Koopman models, one suggested approach to reduce this
mismatches is presented in [22]. The concept of reformatting
necessary nonlinear constraints/variables within the Koopman
framework has been previously studied in [23], [24]

IV. EXAMPLE: MASS-SPRING-DAMPER SYSTEM

Consider a nonlinear mass-spring-damper system

A+ B®), 2(0)z2(0) + K(z(1) = u(n),  y(@) = z(1).

where B(z(t), z(t)) and k(z(¢)) donate the friction coefficient
and the spring stiffness, respectively. It can be easily shown
that the above system is a nonlinear NI system by choosing a
storage function as follows;

(33)

z(1)
V(z(), 2(1) = %miz(t)+ fo k(&)dE.
The time derivative of V(z(¢), z(¢)) gives,

V(z(0), 2(t) = 2(tu(t) — Bz(D), 2())Z2 (1) < 2(t)u(?),

which implies that the mass-spring-damper system given
in (33) is indeed NI system.

Now, by defining the states as x(f) = z(¢) and x(¢) = z(¢),
the system (33) can be written as follows:

x| x2(1) 4
by | T | @ _ praonw, g 4w | GY
m m m
x1(1)
Hn=110 .
o =[] 2]

Next, the optimization problem in (32) is used to learn a
linear system that represents the nonlinear dynamical system
given in (34).

The lifting functions ¢ (x) is chosen as a class of radial basis
functions as ¥;(x(j)) = [|x() — ri||%ln lx(j) — rill2 where the
center r; is selected from the uniform distribution randomly.

The new state space representation in terms of the lifting
functions is given as follows:

V) = [11G). 220). V1GG). - Y @())]T (36)

We assumed that K(x1(r)) = (x1(¢t) + x?(t)) and the non-
linearity in the damper is considered as B(x1(?), x2(¢)) =
x%(t) + x%(t). Also, let the number of the lifted states to be
6 states, i.e., Njpr = 6. The resulting model is compared
to the unconstrained Koopman model with the same num-
ber of the states, the linearized model around the initial point
xo = [0, 01T, and at the linearized model around the initial
point xg = [0.5,0.5]T. A random forcing input signal was
used for generating data for the optimization problem. Figure 1
presents the state x, evolutions for different models compared
with the true data generated from the nonlinear system. Also,

(35)
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Fig. 1. The comparison of the state x» for different models compared
with the true data generated from the nonlinear system.
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Fig. 2. The comparison of the state xq for different models compared
with the true data generated from the nonlinear system.
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Fig. 3. Bode plots for the approximated linear system using Koopman
operator. The blue lines represent the NI constrained model developed
in this letter. While the orange lines represents the unconstrained model.

Figure 2 presents the state x; evolutions for different mod-
els compared with the true data generated from the nonlinear
system. As it is shown in Figures 2 and 3, the linear models
fail to approximate the nonlinear terms, whereas the Koopman
model was able accurately to approximate the nonlinearity.

Figure 3 displays the Bode plots corresponding to the
approximated linear system employing the Koopman opera-
tor. The blue lines depict the model constrained by NI that has
been developed in this letter, whereas the unconstrained model
is represented by the orange lines. It is clear from the phase
plot that the NI constrained model satisfy the NI property,
i.e., the phase between (0, —m), however, the non-constrained
model violates the NI property.

The mean squared error (MSE) between the true values of
the states and the generated constrained model is presented in

TABLE |
THE MEAN SQUARED ERROR FOR DIFFERENT MODELS
MSE between: T T2
True and the constrained model 0.0078 | 0.0042
True and the unconstrained model 0.0030 | 0.0021
Constrained and unconstrained model | 0.0095 | 0.0059
Step Response
2 == ==LQG with the nonlinear mode!
——LQG desiged using the unconstrained model
25
P S S W S 1
: P U AN AN A B
n A A R N DA R
15 U T A T I NV A T A S A W Y I
e [ W I A S A T A O A O A O A O R O N A
3 [ T A U A B AV A A T W L N R Y A Y |
g AV U U U A O A R VN ¥ A VA G AR AR AR Y
2 Fd ARV VAN A A B

0 50 100 150 200 250
Time (seconds)

Fig. 4. The step response of one of the LQG controllers with the full
nonlinear model as well as with the unconstrained linear model.

the Table I. The table shows that the raise in the MSE in the
constrained model is very small.

In order to emphasize on the importance of imposing the NI
constraints on the Koopman operator, we consider a feedback
control design for the linearized model in both cases, the NI
constrained model and the unconstrained model. We followed
the following steps in order to illustrate the importance of the
NI constraints: 1) We first used the identified unconstrained
linear model to design an optimal controller using the LQG
control design methodology for several noise covariance data
and the weighting matrices. 2) The designed LQG controllers
were then tested with the full nonlinear model. 3) For several
noise covariance data and the weighting matrices, we obtained
a limited performance, and in some cases, we obtained unsta-
ble behaviors. For instance, see Fig. 4 for the step response
of one of the LQG controllers with the full nonlinear model
as well as with the unconstrained linear model.

4) Then, we used the NI constrained model to design a
list of controllers using different methodologies, such as the
LQG-like methodology presented in our resent paper [25], the
nonlinear optimization and H> performance measure presented
in [7], and data driven controller presented in [6]. Although,
some of the designed controllers had a limited performance,
however, they never went unstable with the nonlinear full
model. This is due to the NI property of the linearized model.

Finally, using the design methodology presented in [7], the
following A position feedback controller (PPF) is designed:

K

= — 37
§2 + 2t ws + w? 37)

C(s)
When the controller given in (37) is connected in a posi-
tive feedback connection with both, the linear NI constrained
model and the unconstrained model, a stable closed-loop is
obtained in the case of the NI constrained model while in the
case of the unconstrained model, the closed-loop system is

unstable. This is shown in the step response of the closed-
loop in Figure 5. It indeed shows the importance of obtaining
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Fig. 5. A positive position feedback controller connection with the non-
linear model (dashed line), the linear NI constrained model (blue solid
line) and the unconstrained model.

a NI linear model approximation of a NI nonlinear system for
controller synthesis.

V. CONCLUSION

This letter proposes a data-driven approach to learning a
lifted linear Negative Imaginary (NI) dynamics that approx-
imate nonlinear dynamical systems using Koopman theory.
The proposed method embeds the linear matrix inequality
that characterizes the NI property in the Koopman frame-
work, resulting in a non-convex optimization problem. To
overcome the numerical challenges of solving the problem, the
optimization variables are reformatted to convert the problem
into a convex one. The comparison of the proposed method
with local linearization techniques shows that the proposed
method can accurately capture the nonlinear dynamics and
achieve better control performance. This method provides
a numerically tractable solution for learning the Koopman
operator under NI constraints for nonlinear NI systems and
opens up new possibilities for applying linear control tech-
niques to nonlinear systems without linearization approxima-
tions. Overall, the proposed provides a promising approach
for controlling nonlinear NI systems in various engineering
applications.
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